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Abstract: In this work, we present an up-scaling framework in a multi-scale setting to
calibrate a stochastic material model. In particular with regard to application of the
proposed method, we employ Bayesian updating to identify the probability distribution
of continuum-based coarse-scale model parameters from fine-scale measurements, which
is discrete and also inherently random (aleatory uncertainty) in nature. Owing to the
completely dissimilar nature of models for the involved scales, the energy is used as the
essential medium (i.e., the predictions of the coarse-scale model and measurements from the
fine-scale model) of communication between them. This task is realized computationally
using a generalized version of the Kalman filter, employing a functional approximation
of the involved parameters. The approximations are obtained in a non-intrusive manner
and are discussed in detail especially for the fine-scale measurements. The demonstrated
numerical examples show the utility and generality of the presented approach in terms of
obtaining calibrated coarse-scale models as reasonably accurate approximations of fine-
scale ones and greater freedom to select widely different models on both scales, respectively.

Keywords: up-scaling; Bayesian updating; Gauss—-Markov—Kalman filter; transport maps;
lattice truss mode

1. Introduction

Randomness and heterogeneity are the main inherent characteristics that are found
in almost all the materials that occur naturally or are engineered through man-made
processes. Thus, the researchers/engineers—working in the relevant experimental and
theoretical domains—have to take into account these characteristics while investigating
a lab specimen or designing a structure made from the material under consideration.
Specifically, in the context of computational mechanics, one of the most relevant problems
is the characterization of micro-/meso-scale randomness and hence investigation of the
effect of material heterogeneity on structural behavior through multi-scale numerical
simulations. The previously mentioned approaches can be broadly classified into concurrent
and non-concurrent approaches. Concurrent schemes consider both the coarse and fine
scales during the course of the simulation, e.g., the FE-squared method [1,2], whereas
the non-concurrent schemes are based on computing the desired Quantity of Interest (Qol)
e.g., average stress, strain or energies, parameters for constitutive models, etc. through
numerical experiments on a representative volume element (RVE) [3,4].

Focusing on the non-concurrent methods, there has been an increasing interest in incor-
porating material randomness aspects into computational studies. A classical approach in
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this regard is to perform numerical homogenization on an RVE ensemble that incorporates
various sources of uncertainties—material properties, the spatial distribution of different
phases and the size and shape of inclusions—and extract the relevant statistical Qol [5-13].
Moreover, extensive research in probabilistic numerics has yielded different numerical
schemes to produce stochastic surrogate models for random microstructures with an aim
to mitigate the effect of the curse of dimensionality due to the large number of sources of
uncertainties encountered in such problems; see, e.g., [14-17]. Data-driven and machine
learning-based approximate models, e.g., Neural Nets, have also been used in a similar
pursuit [18-23]. The power of Deep Learning in Computational Homogenization has
been leveraged in, e.g., [24-28] to yield a more elaborate fine-scale response in multi-scale
computations. In recent times, the Physics-Informed Neural Networks (PINNs)—proposed
in [29]—have gained huge popularity in the computational mechanics community. The
main idea behind PINN is to incorporate physical principles, e.g., governing equations,
boundary and initial conditions, etc., into the training phase of the neural network. In
particular, with respect to the material calibration problem, both linear (elastic) [30-32]
and non-linear (plasticity and damage) [33-35] problems have been explored. For acceler-
ating multi-scale computations, the usage of PINN can be examined in [36-38]. Another
interesting approach, based on unsupervised learning, has been devised in [39,40]. This
approach automatically decides which computed material parameters (from a pool of
constitutive models) are most relevant to the input measurements (e.g., displacements,
strains, etc). It has been used for both elastic [40] and inelastic [41,42] model calibration.
The utility of this approach in a probabilistic setting has been demonstrated in [43]. Fur-
thermore, the methods based on Bayesian inference (which also forms the conceptual basis
of our numerical scheme), to obtain a probabilistic description of coarse-scale characteris-
tics through the incorporation of fine-scale measurements, have also been demonstrated
in [44-46]. Bayesian methods allow for the explicit incorporation of uncertainty at both the
fine scale (meso-scale) and the coarse scale (macro-scale). This is particularly important
in up-scaling because material properties are often not deterministic but are influenced
by variability in microstructure (e.g., distribution of inclusions, porosity). By considering
both epistemic uncertainty (knowledge uncertainty) and aleatory uncertainty (inherent
randomness), Bayesian methods provide a more complete understanding of material be-
havior, including confidence intervals for predictions. Unlike traditional methods, which
typically provide point estimates (e.g., the mean value properties like in the classical ho-
mogenization), Bayesian up-scaling produces a probabilistic distribution of the coarse-scale
material properties.

In this paper, we demonstrate the application of the Bayesian up-scaling framework
developed in [47,48] for the computational homogenization of concrete. The detailed
structure of concrete at the meso-scale is studied, including the arrangement and behav-
ior of its components. This information is then translated to the macro-scale, where the
focus shifts to the overall material performance. The homogenization process converts
these detailed properties into more manageable parameters that can be used to pre-
dict concrete’s behavior in real-world engineering applications. When framed within a
Bayesian context, computational homogenization not only provides predictions of macro-
scale material properties but also quantifies the confidence or epistemic uncertainty
in these predictions. It offers an automatic homogenization procedure, as described
in [47,48], using a deterministic representative volume element as an example. Taking
this a step further, this paper addresses a more general case in which the meso-scale de-
scription also varies. Specifically, we account for aleatory uncertainty that represents the
geometric arrangement of aggregates within the matrix phase. To extend the Bayesian
up-scaling procedure, we apply it to the homogenization of a stochastic representa-



Computation 2025, 13, 68

30f24

tive volume element. We model the meso-scale concrete using a fine-tuned stochastic
finite element model, which describes the behavior of an ensemble of representative
volume elements with a random distribution of inclusions in the matrix phase. At the
macro-scale, the material behavior is represented by a super-element, or coarse scale,
which accounts for the homogeneous material properties obtained through the Bayesian
up-scaling procedure. Due to the aleatory uncertainty at the meso-scale (referred to as
the fine scale), the coarse-scale representation also becomes stochastic. This includes
both epistemic uncertainty introduced by the Bayesian up-scaling algorithm and the
aleatory uncertainty arising from variations at the meso-scale.

Thus, the goal is to estimate the continuous distribution of the coarse scale properties
given the discrete version (samples) of stochastic fine scale measurements. The novelty of
this work stems from two new advancements. Firstly, the numerical finite element (FE)
schemes employed to model concrete material behavior on both the scales differ completely
with respect to the elements they use: namely, the material specimen on the coarse scale
uses continuum elements, whereas the fine scale is composed of discrete truss elements
to approximate the solution field. This example scenario highlights the generality of the
up-scaling scheme in terms of its applicability. Secondly, we propose the unsupervised
learning method for the estimation of the stochastic coarse-scale properties. This method is
based on the approximate Bayesian estimation with the help of the generalized Kalman
filter based on the polynomial chaos approximation as proposed in [49]. As this method
requires the functional approximation of the fine-scale measurements, one has to be able
to evaluate the polynomial chaos approximation of the fine-scale measurement by using
standard uncertainty quantification techniques. Having in mind that the fine scale represen-
tation depends on many parameters used to describe the detailed heterogeneous material
properties, such an approach is usually practically not feasible. Therefore, we suggest using
an unsupervised learning technique for the fine-scale parameter reduction. In other words,
we utilize the transport maps approach [50-52] to transform the fine-scale measurement
samples from the high-dimensional nonlinear space to low-dimensional Gaussian space.
Once the minimal parameterization is found, one may construct the required functional
approximation of fine-scale measurement, therefore avoiding the complications related to
constructing measurement approximation from a high-dimensional stochastic process, gen-
erating fine-scale material realizations and the need to incorporate significant modifications
in the already existing up-scaling framework.

The contents in the paper are presented as follows: Section 2 describes the abstract
formulation of the up-scaling problem. Section 3 dwells briefly on the Bayesian framework,
stating the main results and the update formula for up-scaling. Section 4 presents the
details on the computational scheme—with a major focus on constructing a functional
approximation of fine-scale measurement—to be employed for conducting numerical
experiments. Finally, in Section 5, examples illustrating the use of the up-scaling scheme
are presented, and Section 6 concludes the discussion.

2. Abstract Formulation of Up-Scaling Problem

We consider a mechanical multi-scale problem composed of coarse and fine scales with
an objective to calibrate the material characteristics of the former using the measurements
from the latter. On the coarse scale, one considers an abstract model construct given as
(Ue, &, D), which represents a rate-independent small-strain homogeneous macro-model
in which U, denotes the state space, & : [0,T] x U — R is a time-dependent energy
functional, and D, : U, x U, — [0, c0] is a convex and lower-semicontinuous dissipation
potential satisfying D, (., 0) = 0 and the homogeneity property Vi, € U : Dc(uc, Ave) =
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AD.(uc,v) for all A > 0. Then, in an abstract manner, the coarse-scale mechanical system
can be described mathematically by the sub-differential inclusion

uc: [0, T) = U : 011, De (%, tc, t1c) + Dy Ec(t, e, uc) 50 1)

where D,,, stands for the Gateux partial differential with respect to the state variable .,
and the derivative of D, is given in terms of the set-valued sub-differential 9D, in the
sense of the convex analysis; see [53]. Moreover, the parameter vector «. represents the
spatially homogeneous material characteristics governing the material behavior. On the fine
scale, in terms of the formalism of stored energy and dissipation potential, one considers
conceptually a similar model as the one on the coarse scale:

allfo(uf/Kf/uf) —+ Dllfgf(t/Kf/uf) 50. (2)

However, this model has a more elaborate description, encoded in its parameter k¢, and it
represents the material and geometrical/spatial variability of material properties on the
fine scale. Such a material description lends itself to a higher computational cost when
employed in a numerical scheme.

The numerical experiment consists of a material specimen under appropriate loading
conditions. Keeping the same boundary conditions on the coarse and fine scales (and that
the numerical schemes—employing the coarse and fine material models, respectively—are
employed on the same specimen), the objective is to calibrate the coarse-scale x. to mimic
a fine-scale model response as accurately as possible. Since U # Uy, the states u. and
uy cannot be directly compared as we will witness in the numerical illustration later in
Section 5, where coarse- and fine-scale computational models are based on continuum
and discrete truss elements, respectively, and the two models can only communicate in
terms of some observables or measurements (e.g., energy, stress or strain, etc.) y € ),
where ) is typically some vector space like RE. In other words, one defines a measurement
vector—obtained by the application of a respective measurement operator on the solution
states—associated with the respective fine and coarse-scale models:

vf ZYf(Kf,uf(Kf,rf))-‘ré, 3)

Ye = Y. (Kc/ uc(Kc/ rc)) (4)

where I'c and I'y are the external excitation on the coarse and fine levels of similar type (i.e.,
either deformation or forced based), which are applied on the specimen boundaries. Y, and
Yf are representing the corresponding abstract measurement operator on the prospective
scales, whereas é depicts the measurement noise associated with the fine scale. To draw
parallels between the measurement output of the two models, one has to associate a random
variable €(we) € Lp(Qe, e, Pe) with the measurement y.. Here, (¢, e, Pe) is the triplet
describing the probability space consisting of the set of all events, the sigma-algebra and
the probability measure, respectively. €(we) represents the prediction of the measurement
and modeling error that reflects the inability of the coarse-scale computational model to
simulate the true/fine-scale measurement, or in other words €(we ) represent the knowledge
about é. In this case, we assume that the modeling error is additive and model it a priori as
a Gaussian distribution, the parameters of which are also learned during the up-scaling
process. The stochastic version of y., after the addition of e(we ), reads as
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Ye(we) = Ye(ke, ue(e, Te)) + €(we). (5)

Since the objective of our study is to up-scale an ensemble of fine-scale material realiza-
tions, we introduce an additional type of uncertainty in our fine-scale material description
which stems from an inherent randomness of the material. Considering the probabilistic
view on such uncertainty, we model « ¢ as a random variable/field in L (Qx, By, Pr,; Ky)
defined by mapping

Kf(a}K) (0 — ICf (6)

Here, Ky is the parameter space which depends on the application. Consequently, the evo-
lution problem described by (U iz & 'z D f) also becomes uncertain, so therefore Equation (2)
is reformulated as

i, Dy (uf(wi), xp(wi), thp(wr)) + DuyE(t, wie, K (x, wie), up(wy)) > 0as. )

respectively. Once the uncertainty is present in the fine-scale model, the observation in
Equation (3) modifies as

Yr(wy) = Ye(up(rp(wi), Tr(wi))) +€é(we),  wy = (wx, we). (8)

Following the previous formulation, the main goal is to estimate the distribution of the

coarse-scale parameter «. given the set of discrete measurements of y¢(wy),i =1,...,ny.
To achieve this, we employ the Bayesian approach as described in the following section.

3. Bayesian Formulation of Stochastic Up-Scaling

The fine-scale material model characterized by a stochastic parameter vector ¢ (cwy)
renders the measurement in Equation (8) to be a random variable. This measurement should
match the coarse-scale measurement in Equation (3) by tuning the corresponding unknown
parameter k.. Thus, we would like to update k. by incorporating the information from the
fine-scale measurement and hence obtain an indication on what the probability distribution
for x. should be. To realize this, «. is assumed to be uncertain (unknown) and further
modeled a priori as a random variable k. (w)—prior—belonging to Ly (., Bx,, Pr.; KC¢).
Hence, the coarse-scale model in Equation (1) is converted into a stochastic one:

0, De(kc(w), uc (e (w)), the(kc(w))) + Dy Ec(t, ke (w), e (kc(w))) 2 0 as. )

and subsequently a priori prediction of the coarse-scale measurement becomes
Ye(re(w), e(we)) = Ye(Ke(w), ue(kc(w)), Ie)) + €(we) (10)
with €(we) € La(Qe, Be, Pe). The goal is to identify the vector k. (w) given yr using Bayes’s

rule such that

P(yf|KC)P(KC)
p(ys)

holds. Here, p(xc|yy) is referred to as the posterior distribution of x.(w), as it incorporates

p(kelys) = (11)

the information from the fine-scale measurements via likelihood function p(y|x.), and
p(ys) is the normalization factor or evidence. Obtaining an analytical expression for
p(kc|ys) is possible only in ideal cases, e.g., when both the prior and the likelihood are
conjugate; i.e., they belong to the exponential family of distributions with predefined
statistics. However, in most practical cases, obtaining full posterior p(x.|y) is analytically



Computation 2025, 13, 68

6 of 24

vary(qc) :

intractable; hence, one has to resort to methods that are computationally expensive either
due to evidence estimation or due to slow convergence of the random walk algorithms [54].
In the subsequent discussion, instead of focusing on obtaining the complete posterior
information encoded in p(x.|yr), we devise the algorithm to estimate posterior functional
of k. in terms of a conditional expectation.

One last step, before we proceed to the next section, is to consider g, := log x. as the
objective random variable for calibration, as «. is positive definite and this constraint has
to be taken into consideration. In this way, computationally, whatever approximations or
linear operations are performed on the numerical representation of g, eventually taking
exp(qc) is always going to be positive. Therefore, from this point onwards, we will use g,
in developing Bayesian scheme for up-scaling.

Bayes Filter Using Conditional Expectation

The conditional expectation of g, with respect to the posterior distribution is given as

E(qclyr) = /Qqcp(qclyf)dqc- (12)

Instead of direct integration over the posterior measure, the conditional expectation can
be estimated in a straightforward manner by projecting the random variable g. onto the
subspace generated by the sub-sigma algebra % := ¢(Y¥) of fine-scale measurement. To
achieve this, one has to compute the minimal distance of g, to the point g} which can be
defined in different ways. As shown by [49,55], the notion of distance can be generalized
given a strictly convex, differentiable function ¢ : RY + R with the hyperplane tangent

Hs.(qc) = @(4c) + (9c — G, Vo (dc)) to ¢ at point 4, such that

gi ==E(q:|B) = argmin E(Dy(qc|ldc)) (13)
dc€Ly(0,B,P;Q)

holds. Here, Dy (qc||dc) = Hq.(9c) — Hj.(gc) denotes the distance term that is also known
as the Bregman’s loss function (BLF) or divergence. In general, the projection in Equa-
tion (13) is of a non-orthogonal kind and reflects the Bergman Pythagorean inequality:

E(Dy(qclldc)) = E(Dy(gcllgc)) + E(Dy(4cll4c)) (14)

that also holds for any arbitrary §-measurable random variable §.. In case when g} = E(q.),
the previous relation rewrites to

E(Dy(qcl[E(9c))) = E(Dp(4cllde)) — E(Dy(E(qc)lldc)) = 0, (15)

in which the distance E(Dy(q||E(gc))) has a notion of variance, which is further referred
to as Bregman’s variance. In terms of convex function ¢, Bregman’s variance obtains the
following form

E(Dy(qc||E(qc))) = E(@(9c) — 9(E(9c)) + (9c — E(gc), Vo(E(qc)))) (16)
E(¢(qc)) — ¢(E(qc)) >0,

For computational purposes, Bregman’s distance in Equation (13) is further taken as the
squared Euclidean distance by assuming ¢(q.) = 342, such that Dy (qc||dc) = 3lgc —
4c||? and
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9c =E(q[B) = argmin E([lgc —qcl). (17)
7€Ly(Q,BF;Q)
In this case, Equation (14) reduces to the classical Pythagorean theorem. Moreover, one can
show that the conditional expectation is the minimizer of the mean squared error and is the
minimum variance unbiased estimator; kindly refer to [55] for detailed proof.
Focusing now on Equation (17), one may decompose the random variable g, belonging
to (Qq,, §g., Py, ) into projected g¥ and residual g/ components such that

e = q¢ +q¢ = Pgqc + (I — Pg)ge (18)

holds. Here, g¢ = Pypgc. = E(g.|B) is the orthogonal projection of the random variable
qc onto the space (0, By, P, ) of all distributions consistent with the data, whereas
qgr := (I — Py )q, is its orthogonal residual. To give Equation (18) a more practical form,
the projection term Py, is further described by a measurable mapping ¢ according to the
Doob-Dynkin lemma, which states

E(gelys) = ¢(yr) = poys. (19)

As a result, Equation (18) rewrites to

qe = ¢(ys) + (qc — ¢(ye)) (20)

in which the first term in the sum, i.e., ¢(y¢), is taken to be the projection of g. onto the
fine-scale data set y; according to Equations (18) and (19), whereas (qc — ¢(yc)) is the
residual component defined by a priori knowledge 4. on the coarse scale. Following this,
Equation (20) recasts to the update equation for the random variable g. as

Gac = qc+¢(yr) — ¢(ye) (21)

in which g, is the assimilated random variable and y. is the observation prediction on the
coarse scale given the prior g.. Therefore, to estimate g,, one requires only information on
the map ¢. For the sake of computational simplicity, the map in Equation (19) is further
approximated in a Galerkin manner by a family of polynomials

Qn ={¢(y) € Q| ¢n : y — g an-th degree polynomial } (22)
such that the filter in Equation (21) rewrites to

Gac(W) = qe(w) + Pu(yr) — Pn(ye(w))- (23)

As the map in Equation (22) is parameterized by a set of coefficients B, i.e., ¢ (y; B), these
further can be found by minimizing the residual component (the optimality condition in
Equation (17)):

B = arggnin E(llge — ¢n(y£: B)II%). (24)

In an affine case, when n = 1, 1 (y.; B) = Ky + b, the previous optimisation outcomes in a
formula defining the well-known Kalman gain:

K = covyy.covy, ! (25)
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such that the update formula in Equation (23) reduces to the generalization of the Kalman filter

Jac = qc+ K(yf —Ye), (26)
which is here referred as a Gauss-Markov—-Kalman filter; for more details, please see [56].

4. Computational Scheme for Up-Scaling

The update Equation (26) derived in the previous section needs to be realized in a
computational framework to illustrate the use of the up-scaling scheme. In concrete terms,
one requires a numerical approximation of the involved random variables in Equation (23).
A widely used strategy in this regard is to use an ensemble of sampling points for the
random material parameters of coarse and fine-scale models, which leads to an ensemble-
based interpretation of Kalman filter (EnKF). We pursue a different path here to discretize
the RVs in Equation (26), and a functional approximation is employed; i.e., the RVs are
defined in terms of functions of known standard RVs. We shall assume that these have been
chosen to be independent and often even normalized Gaussians. The final step in describing
the computational versions of RVs in Equation (26) is to choose a finite set of linearly
independent functions {¥4},c 7, of these base RVs, where the index & = (..., ag,...)
represents a multi-index, and the set of multi-indices for approximation J7 is a finite set
with cardinality (size) Z. There are several systems of functions that can possibly be used in
this regard, e.g., polynomial chaos expansion (PCE) or generalized PCE (gPCE) [57], kernel
functions [58], radial basis functions [59], or functions derived from a fuzzy set [60]. In this
work, all the subsequent development is carried out in terms of PCE-based approximation.
In the following discussion, we describe the computational procedure to develop the PCE
approximation for coarse and fine scales. Moreover, it merits mentioning here that the
PCE for all the relevant RVs are computed in a non-intrusive fashion (details of the related
methods are out of the scope of this paper; the interested reader can consult [49,61-64] for
more information), meaning the PCE approximations are computed using samples, i.e., the
material parameters are sampled from their associated probability density functions (PDFs),
and the corresponding energy measurements are obtained by repeated execution of the
deterministic FEM solvers for coarse and fine scales, respectively.

4.1. Coarse-Scale Prior and Energy Approximation

The PCE approximation of coarse-scale prior material properties 4. = logx, mod-
eled as log-normal RVs to preserve the positive-definitiveness property, q.(6.(w)), see
Equation (10), can be easily constructed by using the basis defined in terms of standard
normal RVs 0, (w) € RM¢ that are sampled according to 8;(w) ~ N(0,1). These random
variables are known, as they are constructed by experts. Having §.(6.(w)) at hand, the ma-
terial samples are obtained from it using the seed from 6,(w). These material samples are
then fed into the FEM computational model M_ to obtain for each sample the solution field
uc(x, w;) (see Equation (10)) and the corresponding prediction of the energy measurement
using the measurement operator Y¢; see Equation (11). Consequently, one can obtain the
PCE approximation for energy as #/,.(6(w)) € RL, where L is the number of different types
of predicted energy measurements (e.g., stored energy, dissipation, etc). The procedure to
construct predicted energy PCE is summarized in Algorithm 1.
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Algorithm 1 Coarse-scale energy PCE

1: Input: coarse-scale parameter PCE §.(6.(w))
2: Output: coarse-scale energy PCE #.(6.(w))
3: Generate 1, samples from PCE §.(0.(w)):

{Bc(wi) iy ~ N(O,1) = {(62(wi), ... 00" (wi)) }i,
{qc(wi) 7;1 = {‘jC(oc(wi))}:'il
4: Input {gc(w;)}}, for M, to obtain energy samples:

e Input {gc(w;)}? <, in M to obtain solution {u(x, w;)}!,
e Input {u(x,w;)}, in measurement operator ). to obtain energy samples:

{Ye(ue(x,w0i) 1yt {ye(wr), - ye(wn, )}, ye(w;) € RE

5: Construct PCE approximation of energy using samples { (yc(w;), 8c(w;))}<; and least
square estimate

§5.0:(@) = Y y ¥ (0c(w)) 27)

aEJy

4.2. Fine-Scale Measurement Approximation

The up-scaling scheme presented in this paper deals with a stochastic fine-scale
material model; therefore, the resulting measurement y; in Equation (9)—to be used
to update the coarse-scale material model—reflects the inherent randomness (aleatoric
uncertainty) of the fine scale. This scenario poses a hurdle to construct the fine-scale
measurement PCE approximation mainly due to two reasons:

1. The underlying process to generate the fine-scale material realizations is not available;
i.e,, we do not have the continuous data y (in a form of a random variable). Rather,
we have its discrete version given as a set of random fine-scale realizations (e.g., from
real experiments).

2. Even if the random process—generating the fine-scale realizations—is available, e.g.,
in a computational setting (as in the numerical experiments of Section 5), computing
the corresponding energy PCE is not easily achievable. This is due to the high-
dimensional and spatially varying nature of the fine-scale material description (e.g.,
properties described by a random field or the random distribution of different material
phases), resulting in a more involved and computationally expensive procedure due
to the large number of unknown PCE coefficients.

To tackle this problem, the idea is to model the fine-scale response y ¢ as a nonlinear
mapping ¢y of some basic standard random variable 6 such that

yf(d)l) :<py(wyf,9f(cbi)), izl,...nf (28)

holds. The random variable 6 is not known a priori and is to be determined. Similarly,
the map in Equation (28) is parameterized by coefficient vector wy,, which also needs
to be determined. Therefore, the problem boils down to estimating (wy, {6 f(d)l-)}:z 17
which is solved in two steps. We first transform y s (@;) samples to their standard normal
counterparts 6;(@;). Secondly, using (yf(d)i), (-)f(cbl-)) pairs, the parameters wy, of the
measurement map ¢, in Equation (28) are computed. This procedure—implemented using
transport maps [51]—is detailed in the following discussion.



Computation 2025, 13, 68

10 of 24

4.2.1. Transport Maps: Formal Definition

A transport map involves mapping a given (reference) random variable into another
(target) random variable such that the probability measure of the target and the reference
random variables is conserved. The idea was originally proposed by Monge [65] who
formulated the problem of transporting a unit mass associated with variable x to another
variable y in terms of the following cost function

Cr = [ e(x, T(x))punx (29)

subjected to the constraint iy = Typy, where ux and py are the probability measures of
the respective RVs and T is the pushforward operator. The result of the above problem is
the transport map T, which is optimal in terms of incurring the lowest transportation cost.
Transport maps have a wide domain of applications in various fields [66-76].

To construct the transport map using the fine-scale energy samples y¢(@;), we use
the approach that was first presented in [51] and discussed further in related research
articles [50,52,77,78]. The method described here is adopted from [51], where it was
originally proposed.

To put forth the problem in the current setting, we have at our disposal 71 fine-scale
energy samples: {y;(@1),...ys(@n;)} obtained from the corresponding FEM solver of
the fine-scale model M ¢ using input material property realizations {x¢(@1), ... x¢(@n;)};
see Equation (7). We seek to build an approximate map that transports energy samples
ys(w;) of the target random variable—having PDF p, ; and measure j,,—to the reference
random variable samples 0(@;) having—PDF pg  and measure g . Furthermore, instead
of seeking an optimal map by minimizing the cost function similar to Equation (29), we
explicitly specify the sought map to have a Lower Triangular structure that approximately
satisfies the measure constraint jig, = Typiy,, which is given as

[T (vp)
TZ(y}/y})

T(ys) = Ty} y3 - ¥fF) = (30)

| Ta(yf---¥p)

The map is assumed to be monotone and g, is assumed to be differentiable. The induced
density is given as

Py (vr) = po,(T(yy))|det OT (y5) (31)

where 9T (yf) and ‘detaT(y f)‘ are the Jacobian and its absolute value calculated with
respect to yy. In order to enforce the constraint pg, = Tyjy, exactly, the map-induced
density py, should be equal to the exact one p,. Here, Kullback-Leibler (KL) divergence is

Py (}/f)
log <ﬁyf ) ) ] . (32)

The above equation serves as an objective function that needs to be minimized. By slight

used as a measure of discrepancy:

Dict (pyy ()18 (47)) = B,

reformulation, one arrives to

T = arg min I, [logpyf (y5) —log e, (T(ys)) — log |det T(yf>|] (33)
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where T is some space of lower-triangular functions in which we seek T. We can further
write the objective function in Equation (33) in form of a Monte Carlo approximation using
the given fine-energy samples as

i 1 . ; .
T=argpun o) [10g oy, (5 (@1)) — 0g pa, (T(y(@:))) — log |det T(y (@)l ]. (34)

The discrete objective in Equation (34) still needs further modifications before it can
be utilized in a practical optimization routine. For the sake of brevity, we briefly enumerate
the necessary approximations concluded by the final optimization objective and some
important remarks related to it.

1. Specification of reference 8 : The reference random variable is taken as standard
normal 6 ~ N (0,I) (as we aim to build the inverse map, i.e., a PCE approximation
of fine-scale energy in terms of Hermite basis). The log of 8¢ can be written as

L
log 6 = ——log (27) % Z (35)

2. Separability of objective function: The lower triangular structure of the map renders
the objective function to be split into L separate optimization problems (L being the
dimensionality of the map). Hence, one can solve for each T; component of the map
independently, where I € [1, L].

3. Map parameterization: The last essential in solving the optimization problem is to
approximate the map over some finite dimensional space which requires each T}
component of the map to be parameterized in terms of some parameter set y; €
RM1, hence assuming the form Tj(y ¢,71)- This parameter set depends on the basis
functions used to approximate the map, e.g., multivariate polynomials from a family
of orthogonal polynomials or radial basis functions. After parameterization, the map
is now defined in terms of container y = {1, 72, ..., 7L} in which each element is a
set containing the coefficients of the basis functions of the respective map component.

The final optimization problem after employing the above-mentioned modifications
appears as

mmZ Tz yr(@i), 1) —log —— (36)

oT;
oy £ lyr (@)
which has to be solved for parameter vector 7. The objective function in Equation (36)
can be split into / separate problems (i.e., each component of map T;(y £,71)), which are
convex, linear in the respective parameter set y; and can be solved independently using
Newton-based optimization algorithms [79].

4.2.2. PCE Approximation of Energy

In the discussion before, we have described the construction of a transport map using
energy samples to obtain the corresponding output samples 6(w;) that are of standard
normal type. Our aim is to construct a fine-scale measurement map ¢y (wy,, 07(@;)) in
Equation (28) as a PCE approximation Y, c 7, y}“)‘Y(G ¢(@)). In other terms, § f(6 f(@)) is
the inverse of the originally computed transport map T(y ¢,7)- Therefore, given the energy
samples {y f(wl)} ’, and their transformed standard counterparts, {6 f(wl)} 2, such that

T(y(@;) £ 7v) = 0¢(@;), one may compute PCE for fine-scale energy measurement as

Py (wy,, 07(@)) = 7,(0(@) = Yy ¥(85()) (37)

aEJy
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Compared to Equation (28), the parameters wy, can be interpreted as the PCE coefficients

{yj([“) }aej of the chosen Hermite basis. The computation of fine-scale PCE is summarized
Y
in the Algorithm 2.

Algorithm 2 Fine-Scale Energy PCE

1: Generate fine-scale material realizations:

*  Obtain 1y samples from fine-scale parameter random vector k(@) € RM:
~ A\ -~ - Mg, | n
(k@)Y + (@), @0y (@)}
2: Obtain fine-scale energy samples:
e Input {Kf(cbi)}?il in FEM model M ¢ to obtain solution {uf(x, @;) }:Zl;

e Input {us(x, @)}:Z 1 in measurement operator Yy to obtain energy samples:

~ " - - -
{Ye(up(x, @)}y {y (@), ys(@n))}, yp(@;) € RE
3: Obtain transformed energy samples using transport map
e Given energy samples {y f(cbl)}:z 1 compute T (y(@;) #71) by solving Equation (36)
¢  Obtain {ef(a;,)}iz , using computed map, such that

T(yf(@i)fﬂ) =0¢(w;), 0f(@w;) € R

4: Construct PCE of energy samples:
*  Provided 1y pairs of energy y(@;) and its transformed values 0(@;):

{(y(@), 05 (@)} {(y (@), 04(&0), -, (y(@n,y), (@)}

n

*  Set PCE approximation of energy using {(y(@;), 0¢(@;))} i 1

vr(0p(@) = Y v\ ¥(05(@)) (38)

4.3. Coarse-Scale Parameter Estimation

Having the PCE approximations for coarse-scale prior §,(6.(w)), its energy prediction
in Equation (27) and the fine-scale energy measurement in Equation (38); the correspond-
ing up-scaled posterior is obtained by substituting the respective approximations into
Equation (26). The resulting computational form of the update formula in Equation (26)
appears in terms of PCE coefficients as

VaeJ: g =q% +Kg(yj(f‘) —y), (39)

where ¢, denotes the coefficients of updated coarse-scale parameters PCE having fine-
scale measurement information assimilated into them. Ky is the well-known Kalman gain
defined as

Ky = Cyoye(Cye +Ce) ™, (40)

and evaluated directly from the prior PCE coefficients. In particular, the formula for
covariance matrix Cy, reads
=Ly wya, (41)
a>0
and analogously can be defined for other covariance matrices appearing in Equation (40).
The overall up-scaling procedure is further introduced in Algorithm 3.
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Algorithm 3 Up-Scaling

1: Input:
*  The RVE with appropriate boundary conditions I'y for the fine-scale model and I'c
for the coarse-scale superelement
*  The fine-scale model including variations; see Equation (3):

Yf(Kf/ Llf(Kf, Ff))

®  The prior knowledge on the coarse-scale parameter g,
®  The coarse-scale model; see Equation (5)

Ye (K/ Uce (Kc, Fc) )
2: Output: updated coarse scale parameter g,

3: Predict response of the superelement on the coarse scale ¥(0.(w)) (prior prediction—
epistemic knowledge)

run Algorithm 1

4: Compute the surrogate of the fine-scale model ¢ (0(@)) (prediction of aleatory uncer-
tainty due to variation on the fine scale)

run Algorithm 2

5: Estimate Kalman gain using Equations (40) and (41):

Kg = Cgoy. (Cy + Ce) 1

6: Update coarse-scale parameter using PCE representations (see Equation (39)):

e al =l + Kyl - y),

5. Numerical Examples

In this section, we present the application of the proposed approach for the up-
scaling methodology presented in the previous sections. The problem considered here
is the estimation of coarse-scale homogeneous isotropic elastic phenomenological model
parameters modeled on bi-phased concrete as random variables. The measurements
come from a more elaborate fine-scale model whose stochastic nature is attributed to the
random distribution of hard inclusions embedded in the soft matrix phase. In the following
discussion, the computational setup for the modeling and simulation of coarse and fine-
scale models is described, concluding with the presentation and the discussion of the results
of the considered numerical experiment.

5.1. Computational Setup

The material specimen is modeled as a 3D block of dimensions (Ly, Ly, L) =
(10,10,10) in cm. In order to extract the desired coarse-scale parameters, two displacement-
based loading cases are considered: hydro-static compression as load case I and bi-axial
tension—compression (pure shear) as load case 1II, the corresponding deformation tensor
for the application of required displacement boundary conditions on the specimen faces is
given as

-p 0 O 05p 0 0
Fr=10 -p 0| Fi = 0 —p 0 (42)
0 0 -—p 0 0 05p
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where p is the proportional factor taken as 0.003 for the single load increment. The resulting
deformations are illustrated in Figure 1. The specimen block is modeled as one 3D elastic
brick element on the coarse scale with, i.e., {K, G} as random parameters that need to be
updated. As mentioned earlier, the fine-scale block comprises a random distribution of
spherical inclusions in the matrix phase and is computationally represented by a lattice
truss model. The adopted truss model has been proposed in [80] to model bi-phased
material [81,82] (e.g., concrete) with an enhanced ability to model the interface between
inclusion and the matrix phase (Figure 2 shows the deformation approximation of the
two-phase material in the truss element). As a consequence, one does not need to explicitly
model the interface, hence eliminating the need to employ a different mesh for each fine-
scale realization, as illustrated graphically in Figure 3. This offers a great advantage of
reduced computational burden in terms of mesh generation and also avoiding the mesh-
related error variations when one considers an ensemble of fine-scale realizations. The truss
elements are basically the edges of the tetrahedral elements filling the 3D block; the cross-
section area of each element is obtained by the dual Voronoi tesselation of the tetrahedral
mesh. Further details on the mesh generation and FE formulation of truss elements can
be found in [82]. For the numerical examples considered here, the discrete fine-scale is
composed of 58,749 truss elements (different realizations are shown in Figure 4).

/ T |
/ 1= V //
| o - //
// T /,// //
/
p
// //
. /
/
// |
:-v/ /
DA %
y
p
| /
p | /
) /
p | /
4 ) / 4
Vd / V : //
| p

(a) Load I (b) Load IT

Figure 1. Loading cases: (Load I) hydrostatic compression, (Load II) bi-axial tension—compression.

.
phase {:1/,

— 32 00 (

Figure 2. Deformation approximation for the two-phase material in the truss element [82].
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Figure 3. Inclusion and matrix interface (left) and its FEM discretization with interface elements
shown in red (right) [80].

Figure 4. Fine-scale realizations for different numbers of particles: [5,10,25,50] embedded in the
matrix phase.

The material parameters for inclusion and matrix phases, i.e., the Young modulli of
their representative truss elements, are given in Table 1. For the interface element, an added
parameter §)—which defines the relative proportion of inclusion and matrix phases in the
element—is also computed and provided as input for the FE model.

Table 1. Young modulli for fine-scale particle and matrix truss elements (in GPa).

E part Emat
70,000 10,000

The computational model for the fine scale is implemented as a User-Defined Element
in the FEAP (Finite Element Analysis Program) Version 8.5 [83], which is a multi-purpose
finite element program from University of California, Berkeley, CA, USA. Moreover, the
computation of PCE approximations for material parameters and measurements and the
update step in the Algorithm 3 (Section 4.3) of the up-scaling scheme are implemented in
Matlab R2022b [84].

5.2. Verification Case: Up-Scaling One Fine-Scale Realization

In this case, we demonstrate the working of an up-scaling framework on one fine-
scale realization of a lattice model described previously. It is composed of 50 inclusions
and a 25% volume fraction. The prior characteristics of coarse-scale parameters are given
in Table 2, and their corresponding probability density functions (PDFs) are shown in
Figure 5 as prior distributions. The prior material properties are set as an input into the
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FEM simulation model to obtain the corresponding energies for the two loading cases;
see Figure 1. The prior energy PDFs along—with their mean—are shown in Figure 6 in
blue. The lack of knowledge regarding fine-scale characteristics on the coarse scale are
reflected in the spread of energy PDFs and the offset of the mean values from the fine-scale
counterpart. The PDF of posterior material properties (also shown in Figure 5)—after
performing the up-scaling procedure—shows a marked reduction in their spread compared
to the ones for prior properties. A similar behavior is observed in the posterior coarse-scale
energy PDEF, as shown in Figure 6. The uncertainty in the energy prediction of posterior
properties is significantly reduced, and their respective mean values have shifted close
to the fine-scale energy values, showing a negligible difference between the two values.
Following this result, one may conclude that the Bayesian type of approach can be used to
identify the properties of the coarse-scale continuum model given the fine-scale discrete
measurement data.

Table 2. Prior statistics in terms of mean p and standard deviation ¢ values for coarse-scale material
parameters (in MPa).

Property K G
u 1577.307 1211.65
o 157.73 121.16

10-2 1072

— prior — prior
— post — post ||

PDF
PDF

2|

1t 1 1k

—

—1] T T T | T
{’l()(l 1200 1300 1400 1500 1600 1700 1800 1900 2000 ?)(10 1000 1100 1200 1300 1400 1500 1600 1700
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Figure 5. Prior and posterior PDF for bulk K and shear G moduli on coarse-scale model, using one
fine-scale realization.
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Figure 6. Coarse-scale prior and posterior predicted energy PDFs for load cases: (LII), using one
fine-scale realization.

5.3. Up-Scaling Ensemble of Fine-Scale Realizations

In this example, we consider a more realistic scenario of up-scaling an ensemble of fine-
scale realizations. The main problem in this case is to construct the PCE approximations
for the measured fine-scale energies. For this purpose, an ensemble of 1000 fine-scale
realizations is generated for different numbers of particles: [5, 10, 25, 50] for a fixed volume
fraction of 25%. The samples differ from one another by the placement of spherical
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inclusions using the Random Sequential Adsorption Algorithm [85] in the matrix phase.
The corresponding ensemble of fine-scale energies is obtained by the discrete truss FEM
model (described briefly in Section 5.1) for the two loading cases. The energy samples are
then used to construct the transport map in order to obtain the corresponding standard
normal samples; see Section 4.2.1. Having energy and its transformed value pairs at
hand, the required PCE in Equation (37) approximation is constructed for fine-scale energy
(detailed in Section 4.2). We have used the TransportMaps library [86] for map construction;
in our example problem, the map is chosen to be of Isotropic Integrated Squared Triangular
form and is parameterized using hermite polynomials (further details related to map
types and related solvers for optimization problems can be found in the online help
of the mentioned library). The PDF values of the measured fine-scale energies for the
loading cases, presented in Figure 1, are shown in Figure 7, which shows that the inherent
uncertainty of the fine scale is inversely proportional to the number of inclusions in the
specimen. The largest spread is observed in the measurement PDF for specimen having
five particles, whereas the 50 inclusions case represents the smallest variability, as expected.
To estimate the bulk and shear moduli on the coarse scale, we need to make an assumption
on the prior uncertainty. Based on the homogenization theory [87], each sample of fine-
scale realization of the fine energy measurement is used to estimate the effective K and G
values analytically. By their averaging, we have obtained the mean value for the prior,
to which is then added a large variance to obtain a sufficient variability; see Figure 8 for
prior distributions.

The PDFs of the updated coarse-scale parameters are shown in Figure 8. They exhibit
a reduced degree of uncertainty as compared to the chosen prior. Moreover, the aleatoric
uncertainty—observed in the response of fine-scale specimen with respect to the number of
inclusions—is also reflected by the updated coarse scale i.e., the PDFs of K and G have a
progressively increasing variance while going from 50 to 5 particles for fine-scale specimen.
Finally, to demonstrate the validity of the updated coarse scale, the corresponding PDFs
of energy posterior predictions are shown along with the fine-scale measurement ones
in Figure 9. The up-scaled coarse-scale predictions match really well with the fine-scale
measurement; the difference between the PDFs is unnoticeable for each inclusion case and
the considered loading cases.

Load I Load II

= fine part 5 = fine part 5

— fine part 10 — fine part 10
fine part 25 50 | fine part 25

20 |- = fine part 50 = fine part 50

ot

895 6 605 61 615 62 625 63 635 64 645 6.5 1.5 1.55 1.6 1.65 1.7 1.75 1.8
Energy Energy

Figure 7. Fine-scale energy PDFs for load cases (LII) for different numbers of particles.
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Figure 8. Coarse-scale prior and posterior PDF for K and G using fine scale with different numbers
of particles.
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Figure 9. Coarse-scale posterior predicted energy comparison with fine-scale measurements with

different numbers of particles for load cases (LII).

An interesting behavior, related to the up-scaling experiment, can be observed by
examining the correlation between the prior and posterior material properties and the
corresponding energy predictions in Figures 10 and 11, respectively. Since K and G and
the associated loading conditions, under consideration, are independent of each other
(in particular for loading cases: hydrostatic compression and pure shear are mutually
exclusive in terms of triggering volumetric and deviatoric deformations), the correlation
for both (material properties and energies) prior are depicted as concentric circles in
the left plots of Figures 10 and 11 for different fine-scale particle configurations. The
posterior or up-scaled coarse-scale properties and the corresponding energies correlations
are shown on the right plots of Figures 10 and 11, respectively. An obvious observation
is that as one increases the number of particles, the variability decreases, which is also
confirmed by the spread of distributions of up-scaled coarse-scale K and G, e.g., in Figure 8.
Additionally, the correlation in the posterior coarse-scale properties and corresponding
energy predictions are depicted as ellipses, from which one can conclude that the updated
material parameters are correlated. The possible reason for correlated updated parameters
is due to the geometric uncertainty (spatial position of particles) that is present in the
considered RVs and is common for both types of loads.
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Figure 10. Correlation between prior and posterior (up-scaled) coarse-scale K and G considering all
fine-scale particle cases.

24 r 18
—— prior 5 par = = update TM 5 par
20 L —— prior 10 par
- ~——— prior 25 par 1.75 [ |= = update TM 10 par
= —— prior 50 par =
B 2t 2 = = update TM 25 par
° 2 17+t
5 5 = = update TM 50 par
< gt =
B3 3
9] o 1.65
f=4 f=4
w16 w
16
14
12+ 155 L5
1 . . ) 15 . . . .
4 5 6 7 8 9 10 6 6.1 6.2 6.3 6.4
Energy for load | Energy for load |

Figure 11. Correlation between energies from load cases I and II using coarse-scale prior and up-scaled
K and G considering all fine-scale particle cases.

6. Conclusions

In this paper, a Bayesian up-scaling framework is devised and is applied in a computa-
tional homogenization setting to estimate coarse-scale, homogenized material parameters
that are representative of a more elaborate fine-scale material model. Moreover, the coarse
and fine scales are assumed to be completely incomparable in terms of material descrip-
tion and their corresponding FEM simulation models; therefore, energy is used as the
communication measure between the two scales, since it is representative of the physical
behavior (e.g., elastic and inelastic phenomenon) common to both the scales. The algorithm
is computationally efficient owing to the use of the functional approximation of involved
quantities, and it is also non-intrusive: the PCE approximations are readily built from the
ensemble of solutions obtained via the repeated execution of deterministic FEM solvers
for the given random material samples. With regard to constructing PCE approximation
for fine-scale energy, the construction of a transport map from energy samples has proved
to be computationally efficient, as it allows to build PCE approximation directly from
the energy samples and their transformed standard normal counterparts instead of using
random samples to build fine-scale material realizations, which can be very expensive,
owing to their high dimensionality, or impossible to build in the first place. The representa-
tive examples also show promising results as one is able to calibrate a continuum-based
coarse-scale model using energy measurements from truss-based discrete fine-scale models.
The reliability of the updated coarse-scale parameters is judged by comparing their energy
predictions with the fine-scale ones. In both the cases, one realization and an ensemble
of realizations, satisfactory results have been obtained under reasonable accuracy. The
developed framework and the example study presented in this paper can be used as a
platform to improve upon the existing algorithm and investigate more complex examples,
e.g., incorporating inelastic or dissipative material behavior for up-scaling.
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Abbreviations

The following main abbreviations and mathematical symbols are used in this manuscript:

FEM finite element method

PCE polynomial chaos expansion

gPCE generalized polynomial chaos expansion

PDF probability density function

RV random variable

Qol quantity of interest

RVE representative volume element

PINN physics-informed neural networks

EnKF ensemble Kalman Filter

U, state-space variables of coarse-scale model

& energy functional of coarse-scale model

D, dissipation potential of coarse-scale model

é measurement noise associated with the fine-scale

€(we) measurement and modelling error associated with coarse-scale model
Ye () measurement operator of coarse scale

Ke material parameters of coarse-scale model

I'; external excitation on coarse level

0 probability space of set of all events associated with RV

P probability measure associated with RV

§ sigma-algebra

B sub-sigma-algebra

ge := logx, RV used in computational scheme, taken as log of coase-scale material parameter x.
¢ measurable map of RVs

E() expectation operator

Dy(-]]-) Bregman'’s loss function (BLF) or divergence between RVs

H hyperplane tangent to differentiable function at a given point
(oM set of n-th degree polynomials

cov covariance matrix between RVs

K, Kalman gain of PCE-based filter

Tz finite set of multi-indices with cardinality (size) Z

Dxr(-|]) Kullback-Leibler (KL) divergence between probability densities
{¥atees, set of linearly independent functions for PCE

M, M f coarse and fine-scale computational models

Cr cost function associated with transport map

Ty(-) pushforward operator associated with transport map

TA space of lower-triangular functions for transport map approximation
Hy probability measure of RV y

8f ~ N(0,I) vector valued standard normal RVs

Cy, covariance matrix in terms of PCE coefficients of y,

Fr deformation tensor
Epart, Emat Young modulli for particle and matrix truss elements
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