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Abstract: We studied obtaining exact solutions to a set of equations related to the SEIR (Susceptible-
Exposed-Infectious-Recovered) model of epidemic spread. These solutions may be used to model
epidemic waves. We transformed the SEIR model into a differential equation that contained an
exponential nonlinearity. This equation was then approximated by a set of differential equations
which contained polynomial nonlinearities. We solved several equations from the set using the Simple
Equations Method (SEsM). In doing so, we obtained many new exact solutions to the corresponding
equations. Several of these solutions can describe the evolution of epidemic waves that affect a
small percentage of individuals in the population. Such waves have frequently been observed in the
COVID-19 pandemic in recent years. The discussion shows that SEsM is an effective methodology
for computing exact solutions to nonlinear differential equations. The exact solutions obtained can
help us to understand the evolution of various processes in the modeled systems. In the specific case
of the SEIR model, some of the exact solutions can help us to better understand the evolution of the
quantities connected to the epidemic waves.

Keywords: SEIR model of epidemics; nonlinear differential equations; exact solutions; Simple
Equations Method (SEsM); Modified Method of Simplest Equation (MMSE); epidemic waves; COVID-19

1. Introduction

In this article, we discuss the classic version of the SEIR model of spread of epidemics in
a population. The spread of an epidemic is an example of a nonlinear process in a complex
system. Such processes are frequently observed in nature and in society [1-8]. They are
usually studied by the methodology of nonlinear time series analysis or by numerical
simulations of models containing nonlinear differential or difference equations [9-12]. The
exact analytical solutions to the model equations are very informative. These solutions allow
us to understand the relationships among the characteristic parameters of the investigated
system. In addition, the solutions may be used to test the correctness of corresponding
computer programs.

Below, we reduce the classic SEIR model to a single nonlinear differential equation,
which can be connected to a set of differential equations containing polynomial nonlineari-
ties. Exact solutions to several of these equations are described, and a number of these are
used to study epidemic waves. We obtain the solutions using the SEsM (Simple Equations
Method) methodology [13]. This methodology is an example of the large field of research on
methods for obtaining exact analytical solutions of nonlinear differential equations, which
has roots in the Hopf-Cole transformation [14,15] and the inverse scattering transform
method [16]. The study of the truncated Painleve expansions [17-21] led Kudryashov [22]
to propose of the Method of Simplest Equation (MSE) [23-25]. MSE is connected to the
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SEsM methodology [26-30]. Specific cases of SEsM are visible in our articles written many
years ago [31,32]. In [33], we applied a specific case of SEsM called MMSE in order to obtain
exact solutions of a model from the population dynamics [34]. The MMSE [35] applied the
concept of balancing equations in order to fix the simplest equation. Then, the solution
of the complicated equation was constructed as a power series of the solution to the used
simplest equation [36,37]. MMSE led to results which were equivalent to the results of the
MSE. The capacity of the MMSE was then extended in the direction of using more than one
simple equation. Because of this, the name of the methodology was changed from MMSE
to SEsM. SEsM based on two simple equations can be seen in [38]. Other specific cases of
application of SEsM are presented in [26,30,39,40].

Below, we apply SEsM to the SEIR model of the spread of an epidemic in a population.
One of the most basic such compartmental models [41-53] is the SIR model for the dynamics
of an infectious disease in a population. This model considers individuals who are infected
(I) and those who have recovered (R) with immunity. We previously studied the SIR
model in [30]. With respect to the SIR model, the SEIR model has an additional group
of individuals, namely, those who are exposed to the infection. Epidemic models can
be applied to study other processes as well, such as the spread of ideas (for overviews,
see [4,54]). An important recent application of epidemic models is in research on the spread
of COVID-19 [55-68]. We proceed as follows: the methodology of SEsM is described briefly
in Section 2; in Section 3, we derive a sequence of nonlinear differential equations connected
to the SEIR model of epidemic spread and use SEsM to obtain exact solutions of these
equations; and in Section 4, the applicability of the obtained solutions for describing the
evolution of epidemic waves is discussed. Finally, we present our concluding remarks in
Section 5.

2. Simple Equations Method (SEsM)

The full notation of SEsM is SEsM(n,m), where n denotes the number of solved
equations and m denotes the number of simpler equations for which the solutions are
used. The most commonly used version of SEsM to date is SEsM(1,1), in which a single
complicated nonlinear differential equation is solved on the basis of known solutions to
a single simpler differential equation. SEsM(1,1) is sometimes called the MMSE, and this
specific case of SEsM has many applications [69-71].

The idea of SEsM is to transform the solved system of nonlinear differential equations

Di[fﬂ(x,...,t),...,fin(x,...,t)] =0, 1=1,2,...,n. (1)

(here, Dj[fi(x,...,t),..., fin(x,...,t),...] depends on the functions fi(x,..., t),...,
fin(x,...,t), and a number of their derivatives and functions f;; can depend on several
spatial coordinates) into

n

Y bij(-.)Ej=0,j=12...,m. @
i=1

The transformation is performed by the choice of f;; as composite functions of known
analytical solutions to simpler equations. Here, E;; are functions of the time and the
spatial variables, and the quantities b;; are algebraic relationships among the parameters of
Equation (1), the parameters of the solutions to the simpler equations, and the parameters
of the solutions to (1); bij(. .. ) do not contain the time and the spatial coordinates, and 7; is
a characteristic parameter for the i-th equation from (1). If we succeed in transforming (1)
to (2), then we can write

bii(...) =0, (©)]

and we obtain a system of nonlinear algebraic equations. Each of the nontrivial solutions
to (3) leads to a solution to system (1).
The idea of SEsM is realized in four steps.
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*  Step 1: Transformation of the nonlinearities of (1).
In rare cases, this transformation leads to the removal of the nonlinearity. In this
case, the solved nonlinear equation is transformed into a linear equation. In most
cases, however, the nonlinearity of the equation remains after the transformation. For
these cases:

1. If the nonlinearities in (1) or in the transformed equations are polynomial, then
there is no need for a transformation for these nonlinearities.

2. If the nonlinearities in (1) are not polynomial, transformations can be used to turn
them into polynomial nonlinearities or more treatable kinds of nonlinearities.

An example of an appropriate transformation is the transformation of Hopf and Cole,
which transforms the (nonlinear) Burgers equation into the linear heat equation [14,15].
As we have already noted, such successful transformations are rare. Therefore, the
goal is to convert the nonlinearity to polynomial nonlinearity. For the specific case of
SEsM(1,1), two examples of such transformations are as follows: for the sine-Gordon
equation —> u(x,t) = 4tan~![F(x,t)]; and for the Poisson-Boltzmann equation —>
u(x,t) = 4tanh ! [F(x, 1)] [31,32].
The exact forms of the transformations may remain unfixed at this step of SEsM. In
this case, the forms must be determined at some point during Steps 2 and 3.

¢ Step 2: Construction of solutions to the transformed equations.
The idea of SEsM is to use composite functions of known solutions to simpler dif-
ferential equations in order to construct the sought-after solutions. The presence of
derivatives in the solved differential equations requires the use of the Faa di Bruno
formula for the derivatives of the composite functions. Using composite functions, we
can transform the solved equations into equations which are constructed by functions
which are solutions to more simple equations. There is no need to fix the form of the
composite function and the form of the solutions of the simpler equations at this step.
However, it can be done; one example of a fixation for the needs of SEsM(1,n) is

N N N N N
F=a+ ) Bu&i+ Y Y Y88+ Y Y TiinSiy -~ Siy- (4)
=1 =1

i1=1i=1 in=1

In (4), g; are functions that are solutions to more simple equations and
&, Biys Viyiys Tiy ..in - - - Ar€ parameters. (4) contains the relationship used by Hirota [72]
as a specific case.

e  Step 3: Determine the form of the simpler equations with solutions that can be used to
construct the desired solutions of (1).
The rule is as follows: choose the composite functions and the simple equations in
such a way that we arrive at the relationships (2). In addition, we have to be sure
that the relationships for b;; contain more than one term. This requirement leads to
more relationships among the parameters from the relationships for b;;. These new
relationships are denoted as balance equations.

e  Step 4: Solution of (3).
Solve (3), which is a system of nonlinear algebraic relationships. Any nontrivial
solution to (3) corresponds to a solution to (1)

For specific cases of applications of SEsM, see [26-30,33-38].

3. SEsM and Exact Analytical Solutions for a Sequence of Equations Connected to the
SEIR Model of Epidemics

Below, we apply SEsM to obtain exact solutions to a sequence of nonlinear differential
equations connected to a specific differential equation obtained from the SEIR model in
epidemiology. Several of the discussed solutions are appropriate for describing epidemic
waves caused by different diseases, including COVID-19. The rest of the obtained solutions
are not appropriate for such a purpose.
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The aforementioned nonlinear differential equation is obtained by realizing the idea of
transforming the SEIR model with constant coefficients into a single differential equation.
The idea was proposed by Kermack and McKendrick for the case of the SIR model [73]. This
idea was further developed in [30], and a sequence of nonlinear differential equations was
obtained. Then, SEsM(1,1) was used to obtain exact solutions of several of these equations.
Below, we realize the same idea for the case of the SEIR model of epidemics.

The initial impetus for the SEIR model lay in the specific characteristics of certain
diseases. Specifically, an additional class of individuals in addition to the three classes in
the SIR model is necessary in modeling the evolution of the spread of these diseases. The
individuals in this additional class are infected by the corresponding pathogen, but are
not capable of passing infection to others during a latent period. For example, this kind
of infection is connected to the spread of malaria. Malaria was extensively studied in the
early 20th century [74]. In order to build an SIR-like model similar to [73], the new class of
individuals, called exposed individuals, was introduced, leading to the SEIR model (for
more mathematical models of malaria, see [75]).

The SEIR epidemic model has several versions [42,76-83]. Below, we consider the clas-
sic version of the SEIR model of epidemics in a population. The population is divided into
four groups: susceptible individuals—S; exposed individuals—E; infected individuals—I;
and recovered individuals—R. The model equations for the time change in the numbers of
individuals from the above three groups are as follows:

ds
dt
dE
dt
dl
dt
dR
dt

T
= ——SI
NS
- %SI—UE
= oE—pl
= plL ®)

In (5), o is the incubation rate, T is the transmission rate, and p is the recovery rate. We
assume constant values of these rates. From (5), we obtain the relationship

N=S+E+I+R (6)

N is the total population. We assume that N is a constant. (5) is reduced to a single equation
for R; the reduction is as follows. From the last equation of (5), we obtain

1dR
I= ot (7)
Substitution of (7) in the first equation of (5) leads to
s = 5(0) exp{—f;\[[R—R(O)]}. ®)

Here, 5(0) and R(0) are the numbers of susceptible individuals and those recovered at
time ¢ = 0. The substitution of (6) and (8) in the last equation of (5) leads to the differential
equation for R:

(ZI::p{N—E—R—S(O)exp[—J\I(R—R(O))]}. €)
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Below, we assume R(0) = 0 (no recovered individuals at t = 0). Next, we reduce (9) to an
equation for R. The reduction is as follows. We write (9) as

dR

- =PIN-E-R-g]. (10)

(10) is differentiated with respect to ¢. The result is

d’R dS dE dR
P Ta a ar) (1

In (11), we substitute ‘fi—f and ‘fi—f by the corresponding relationships from the first two
equations of (5). The result is a relationship which relates R and E. From this relationship,
we obtain

1 &R 1dR
E= p?ﬁ + S (12)
We substitute (12) in (9) and obtain
d’R dR T
dtz—O—(U—l—p)dt—pa{N—R—S(O)exp{—pNR}}. (13)

Below, we assume ;711\{] << 1. This happens, for example, when T > p and R << N.
The last relationship indicates that there is an epidemic wave affecting a small percentage

of the population. Here, exp [— piNR} can be written as a Taylor series
M j
T T
ex —R] = <—R> . (14)
P [ pN ,;) pN

Although M has infinite value in the full Taylor series, we can truncateitat M = 2, M = 3,...,
if — ﬁR is small enough. From (13), we obtain

d2R dR My N
dt2+((7+p)dt—pU{N—R—S(O)]Z(;)(—pNR) } M=23,... (15)
We set
- o ) _ 105(0) L jTjO'S(O) .
€e=0+pa0=po[N—S5(0)]; a = N Pv aj=—(-1) W, J=23... (16)
Then, (15) becomes
@R drR M
TS R
iz T Jg ajR (17)

The sequences of Equations (15) and (17) are the orders of approximation of (9) with respect
to M.

The time ¢ is the independent variable in (17). In general, the independent variable of
a differential equation can be a combination of several spatial variables and time. Below,
we use just such an independent variable, denoted as ¢. In this way, we are able to apply
SEsM(1,1) to the equation

R dR M

— t+e— =) aiR. (18)
a¢? ag ];] ]

As simple equations, we use the differential equations of Bernoulli and Riccati.
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We begin with the equation of Bernoulli:

dy _ m _
%—perqy , m=273,..., (19)

as a simple equation. The transformation y = u!/ (1=m) reduces (19) to a linear equation.
Using this, we can obtain the solution to the equation of Bernoulli:

1

{ —q+Cp eXPlE—(m - 1)pg] }M'

In (20), C is a constant of integration.

We skip Step 1 of SEsM. No transformation is needed because the kind of nonlinearity
in (18) is polynomial. In Step 2 of SEsM, we choose the composite function R(y) to be of
the kind

y(¢) = (20)

L
Riy) =Y By, (1)
1=0

where y(&) is the solution to (19) and R(y) is the solution to (18). In Step 3 of SEsM, we
have to obtain the balance equation; (19) and (21) fix the balance equation of (18) to

2(m—1) =L(M—1). (22)

Then, a specific solution to (18) is

R() = fﬁz{ P }W) (23)
=7 =g+ Cpexp{—[L(M —1)/2]p}

Several of the the parameters f3;, p, g, and C are fixed during the Step 4 of SEsM.

A specific case exists for which we can obtain an interesting and important solution to
the simple equation, namely, the case of m = 2. Then, we can use the equation of Riccati as
a simple equation:

dy _ 2
i py+qy-+r, (24)
where p, g, and r are parameters. We know that a specific solution of (24) is

0 0(F4C
y(§) = —% - thamh{(g;r )}, (25)

where 82 = p? — 4rq > 0 and C is a constant of integration. The specific solution (25) of (24)

allows us to write the general solution to (24) as y = — % — % tanh [e(c; C)} + %, where D

is a constant and v({) is the solution to the linear differential equation

Zz — O tanh [6@;—0} v=—gD. (26)
The solution to (26) is
v = cosh? [9@;—@] {E1 — 2q€D tanh[e(gz— C)} }, (27)

where E; is a constant of integration. Thus, the general solution to (24) is

D

0 0(¢+ C)]
cosh? [@] {El - % tanh{@} }

v©) = L~ L rann| 8

(28)
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Next, we obtain several solutions of the kind in (18). We begin with M = 2. In this
case, we have to solve the equation

2
dd? +€f1§ = uczR2+rx1R+1x0. (29)
The balance equation is L = 2(m — 1). We start with m = 2. In this case, we can use the
equation of Riccati as the simple equation. We have L = 2, and the solution of (29) is of the
kind R = Boy* + B1y + Bo, where y is the specific solution (25) or the general solution (28).
The substitution of the last relationships in (29) leads to the system of nonlinear algebraic
equations in Equation (A1) (see Appendix A); (A1) has two solutions The first solution to
(A1) is (A2); thus, the equation

PR | 5v6

R
iz + 6 (af — 40‘0“2)1/4{1* = aaR? + R + ap, (30)

dg

where a? — 4aga, > 0 has the specific exact analytical solution

R(E) = 6q2{ P gtanh[w]}er

w2 2 2
qv6 ' ysf P60 0(&+C)
o [V6p + (a3 — 4apay) ]{ 20 24 tanh e s
6p* — 201 — (0% — dapan) /2 + 2p/6(a2 — dagay) /4 (1)
4o
with 62 = (a2 — 4aga;)!/? > 0, along with the more general solution
67 p 0 6(¢+C)
R(&) = 062{ 2 2qtanh[z +
2
D } .
0(¢+C 2qD 0(¢+C
cosh? {7@; )] {El — == tanh[i(%+ )] }
qv6 2 e ) P 0 0(+C)
” [V6p + (a2 — dagaa)/*] 2 2 tanh |t
D } N
6(¢+C 2gD 8(z+C
COShZ{ @; )} {El - thanh{ @; )}}
6p? — 201 — (a2 — o) /% +2v/6(a2 — dagay) /4 32)

4o

with 62 = L (a2 — 4aga;)/? > 0.
The second solution of (A1) is (A3). For this solution, we obtain the following solutions
of the corresponding differential equation:

2R 56 dR
v T(a% — 4040062)1/4617: = apR? + w1 R + g, (33)
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where 62 = (a — dagap)'/? > 0. The first solution is the specific analytical solution
64> 0 0(¢+C) ?
9 p
R = 1 { -XL -~ tanh| >
©) zxz{ 2 29 [ 2 ]}+
V6 o (a2 — vyl P 0 [0E£0)
P [\/gp (061 40(00(2) ] 27 24 tanh 5 +
6p* — 20y — (af — daoap)'/? — 2pV/6(aF — 4apan)'/*
. (34)
40(2
The second solution is the more general solution
_ 62 p 6. [6(E+C)
R(&) = 2 { 20 2 tanh[ 5 +
2
D } .
0(¢+C 2qD 0(¢+C
cosh? {7@; )} {El — == tanh {7@; )} }
an ! 0%2 2qg 2 2
D } .
0(¢+C 29D 0(¢+C
coshz[i(cz+ )} {El - thanh[ (et )”
6p% — 201 — (a2 — 4ao)V/? — 2p/6(a2 — dagay) /4
. (35)
40(2
Next, we consider the case of M = 2, L = 4. Here, m = 3. We must use the equation

of Bernoulli as a simple equation. The equation of Bernoulli for this case is d = py +qy°,

and the solution to (29) is R = Bay* + Bsy> + Bay? + B1y + Bo- The substitution of the last
relationships in (29) leads to the system of nonlinear algebraic equations in Equation (A4)
One solution to (A4) is (A5) In this case, the corresponding equation

2R 5(a? — 4dmonn)V/* dR

i + NG i 2 R% 4+ a1 R + ap, (36)
has the specific exact analytical solution
(a3 —4agny)t/4 2
244° 26
R= ay (a2 —dapar)! a?—dagay)l/4 T
—g-+ CLEl oy pltiztin) gy
(o —dapa) '/
417\/6(0(%_4“0“2)1/4 0l1 2”35‘2
L%} —q + C (le 4‘:‘%2) eXp{ ) ("‘1 4"‘0"‘2 é}

o — ( a2 — dagan)/?

TR (37)

The system of algebraic equations (A4) has three additional solutions. The first of
these solutions is (A6). Then, the corresponding equation
d2R  5(a2 — 4moan)'/* dR

— + —:aRZ—l-sz—Hx, 38
i NG i 2 1 0 (38)
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has the specific exact solution

(a2 —dagay)'/* 2
R(g) — = (6~ dwom) 2| 247 — . (39)
N 20 1% —q— C( —4dagaz)! p{2 af —4agay)1/4 & '
2v/6 26

The second of the additional solutions is (A7). Then, the corresponding equation

2R 5(a2 — 4mony) /4 dR 9
—_ — — = ayR” 4+ a1 R + «p, 40
i 76 i 2 1 0 (40)

has the specific exact solution

a1 — (a2 — dagar)l/? B

R(§) = —

20&2
(zx2—4txotx2)1/4
49V/6(a3 — dagan) /4 —— N N
2 —g — Uil e (p M) P gy
(a1—4a0a2)1/4 2
24q° ‘T
) (a3 41’40“2 40!0“2) ' (41

The third of the additional solutions is (A8). Then, the corresponding equation

2R 5(a? — dmoan)/* dR )
—_ = — = aoR° + a1 R + «p, 42
i NG i 1 0 (42)

has the specific exact solution

K1 — (w% — dagay) /2

R@g) = -

) (a3 —4agay)l/* 2
24q 2v/6 (43)
| g R el 2

Next, we consider the case of M = 2, L = 6. In this case, m = 4. We have to solve the

equation
AR dR )
T§2+€T€ZDCQR +061R+060 (44)
6
and the desired solution has the form R(¢) = ¥ B;y(&)!, where y(¢) is the solution of the
1=0
Bernoulli equation % =py+ qy4, which is
_ 4 } .
x) = . (45
) {q+CpeXp[3P§] :

The use of SEsM(1,1) leads to the system of algebraic equations (A9). This system
has four solutions. These solutions lead to equations and solutions which are identical to
the equations and solutions for the case of M = 2, L = 4, m = 3. As an an example, the
solution (A10) of (A9) leads to the solution (37) of the Equation (36).
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Because of the above, we continue with a discussion of the case of M = 3. Here, we
have to solve the equation

4R dR
d—gz +ed—§ = a3R® + 4, R? + a1 R + ay. (46)

For the case of a simple equation of the same kind as the Bernoulli equation, the bal-
ance equation for SEsM(1,1) is m = L + 1. Thus, the simple equation of Bernoulli is

1
% = py + qy"*! and its solution is y(¢) = { } " The solution to (46) is of

the kind R(¢) = Iio By ()L

We start with [ = 1, meaning that m = 2. As we know, in this case we can use the

4
—g+Cpexp[—Lpg]

equation of Riccati fl% = py + qy? + r as the simple equation for SEsM(1,1). In this case, we
can use the specific solution (25) and the general solution (28). In this case, SEsM(1,1) leads
to the system of nonlinear algebraic relationships (A11) One of the solutions to this system
is (A12). Thus, the corresponding equation

2R —25/6 _21/33,T2/3 _ 242 4 6aya3 dR
- 4 2 2 ‘i
a2 T1/3 iz

= 3R>+ wR?>+ R+ a9, (47)

has the specific solution

R(E) = ﬁq{ ”Gtanh{w”+

N 7211 2q 2
n3 N5 — K13 o3 — 4lp+/ K3
25/625/6 T2/3+2ﬁ % 6\@ +622/3P T1/3 _ 4 2l/6T1/3 )
2443/%T1/3
Here,
0> = p274rq:
2 223 1/3,5/272/3 2/3. 11/3 3 2/3 271/3
— ——————— 122770357 + 22703 Ty a5 — 9 277 az T, Pqp +
P 2405212 3 1 2 3T,
27 223031y Pag + 3%/2 223032 T, 3T}/ — 42130303/ T3/ +
12 21/3a§/2T22/3 + 40(%13(;/2 — 240(%0(10(2/2 + 3604%&2/2> (49)

with (48) being based on the solution (25) to the equation of Riccati. Another specific
solution is

Vg p 6 0(&+C) D
w0345 S e )

25,/625/6¢;¢3T2/3 +2v2a3 — 63201053 + 6 22/3pas T3 — day \/az21/0TV/3)
2443/T1/3 '
3

(50)

with (50) being based on the general solution (28) to the equation of Riccati.
The second solution of system (A11) is (A13). Thus, the corresponding equation

d2R  —25/621/3q3T2/% 4 202 — 6aja3 dR
- —— =a3R3 R? R , 51
dé’z 1 063T1/3 dg a3R” + ar R+ a1 R+« (51)
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dR/dt

2000

1500

1000

500

has the specific solution

Va3 |29 2g 2
25/625/6043T2/3 + 2203 — 67203 + 6 223 pas T3 + day /az21/0T/3)
2443/°T1/3
3

R(é’) — m{p+9tanh|:9((;’_|_c):| } _

(52)

0> = p2 —4rg =
22/3
SRR ETE
27 22363 Ty Bug + 3%/2 22/303/2 Ty 3T1/2 — 4213303/ 2T2/% +

(12 2134327273 — 2 22343 T) /303 49 227363 T) Payay —

122130321373 + 4afay/? — 240301032 + 360303 2) (53)

The solution (52) leads to profiles which are appropriate for description of epidemic
waves. The epidemic waves are connected to bell-shaped profile forms. These waves

represent the number of infected individuals, and this number is proportional to ‘fi—lf.

Figure 1 shows several profiles of ‘fi—lf which are connected to (52). The characteristic
bell-shaped form of the profile is evident.

T | T | T | T T
1

; |
R)
FANA |
| | | | | | N\ | |
10 20 30 40 50
t

Figure 1. Influence of the parameters of the solution (52) on the profile of ‘fj—]f. In this case, the

coordinate ¢ is the time t. The parameters of the profiles are as follows. Profile 1: ay = 1078,
w0 =107, 0p=-2x10"7,a3 =107, p = 3,9 = 7, C = —20. Profile 2: ag = 107%, a; = 1.2 x 107,
ap = —2x107% a3 =1.1x107% p =3,9 =7, C = —25. Profile 3: ¢y = 107>, a; = 1.2 x 107,
ay=—2x1072, 03 =1.15x 1075, p = 3,4 = 7,C = —30. Profile 4: ag = 1.1 x 1074, a1 = 1.2 x 1074,
ap=—-21x10"% a3 =115x 1074, p=3,4=7,C = —35.
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Above, we have seen that (52) is based on the solution (25) of the equation of Riccati.
Another specific solution of (51) is

R(¢) = {Zq+2qfa“h[ 2 } +cosh2[9<¢;c>}{azqftanh[9@z+q”}_

25/625/6a3T2/3 +2v/283 — 6720103 + 6 22/3pas T3 + 4y /az21/0T1/3)
2403/2T1/3 '
3

(54)

with (54) being based on the general solution (28) to the equation of Riccati.

System (A11) has two additional solutions, which the interested reader can easily
obtain. We proceed to a solution obtained by using the equation of Bernoulli as a simple
equation.

Next, we consider the case L = 2. From the balance equation m = L 4+ 1 we have m = 3.

The simple equation is the equation of Bernoulli Z? = py +qy>. The solution to this equation

1 2
isy(¢) = {W}Z' The solution of (46) is of the kind R({) = Z;O Biy(&)L. The

application of SEsM(1,1) leads to the system of nonlinear algebraic equation_s in (A14). This
system has four solutions. The first solution is (A15). The corresponding equation

d?R  dR
@ +€d7€ = 0<3R3 =+ a2R2 =+ 0{1R +
—3ﬁ«x%rxé/ze —203 + 9\@&1&2/26 + a3y + 2ﬁa§/263 (55)
2703 ’
has the specific solution
[—a3(6¢x1¢x3+a362—2a%)]1/2
2+/2
R(é) = \(/217 2 2 13;/50(3 2 2\11/2 +
o _ g+ clotbmastase? —20))] = [—a3 (6143 +aze? —245)]
3 9+ 2v/33 p V3as ]
V3[—az(6a1a3 + aze? — 2a3)]? + eaz — v/2apal/? 56)
3/2
3ﬁo<3
The second solution of (A14) is (A16). Then, the corresponding equation
d’R
@ +€d7€ = lX3R3 + leRZ + a1 R —
—3v/203a)/ %€ + 203 + 9v 20103 e — Ynyazas + 2v/203 %3 57)
2703 ’
has the specific solution
[7¢x3(6a1a3+3a36272a%)]1/2
24/2
R(¢) = - “\1[/2‘7{ [*063(60610634‘3063627206%)]52\@“3 [— a3 (6014330362 —243)]1/2 } a
3 —q+C WS exp[— Tins ¢
VB[ —as(6aras + aze? — 2a3)]Y2 + eaz + 2ap0k/? 58)

Bﬁag/z

Figure 2 shows several profiles of R connected to the solution (58). These profiles are
appropriate for modeling processes that have a level of saturation; ‘fi—lf for these profiles
decreases.
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Figure 2. Influence of the parameters of the solution (58) on the profile R. In this case, the coordinate
¢ is the time t. Profilel: alpha; = 1073, ap = 1072, a3 = 1073, r = 0.5, qg= -1072,C = 107},
€ = 1073. Profile2: alpha; = 1073, 00 = 1072, 03 = 1074, 7 =0.5,g = —1072,C =107, e = 1073.
Profile3: alpha; = 1073, a0 = 1072, 03 =4 x 04,7 =05, = —1072,C = 10!, ¢ = 1073. Profile4:
alphay =1073, 0 = 1072, a3 =4 x 074, r =05, = -1072,C=10"2,e = 107°.

The third solution of system (A14) is (A17). Thus, the corresponding equation

d’R  dR
iz +ed—ér = w3R3 + apR? + a1 R +
—Bﬁagzxé/ze + 203 + 9ﬁa1a§/26 + 9aq sy + Zﬁag/ze3
L , (59)
&3
has the specific solution
[7¢x3(6a1a3+3a36272a%)]1/2
24/2 o
R(¢) = Ix\lf/Zq { [fa3(6a1a3+3a362720¢§)]5;@a3 [~ a3 (601053 +303e2—2a3)]1/2 } a
3 —q-C 2343 exp| V35 ¢]
V3[—az (6 + aze? — 2a3)]12 + eaz — \ﬁﬂézlx;/z (60)

3\@“3/2

The fourth solution of system (A15) is (A18). Thus, the corresponding equation

d’R  dR 3 )
@‘f’edfé:lx;ﬂ{ +ayR*+a1R —
—3\@&%06;)/26 + 204% + 9\@041043/26 + gz + Zﬁzxg/ze?’

2 7
27043

(61)
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has the specific solution

_ [—as (6 a3 +3uze? —203)]/2

R(g) = -2 i +
“é/Z —g-C [—as (6010343362 —203)]1/2 exp[[71x3(6oc10c3+3ac3e272oc%)]1/2 é]

2v/3a3 V3a3
V3[—a3(6mas + aze? — 2a3)]12 + eaz + \ﬁﬂ(ztxé/z ©2)
3\@11%/ 2 .
Next, we consider the case of M = 4. In this case, we have to solve the equation
d>R  dR
N LR R3 R2 R .
i +€d§ a4 R* + a3R° 4+ apR* 4+ a1 R + ag (63)

For the case of a simple equation of the same kind as the equation of Bernoulli, the balance
equation for SEsM(1,1) is 2(m — 1) = 3L. Thus, the simple equation of Bernoulli is Z% =py+

3L
qy'+3L/2 and its solution is y(&) = { . The solution of (46) is of the kind

P
—q+Cpexp[— 3 p(] }
L
R(E) = T (6"
We next consider the case of L = 2, for which m = 4. SEsM(1,1) leads to the system of
Equation (A19), which has the following two solutions. The first solution is (A20); thus, the
corresponding equation

22; + eZIg = ayR* + a3R® + gz‘jlﬂ - _49“37;1‘126062“51{ - “3(_491";35242062“5), (64)
has the specific solution
R(©) = p { = }1/3 ks )
i Wi dfal o5 exp(35¢] g
The second solution is (A21); thus, the equation
22; + et;? = ayR* + a3R3 + ;:f R2 _ 49“3’7;12062“2 _ “3(491"53;523062“2) , (66)
has the specific solution
R(E) =B { = }1/3 - (©7)
BRI _creppsy ) A

We stop the description of the solutions here, as the list becomes long. Additional
solutions are discussed elsewhere.

4. The Obtained Solutions to the Studied Set of Equations from the Point of View of
Modeling Epidemic Waves

In the previous section, we obtained several exact solutions to equations that are con-
nected to the SEIR model of epidemic spread. The solutions are of two classes: (i) solutions
that can be used for modeling of epidemic spread, and (ii) solutions that are not appropriate
for modeling epidemic spread. We begin by discussing the solutions that can be used for
modeling the spread of epidemics.
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Below, we consider the specific case when the general coordinate ¢ is the time t. We
obtain solutions to the number of recovered people R(t) for the SEIR model. Then, we
calculate the time evolution of infected people I by means of (7):

1= LR
o dt
The number of exposed and susceptible people is

_iex 1
Cpodt2 o dt’

S = 5(0) (—R) .
izo\ PN
In addition, we have

e=0c+p;, a=pc[N—S(0)]

4 = %@) —po; aj= (Dijﬁfg},j =23...
Then, we can calculate the relative growth rate
o) = 19, (68)
which can be written as
o(t) =p(R, —1). (69)
In (69),
Ru(t) =1+ U‘E)t) (70)

is the time-varying effective reproduction number. The notation R, is used for the effective
reproduction number in order to distinguish it from the number of recovered people, which
is denoted by R; (69) shows that there is an important value R,, = 1. For R,, < 1, we have
o(t) < 0, and the relative growth rate is negative. Then, dI/dt is negative; the number of
infected individuals decreases, and the epidemic shrinks. For R,, > 1, we have o(t) > 0,
and the relative growth rate is positive. Thus, d1/dt is positive; the number of infected
individuals increases, and the epidemic expands.

Note that our assumption for reducing the SEIR model to a sequence of equations is

M+1
(;—E) << 1. This means that we can describe epidemic waves for which R << N. In

other words, such epidemic waves affect a small percentage of the entire population. If the
last condition is not true, we have to solve the SEIR model numerically. For the rest of this

M+1
section, we assume that the assumption (;—ﬁ) << 1 holds.

The solutions obtained in the previous section can be classified as follows:

I.  Solutions that can be used to describe specific cases of the evolution of epidemic waves
within the scope of the SEIR model.

II.  Solutions that can be used to describe specific cases of the part of the evolution of
the epidemic wave or solutions that are not appropriate for the case of description of
evolution of epidemic wave within the scope of the SEIR model.

The solutions in class I are the solutions generated by using the equation of Riccati
as the simple equation in SEsM(1,1). Among these solutions are (31), (32), (34), (35),
(48), (50), and (52). Below, we write the quantities corresponding to the SEIR model for
one of these solutions, (31). This is the solution of Equation (30) which has a quadratic
nonlinearity with respect to R. We note that a? — 4agay > 0, meaning that we have the
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E =

requirement S(0) > 4N /5. We first consider the solution (31). The relationship for € leads
to a requirement for p:

5 T1/201/25(0)1/4
R

where (71) is a necessary condition for existence of the waves (31) and (32). This condition
reduces the probability of the waves occurring. The positive point is that the analytical
relationship for the waves allows us to calculate and study the corresponding quantities for
epidemics. Thus, we can gain better understanding of the processes. For example, on the
basis of solution (31) we obtain a relationship for the behaviour over time of the number of
infected

[55(0) —4N]Y* — o > 0. (71)

_1dR (a3 — 4aga)/? {uqz p
- 1/2,1/2 1/4 - —
T pdt 24q[%T‘71V17/52(())[55(0> — ANJV/4 - U} ®o 2q
(06 —daguy)' % (af — daoaa) VA(E+ C)
2V6q 2v/6
96 NG 2 1/4 5| (a2 —dagar)V/4(t + C)
—|V6p + (a7 — 4apu sech 79
0 [Vép + (a7 — 4aoaz) "] NG (72)
Recall that C is an integration constant which is determined by the initial condition.
The corresponding number of exposed is
L { (of — 4“0“2)Sech4<(“% — dagay )4 (t + C)) n
17241725(0)1/%
‘7{%%[55(0) _ 4N]1/4 _ U} 32qa; 2\@
9v6 NG 2 14129 ) p (af — 4agaz) 1/4 (a2 —4040042 WAt 4 C)
—|V6p + (af —4rpu S Y Y T S St LA
<lx2[P(1 0a2) ] x| 20 NG
(02 — dagan)?’4 [ (a2 — dagay) /A (t +C) 4%“2 VWAt 4 )
sec
48/6q 26
(e 4&0042)1/ 2f12¢| p
24q0 o Zq
2 _ 1/4 _ )1/4
(o —doom) (6 4o<oocz (t+0C)
Z%q
6 T — 4o 1/4 t+C)
q;f[\@P + (a2 — dagar) 4 }sech2 [( 02\2} ( (73)

The number of susceptible persons is approximately
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T

6q 4
S~S(0)¢1— b B S
( ){ [%W{Ssm)—ww—a}w{“z{ 29

I

(af — dagup) /% (0 — dagan) VA(E 4 C)
2V/6q 2v6

g6 NG ) 1/4 p (a2 —dagay)t/* (a2 —4a0a2 VWAt +C)
T2 [V6p + (af — 4agr - 1 =2 tanh +
a [ p ( 1 0 2) ] zq 2\@(]
6p% — 201 — (a2 — daguy)'/? +2p\f(o<1 dagy 1/4} N
40(2

’L’2 {6q { )
2 — —_— —
{%WES(O) — 4N)V/4 — g} N2 | %2 2q

2
(a2 — dagay)t/* h (a2 — daga) /4 (t+ C) N
2v/6q 2v6
V6! L (w2 1/4 p_ (af —duomp)'”? (o — daoz) ' 4(t + C)
—|Vbp + (a] — 4apu - = —-—=——— =" tanh +
oy VPt (a1 — daouz) ] 2 NG NG
2
6p? — 2a1 — (a2 — dmoan) /% +2pv/6(a2 — dagay)t/* 74)
4062
The corresponding relative growth rate is
- 1dI _ (DC% —40(0062) 4 ( 40600(2 1/4 i‘+C
o(t) = Tdt _{48q sech +
qv'6 NG ’ 147 , 129 p (a2 —4agar)l/* (a2 —4rx01xz )4t +C)
—[V6p + (a] — 4o +—{ —— ————-—tanh
(az[pu ona) 4]+ 10 - -
(a2 — dagay)3/* och? (a2 — dagar)(t+C) tarth (af —4tx0¢x2)1/4/ t+C)
48+/6q 21/6 2V6
(a2 — daga)'/? [ 1242 N
24q a 2q

2v/6q 2v6

qv/6 ' 1/4 2| (02 — dagan)/4(t +C)
P [V6p + (a2 — dagay) ]}sech [ Ve

(a2 — dagay)t/* tanh ((tx% — dagay ) A+ C))

} (75)

The corresponding effective reproduction number is
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2_y 1/4 4 )1/4
<q;@[\f6p + (0&% — 4ucooc2)l/4] + 12q{ _r —((Xl ae) tanh <((X %) T(t+C) ) })
2

(

0 —dagay)¥* | (a2 —4dagay)(t+C)
————=——sech
48+/6q

2 _y —4 1/4 l‘ C
Ry(t) =1— {(“1 48;XO[XZ)sech4 <( ocoocz (t+ +

X3

2v/6
tanh[( 2 —dagay) 4/ (14 C)

(
% e ) }p/{

1/2,1/2 1/4 2 _ 4 1/2
\@ N1/2 24q %3 2q

29 2v/6q

(a2 — dagay)t/* tanh (a2 — daga) 4 (t+ C)
21/64q 21/6

_ /
q;f[\/gp + (ac% — 4040042)1/4] }sech2 [({X% 40(0;3/); (40 } (76)

The corresponding quantities for the SEIR model on the basis of the other solutions (32),
(34), (35), (48), and (50) can be calculated in a similar manner as above.

We note that solution (32) contains (31) as specific case when the constant of integration
D = 0. Thus, (32) can lead to the same profile as (31), meaning that (32) can be used for the
description of epidemic waves within the scope of the SEIR model. In addition, solution (32)
can produce more complicated profiles in comparison to solution (31), as D can be different
from 0. One of these possible profiles is shown in Figure 3, along with the corresponding
profile for its derivative. The profile from Figure 3a is different from the kink profile for the
evolution of the number of recovered individuals, which is typical for an epidemic wave.
The derivative of this profile shown in Figure 3b is different from the typical bell-shaped
profile associated with the evolution of the number of infected individuals during an
epidemic wave. Such profiles provided by (32) may not be suitable for the description of
epidemic waves, though they may be useful for other applications of Equation (30).

Other solutions that are suitable for the study of a specific case of the evolution of
epidemic waves from the point of view of the SEIR model are some of the ones based on the
use of a simple equation of the Bernoulli kind in SEsM(1,1). Candidates for such solutions
include (37), (39), (43), (41), (56), (58), (60), (62), (65), and (67). From these solutions, the
suitable solutions are these which do not contain more than one relationship connecting the
parameters «; of the solved equations. Such solutions include (37), (39), (43), (41), (56), (58),
(60), and (62). These solutions are constructed by functions with a shape that is similar to
the shape of the logistic function in Figure 2. Because of this, they are suitable for modeling
part of the epidemic wave. For instance, these solutions can model the declining part of the
wave. As an example, we can consider the solution (58). For this solution, ¢, p, T and N are
free parameters. The solution is realized for

(T?/3 418007 + 80% + 160p + 802 + 21/2T"/3p + 21/2TV/3¢)?

5(0) = N, 77
(0) 400ToT2/3 @7)
where

T = T\

) = 540V20t(p+0) +416V2(0° + p%) + 1248V 20p(c + p)

T, = 60[1440(p*c? + p?c* + >1p?) — 16200°T> + 576(c°p + p°0) +

96(0° + 0°) +19200%0> — 1080 7?0 + 240(c7p* + 0°7) +
960(c?1p° + ot1p) — 54(c? 1?0 + o 1?)]V/2 (78)
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(T?/3 + 18007 + 8p% + 160p + 802 + 2/2T1/3p + 24/2T'/3¢)?
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40070 T2/3 < 79)
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Figure 3. One possible profile provided by solution (32) of Equation (30). Figure (a): profile for the
quantity R. Figure (b): Profile for the quantity I. The values of the parameters for the solution are
np=01,a1 =050a,=-01,p=0579=001,C=-50,D=4,and E=0.1.

The last two solutions, (65) and (67), contain three relationships among the parameters
«; of the solved equation. Because of this, it is necessary to fix more parameters of the SEIR
model. This very much limits the area of application of these two solutions for the purpose
of describing part of the epidemic wave within the scope of the SEIR model. Thus, (65) and
(67) are practically unsuitable for the description of epidemic waves.

5. Concluding Remarks

The main goal of this article is the application of the Simple Equations Method (SEsM)
for computing exact solutions of nonlinear differential equations from a sequence of differ-
ential equations connected to the SEIR model of epidemic spread. We compute two kinds
of exact solutions. The first kind of solution is based on the use of the Riccati equation as
a simple equation. These solutions can describe specific cases of epidemic waves given
the condition that the wave does not affect a large part of the corresponding population.
This kind of solution can lead to profiles which are not suitable for description of epidemic
waves, as shown in Figure 3. Such profiles can be useful for other possible applications of
the corresponding equation, however.

The second kind of computed solutions are based on the use of the equation of
Bernoulli as a simple equation. These solutions have profiles that are similar to those of the
logistic function. Several of these solutions can describe specific cases of the evolution of
epidemic waves within the scope of the SEIR model. Other solutions are not appropriate
for modeling the evolution of epidemics. Note that the last solutions are exact solutions of
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the corresponding nonlinear partial differential equations, and can find applications in the
modeling of other phenomena.

The difference between the SIR and the SEIR models of epidemic spread is that
an additional class of individuals is presented in the SEIR model, namely, the class of
exposed individuals. Thus, the SEIR model accounts for the latent period during which
the individuals in this additional class are infected by the pathogen but are not capable
of passing infection to others. The presence of this additional class of individuals leads
to changes in the equation for the evolution of the number of recovered persons. This
equation is

‘;i: :p{N—R—S(O)eXp[—p’;\]R]}, (80)

for the SIR model of epidemic spread [30], while for the SEIR model of epidemic spread the
equation changes to (13)

d’R dR T
T + (U+p)ﬁ = pa{N— R —5(0)exp {_pNR} }

This change in the equation leads to different solutions and different behaviour of the
evolution of the epidemic wave I = %‘fi—]f. Consequently, the evolution of the relative

growth rate o = %% is different for the two models. The time behaviour of the effective

reproduction number R, =1+ % changes as well.

Finally, we note that this study has shown SEsM to be a very useful methodology
for computing exact analytical solutions of nonlinear differential equations. We have
demonstrated that this methodology leads to numerous exact solutions to various equations,
and that these solutions can be useful for modeling phenomena in various complex systems.
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Appendix A. Systems of Nonlinear Algebraic Equations and Their Solutions

The SEsM methodology leads to systems of nonlinear algebraic equations correspond-
ing to solutions of the solved differential equations. Below, we list those systems and their
solutions which have been used in the main text.

First, we consider the case of differential Equation (29). For the case of the values of
the parameters M = L = m = 2, the system of nonlinear algebraic relations corresponding
to (29) is

B2(64> — azpB) =
2ePoq — 2a2B1B2 + (2819 + 4P2p)q + 6Paqp =

—a1B2 + €(B1g +2B2p) — a2(2BoB2 + B7) + (B1p + 2B27)q+
(2819 +4P2p)p + 6p2gr =

—a1B1+ (Bip +2Bar)p + (2819 +4P2p)r + €(B1p + 2B2r) — 2a2B0p1 =

(ﬁ1p+2/32r)r—041/30—1—6[517—0(2[5% —xg = 0. (A1)
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(A1) has two solutions The first solution to (A1) is

6p? — 201 — (a2 — doa)V/? +2pv/6(a2 — dagay) /4

;BO - 40&2 !
V6
pro= LOVEp+ (ad —daoms) Y,
_ o
B2 = x
. 6p° — (oc% — dagay)l/?
B 244 ’
€ = —5\‘{6(&% — dagay) 4 (A2)
The second solution of (A1) is
o 6p? — 21 — (a3 — daoan) % — 2pv/6(aF — dagar) /4
Bo = 1 ,
0e)
V6
pro= DOVEp - (o~ daoms) Y,
_ 6
B2 = x
P 6p° — (oc% — dagay)l/?
24q ’
€ = —%(w% — daguy) /4, (A3)

Next, we consider the values of the parameters M = 2, L = 4, m = 3. In this case, the
system of nonlinear algebraic equations corresponding to Equation (29) is

B1(249% — aofs) =

B3(154° — 2a2B4) =

4eBaq — a2(2B2Pa + B3) +8q(B2g + 2Bap) + 24Pagp =

3eBaq +3q(P1q + 3Psp) + 15B3qp — 202(B1Pa + P2P3) =

4Bapq + 8p(B2g + 2ap) — 1a + 2€(B2g + 2Pap) — w2(2BoBa+2B1B3 + B3) =
—a1B3 + B1pqg +3p(B19 + 3Bap) — 2a2(BoPs + B1P2) +€(P19 +3Bsp) =
—a1By +2eop +4Bap” — a2(2Bo2 + B7) =

eprip+ Bip> — w11 —2mfofr =

—Bf—ag— 1By =

S O O © o o o o o

(A4)
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System (A4) has the following solutions. The first solution is

The second solution is

The third solution is

B4
B3

B2
B1

Bo

B4

B3
B2
B1

Bo

Ba
B3

B2
P

Po

2447
a
0
4(]\@(06% — 40(0&2)1/4
a2
0
a1 — (af — 4aga)'/2
20(2
(a2 — daguy)'/*
2v6
5(a2 — dagay) '/
N . (A5)
2447
a
0
a1+ (Dé% - 40(00(2)1/2
B 20(2
(a3 — 4agay)!/*
2v/6
5(a? — dagay) '/
N . (A6)
24q2
a
0
49v/6(a3 — dagar)'/*
&2
0
ay — (a2 — dagay)t/?
B 2062
(a2 — dagay)t/*
2V6
_5(af _40‘0062)1/4. (A7)
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The fourth solution is

2447
.34 = Tz
Bs = 0
B2 =
pr =
a1 — (a3 — dagay)l/?
Bo = — o
(o — dagmy) '/
p = 2\@
_5(a% —dagap)t/*
e = — 7 (A8)

Next, we consider the case M = 2, L = 6. In this case, m = 4. We have to solve Equation (44).
In this case, SEsM(1,1) leads to the system of nonlinear algebraic equations

Bo(549% — a2e) 0
Bs(404* — 2a2B6) = O
28B49” — a2(2BsPs + P3) = O
6€Beq + q(18B39 + 36B6p) + 54Bepq — a2(2B4B5 +2B3Pfs) = 0
—a2(2B2Be + 2P3Ps + B3) + 9(10B2q + 255p) + 5Bsq(8p +€) = 0
2q(B19 + 4Bap) + 14Baqp — az2(B1Pe + BaPs + BaPa) +2€fuqg = 0
€(3B3q + 6Bsp) — 22(2BoBs + 2B1B5 + 2B2Ps + B3) — a1 B6+
9B3pq + p(18B3g +36B3p) = O
€(2B29 +5Bsp) +4B2pq + p(10B29 + 25B5p) —
a2 (2BoPs +2B1B4 +2B2B3) —w1fs = 0
€(B1q + 4Bap) — x2(2BoPa + 2P1B3 + B3) + P1pq + p(4B1q + 16Bsp) —afs = 0
3eBap +9Bsp” — w1Ps — a2(2B12 +2BoPf3) = O
4Bop® — a2(2BoP2 + BT) +26Pop — w1y = O
Bi(—ay + p* +ep—2m;Py) = 0O
—mpf—ag—wfy = 0 (A9)
A solution of this system is
2

Bs= 2L Bs = pu—0

B3 = 6:fq (a3 —dagn) % By =p1=0

o om— (oc% — 4zxorx2)1/2' B (oc% — 4a00c2)1/4

180 - 2“2 4 p - 3\/6
€= \5@(04% — dagay) V4, (A10)
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Next, we consider the case of M = 3. We have to solve Equation (46). First of all, we
consider the case L = 1, m = 2. SEsM(1,1) leads to the system of nonlinear algebraic

equations
r(27* —wspf) = 0
P1(eq —3azPopr +3pg —azp1) = 0
B1(p* +2qr +ep — 3a3B3 — 2080 — 1) = O
€B1r — a1Bo + B1pr — &g — azPy — a2 B3 0 (A11)
One of the solutions to this system is
pr = V2
Va3
B 25/625/6oc3T2/3 +2v/283 — 6320103 + 6 223 pas T3 — Ay /a321/0T1/3)
Po = 240(;/2'1"1/3
22/3
"= e 1221363/2T3/3 + 2 22303 Ty P03 — 9 2203 Ty oy + 27 22303 T} Pag +
3 2
33/202/3,32 )3T/ — 42130203 2T2/3 112 2135/ T2/3 + 4adal/? —
240(%0(1042/2 + 36&%0(2/2)
I 21803 T3/3 — 203 + 6aq03 (A12)
4 063T1/3 !
where

1
T = =73 [Zag — 9z + 2704%0(0 + 3\@043 ( — DC%DC% + 40(%&3 + 40(%0(0 -
o
3

1/2
18zt g + 27&%&%) ]

—a%a% + 406?0(3 + 404%040 — 18azmpaqg + 270(%0(%

Ty =
a3

203 — 9azaony + 270300 + 3\@T11/2“§/z
2 ag/z .

The second solution of (A11) is
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_ V2
V&3
516 25/603T2/3 2\/50(% —6v2 a3 + 6 22/ 3pas TV/3 4 day  /az21/0T1/3)
2443/%T1/3

po =

22/3 1/3,5/272/3 2/3 1/3.3 2/3 .271/3 2/3,371/3
"= e, 12 21/33/212/3 — 2 22303 T}/303 + 9 22303 T} Bayay — 27 22/3a3T) 3y +
3 2

33/2 22/3vc§/2T21/3T11/2 —4 21/30c%0¢§/2T§‘/3 +12 21/3tx§/2T§‘/3 + 40&‘21“;/2 -
2404%041043/2 + 3604%&?/2)

o _95/6 21/3a3T22/3 + 203 — 6aya3 (A13)

where

1
T=—=5 [2“3 — 9azaian + 270300 — 3v/33 ( — a3 + 4adaz + dadug —
44

3

1/2
18azmpq 00 + 27&%&%) ]

—oc%zx% + 40{{’043 + 40{%040 — 18309 + 27&%0(%
3
) — thg — 9z + 27tx§tx0 — 3\/§T11/20c§/2
R

T =

The following case is L = 2, m = 3. The application of SEsM(1,1) leads to the system
of nonlinear algebraic equations

B2(84° —a3p3) = O
3B1(q” —asp3) = 0O
12B2pq — a3[Bop3 + 2B1Ba + B2(2BoB2 + B1)] +2€Paq — w23 = O
—a3[4Bop1B2 + B1(2BoP2 + BT)] + €B1q +4p1pg — 202B1B2 = O
—a1Ba +4Bap” + 2eBap — ws[Bo(2BoB2 + B7) + 287 fo+

B2B5) — a2(2BoP2+B7) = O
—3w3piP1 + P1p° + €prp —a1p1 —202B0p1 = 0O

—aff — w1 Bo— 3Py —ag = 0 (Ald)
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The first solution of (A14) is

Zﬁq
B2 = 172 p1=0
a3
By — V3[—as(6ayas + aze? —2a3)]Y2 4 eaz — 20k’
3\@&2/2
—3v2a2al/%e — 243 + 9\@0410(3/26 + 91300 + 2v/2a3/2¢3
xo = 243 2 3 3
2703
_ [—063(60(1&3 + 0636‘2 — 20(%)]1/2
2\60(3
The second solution of (A14) is
_2V2q,

2=——7 P1=0
fm =2

V3[—a3(6mas + aze? — 2a3)]12 + eaz + \/itlexé/z

Bo=— 3\@“;/2
_3\@"‘%"%/26 + 203 + 9\@061063/26 — 930y + Zﬁag/2e3
ag = —
¢ 2703
p— [—az(6aq03 + 3aze? — 2a3)]1/2
2\/50(3

The third solution of the system (A14) is

_2V2q,

2=—7; P1=0
b=

V3[—az (6 + aze? — 2a3)]12 + eaz — ﬁazaé/z

0=—
4 3\@&2/2
—3v/2030} %€ + 203 + 9v21 03/ %€ + Inyazp + 21/ 203 %€
xn =
° 2703
po [—az(6araz + 3aze? — 2a3)]1/2
2\@0&3

The fourth solution of (A14) is

2v2
,82:_ 1/2q; ,81:0
a3

V3[—a3(6aas + aze? — 2a3)]12 + eaz + \/itlexé/z

0 p—
P 3\@&;/2
o = — _3\/5“%“;/26 + 20‘% + 9\/5041“;/26 + gz + 2\/2)6%/263
0 2703
[—az(6aias + 3nze? — 2a3)]1/2

2\/50(3

(A15)

(Ale6)

(A17)

(A18)

Next, we consider the case M = 4, L = 2, m = 4. SEsM(1,1) leads to the system of

equations
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B2(104*> —asB3) = O
4B (7° —asf3) = O
B3{—wspr — as[2(2Bof2 + 7) +4p3]} = 0
B2{14pq + 2eq — 3a3P1 P2 — wa[4BoP1B2 + 4(2BoP2 + B1)B1]} = O
—a4 2853 + 8BoBTB2 + (2BoBa2 + B7)°] — wslBop5 + 2B7B2 + B2(2BoB2 + )]+
eprq +5p1pg —wpi = 0
—2a1B2 — a3[4Bop1B2 + B1(2PoP2 + BT)] — aa[4B5B1P2 + 4BoP1(2BoB2 + BT)] = O
—a3[Bo(2BoP2 + BT) + 2810 + 2] + 4P2p” — w12 — a2 (2BoP2 + BT) —
a4[2B5(2BoB2 + BT) + 4BoB3) +2eB2p = O
‘31(—3&3ﬁ% — 20(2‘80 — 40(4,5% — a1+ p2 + Gp) = 0
—(Xzﬁ% — (Xlﬁo — 063ﬁ% — X&) — 0(4‘3% = 0 (A19)
(A19) has the following solutions. The first solution is
_ _€
P= 77
. = Ba(aapa)'/?
V10
_ _ %3
ﬁO - 4064
B = 0
30%
0(2 — @
—49a3 + 160203
N = —
78443
_ 3 2.2
A o3(—49a; +630€ uc4)' (A20)
1254443
The second solution is
_ _€
P = 77
;- _ Ba(wap)'?
V10
_ _ %3
Bo = 1a;
pr = 0
Y
062 - %
—4903 + 160e?0
N1 = —
784a2
—1 3 4 2.2
v = a3(—49a3 +630€ o<4)' (A21)
1254403
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