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Abstract

The concept of the relation § plays a central role in the study of hypercompositional
structures. In this paper, we extend the definition of j to the general framework of hyper-
groupoids and develop an algorithm to compute its elements and its transitive closure 5*.
We then apply this algorithm to determine the B-class of partial identities in a hypergroup,
a process equivalent to computing the heart of the given algebraic structure. Furthermore,
we propose a more general algorithm that is also applicable to the case of Hy-groups. By
extracting the quotient set with respect to f* and endowing it with an appropriate group
structure, we obtain the so-called fundamental group. The identity of this fundamental
group can then be computed directly, yielding the heart of the structure.

Keywords: fundamental relation; semihypergroup; hypergroup; H,-semigroup; Hy-group;
heart; algorithms

1. Introduction

The term algebraic hypercompositional structure denotes a generalization of classical
algebraic structures such as groups, semigroups, or rings. In a classical algebraic structure,
the law of synthesis of two elements yields a single element, whereas in a hypercompo-
sitional structure, the law of synthesis of two elements produces a set of elements. This
branch of algebra was introduced for the first time by the French mathematician Marty [1]
during the 8th International Congress of Scandinavian Mathematicians. Subsequently, other
mathematicians, including Krasner [2,3], Wall [4], Ore, and Dresher [5], laid the foundations
of what is now known as hypercompositional algebra. Over the years, the law of synthesis
of hypercompositional algebras has been enriched with additional axioms, giving rise to
structures with diverse and intriguing properties and applications. Among them there are
hypergroupoids, semihypergroups, and hypergroups, which generalize the classical notion
of groupoids, semigroups, and groups, respectively, and the wider classes of H,-semigroups
and H,-groups. In [6] a MATLAB algorithm is presented, which determines the strong
fuzzy grade of a hypergroup, considering a particular class of hypergroups associated with
genetics. Other algorithms for algebraic hyperstructures were presented in [7,8]. Moreover,
several books [9-15] and survey papers [16-20] have been devoted to hypercompositional
structures, reflecting the growing interest and development in this field. It is not surprising
that there is a significant overlap between the tools and problems of (semi-)group theory
and those of (semi-)hypergroup theory. In 1970, M. Koskas [21] formalized this connection
by introducing the notion of a strongly regular relation. This, in turn, led to the definition
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of the relation § and its transitive closure §*, both of which belong to the class of funda-
mental relations. Subsequently, Corsini [10] and Sureau [22,23] further investigated these
concepts in the context of semihypergroups and hypergroups, and the equality between
B and B* has been proved in the case of hypergroups (see Theorem 16, [10]). It turns out
that the fundamental relation 8* is the smallest equivalence relation in a hypergroup H
such that the corresponding quotient set forms a group, called the fundamental group (see
Corollary 21, [10]). The class of the identity element in the fundamental group is called the
heart [24-27]. The heart is a special subhypergroup of H that provides detailed information
about the partition of H induced by the fundamental relation. In [28,29], Vougiouklis
defines the notion of relation § in the larger class of H,-groups, while in [30], the authors
studied the H, module of functions on the H; ring of arithmetics and the corresponding
fundamental module. Vougiouklis” approach was completed by proving that the funda-
mental relation §* is the transitive closure of the relation f. It was also shown that if H
is an Hy-(semi)group, then the quotient H/p* is a (semi)group. However, whether p and
B* coincide in the case of Hy-groups remains an open question. In [31] another important
equivalence relation a* is studied in the context of topological quotient hyperrings.

The purpose of this paper is to present the notion of the § relation, following the
approach proposed by Vougiouklis. In particular, we will extend its definition to the
broader class of hypergroupoids. Our definition leads to a deterministic algorithm capable
of computing the elements of B. Furthermore, employing the Warshall algorithm, we obtain
the transitive closure §*, which we then use to define the fundamental group structure
on the quotient set induced by * on a hypergroup or on an H,-group. This allows us
to compute the heart of the structure by identifying the elements in the *-class of the
identity of the fundamental group. In the case of hypergroups, a shortcut is possible. In fact,
in Corollary 1, we show that the heart of a hypergroup coincides with the B-class of partial
identities. This result offers computational advantages, as it bypasses the construction of
the fundamental group and the determination of its identity.

To make this manuscript self-contained, in Section 2 we present the basic notions
and results on hypercompositional structures, with an emphasis on hypergroups and H,-
groups. For a comprehensive and detailed introduction to the theory of hypergroups and
Hy,-groups, we refer the reader to [9-11,15,17] and [29,32], respectively. In Section 3, we
formalize the definition of the set I/ containing all finite hyperproducts of elements in a
hypergroupoid. This leads to the definition of the relation j in the class of hypergroupoids.
Moreover, we recall well-known results regarding the heart of a hypergroup, which will
be useful for its computation. In Section 4, we further analyze the set I/ by introducing
an increasing chain of subsets of a hypergroupoid, and in Proposition 1 we show how
this chain can be used to concretely compute I/ in a finite number of steps. This work
provides the foundation for computing the heart of both hypergroups and H,-groups,
with the corresponding procedures and algorithms presented in Section 5. In Section 7,
we provide a concrete analysis of the heart of a hypergroup of order 7 and an H,-group of
order 10. The implementations are written in MATLAB and are publicly available (see [33]).
Furthermore, a more efficient and optimized library, written in RUST and offering additional
features, is also available (see [34]). Finally, conclusions and directions for future research
are presented in Section 9.

2. Overview of Hypercompositional Structures

Let H be a nonempty set and let P(H) be the power set of H. A hypercomposition
(or hyperoperation) in H is a map o: H x H — P(H) that associates, for any x,y € H,
a subset x o y of H, rather than a single element, as in the case of an ordinary composition.
A nonempty set H endowed with at least one hypercomposition o forms a hypercomposi-
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tional structure. Whenever there is no risk of confusion, we will write xy instead of x o y.
Furthermore, we restricted our study to hypercompositional structures equipped with a
single hyperoperation. A hyperoperation in H induces an operation in P(H), defined by

AB= | J aocb, forall A,BeP(H).
acA,beB

Throughout this paper, we identify each singleton with its unique element. Therefore, if A
is the singleton {a}, then we will write aB instead of {a}B and similarly if B is a singleton.
A hypercompositional structure H is called a semihypergroup if its hyperoperation is
associative; i.e.,
a(bc) = (ab)c, foralla,b,c e H.

A hypercompositional structure H is called a quasihypergroup if its hyperoperation is
reproductive; i.e.,
aH = H = Ha, forallae H.

A hypercompositional structure H is called a hypergroupoid if the hypercomposition
of any two elements of H is a nonempty set. A hypercompositional structure H that
is both associative and reproductive is called a hypergroup. One can easily prove that
every hypergroup is a hypergroupoid [17]. A hypercompositional structure is called an
Hy,-semigroup if its hypercomposition is weakly associative; that is,

a(bc) n (ab)c # &, foralla,b,c € H.

An H,-semigroup that is also reproductive is called an Hy-group [29].

An element ¢ in a hypercompositional structure H is called a partial right identity if
there is an element x € H such that x € xe. Analogously, e € H is a partial left identity if there
is x € H such that x € ex. An element e € H is a partial identity if it is a partial right identity
or a partial left identity. The sets of partial right identities and partial left identities are
denoted by I,,(H) and I,,;(H), respectively. It follows that the set of partial identities is

I,(H) = Ip,(H) U I, (H).

An element e in H is called a right identity if x € xe holds for all x € H. Similarly, e € H
is said to be a left identity in H if x € ex for all x € H. Thus, e € H is called an identity if
x € ex n xe for all x € H. The set of right identities in H is denoted by i,(H), while the set
of left identities in H is denoted by #;(H). It follows that the set of identities in H is

i(H) = i,(H) i (H).

A subset K of H is multiplicatively closed if xy < K holds for all x,y € K. A subhypergroup
K of a hypergroup H is a nonempty reproductive subset of H; that is, xK = K = Kx for any
x in K. This also implies that, for any x,y € K, we have xy < xK = K; i.e., subhypergroups
are multiplicatively closed. The definition of Hy-subgroups follows mutatis mutandis.

3. A General Definition for the  Relation

In this section, we give the definitions of regular and strongly regular relations in a hyper-
groupoid. These coincide with the definitions given in [15] in the context of semihypergroups.

3.1. The Fundamental Relation on Hypergroupoids
Definition 1. Let H be a hypergroupoid and let p be an equivalence on H.
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e Wesay that p is reqular on the right if for all a,b € H,
apb = Vxe H, Yueax, v e bx, such that u p v.

Similarly, the regularity on the left can be defined. An equivalence relation that is both regular
on the right and reqular on the left is called regular.
e Wesay that p is strongly reqular on the right if for all a,b € H,

apb = VxeH, Yueax, Yv e bx, we have u p v.

Similarly, the strong regularity on the left can be defined. An equivalence relation that is both
strongly reqular on the right and on the left is called strongly reqular.

Notation 1. We denote by H/p the quotient set of H with respect to an equivalence p. For each
x € H, we denote the equivalence classes of x by X := {ze H: x p z} .

Theorem 1. Let H be a hypergroupoid and let p be an equivalence in H. Then p is reqular if and
only if the hyperoperation on the quotient set H/p defined by

T@7=1{z|zexy) 1)
is well defined.

Proof. (=)Assume that p is regular and let xpx’, ypy’. We prove x®@y = x' ®y’. Let
il € X ®7; then we have u € xy. By the regularity on the right, there exists v € x'y such
that upv. Moreover, the regularity on the left implies that there exists w € x'y’ such that
vpw. By the transitivity of p, we have upw; i.e., i = @ € ¥’ ®y’. This proves x @y < ¥’ ®y/'.
Similarly, the reverse inclusion follows.

(<) Leta, b € H be such that apb and let x be an arbitrary element in H. If u € ax, then
i€ A®% = b® x. Hence, there exists v € bx such that upv. This proves the left regularity of
p. Similarly, the right regularity follows. [J

Remark 1. Every strongly reqular relation is also regular. Obviously, if p is a reqular rela-
tion in a hypergroupoid H, then the canonical projection w: H — H/p verifies the identity
nt(xy) = t(x) @ m(y) for all x,y € H; that is, 7 is a good homomorphism.

Definition 2. Let H be a hypergroupoid. The fundamental relation B* on a hypergroupoid H is the
smallest equivalence (with respect to inclusion) such that (H/B*,®) is a group. The quotient group
H/B* is called the fundamental group.

Here we give a definition for the relation § in the general framework of hyper-
groupoids. Let H be a hypergroupoid and let ay,--- ,a, € H. We denote by H;{:l a;
the set of all hyperproducts of a1, - - - ,a,, chosen in this order, with all possible parentheses
among them. For any n € N, we define the following sequence of subsets of H:

e U ={{x}|xeH}
e U,={u|uel]la; forsomeay,...,a,€ H}foralln > 1.

Then, we set U = ;> Un.

Remark 2. Foranyn > 1, U, contains all hyperproducts of n factors of H. In particular, singletons
in U are considered as hyperproducts of 1 factor. It follows that U is the set of all finite hyperproducts
of H.
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Definition 3. Let H be a hypergroupoid. For any x,y € H, we define the relation B as follows:
x By < Ju el suchthat {x,y} < u.

It is easy to see that p is reflexive and symmetric, but not transitive, in general.
The transitive closure of f is denoted by j.

Remark 3. We note that Definition 3 coincides with the definition of the B relation introduced by
Vougiouklis for Hy,-semigroups [29]. If (H, o) is a semihypergroup and a4, ..., a, € H, then the
set [ |7 a; reduces to a singleton {ay o --- o a,}. Thus, [ [_ a; can be identified with its unique
element u = ajo---oay,.

If H is a semihypergroup, the definition of the relation B can be rewritten as

xBy < dneN, Jay,...,a, € Hsuchthat {x,y} S ajo---oay.
This formulation coincides with the definition of the relation B given by Koskas in [21].
Theorem 2. Let H be a hypergroupoid. Then B is strongly reqular in H.

Proof. Let x,y € H such that x # y and let a be an arbitrary element in H. It follows that
there exist xg = x,x1,...,x, = ysuch that x; B x;1 forallie {0,1,...n —1}. Letr; € xa
and rq € ya. We prove rq ,3 r1. From x; B x;41 it follows that there exists u; € U such that
{xi, xiy1} € u;. Thus, x;a < w;a and x;1a < u;a. It follows that for any s; € x;a, we have
si Bsiv1,1€{0,1,...n—1}. Then, if we take sy = r; and s, = r, we obtain r; ,3 2. This
shows that 8 is strongly regular on the right. The strong regularity on the left follows
dually. O

3.2. The Heart of a Hypergroup and of an H,-Group

By Theorem 1, hyperoperation ® is well defined in H/f. Moreover, Vougiouklis [29]
proved that if H is an H,-group, then * = j; in particular H/j is a group and coincides
with the fundamental group H/B*. Since hypergroups form a subclass of Hy-groups, this
result also holds for hypergroups (see also [21]). Let 1y /5. be the identity in H/p*. The
p*-class of 1« is called the heart of H and is denoted by wp. Furthermore, the canonical
projection t: H — H/B* is a good homomorphism, and hence wy; is the kernel of the
canonical projection 7r, namely,

wh={xeH : m(x)=1pp}

Freni in [23] proved that for hypergroups, the equality B = 8 = B* also holds. It is still
unknown whether this identity holds for the H,-groups.

Theorem 3 ([23]). Let H be a reproductive semihypergroup (i.e., a hypergroup). Then p = B*.

In what follows, we recall the notion of the complete part of a semihypergroup H and
present a connection to the heart in the case of hypergroups.
A nonempty subset A of a semihypergroup H is called a complete part if ¥n € N and
V(x1,...,x4) € H",
Xjo0--r0oXpNA# P =x10---0x; C A.

It is easy to see that the class of complete parts of H is closed under intersection.
Therefore, for a nonempty subset A of H, the complete closure of A can be defined as
the intersection of all the complete parts of H that contain A. This is indicated by C(A).
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An increasing chain of subsets of H can be defined to describe the complete closure of A.
This leads to the definition of a new equivalence relation, which is equivalent to g*.

Let H be a semihypergroup and let A be a nonempty subset of H. For all n € N, we
define the following chain of subsets K (A) recursively:

K1 (A) . A,
K, :

(A) = er‘EIpeN, day,...,ap € H such that
P

4
X € H“i and nai NnK,_1(A) # @}.

i=1 i=1

Let K(A) = U,>1 Kn(A).
Theorem 4 ([15]). K(A) = C(A).

Notation 2. If there is no risk of confusion, we will write C(x) instead of C({x}) and K(x) instead

of K({x}).
For x,y € H, define the relation K as follows:
xKy < yeK(x).

It can be shown that K is an equivalence relation (see [15]). In particular, we have the
following results.

Theorem 5 ([15]). Let H be a semihypergroup. Then the relations * and K coincide. In particular,
for any x € H, the B*-class of x coincides with both K(x) and C(x); i.e.,

= K(x) = C(x). (2)
Theorem 6 ([15]). Let H be a hypergroup and let A be a subset of H. Then
C(A) = Awy = wyA. 3)

The following result will be used to compute the heart of a hypergroup when a partial
identity is known.

Corollary 1. Let H be a hypergroup and let e € H be a partial identity. Then we have
WwH = e.

Proof. Without loss of generality, we may assume that there exists x € H such that x € xe.
Using the canonical projection 77: H — H/B*, we have the identity

7t(x) = t(x) ® 7t(e)

and since we are in a group (the fundamental group), the cancelation law yields
m(e) = lype; i€, e € wy. As wpy is a subhypergroup (see [23]), the reproductiv-
ity holds, and we have ewy = wpy = wpge. By Theorems 5 and 6, it follows that
wy =ewy =Cle) =e. O
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A hypergroup is called complete if every hyperproduct of it is a complete part.
The heart of a complete hypergroup consists of the set of its bilateral identities (see
Theorem 13, Chapter VI, [9]).

4. Computing the Set of Finite Hyperproducts and the  Relation in
a Hypergroupoid

In what follows, we will consider a finite hypercompositional structure with a single
hyperoperation. Following the idea in [7], any finite hypercompositional structure H can be
explicitly defined by its Cayley table (or synthesis table), that is, a matrix M of type n x n,,
with rows and columns indexed by the elements of H, where the entry at position (a,b)
corresponds to the result of hyperoperation ab € P(H). The Cayley table can be constructed
in several ways:

*  Manually, filling the subset ab into a matrix for each pair (a,b) € H x H;
¢ Automatically, using a defining function that specifies the hyperoperation for all
such pairs.

Example 1. The hypercompositional structure in Listing 1 is implemented manually by spec-
ifying the entries of the matrix M. For a clear visualization of the Cayley table, we provide a
dedicated function, show_cayley_table, available in the accompanying repository [33]. Since
its implementation is not relevant to the mathematical discussion, we omit the source code from
the listings.

Listing 1. Example of input data.

1 |> H={'a','b','c'};
>> M = {

3 {'a'}, {'a', 'v'}, {'a', 'c'};

4 {'a'}, {'b'}, {'a', 'c'};

5 {'a'}, {'a', 'p'}, {'c'};

6|}

7| >> show_cayley_table(H,M)

8 la b c

9| ;e - = o e e e e e
0| a |{a} {a, b} {a, c}
11 ]b |{a} {p} {a, c}
1 |{a} {a, b} {c}

Example 2. In Listing 2 we define a set H and a generating function computing the b_hyperoperation,
which is defined as xy = {x,y} for all x,y € H (see [17]). The function new_from_function
(Listing 3) is then used to automatically fill the corresponding Cayley table.

Listing 2. The b_hypercomposition on H = {a, b, c}.

1 |H = {'a'", 'b', 'c'};
b_hyperoperation = @(a, b) unique(H([a bl));
M = new_from_function(H, b_hyperoperation);

1| show_cayley_table (H,M)

5 la b c

6| —==mmmmmo- oo

7| a I{a} {a, b} {a, c}

5 |Db |{a, b} {b} {b, c}

0| c |{a, c} {b, c} {c}
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Listing 3. MatLab code for new_from_function.

1|% NEW_FROM_FUNCTION Construct a Cayley table from a binary operation
handle.

2| %

3|% result = NEW_FROM_FUNCTION(H, binary_function)

ik

% Given a finite set H and a binary function defined on its elements,

6|% this function builds the corresponding Cayley table as a cell array.

7k INPUT:

s |% H: 1 x n cell array or array representing the elements of the set
H.

9| % binary_function: Function handle @(x,y) returning the
hyperoperation

0| % value for elements x, y in H. It must accept any

n % pair of elements from H as input.

2 |% OUTPUT :

B3| % result: n x n cell array where result{i,j} = binary_function(H{i},
H{j}) .

14| % Each entry represents the (possibly set-valued) product of

15 | % elements H{i} and H{j}.

16| %

17 | function result = new_from_function(H, binary_function)

18 [I, J] = ndgrid(1l:length(H), 1:length(H));

19 result = arrayfun(@(i,j) binary_function(H(i), H(j)), I, J, '

UniformOutput', false);
20 | end

In this section, we present an algorithm to compute the elements of the relation
for a finite hypergroupoid H, following an approach similar to that in [8]. Employing
the Warshall algorithm [35], we can obtain the transitive closure *, which we can use to
compute the fundamental group of a hypergroup H and of an H,-group, as well as the
heart wy. Proposition 1 and Corollary 2 allow for the computation of the set I/ of all finite
hyperproducts of elements in H, which is an important step for the computation of S.

In fact, if I/ is known, then we have

ﬁ={(x,y)eH><H:Huel/{with{x,y}gu}zquu, 4)
ueld

where the equality holds because (x,y) € u x u if and only if both x € u and y € u.
The algorithms for computing ¢/ and the elements in j are given in Algorithm 1 and
Algorithm 2, respectively.

Algorithm 1 Computation of the set ¢/ of all finite hyperproducts.

Input: finite set H and Cayley table M defining a hyperoperation
Output: i/ < P(H) of all finite hyperproducts
1: function HYPERPRODUCTSSET(H, M) > H finite set, M Cayley table
2 Aprev — ; > Initialize previous set to emptyset
3 Acurr < {{x} | x € H}; = Start with singletons Ay
4 while Aprev # Acurr do
5: Aprev <~ Acurr}
6: Acurr — Acurr U {q S 5]/ ‘ q, q/ € Aprev}}
7 end while
8 return Acyrr = Final set equals A, = U
9: end function




Computation 2025, 13, 261 9 of 21
Algorithm 2 Computation of the j relation.
Input: finite set H and Cayley table M defining a hyperoperation
Output: B
1: function GETBETARELATION((H, M))
2: [3 )
3: U — HYPERPRODUCTSSET(H, M) > Get all hyperproducts (see Algorithm 1)
4: foruell do
5: for x e u do
6: forycudo
7 B —Bu{(x )}
8: end for
9: end for
10: end for
11: return

12: end function

4.1. An Increasing Chain of Subsets of H to Compute U

In this subsection, we introduce an increasing chain of subsets of H, and in
Proposition 1 and Corollary 2 we show how it can be used to compute the set U/ of all
finite hyperproducts of H in finitely many steps.

Definition 4. Let H be a hypergroupoid. For n € N, we define the following recursively:

1. Ag = {{x}: x € H} (the set of singletons);
2. Forn>0,A:=A,_10{qq9:q,q € A1}

Furthermore, we set A = |~ Ak

In other words, each set A, contains all hyperproducts in H with at most 2" factors.
This follows immediately by induction on 7. Indeed, for n = 0, we see that A is the set of
all singletons, and these are precisely the hyperproducts of the 1-factor of H. Moreover,
if pe A, thenpe A, or p = g for some q,q’ € A,_1. In the first case p has at most 2"~
factors by induction, and the thesis follows. In the second case, p is the hyperproduct of
q,q9' € A,_1; thus p has at most 2 - 2"~! = 2" factors. Thus, A < U, where U is the set of
all finite hyperproducts of elements in H. Conversely, if u € U, then u € U for some k € N;
i.e., u is a hyperproduct of k factors . Then, it follows that u € A; for [ > [log, k|, and hence
u € A. This proves U < A. Therefore, we have proved the following theorem.

Theorem 7. Let H be a hypergroupoid and let U be the set of all finite hyperproducts. Let (Ay)pen
be as in Definition 4. Then U = A.

Proposition 1. Let H be a finite hypergroupoid and let (A;),en be as in Definition 4. Then the
following hold:

1. A,cAyqqforallneN.

2. The sequence (Ay) must eventually stabilize; that is, there exists m € N such that
Am = Apyj forall j = 1. We will call m the stabilization index.

3. Let m be the stabilization index. Then m is the minimum value such that Ay = A;q1.

Proof.

1. It follows immediately by Definition 4.

2. Byltem 1, we have that A, ;1 extends to A, foralln € N. But 4, € P(H) foralln € N,
and since H is finite, so is P(H). Therefore, the sequence must eventually stabilize to
some finite number m € N.



Computation 2025, 13, 261

10 of 21

O

It is enough to prove that if k € N is such that Ay = Ay, 1, then Ay = Agy; for all
j = 1, and hence k = m. We use induction in j. The base case follows from the
hypothesis. Assuming Ay = Ay ;_1, we prove Ay = Ay ;. Since Ay = Apyq we
also have Agy1 = Agqj1. It follows that Apyj = Aryjq v {qq': 9,94 € Agyjr}
=Acu{qq':q,q9 € A} = Agyr = A

Notice that Ay = Uy, A1 = Us.

Corollary 2. Let H be a finite hypergroupoid and U be the set of all finite hyperproducts of elements
of H. Let (Ay)nen be as in Definition 4 and let m be the stabilization index. Then U = A,,.

Example 3. Let H = {z1, 2,23, 24}. We consider the following table:

o zq Z9 z3 Z4

z1 {z1} {z2} {23, 24} {za}
=) {z2} {z1,22} {z3,24} {z3,24}
23 {z3} {23, 24} {z1,22} {z1,22}
z4 {z3, 24} {z3,24} {z1,22} {z1,22}

Then (H, o) is a hypergroup; zy is an identity, because z; € z10z; nz;jozq, forall i €

{1,2,3,4}.

2y 1s a partial identity, since zp € zp o zp. Notice that z, is not an identity, since z1 ¢ z1 o zp.
We have (z1,z3) € B, (2z3,24) € B, since zp 0 zp = {z1,22}, z2 023 = {23, 24}.
There are not hyperproducts that contain both z1, z3 or both zy, z4; hence (z1,2z3) € B, (z1,24) ¢

B. We have Uy = {{z1}, {22}, {z3},{za}}, U = {{z1}, {22}, {z3}, {z4}, {21, 22}, {23, 24} }.

Therefore,
wy = Ip(H) = {z1,22}.

Example 4 ([9]). Let (A, -) be a total hypergrop (i.e., x -y = A forall x,y € A) such that |A| = 2.

Let Tbeasetsuchthat AnT + &, T ={t; | i e N*}, witht; + t; for i, j different elements.
We define the following hyperoperationon H=A o T:

xy=y-x=Aif(x,y) e A%

xy=y-x=A—-{x})uT,if(x,y) e AxT;

xoy=y-x = AU{tih i (xy) = (t 1) € T

Then (H, ) is a hypergroup. Let us calculate its heart wyy.

We have I,(H) = A, sinceVx,y € A,x € x-y.

Notice that ty oty = AU {ty41}, a-ti=(A—{a}) v T, forallac A.

We have U, = {A, AU {ty}, (A—{a})uT|n=2ae A}

Hence forall a € A, t € T we have aPt, whence wy = H.

4.2. Algorithm Computing U and

Here we present pseudocodes to compute the set I/ of all finite hyperproducts of

elements of H. Furthermore, we can compute the elements in 5 as discussed in the previous
section, see (4). These algorithms have been implemented in RUST VERSION 1.91.0 and
MATLAB and are available in the following repositories [33,34].

The stabilization index m introduced in Proposition 1 satisfies the inequality

m<2H —1-|H|.
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Indeed, the sequence starts with .4y, which has cardinality equal to |H|, and at each
step at least one new element is added until the stabilization is reached. This means that
we can compute the set A, in a finite number of steps, which is less than or equal to
2lHl — 1 — |H|. By Corollary 2, this is equivalent to computing the set U.

The pseudocode is presented in Algorithm 1.

Now, using the identity (4), the elements of the relation § are easily computed, as
shown in Algorithm 2.

The transitive closure §* can be calculated using the Warshall algorithm [35], as shown
in Algorithm 3. However, it should be noted that this step is unnecessary in the case of a
hypergroup, as discussed in Theorem 3.

Algorithm 3 Warshall algorithm for transitive closure.

Input: A finite set H, a relation f on H
Output: The transitive closure

1: function GETTRANSITIVECLOSURE(H, B)

2: n « cardinality(H)

3: ‘B —

4: T «— GETZEROONEMATRIX(H, B) > Initialize relation matrix of 8
5: fork =1tondo

6: fori =1tondo

7: forj=1tondo

8: if T(i, k) and T(k, j) then

9: T(i,j)—1;

10: end if

11: end for

12: end for

13: end for

14: B — FROMMATRIXTORELATION(T) > Convert the matrix into a relation
15: return ﬁ

16: end function

5. Computation of the Heart in Hypergroups and H,-Groups

In what follows, we will present algorithms that compute the heart wy of a hypergroup
H and of an H,-group. We will adopt the following procedure for a hypergroup, which is
based on Corollary 1.

Step 1:  Find the *-equivalence classes of H.

Step 2:  Find at least one partial identity e € I,. (Note that not all hypergroups have
identities, but every hypergroup has partial identities.)

Step 3:  Determine the heart wy by finding the -equivalence class of e.

In the case of an H,-group, the naive procedure will be applied, i.e., the following:

Step 1:  Find the quotient set H/B*.

Step 2:  Implement the hyperoperation as in Equation (1), which will turn it into the
fundamental group.

Step 3:  Find the identity 1p /5. and obtain the elements in its class.

5.1. Computation of the Heart of a Hypergroup
As described in Corollary 1, if H is a hypergroup and e € H is a partial identity, then

wy = é.
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Algorithm 4 describes how to determine the partial identities of a hypercompositional
structure. In Algorithm 5 we present an algorithm that computes the B-class of an element
xe H.

Algorithm 4 Computation of partial identities in H.

Input: A finite set H, the Cayley table M defining a hyperoperation
Output: The set of partial identities in H
1: function COLLECTPARTIALIDENTITIES(H, M)
n «— cardinality(H);
partial_identity < [false;n] > Initialize logical array of size n = |H|
forie Hdo
forje Hdo
if j € m;; or j € m;; then > Check left or right partial identity condition
partial_identity[i] < true;
break = Proceed to next i
end if
10: end for
11: end for
12: return partial_identity
13: end function

Algorithm 5 Computation of the class of an element x € H with respect to an equivalence p.

Input: A finite set H, an element x in H, an equivalence p
Output: The p-class of x

1: function GETCLASS(H, x, p)
class — & o Initialize the B-class to emptyset
forz e Hdo
if (x,z) € p then =1If x p z, add z to the class
class «— class u {z}
end if
end for
return class
end function

By combining these two procedures, we obtain an algorithm to compute the heart of a
hypergroup, as detailed in Algorithm 6.

Algorithm 6 Compute the heart of a hypergroup.

Input: A finite set H, the Cayley table M
Output: The heart wy

1: function HEARTHYPERGROUP(H, M) > H finite hypergroup with Cayley table M
if not ISHYPERGROUP(H, M) then

error “H is not a hypergroup!”
end if
B = GETBETARELATION(H, M)
I, < COLLECTPARTIALIDENTITIES(H, M)
fork e I, do

if k is true then

wp < GETCLASS(H, k, B)

10: return wy
11: end if
12 end for
13: end function
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5.2. Computation of the Heart of an H,-Group

The computation of the heart of a hypergroup described in Section 5.1 is based on
Theorem 3, Corollary 1, and its proof depends on the results in Theorems 5 and 6, where
the associativity of the hypercompositional structure is an essential hypothesis. In the
larger context of H,-groups, the same result cannot be directly applied, as the associative is
not true in general. Moreover, as underlined in [23], it is not clear if § and its transitive
closure f coincide for H,-groups. However, in [29], the author shows that the transitive
closure f and the fundamental relation B* are equal also in the case of an Hy,-group. Then,
the following naive procedure can by applied to compute the heart of an H,-group. We
first compute B as described in Section 4.2. Then we compute its transitive closure 3 (which
coincides with $*) using the Warshall algorithm Algorithm 3, and we collect the quotient
set H/B, as described in Algorithm 7. Then, in Algorithm 8, we compute the Cayley table
of the fundamental group H/B*, where the law of synthesis is introduced in Equation (1).
Its identity € is easily computed through Algorithm 9 and the elements in this class are the
elements of wy.

Algorithm 7 Compute the quotient set of H modulo an equivalence p.

Input: A finite set H, an equivalence relation p
Output: The quotient set H/p
1: function QUOTIENTSET(H, p)
quotient_set «— (& > Empty list of classes
for x € H do
new_class «— GETCLASS(H, x, p)
if new_class ¢ quotient_set then > Check if class is already listed
quotient_set <« quotient_set U {new_class};
end if
end for
9: return quotient_set
10: end function

Algorithm 8 COMPUTATION OF THE FUNDAMENTAL GROUP.

Input: A finite set H, a Cayley table M defining a hyperoperation
Output: The fundamental group H/p

1: function FUNDAMENTALGROUP(H, M)

2: B — BETARELATION(H, M);

3: B «— TRANSITIVECLOSURE(H, B);

4  H/B <« QUOTIENTSET(H, B);

5: n « cardinality(H/B);

6: I—{1,...,n} > The indexes for the Cayley table
7: Cayley_Table — ; > Initialize Cayley table to empty
8: for (i,%) € I x H/p do

9: for (j,7) € I x H/B do

10: Xy —

11: forae xdo

12: forbe jdo

13: X < X U HYPEROPERATION(H, M, 4, b);

14: end for

15: end for

16: Cayley_Table(i, ) «— X7;

17: end for

18: end for

19:  return H/B, Cayle_Table
20: end function
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Algorithm 9 Computation of identities in H.

Input: A finite set H, a Cayley table M defining the hyperoperation
Output: The set of identities in H

1: function COLLECTIDENTITIES(H, M) > H finite set, M Cayley table
2: n «— cardinality(H);

3: identities — (; = Initialize set of identities
4 foralle e H do

5: forall j e H do

6: if j ¢ m,; or j ¢ mj, then > Check identity condition
7: continue

8: else

9: identities «— identities U {e}
10: end if
11: end for
12: end for
13: return identities

14: end function

Remark 4. Obuviously, the procedure described above is also valid for hypergroups, since every
hypergroup is an Hy-group.

6. Experimental Analysis of the Stabilization Index

To study the asymptotic behavior of the stabilization index m with respect to the
cardinality of the underlying hypergroupoid H, we performed a random sampling ex-
periment. For each cardinality |H| € {3,4,5,6,7,8,9,10, 11,12} we generated 500 random
hypergroupoids and computed the stabilization index m of the sequence (A;) defined in
Definition 4. For each cardinality, we record the empirical mean, standard deviation, and
minimum and maximum values of m, as well as the ratio m/|H|. Our analysis is presented
in Table 1 with the support of Figures 1-3. We can state the following:

e The mean stabilization index m remains small and increases only slightly with |H]|,
staying close to 3 even for |H| = 12.

e Theratio m/|H| decreases, supporting the hypothesis that m grows most sublinearly
with the cardinality of H.

e  Standard deviations decrease slightly as cardinality increases, indicating that larger
random hypergroupoids tend to have even more consistent stabilization indices.

¢  The minimum and maximum values show that, although the mean is stable, some
variation still exists among random instances.

Table 1. Empirical behavior of the stabilization index m as a function of |H]|.

|H| Mean m Std. Dev. Min Max  Ratio m/|H|
3 2.50 0.55 2 4 0.832
4 2.88 0.46 2 4 0.720
5 3.13 0.39 2 6 0.626
6 3.20 0.43 3 6 0.533
7 3.29 0.47 3 5 0.470
8 3.25 0.46 3 5 0.407
9 3.21 0.42 3 5 0.357
10 3.17 0.38 3 5 0.317
11 3.10 0.29 3 4 0.281
12 3.06 0.24 3 4 0.255
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Figure 1. Mean stabilization index m with standard deviations for each cardinality |H|.
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Figure 3. Minimum, mean, and maximum stabilization index m per cardinality.

In general, these experiments support the hypothesis that, for randomly generated
hypergroupoids, the stabilization index is typically a small integer essentially independent
of |H| for the tested range and that its relative size decreases with increasing cardinality.
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Further experiments with larger cardinalities and sample sizes would allow a more refined
statistical analysis and perhaps the formulation of an asymptotic limit for m.

7. A MATLAB R2018B Session

The authors have prepared a GITHUB repository that contains complete implementa-
tions of the algorithms presented in the preceding sections. In this section, we illustrate the
computation of the heart of a hypergroup and of an H,-group using our MATLAB-based
code. Additional utility functions and test cases are also provided (see [33]). For compar-
ison, a more advanced and efficient library implemented in RUST VERSION 1.91.0 with
similar functionality is available (see [34]).

In Listing 4, we define a set H of cardinality 7 along with a Cayley table describing
a hyperoperation on H. The function show_cayley_table produces a neatly formatted
visualization of this Cayley table for a hypercompositional structure. It is available in the
same repository, in the file show_cayley_table.m.

Listing 4. A hypercompositional structure of order 7.

1 |> H7 = {'a','b','c','d"'",'e',"£','g"'};

2 [ >> M7 = {

3 {ta'},{'p'},{'c'},{'d' },{re'},{'f",'g"' 3, {"f",'g"};

' {b'},{a'},{'e'},{'f",'g" 3, {'c'},{'d"},{'d"};

5 {'c'r, 0, 'g'y,{ra'},{'e'},{'a'},{'b'},{'b'};

6 {'dar,{'e'},{'f",'g' 3, {'a'},{'b'},{'c'F,{'c'};

7 {e',{'a'},{'v'},{'c'},{'f",'g'},{'a'},{'a'};

8 {f' gy, {'c' 3, {ra'r,{'p'}r,{'a'}r,{'e'},{'e'};

9 {f gy, {'c'},{ay,{'p'r,{'a'},{'e'},{'e'};

10 };

11 | >> show_cayley_table (H7 ,M7)

12 la b c d e f g

13| —===—c-===-= R e

1| a [{a} {b} {c} {a} {e} {f, g} {f,
g}

5 Db [{b} {a} {el} {f, g} {c} {d} {d}

6| c [{c} {f, g} {a} {e} {d} {b} {b}

17 | d I{d} {e} {f, g} {a} {b} {c} {c}

5| e |{e} {a} {pv} {c} {f, g} {a} {a}

9 | £ I{f, g} {c} {4} {b} {a} {e} {e}

0lg I{f, g} {c} {d} {b} {a} {e} {e}

In Listing 5, we verify whether the given hypercompositional structure satisfies the
axioms of a hypergroup. We remind the reader that, in standard MATLAB notation, logical
values are represented by 0 for false and 1 for true. The calculation confirms that the
structure Hy indeed forms a hypergroup.

Listing 5. Verification of hypergroup axioms for Hy.

1| >> is_hypergroup (H7, M7)
>|lans = 1

We can show the partial identity analysis by calling the function show_partial_
identities (see Listing 6). The calculation shows that a is the only partial identity in Hy.
Therefore, by Corollary 1, we expect the heart of H7 to be the singleton {a}. The heart
computation is performed by the function heart, as described in Algorithm 6. Its output is
presented in Listing 7, and it matches the expected result.
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Listing 6. Partial identities analysis.

1| >> show_partial_identities

> | Partial Identity Analysis:

3 | Element | Partial Identity |
A
5 |a | true

6| b | false

7| ¢ | false

s |d | false

9 |e | false

0 | £ | false

g | false

Listing 7. Computation of the heart of Hy.

>> heart (H7 ,M7)
> | ans =

{

[1,1] = a

Qe W

}

In Listing 8 we define a set H with cardinality 10 with a Cayley table that identifies
a hyperoperation. The computation shows that this hypercompositional structure is an
Hy-group.

Listing 8. Computation of the heart of a H,-group.

1 |>> Hv_10 = {|a|’ 'b', 'c', 'd',‘e','f‘,'g',‘h','i‘,'j'};
2 [ >> Mv_10 = {
{ra'}, {'v'}, {'c'}, {'d'}, {'e'}, {ra','£'}, {'g'}, {'b"'}, {'i'}, {']

‘}’

+|{'p'}, {'c'}, {'da'}, {re'}, {'£'}, {'g'}, {'n'}, {'i'}, {'j'}, {'a
'},

{'c'}, {rd'}, {'e'}, {"£'}, {'g'}, {'0'}, iy, {33, {ra'}, {'b

'},

of{'d'}, {re'}, {'£'F, {"g'}, {'n'}, {'i'}, {3, {'a'}, {'p'}, {'c
'},

7({'e'}, { £}, {"g'}, {'n'}, {ri'}, {'3'3, {'a'}, {'p'}, {'c'}, {'d
'},

sf{ra',' £, {'g'}, {'n'}, {"i'}, {'j'}, {'a'}, {'v'}, {'c'}, {"d'}, {'e
'},

o({'g'}, {'h'y, {13, {'3'}, {ra'}, {'b'}, {'c'}, {ra'}, {'e'}, {'£
'},

o ({'h'}, iy, {33, {ta'}, {'p'}, {'c'}, {'a'}, {'e'}, {"'£'}, {'g
'},

nf{rity, {3, {'a'}, {"v'}, {'c'}, {'d'}, {te'}, {"£'}, {'g'}, {'h
‘}’

e {3}, {ra'}, {'p'}, {'c'}, {'d'}, {'e'}, {£'y, {"g'}, {"'0'}, {1
'}

13 }s

14 | >> is_hv_group(Hv_10,Mv_10)

5|>> ans =1

The fundamental group is computed in Listing 9. The corresponding Cayley table
is printed using the show_cayley_table function, from which one can verify that the
fundamental group is isomorphic to Zs. An analysis of the group structure shows that the
identity element corresponds to the class {a, f}, which represents the heart of H.
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Listing 9. Computation of the heart of a H,-group.

1| >> quotient_set = quotient_set(Hv_10,Mv_10);
2| >> fundamental_group_table = fundamental_group(Hv_lO,Mv_lO);
>> show_cayley_table(quotient_set ,fundamental_group_table)

4 | af bg ch di ej

c) (SR o o o o -
6 |af [{a, £} {v, g} {c, h} {d, i} {e, j}

7 | bg [{b, g} {c, h} {4, i} {e, j} {a, £}

s |ch |{c, h} {d, i} {e, j} {a, f} {v, g}

9o [di I{d, i} {e, j} {a, £} {v, g} {c, h}

0 |ej I{e, j} {a, £} {b, gl {c, h} {d, i}

2 |>> collect_identities(quotient_set ,fundamental_group_table)
13 | ans =

a1 {

15 [1,1] =
16 [2,1] =
17 [3,1] =
18 [4,1] =
19 [5 ’ 1] =
20 |}

21| >> heart_hv (Hv_10,Mv_10)
» | ans =
| {

24 [1,1]
25 [1,2]

O O O O

1]
oo

8. Computational Performance of Heart Computation in Hypergroups

An important aspect of our study is the computational cost of computing the heart of
a hypergroup. We compared two methods: the shortcut procedure valid for hypergroups
(see Corollary 1 and Algorithm 6) and the naive procedure applicable to the wider class of
H-groups (see Algorithm 10).

Algorithm 10 COMPUTATION OF THE HEART OF AN H,-GROUP(H, M).
Input: A finite set H, a Cayley table M defining the hyperoperation
Output: The heart wy
1: function HEARTHV(H, M)
2 wH — &; > Initialize wp as the emptyset
3 B < GETBETARELATION(H, M)
4 B «— GETTRANSITIVECLOSURE(H, )
5: (H/B, F) < FUNDAMENTALGROUP(H, M)
6
7
8:

wp < COLLECTIDENTITIES(H/B, F) > In a group a unique identity exists
return wy;
end function

8.1. Execution Time Analysis in MATLAB R2018B

Using the hypergroup Hy from Listing 4, we measured the execution times in MATLAB
R2018B. The results are given in Listing 10.

Listing 10. Execution times for the computation of the heart of Hy in MATLAB.

1| >> tic; heart (H7,M7); toc

> | Elapsed time is 0.138428 s.
>> tic; heart_hv (H7,M7); toc
Elapsed time is 0.539330 s.
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The shortcut method is therefore roughly four times faster than the naive Hy-group
approach. Table 2 summarizes the results.

Table 2. Computational time comparison for computing the heart of H; using MATLAB.

Method Time (s)
Shortcut (Algorithm 6) 0.138
Naive Hy-group method 0.539

8.2. Execution Time Analysis in RUST VERSION 1.91.0

We also implemented both methods in RUST VERSION 1.91.0, taking advantage of its
high performance. The same hypergroup Hy was used. Table 3 summarizes the results.

Table 3. Computational time comparison for computing the heart of Hy using RUST.

Method Time
Shortcut (Algorithm 6) 142.956 us
Naive H,-group method 7.55193 ms

The shortcut method in RUST VERSION 1.91.0 runs in approximately 0.143 ms, while
the naive H,-group method requires 7.55 ms. This shows that the shortcut method is
more than 50 times faster than the naive one. Thus, for larger hypergroups, the shortcut
method provides a practical and scalable approach to compute the heart, whereas the naive
Hy,-group procedure quickly becomes prohibitive.

8.3. Complexity Analysis

The computation of the heart proceeds through three main algorithmic stages: (1) the
generation of the set U of all finite hyperproducts (Algorithm 1), (2) the construction of the
B relation (Algorithm 2), and (3) the computation of its transitive closure via Warshall’s
algorithm (Algorithm 3). In the first stage, each iteration of Algorithm 1 performs pairwise
hyperoperations among subsets of H, requiring O(|H|?) operations per iteration. Since
stabilization occurs after a small number m of iterations (empirically m < 4 for |H| < 12),
the overall cost of this phase is O(|H|?) in time and O(|H|?) in space. The second stage,
Algorithm 2, scans all hyperproducts u € U and produces every ordered pair (x, y) with
x,y € u, resulting in a quadratic complexity O(|H|?) in both time and memory. Finally,
the transitive closure step, implemented in Algorithm 3, corresponds to the classical
Warshall algorithm with time complexity O(|H|?) and space complexity O(|H|?) (see [35]).
Consequently, the overall asymptotic complexity of the complete pipeline is O(|H|*), which
remains computationally tractable for the finite hypergroupoids typically analyzed in
this work.

9. Conclusions and Future Works

In this paper, we present a computational approach to study the fundamental relation
B*. In particular, we extend the definition of the fundamental relation f to the general
framework of hypergroupoids. Our main contributions are Theorem 7, Proposition 1,
and Corollary 2, which form the basis for a deterministic algorithm (Algorithm 1) to
compute the set U/ of all finite hyperproducts in a hypergroupoid, an essential step in
determining the elements of the relation S.

Moreover, determining the heart of a hypergroup can be achieved by considering
the class of partial identities (Corollary 1 and Algorithm 6), which are guaranteed to
exist in any reproductive hypercompositional structure. The proof of this result relies on
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the reproductivity of H and on the fact that, in a semihypergroup, the *-class of any x
coincides with the complete part of x (Theorem 5).

Our computational and empirical analysis further supports these results. The examples
given on the stabilization index of the sequence (A;) show that it remains small and
essentially bounded, even as the cardinality of the hypergroupoid increases. The ratio
m/|H| decreases with the size of H, suggesting sublinear growth of the stabilization index.
Additionally, benchmarks comparing the shortcut algorithm for hypergroups and the naive
procedure for Hy-groups, both in MATLAB R2018B/GNU OCTAVE, VERSION 8.4.0 and
RUST VERSION 1.91.0, demonstrate significant computational savings when exploiting the
algebraic structure, highlighting the practical value of our approach.

However, it remains unclear whether these results can be generalized to the broader
class of Hy-groups. Future research could focus on extending the notion of a complete
part to an H,-semigroup in a consistent manner, with the aim of generalizing Theorem 7,
Proposition 1, and Corollary 2. Such an extension would enable the computation of the
heart of an H,-group using the same principles as in the case of hypergroups, leading to a
more efficient algorithm. Nevertheless, the calculation of the heart for H,-groups remains
feasible, as demonstrated by Algorithm 10.
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