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Abstract: This work aims to estimate temperature-dependent thermal conductivity and heat capacity
given measurements of temperature and heat flux at the boundaries. This estimation problem has
many engineering and industrial applications, such as those for the building sector and chemical
reactors. Two approaches are proposed to address this problem. The first method uses an integral
approach and a polynomial approximation of the temperature profile. The second method uses a
numerical solver for the nonlinear heat equation and an optimization algorithm. The performance of
the two methods is compared using synthetic data generated with different boundary conditions
and configurations. The results demonstrate that the integral approach works in limited scenarios,
whereas the numerical approach is effective in estimating temperature-dependent thermal properties.
The second method is also extended to account for noisy measurements and a comprehensive
uncertainty quantification framework is developed.

Keywords: inverse heat conduction problem; parameter estimation; temperature-dependent thermal
properties; uncertainty quantification

1. Introduction

The inverse heat conduction problem has become increasingly significant due to its
connection to a variety of practical engineering and industrial applications [1–3]. It is
used to identify thermal properties, as well as initial and boundary conditions. One of
the industrial areas where this problem is studied is the building sector, which focuses
on the thermal properties of the building envelopes and the boundaries of the building
system. This is of great importance because it helps engineers control the thermal state of
the building and reduce exterior natural effects such as temperature and solar radiation
that act on the building [4–6]. Another important industrial application is the design
and optimization of chemical reactors, where estimating temperature-dependent thermal
properties is essential to improve the performance and efficiency of chemical reactors,
reduce energy consumption, and enhance overall system performance [1,3].

There are many approaches to estimating thermal conductivity and volumetric
heat capacity. For example, in [7–9], a simple integral approach was considered to
estimate temperature-dependent parameters in a one-dimensional heat equation heated
from one end and insulated from the other end. It is assumed that thermal properties
are linear functions of temperature, and measurements are available at the bound-
aries only. The temperature is approximated by a third-degree polynomial, where
the polynomial coefficients are determined given temperature measurements at the
boundaries. This approach is useful for making good initial guesses for the inverse heat
conduction problem.

An alternate strategy is to compare experimental data and numerical solutions of the
heat equation and then reduce the discrepancy between the two outcomes. This strategy
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involves using an optimization algorithm to minimize the discrepancy and estimate the
thermal parameters. In [6], the Levenberg–Marquardt algorithm was used to estimate
the thermal conductivity and heat capacity of masonry walls given temperature and heat
flux measurements on both sides of the wall. In [10], an experiment was conducted on a
brass rod, and the temperature was measured at different places to estimate the thermal
conductivity and heat capacity. The Broyden–Fletcher–Goldfarb–Shanno (BFGS) algorithm
was used to solve the inverse problem with the given temperature data. This method has
shown fast convergence with few iterations compared to other methods.

The ill-posed nonlinear inverse problem of estimating time-dependent thermal co-
efficients was studied in [11]. The existence and uniqueness of the solution were proved
under certain Cauchy boundary data. The issue of being ill-posed is resolved using the
regularized nonlinear least-squares objective function. The stability of the regularization
technique was numerically investigated for a variety of test cases in terms of noise level
and selection of regularization parameters.

Another method of simultaneously estimating the temperature-dependent thermal
conductivity and heat capacity is to equip the hybrid numerical algorithm of the Laplace
transform and the control-volume method [12]. The whole domain of the one-dimensional
model is divided into small sublayers where the thermal properties are assumed to be linear
functions of temperature in each sublayer. The simulated exact and inexact temperature
measurements from the medium are used to show the accuracy and efficiency of this
approach. The results proved that well-estimated thermal conductivity and volumetric
heat capacity can be obtained from knowledge of transient temperature recordings only at
two selected locations.

The conjugate gradient method of minimization and the adjoint equation are also
used to simultaneously estimate the temperature-dependent thermal conductivity and heat
capacity per unit volume [13]. The analysis of the inverse problem is performed without
having a given functional form of the thermal coefficients. The reliability of the inverse
analysis is evaluated by using simulated exact and noisy measurements obtained from
within the medium. The method yields accurate estimations provided a good initial guess
of one of the thermal parameters.

Bayesian statistical methods have been used to solve the inverse heat transfer problem
and find the probability distribution of the unknown thermal properties. In [14], the
effect of the a priori model on the posterior probability distribution was discussed for
single- and multi-parameter estimation problems. It was found that estimates for thermal
conductivity and convection coefficient were insensitive to the a priori model in single-
parameter estimation but sensitive in two-parameter estimation at high noise levels. Another
work [15] investigated the possibility of using the Bayesian approach to estimate multiple
parameters from basic experiments on natural convection heat transfer from a fin. Steady-
state experiments were conducted to measure the temperature distribution for different
levels of heating, and the temperatures on the fin were recorded. The data from these
experiments were used to individually and then simultaneously obtain the average heat
transfer coefficient and the thermal conductivity of the extended surface, without the need
for complex equipment.

An overview of the Bayesian approach to inverse heat transfer problems, the associ-
ated modeling issues, and the methods used to perform inference was reviewed in [16].
This review focused on the modeling aspects of inverse problems in general and the
techniques used to answer questions. It also outlined how to manage and model the
unavoidable uncertainties that come with real physical measurements. A Bayesian set-
ting was developed in [17] to infer unknown parameters that appear in linear parabolic
partial differential equations. The boundary conditions were assumed to be random
and a joint likelihood function of the unknown parameters and boundary conditions
was derived. Assuming Gaussian priors for the time-dependent Dirichlet boundary
conditions, the joint likelihood function was analytically marginalized using the linearity
of the equation. The marginalization technique was adapted to an experimental study
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carried out in an environmental chamber, where measurements were recorded every
minute from temperature probes and heat flux sensors placed on both sides of a solid
brick wall [18]. The results showed that the bias error of the estimated parameters was
reduced compared to other approaches.

More information on the inverse heat transfer problem can be found in [1,19,20].
These books offer more theoretical information and analytical insight. Ref. [21] contains a
compilation of methods and applications for various inverse problems, including problems
related to inverse heat transfer. Ref. [22] provides statistical and computational techniques
that are essential when dealing with real data.

Most of the papers concerned with the estimation of thermal parameters assume
a certain knowledge of the initial and boundary conditions in the heat transfer model.
However, when dealing with real problems and experiments, the initial and boundary
conditions are not exactly known and need to be approximated. In our work, we realis-
tically assume that there is no prior knowledge of the initial and boundary conditions.
Instead, these conditions are estimated from the available discrete measurements. This
assumption is crucial because the quality of the measurements can influence the estima-
tion of the boundary conditions, which in turn can have an effect on the estimation of
the thermal properties. This setting is only considered in [18] when estimating constant
thermal properties.

This paper is concerned with the problem of estimating temperature-dependent ther-
mal properties in the one-dimensional heat equation given boundary data. The settings
of our problem are similar to the one considered in [18]. However, here we assume that
the thermal conductivity and heat capacity parameters are functions of the temperature,
which result in a nonlinear heat equation. In particular, we focus on the case where both
parameters are linear functions of the temperature, but this assumption could be relaxed
for some of the developed methods.

In this work, we propose two methods to estimate the temperature-dependent thermal
properties of a material, namely the heat capacity C(T) and the thermal conductivity K(T),
which are assumed to be linear functions of the temperature. Our methods are based on
solving the inverse heat conduction problem using the measurements of temperature and
heat flux at the boundaries. In the first method, we derive an integral approach following [9]
assuming general boundary conditions. The method uses a third-degree polynomial to
approximate the temperature distribution within the spatial domain and applies integration
techniques to obtain an objective function that is minimized to estimate the unknown
parameters. The second method uses a Matlab function “PDEPE” to numerically solve
the nonlinear heat equation, and then constructs another objective function that is also
minimized to estimate the parameters. We compare the performance and accuracy of the
two methods using synthetic data and discuss their advantages and limitations. For the
latter method, a recursive optimization strategy is proposed to reduce the computational
cost needed for parameter estimation and future predictions. Furthermore, we develop an
uncertainty quantification framework to utilize the second approach with realistic noisy
data. In this case, an assessment of the reliability of the estimated parameters is provided
via sampling techniques.

The remainder of the paper is organized as follows. In Section 2, we introduce
the mathematical model and the conditions and assumptions of the problem. Then,
two methods are developed to estimate the unknown parameters given temperature
and heat flux measurements at the boundaries. Section 3 is divided into three parts
where we consider different cases for the boundary conditions and thermal properties
to generate synthetic datasets and test our methods. Section 4 generalizes Approach 2
to account for the noise in the measurements and introduces a suitable framework to
quantify the uncertainties of the parameters of interest. Finally, we summarize our
findings in Section 5.
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2. Methodology

We consider the one-dimensional nonlinear heat equation given as follows:
C(T) ∂T

∂t = ∂
∂x (K(T)

∂T
∂x ), 0 < x < R, t > 0

T(0, t) = TL(t), T(R, t) = TR(t), t > 0

K(T) ∂T
∂x

∣∣∣
x=0

= −QL(t), K(T) ∂T
∂x

∣∣∣
x=R

= QR(t), t > 0

T(x, 0) = T0(x), 0 < x < R

(1)

where C(T) and K(T) are the heat capacity and the thermal conductivity, respectively.
The overspecified boundary conditions are needed to solve the inverse problem [9].

We assume that the thermal coefficients, C(T) and K(T), are linear functions of T that is,
C(T) = ac + bcT and K(T) = ak + bkT where ac, bc, ak and bk are unknown parameters.
Temperature and heat flux measurements at the boundaries are given at discrete times
τ0 = 0, τ1, . . . , τM. The boundary functions TL, TR, QL, QR are not known exactly but
are assumed to be well approximated by a piecewise linear interpolation of their given
measurements. The initial condition T0 is also assumed unknown.

Our inverse problem can be summarized as follows. Given the boundary measurements

TL = [TL(τ0), TL(τ1), . . . , TL(τM)]

TR = [TR(τ0), TR(τ1), . . . , TR(τM)]

QL = [QL(τ0), QL(τ1), . . . , QL(τM)]

QR = [QR(τ0), QR(τ1), . . . , QR(tM)]

our goal is to estimate the parameters ac, bc, ak, bk. Implicitly, the solution of the forward
problem T(x, t) and the initial condition T0(x) need to be estimated as well.

To solve the inverse problem, we develop two approaches. The first approach is a
generalization of the integral approach introduced in [9] to have free boundary conditions
at both sides of the domain. The second approach involves using a numerical scheme to
solve the forward problem and iteratively estimate the unknown parameters.

2.1. Approach 1: Integral Approach

From the assumption that the thermal conductivity and heat capacity are linear func-
tion of T, we can deduce the following relations:

C
∂T
∂t

=
1
2

∂

∂t
[(C + ac)T]

K
∂T
∂x

=
1
2

∂

∂x
[(K + ak)T]

These relations can be checked easily by expanding the partial derivatives.
By integrating the heat equation with respect to the time and position coordinates, we

obtain the following two equations:∫ t

0

∫ R

0
C

∂T
∂t

dx dt =
∫ t

0

∫ R

0

∂

∂x
· (K ∂T

∂x
) dx dt (2)∫ t

0

∫ R

0

∫ x

0
C

∂T
∂t

dx
′
dx dt =

∫ t

0

∫ R

0

∫ x

0

∂

∂x
· (K ∂T

∂x
) dx

′
dx dt (3)
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We will compute each side of (2) alone, so

LHS2 =
∫ t

0

∫ R

0
C

∂T
∂t

dx dt =
∫ R

0

1
2

∂

∂t
[(C + ac)T]t0 dx

=
∫ R

0
ac(T − T0) +

1
2

bc(T2 − T2
0 ) dx

= ac(I(T)− I(T0)) +
1
2

bc(I(T2)− I(T2
0 ))

where I(·) =
∫ R

0
(·)dx, and

RHS2 =
∫ t

0

∫ R

0

∂

∂x
· (K ∂T

∂x
) dx dt =

∫ t

0
K

∂T
∂x

∣∣∣R
0

dt

=
∫ t

0
QR(t) + QL(t) dt

We perform the same procedure with Equation (3):

LHS3 =
∫ t

0

∫ R

0

∫ x

0
C

∂T
∂t

dx
′
dx dt

=
∫ R

0

∫ t

0
(R− x)C

∂T
∂t

dt dx

=
∫ R

0
(R− x)ac(T − T0) +

R− x
2

bc(T2 − T2
0 ) dx

= ac[R(I(T)− I(T0)) + I(xT0)− I(xT)]

+
1
2

bc

[
R(I(T2)− I(T2

0 )) + I(xT2
0 )− I(xT2)

]
and

RHS3 =
∫ t

0

∫ R

0

∫ x

0

∂

∂x′
· (K ∂T

∂x′
) dx

′
dx dt

=
∫ t

0

∫ R

0
(

1
2

∂

∂x
[(K + ak)T] + QL(t)) dx dt

=
∫ t

0
R ·QL + ak(TR − TL) +

bk
2
(T2

R − T2
L) dt

It can be noticed that if the temperature T is known, then LHS2, RHS2, LHS3 and RHS3
become functions of the unknown parameters (ac, bc, ak, bk). This conclusion, together with
the boundary data, makes it convenient to approximate the temperature profile by a
polynomial of degree 3, where the polynomial coefficients are time dependent:

T(x, t) ≈ α0(t) + α1(t)(
x
R
) + α2(t)(

x
R
)2 + α3(t)(

x
R
)3 (4)

Since we have four boundary conditions, namely TR, TL, QL and QR, the coefficients
of the above polynomial can be explicitly determined.

Using the boundary conditions at x = 0, we have:

T(0, t) = TL(t) = α0 =⇒ α0(t) = TL(t).

K
∂T
∂x

∣∣∣
x=0

= −QL(t) = KL(
α1

R
+ 2α2

x
R2 + 3α3

x2

R3 )
∣∣∣
x=0

=⇒ α1(t) =
−RQL

KL
(t)
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where KL = ak + bkTL(t). For the remaining coefficients, we need to solve the following
system which is obtained by applying the boundary condition at x = R:{

α2 + α3 = TR − TL +
RQL
KL

2α2 + 3α3 = RQR
KR

+ RQL
KL

By solving the system, the coefficients α2 and α3 are given by

α2(t) = 2T∗L − T∗R + 3(TR − TL)

α3(t) = T∗R + 2(TL − TR)− T∗L

where
T∗L =

RQL
KL

, T∗R =
RQR
KR

and KR = ak + bkTR(t).
The initial condition T0(x) can then be estimated from the previous polynomial evalu-

ated at t = 0. Furthermore, given the temperature approximation (4), the integrals in the
LHS(s) for both Equations (2) and (3) can be calculated as follows:

I(T) = R
(
−1
12

[T∗R + T∗L ] +
1
2
[TL + TR]

)
.

I(xT) = R2
(

1
20

[3TL + 7TR]−
1
20

T∗R −
1
30

T∗L

)
.

I(T2) =
R

210

(
78(T2

L + T2
R)− 22[TLT∗L + TRT∗R] + 54TLTR

−13[TLT∗R + TRT∗L ] + 2[(T∗L )
2 + (T∗R)

2] + 3T∗L T∗R
)

.

I(xT2) =
R2

840

(
3(T∗L )

2 + 5(T∗R)
2 + 72T2

L − 28T∗L [TL + TR]

+108TLTR + 6T∗R[T
∗
L − 4TL − 10TR] + 240T2

R

)
.

Similarly, the integrals of the initial temperature T0 are given by the previous formulas
but evaluated at t = 0. The RHS(s) terms have integrals over time that can be evaluated via
the trapezoidal integration method given the discrete measurements of TL, TR, QL and QR.

Now, we can construct an objective function by taking the differences between LHS(s)
and RHS(s). The objective function is then given by

f1(θ) =
1
2

M

∑
i=1

(LHS2(θ, τi)− RHS2(θ, τi))
2 + (LHS3(θ, τi)− RHS3(θ, τi))

2 (5)

where θ is a vector of the parameters given by (ac, bc, ak, bk).

2.2. Approach 2: Numerical Approach

A third-degree polynomial is not always a good approximation of the temperature pro-
file over the domain, especially with free boundary conditions. A more generic approach
would be to use a numerical solver for the heat equation to approximate the temperature
profile. We use the built-in PDEs solver (PDEPE) in Matlab, which is able to handle one-
dimensional parabolic and elliptic partial differential equations. It requires the coefficients
of the partial differential equation, as well as the values of the initial and boundary con-
ditions. The PDEPE function discretizes the equation in space, which yields a system of
ordinary differential equations, and then these ODEs are integrated to obtain approximate
solutions at the specified time points [23].

In order to use this function, the boundary conditions need to be provided as time-
dependent functions. From discrete measurements of the temperature at the boundaries, a
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continuous curve should be reconstructed. One way to fit a curve through a set of discrete
points is to use smoothing splines. Smoothing splines are function estimates that balance
goodness of fit with the smoothness of the function, based on a smoothing parameter that
controls the trade-off [24]. We use the cubic smoothing spline, which minimizes the sum of
squared errors and the integral of squared second derivatives.

In our problem (1), this can be performed for the boundary temperature or the heat
flux. We choose to have Dirichlet boundary conditions in the numerical solver and we
estimate the functions TL(t) and TR(t) using smoothing splines. The initial condition
should be provided to the solver as well. In this case, we can still use the aforementioned
polynomial approximation (4) at t = 0 to specify the initial condition.

After fixing the initial and boundary conditions, the numerical solution of the heat
equation depends only on the unknown parameters (ac, bc, ak, bk) and a discretization
parameter N that is the number of spatial points in the interval (0, R). The number of time
points in the solver is chosen adaptively based on N. The heat flux is then computed from
the numerical solution and we define a new objective function as following:

f N
2 (θ) =

M

∑
i=1

(
QL(τi)−QN

L (τi)
)2

+
(

QR(τi)−QN
R (τi)

)2
(6)

where θ = (ac, bc, ak, bk), QN
L and QN

R are heat fluxes computed from the numerical solution
of the heat equation and N is the number of spatial points in the discretized system.

Remark 1. It is possible to use Neumann boundary conditions in the numerical solver and then con-
struct the objective function using the temperature measurements instead of heat-flux measurements.

2.3. Optimization Strategy

In the optimization problem, we use the Matlab optimization algorithm based
on the BFGS quasi-Newton method with a cubic line search procedure. This quasi-
Newton method uses the BFGS formula to update the approximation of the Hessian
matrix [25–28]. One downside of this algorithm is that it may converge to a local mini-
mum depending on the initial guess. Therefore, it does not ensure convergence to the
global optimal. The algorithm is controlled by a user-defined number of iterations and
accuracy, which means that the optimization will stop after a number of iterations or
when the change in the objective function is less than a given tolerance. All parameters
are assumed to be positive.

For Approach 1, the objective function (5) has a constant computational cost. Thus, we
run the optimization algorithm for different initial guesses to find the global minimum. For
Approach 2, it is clear that the computational cost to evaluate the objective function (6) and
its accuracy depend on N, and therefore, we propose an adaptive optimization strategy
to find N and θ efficiently. First, N is initialized at a small number and θ is initialized at
θ0 obtained from Approach 1. We run the optimization algorithm and use N to define a
function tolerance to stop the optimization. Meaning that the optimization stops when the
change in the objective function is less than 1

N2 . The estimated θ is stored to be used in the
next iteration. Next, we increase N and repeat the previous step. The strategy ends when
the estimated θ converges. As a result, we find a good estimation of our parameters θ using
the smallest possible choice for N. It is important to note that although setting N to a large
number may produce a better estimation of θ, such an estimation will only be useful when
used with the forward solver using the same N. Thus, it is preferred to have a small value
for N to make predictions and simulations more cost effective. Our optimization strategy
is illustrated in Algorithm 1.
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Algorithm 1 Recursive optimization strategy (ROS)

1: choose the required tolerance, tol, and the maximum number for N, Nmax
2: initialize N and θ0
3: find θ∗ that minimizes f N

2 (θ) with initial guess θ0.
4: set ε = ||θ∗ − θ0||∞
5: while ε > tol and N < Nmax do
6: set θ0 = θ∗ and increase N
7: repeat steps 2 & 3
8: end while

3. Numerical Study

In this section, we generate multiple datasets with different choices for the initial
and boundary conditions and different configurations of the parameters ac, bc, ak, and bk.
Thus, we show the advantages and limitations of both approaches. In all cases, datasets
are generated using the Matlab numerical solver used in Section 2.2 with N = 100.
However, this information is not used when solving the inverse problem to create a
realistic scenario.

3.1. Dataset 1

In Dataset 1, synthetic measurements are generated by solving the heat Equation (1)
with the following initial boundary conditions:

TL(t) = 14 + 2t
TR(t) = 14
T0(x) = 14

(7)

and assuming ac = 100, bc = 1, ak = 3, bk = 1, and R = 1. To be precise, we solve the
following initial-boundary value problem:

(100 + T(x, t)) ∂T
∂t = ∂

∂x ((3 + T(x, t)) ∂T
∂x ), 0 < x < 1, t > 0

T(0, t) = 14 + 2t, T(1, t) = 14, t > 0
T(x, 0) = 14, 0 < x < 1

using the Matlab numerical solver to obtain the approximated solution T̃(x, t). Then, the
heat flux values are calculated by

QL(t) = −(3 + TL(t))
∂T̃
∂x

(0, t) ,

QR(t) = (3 + TR(t))
∂T̃
∂x

(1, t) .

We assume that the boundary temperature and heat flux values are recorded every
minute for five days. Therefore, we construct the four time series TL, TR, QL, and QR by
evaluating their corresponding functions at 7200 equally spaced time points. These four
time series are grouped to be our Dataset 1 and they are presented in Figure 1.
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Figure 1. Plot of the temperature and heat flux at the boundary in Dataset 1.

Optimization Results for Dataset 1

Giving only Dataset 1, our goal now is to estimate the parameters ac, bc, ak, and bk.
For Approach 1, the implementation is straightforward, as the objective function f1 uses
all the boundary data at once for evaluation. On the other hand, Approach 2 requires first
estimating the boundary conditions to be used in solving the heat equation. As explained
above, we assume Dirichlet boundary conditions and estimate the temperature functions
by interpolating the discrete time series TL, TR. We also estimate the initial condition
by means of the polynomial approximation (4). The estimated initial and boundary
conditions match the actual conditions in (7). This is expected because the data are free
of noise. Finally, to evaluate the objective function f N

2 , we only need the heat flux time
series QL, QR and choose N.

Table 1 shows the optimization results of the two objective functions f1 and f N
2 using

Dataset 1. We refer to the minimum value of the objective function, depending on the
approach considered, by f ∗. We consider different choices for N in the second objective
function, f N

2 . The data were generated using N = 100 in the numerical solver, and
therefore, this choice for N provides the smallest value for the objective function. Using the
recursive optimization strategy, N is found to be 80, and we still obtain a good estimation
of all parameters. The parameters estimated through Approach 1 are not accurate but
still better than the parameters obtained from Approach 2 with N = 10. Furthermore,
the time required to minimize f1 is relatively short compared to minimizing f N

2 . The
estimated parameters obtained from Approach 1 are used as an initial guess in the recursive
optimization strategy to speed up the process. The behavior of the two objective functions
is illustrated in Figure 2. The surface plot of f N

2 is more concave, which helps to find the
global optimum.
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Table 1. The optimization results using Dataset 1, where f ∗ is the minimum value of f1 or f N
2

depending on the approach.

ac bc ak bk f∗

Approach 1 84.51 1.86 4.03 0.93 112.74

Approach 2 (N = 10) 129.65 0 7.82 0.76 251.3676

Approach 2 (N = 50) 108.44 0.59 3.50 0.98 35.20

Approach 2
(N = 100) 100 1 3 1 9.3× 10−10

Approach 2 with ROS
(N = 80) 101.37 0.93 3.08 1 5.80

True parameters 100 1 3 1 —-

(a)
(b)

(c)

5000 

4000 

3000 

2000 

1000 

0 

5 

4 150 

3 

2 

a
k 

1 50 

(d)

Figure 2. Cont.
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(e) (f)

Figure 2. Different plots of f1(θ) (left side) and f N
2 (θ) (right side) using Dataset 1. (a) Plot of f1

for ak = 3, bk = 1, and varying ac and bc . (b) Plot of f N
2 for ak = 3, bk = 1, and varying ac and bc .

(c) Plot of f1 for bc = 1, bk = 1, and varying ac and ak . (d) Plot of f N
2 for bc = 1, bk = 1, and varying

ac and ak . (e) Plot of f1 for bc = 1, ak = 3, and varying ac and bk . (f) Plot of f N
2 for bc = 1, ak = 3,

and varying ac and bk .

3.2. Dataset 2

Dataset 2 is generated in the same procedure as Dataset 1 but with the following initial
boundary conditions: 

TL(t) = 14 + t + 0.5t2

TR(t) = 14 + 2t
T0(x) = 14

and assuming ac = 100, bc = 1, ak = 3, bk = 0, and R = 1. Temperature and heat flux
values are assumed to be recorded every 5 minutes for 10 days. The resulting temperature
and heat flux time series are presented in Figure 3. In this case, TL is less than TR at the
beginning, but then TR becomes greater than TL. The efficiency of Approach 1 is expected
to degrade in such situations.
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Figure 3. Plot of the temperature and heat flux at the boundary in Dataset 2.
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Optimization Results for Dataset 2

Table 2 shows the optimization results of the two objective functions using Dataset 2.
The value of the first objective function is high compared to the results obtained using
Dataset 1. The estimated parameters are generally acceptable, especially ac, which is
estimated to be 102.89. The objective function, f N

2 , is minimized with different choices for
N and the results started to converge when N > 50. We start the recursive optimization
strategy with N = 5 and increase it by 5 in each iteration. The algorithm ends when N = 55
because the change in θ is less than tol = 0.5.

Table 2. The optimization results using Dataset 2, where f ∗ is the minimum value of f1 or f N
2

depending on the approach.

ac bc ak bk f∗

Approach 1 102.42 0.47 3.46 0.004 1219.0

Approach 2 (N = 10) 124.52 0.79 3.74 0 283.89

Approach 2 (N = 50) 101.95 0.98 3.07 0 30.89

Approach 2
(N = 100) 100 1 3 0 4.98× 10−4

Approach 2 with ROS
(N = 55) 101.59 0.99 3.06 0 25.20

True parameters 100 1 3 0 —-

To visualize the objective functions, we fix bc at three values which produce the surface
graphs in Figures 4 and 5. It can be seen that for both functions as bc increases, the plotted
surfaces flatten in the direction of ac.

(a) (b) (c)

Figure 4. Different plots of f1 using Dataset 2 with bc = {0, 1, 2}. (a) bc = 0. (b) bc = 1. (c) bc = 2.

(a) (b) (c)

Figure 5. Different plots of f N
2 using Dataset 2 with bc = {0, 1, 2}. (a) bc = 0. (b) bc = 1. (c) bc = 2.
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In the next dataset, we consider oscillating boundary conditions to show the limitation
of Approach 1 in such scenarios. On the other hand, Aprroach 2 can handle any boundary
conditions, but the computational cost may increase to achieve a certain accuracy.

3.3. Dataset 3

In Datasets 1 and 2, the temperature boundary conditions used to generate data
are increasing functions with time. For Dataset 3, more realistic boundary conditions are
assumed to create synthetic measurements. The initial and boundary conditions are defined
as follows: 

TL(t) =
√

t sin t + 14
TR(t) = −t sin t + 14
T0(x) = 14

The thermal conductivity, K, and heat capacity C are assumed constants by letting
ac = 100, bc = 0, ak = 3, bk = 0. Temperature and heat flux time series are generated over
10 days and assuming that the measurements are recorded every 5 minutes. A visualization
of the Dataset 3 time series is provided in Figure 6.
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Figure 6. Plot of the temperature and heat flux at the boundary in Dataset 3.

Optimization Results for Dataset 3

Table 3 shows that the first objective function produces a small error but with false
parameter estimates. This is because Approach 1 is not suitable to use with oscillating
boundary conditions. Approach 2 gives a high value for the objective function when
N = 10, but this value decreases significantly with N. The recursive optimization strategy
finds a good estimate of the parameters when N = 75. The best results are achieved when
N = 100 as expected.

Figure 7 illustrates the shape of the objective functions when bc = bk = 0. These figures
suggest that fixing bc and bk to zero can simplify the optimization problem. However, the
minimum value for f1 is still far from the true values. The minimum value of f N

2 is attained
at the true parameters.
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Table 3. The optimization results using Dataset 3, where f ∗ is the minimum value of f1 or f N
2

depending on the approach.

ac bc ak bk f∗

Approach 1 40.31 1.27 4.33 0.003 240.81

Approach 2 (N = 10) 105.18 0.49 3.47 0.06 949.75

Approach 2 (N = 50) 101.36 0.0001 3.04 0.0066 100.7897

Approach 2
(N = 100) 99.96 0.002 3.0 0 0.11

Approach 2 with ROS
(N = 75) 100.52 0.0001 3.0 0.0028 33.53

True parameters 100 0 3 0 —-

Figure 7. Plots of f1 and f N
2 using Dataset 3 with bc = bk = 0.

4. Uncertainty Quantification

Real measurements are usually corrupted with noise due to the precision of the measur-
ing devices or the experimental setups. In this section, we assume that our measurements
of temperature and heat flux at the boundaries are noisy and study how the presence of
the noise affects the estimation of the parameters. Noise is assumed to be additive and
follows a Gaussian distribution with a mean of zero and a variance of σ2. Therefore, the
given boundary measurements are defined by

TL = T∗L + ε1 (8)

TR = T∗R + ε2 (9)

QL = Q∗L + ε3 (10)

QR = Q∗R + ε4 (11)

where T∗L, T∗R, Q∗L and Q∗R represents the true unknown temperature and heat flux and
εi ∼ N(0, σiIM), i = 1, 2, 3, 4.

With these assumptions, we need to generalize the deterministic approaches developed
earlier to incorporate statistical modeling of the noisy data. In particular, we focus on
Approach 2 as it provides more accurate results in the absence of noise. Approach 1 can
still be used to obtain a good initial estimate in the optimization strategy.

Using noisy measurements as boundary conditions causes inconsistency in the so-
lution of the heat equation because of the roughness of the boundary data. Therefore,
we need to create a smooth representation of the data to be used to solve the forward
heat equation. However, this representation is not unique. Assuming we have Dirichlet
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boundary conditions, we should build multiple smooth temperature functions from the
noisy temperature data.

To acomplish that, we first fit an appropriate time series model to the temperature data
or use the moving average method to filter the noise from the data, and then we assume
TL ∼ N(µL, σ1IM) and TR ∼ N(µR, σ2IM) where µL and µR are the moving averages or
the fitted time series model. From these distributions, we sample Tj

L and Tj
R and estimate

continuous boundary conditions using smoothing splines. For each pair of estimated
smooth temperature functions, we solve the heat equation for a given θ where the initial
condition is approximated by the third-degree polynomial used before. Then, the heat
fluxes (QN

L )j, (QN
R )j are computed from the obtained solution.

To find θ in these settings, we define a likelihood function that is the probability
distribution of the heat flux measurements. From the noise assumptions, the likelihood
function is given by

L(θ
∣∣QL, QR, Tj

L, Tj
R) =

1
(2πσ3σ4)M e

{
− 1

2σ2
3
(QL−(QN

L )j)
T
(QL−(QN

L )j)− 1
2σ2

4
(QR−(QN

R )j)
T
(QR−(QN

R )j)
}

(12)

Maximizing the likelihood function (12) is equivalent to minimizing the objective function

f j,N(θ) =
M

∑
i=1

1
σ2

3

(
QL(τi)−Qj,N

L (τi)
)2

+
1
σ2

4

(
QR(τi)−Qj,N

R (τi)
)2

(13)

where Qj,N
L (τi) and Qj,N

R (τi) are heat fluxes computed at time τi using sample j for the
boundary conditions.

In this case, we find the maximum-likelihood estimate (MLE) of θ for each sample of

the boundary conditions Tj
L and Tj

R. Drawing a set of samples
{

Tj
L, Tj

R

}J

j=1
, we obtain the

corresponding MLEs of θ. We summarize our UQ approach in Algorithm 2.

Algorithm 2 UQ framework

1: Input: TL, TR, QL, QR, σ1, σ2, σ3, σ4
2: estimate µL and µR from TL and TR, respectively
3: for j = 1 to J do
4: draw Tj

L from N(µL, σ1) and Tj
R from N(µR, σ2)

5: maximize the likelihood function (12) to find θ j

6: end for
7: estimate θ = 1

J ∑J
j=1 θ j

As a special case, if the thermal conductivity and the heat capacity are assumed constants,
then the heat equation becomes linear and the effect of the noise in the boundary conditions
can be integrated analytically, as shown in [17,18]. The UQLab Matlab toolbox [29] could be
utilized to generalize Algorithm 2 to estimate temperature-dependent thermal parameters
without assuming a specific functional form for them. In addition, our UQ framework could
be extended to sequential filtering following the approach discussed in [30].

In the next section, we reconsider Dataset 1 after adding noise and apply Algorithm 2
to estimate the unknown parameters using the noisy data.

4.1. Numerical Example 1

Noisy data are obtained by adding independent Gaussian random perturbations to
the four time series TL, TR, QL, and QR from Dataset 1 as in (8) where σ1 = σ2 = 0.1 and
σ3 = σ4 = 0.5. Using deterministic methods results in biased estimates of the parameters
as presented in Table 4. Approach 1 works directly given the noisy data, and despite
the increased value of the objective function, the estimated parameters are similar to the
ones obtained in Table 1. On the other hand, Approach 2 fails when using the noisy data
directly as the numerical solver cannot converge with rough boundary conditions. Instead,
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we construct smooth boundary conditions using moving average and smoothing splines
and then maximize the likelihood function (12) or equivalently minimize the objective
function (13). In this case, we use N = 100 to eliminate the effect of the modeling error and
study only the noise effect.

Table 4. The optimization results using noisy Dataset 1, where f ∗ is the minimum value of f1 or f N
2

depending on the approach.

ac bc ak bk f∗

Approach 1 84.90 1.74 2.74 1.02 543.53

Approach 2
(N = 100) 96.46 1.20 2.82 1.01 462.12

Following the UQ framework, we construct two probability distributions:

TL ∼ N(µL, σ1IM), TR ∼ N(µR, σ2IM)

where µL and µR are the moving averages of the noisy temperature data. Figure 8 shows one
sample of the boundary conditions compared with the noisy data. We draw 50 independent
samples of boundary conditions and find the corresponding maximum-likelihood estimate
of θ for each sample. The sample mean and standard deviation are presented in Table 5.
In general, the estimated mean is close to the true parameters with small values for the
standard deviation. Increasing the sample size would improve the estimates and their
confidence levels.

Table 5. Mean and standard deviation of θ obtained using Algorithm 2 and noisy Dataset 1.

ac bc ak bk

mean 97.08 1.16 2.78 1.01

STD 2.67 0.16 0.28 0.017
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Figure 8. Plot of one estimated sample of the boundary conditions with the noisy measurements.

The estimated parameters from Algorithm 2 can be further analyzed by looking at their
bivariate correlations. Scatter plots of the 50 samples are presented in Figure 9. The heat
capacity parameters, ac and bc, are highly correlated. A similar conclusion can be drawn
for the thermal conductivity parameters, ak and bk. Other combinations of parameters
show only moderate correlations. This observation is crucial when making f predictions, as
random perturbations of these parameters will not produce realistic physical simulations.
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Figure 9. Scatter plots of the estimated samples of θ using noisy Dataset 1.

4.2. Numerical Example 2

In this example, we add noise to Dataset 2 and apply the UQ framework to estimate the
thermal properties. The noisy measueremts are obtained by adding independent Gaussian
random perturbations to the four time series TL, TR, QL, and QR in Dataset 2 with standard
deviations σ1 = σ2 = 0.1 and σ3 = σ4 = 0.5, respectively. Applying the UQ framework, we
employ the noisy temperature data to calculate the probability distribution of the boundary
conditions. Figure 10 shows one sample of the boundary conditions compared to the
noisy data.
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Figure 10. Plot of one estimated sample of the boundary conditions with the noisy measurements.

Again, we draw 50 independent samples of boundary conditions and find the cor-
responding maximum-likelihood estimate of θ for each sample. The sample mean and
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standard deviation of the maximum-likelihood estimates are presented in Table 6. Scatter
plots of the 50 maximum-likelihood estimates obtained using noisy Dataset 2 are presented
in Figure 11. This time, all the parameters appear to be highly correlated. One reason for
these elevated correlations is the fact that the true value of the parameter bk is zero and the
optimization algorithm is constrained to find positive values for all parameters.

Table 6. Mean and standard deviation of θ obtained using Algorithm 2 and noisy Dataset 2.

ac bc ak bk

mean 101.30 0.94 2.95 0.002

STD 2.4 0.11 0.05 0.002

Figure 11. Scatter plots of the estimated samples of θ using noisy Dataset 2.

5. Conclusions

In summary, the inverse heat conduction problem in the one-dimensional heat equa-
tion with time-dependent temperature and heat flux at both ends was considered. Two meth-
ods were developed to estimate the temperature-dependent thermal conductivity and heat
capacity, which were assumed to have linear form of the temperature. The first method
used an integral approach with a third degree polynomial approximating the temperature,
while the second method used a numerical PDE solver and minimized the difference
between numerical simulations and measurements.

Multiple datasets were generated using different initial-boundary conditions and
thermal coefficients to test the two methods. The results showed that Approach 1 (integral
approach) generally required the boundary conditions to be increasing (monotonic) func-
tions, while that was not needed for Approach 2 (numerical approach). The performance of
Approach 2 depended on the accuracy of the numerical PDE solver, which was character-
ized by N. Despite the fact that it took more computational time, Approach 2 yielded better
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estimates than Approach 1. When N was not large enough, the objective function f N
2 had

rough surfaces, resulting in the presence of many local minimums. Selecting a very large
N was computationally expensive and impractical in some cases. Therefore, a recursive
optimization strategy was implemented to find the lowest possible value for N that would
guarantee a good estimate of the unknown parameters.

In real applications, data are corrupted by noise, and deterministic approaches need to
be modified to account for uncertainty. Approach 2 was integrated within an uncertainty
quantification framework. The proposed framework was tested with noisy synthetic
data. Temperature and heat flux measurements were modeled by independent Gaussian
distributions. By sampling the temperature boundary conditions and minimizing the
likelihood function given the heat flux measurements, a sampling mechanism for θ was
created. These samples were then used to estimate a complete probability distribution of θ
instead of a single estimate. It was also noticed that the parameters were highly correlated
due to their physical nature.

This work demonstrated that estimating temperature-dependent thermal properties
in a one-dimensional heat equation is a challenging but feasible task. The proposed
methods provided reliable and accurate estimates of the thermal properties under different
scenarios and conditions. The uncertainty quantification framework assessed the reliability
of estimated parameters and provided useful information for decision making.
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