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Abstract: An energy-based solution for calculating the buckling loads of partially anisotropic stiffened
plates is presented, such as antisymmetric cross-ply and angle-ply laminations. A discrete approach,
for the mathematical modelling and formulations of the stiffened plates, is followed. The developed
formulations extend the Rayleigh–Ritz method and explore the available anisotropic unstiffened plate
buckling solutions to the interesting cases of stiffened plates with some degree of material anisotropy.
The examined cases consider simply supported unstiffened and stiffened plates under uniform
and linearly varying compressive loading. Additionally, a reference finite element (FE) model is
developed to compare the calculated buckling loads and validate the modelling approach for its
accuracy. The results of the developed method are also compared with the respective experimental
results for the cases where they were available in the literature. Finally, an extended discussion
regarding the assumptions and restrictions of the applied Rayleigh–Ritz method is made, so that the
limitations of the developed method are identified and documented.

Keywords: buckling; stiffened plate; anisotropic plate; Rayleigh–Ritz; energy solution

1. Introduction

Structures made of laminated composite materials are recently increasingly used in
aerospace, automotive, marine, and other technical applications due to their high values
of specific strength and stiffness compared to conventional metallic materials. Compared
to unstiffened plates, the fully or partially anisotropic stiffened plates can achieve higher
stiffness and strength values with relatively less mass, improving the stiffness-to-weight
ratio and making the structure more cost-efficient. Therefore, the ability to calculate the
stability of stiffened anisotropic composite plates is of high importance.

During the last few decades, much research work has been published in the field of
stability analysis of composite structures. Leissa in [1] provides a thorough overview of
the numerous relevant papers available concerning the stability of composite plates and
shells. Most of these studies have focused on special cases of un-stiffened plates of various
geometric configurations under different loading and boundary conditions. In the present
paper, the literature review focuses on buckling solutions achieved with energy methods.

Closed-form exact solutions have been obtained using energy methods for the buck-
ling loads of isotropic [2], specially orthotropic, antisymmetric angle-ply, and antisymmet-
ric cross-ply laminated plates with simply supported edges under uniaxial and biaxial
compression, [3–6]. However, in many practical structural applications, the laminated com-
posite panels may not have a symmetric stacking sequence or comprise layers in directions
other than 0◦, 90◦, and 45◦. In these cases, some form of coupling (either normal–shear
or bending–extensional) is present. A closed-form solution for such types of laminations
is virtually impossible; an approximate semi-analytical method calculating the critical
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buckling load using the energy approach has been derived by Chamis [7] and proposed by
Ashton in [8].

Studies referring to energy-based buckling solutions for unstiffened anisotropic plates
are quite limited. Lagace et al. in [9] examined the stability problem of symmetric and
unsymmetric laminated plates with various laminations and different types of anisotropy
by using the Rayleigh–Ritz method; the effect of extensional-shear, extensional-bending,
and extensional–torsion coupling on the critical buckling load was studied. The buckling
analysis of anti-symmetrically laminated angle-ply and cross-ply plates with two opposite
edges simply supported and the other two free was studied by Sharma [10] using essentially
an energy approach. The degrading effect of coupling between in-plane extension and out-
of-plane bending was found to be alleviated both by the choice of a suitable thickness ratio
of the laminate and/or by increasing the number of layers in a laminate of a given thickness.

Moreover, a potential energy approach has been employed by Chai and Hoon [11]
in conjunction with the Rayleigh–Ritz method to study the stability behavior of generally
laminated simply supported composite plates, subjected to an in-plane compression load;
parametric studies on the combination of the various in-plane loads, i.e., biaxial compres-
sion and uniaxial compression plus shear, on practical laminated composite plates were
presented and found to be in satisfactory agreement with the reference results. The same
author extended the aforementioned stability analysis to generally laminated composite
plates with various edge support conditions, [12].

A similar study has been published by Papazoglou et al. In [13]. The authors calculated
the critical buckling load, using the Rayleigh–Ritz method, for isotropic, unsymmetric, and
antisymmetric unstiffened plates loaded with linearly varying compression and shear loads.
The calculated critical buckling loads were found to be in satisfactory agreement with the
published reference results. Mondal et al. in [14] investigated the stability behavior of
simply supported anisotropic sandwich flat plates subjected to mechanical in-plane loads
using an analytical approach (the Rayleigh–Ritz method). The formulation was based on
the first-order shear deformation theory and the shear correction factors employed were
based on an energy consideration that depends on the lay-up as well as material properties.

In the aforementioned studies, various anisotropic plates were examined with respect
to their buckling response using energy approaches. Nevertheless, none of the above cases
concerned stiffened plates. A closed-form expression for calculating the buckling solutions
for isotropic and orthotropic stiffened plates has been achieved using an energy approach,
by [1] and [15], respectively. A study on composite optimization was performed by Herencia
et al. [16] using mathematical programming, where symmetric and not anisotropic skin
and stiffeners were considered. The buckling loads were computed using closed-form
solutions from an energy method (Rayleigh–Ritz). Studies have also been performed in
calculating the local buckling of stiffened plates using energy principles. These studies
though are found to be limited to symmetric laminations. Characteristic examples are the
studies documented in [17–19].

The literature has revealed that the global buckling problem of partially anisotropic
laminated stiffened plates has not been exhaustively solved, so far, using energy methods.
On the contrary, in the last decade, researchers and engineers have attempted to develop
analytical solutions for the stability of anisotropic plates by accounting for bending and
twisting mechanical coupling; representative works are [20–25]. Of the aforementioned, all
the studies, except the last one, refer to the global buckling of unstiffened plates. In the last
work, [25], the local skin buckling problem of a stiffened plate was resolved analytically for
a variety of degrees of material anisotropy by considering the effect of stiffeners (elastic
restraints) as boundary conditions on the skin segment.

Currently, the buckling solution for anisotropic stiffened plates is mainly obtained by
either performing numerical analysis, usually using the finite element method (FEM), or
by considering empirically suitable correction factors for the unstiffened plate solutions.
However, during the preliminary design of large-scale stiffened anisotropic structures
(e.g., a wing structure) many optimization loops to optimize the structure with respect to
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buckling resistance are required, [26]. In such cases, where a high number of iteration solu-
tions are required before the optimal geometry is defined, the convergence time is critical.
Therefore, the ability to approximate the buckling loads using time-efficient parametric
semi-analytical solutions, instead of performing time-consuming FE analyses, is practical
and of major importance. So far, this information is limited in the available literature.

To this end, the present work attempts to solve the global buckling problem of partially
anisotropic laminated stiffened plates using the Rayleigh–Ritz energy method. The novelty
of the current work, with respect to the available literature, is the consideration of material
anisotropy in conjunction with the geometry complexity that comes from the stiffeners.
Additionally, to express the formulations for considering material and geometry (stiffeners)
anisotropy the Rayleigh–Ritz approach has been appropriately modified and extended.
The derivations enable the calculation of stiffened plates that are widely used in large-scale
structures, and for the reasons mentioned above, such a solution is essential. The approach
is an energy-based solution, and it is expressed for specific types of anisotropic skins for var-
ious degrees of anisotropy stiffened by orthotropic stiffeners. The presented methodology is
based on the classical lamination theory (CLT) assumptions and an extended Rayleigh–Ritz
formulation in cases of partially anisotropic stiffened plates. In addition, a reference FE
model is developed and used for comparison purposes. Although the developed solution
is valid for any plate aspect ratio, the method is demonstrated for square-stiffened plates
with simply supported edges under uniform and linearly varying compressive loads. It is
worth noting that the analysis assumes that no delamination or debonding (skin-stringer)
failures occur during compression, and only buckling is considered. Comparison charts are
presented to show the critical buckling loads of plates with different skin laminations and
stiffener-to-skin stiffness ratios. The buckling results of the present method are found to
be in satisfactory agreement with the respective numerical results. The limitations of the
developed approach are discussed in detail.

2. Extension of Rayleigh–Ritz Buckling Solutions for Partially Anisotropic
Stiffened Plates

General unsymmetric laminates do not exhibit classical bifurcation behavior. The
bending–stretching coupling between membrane and bending will always result in bending
deformation and transverse displacement when subjected to an in-plane load, even in the
pre-buckling regime. Therefore, a nonlinear analysis is required, even for the elastic pre-
buckling region. Nevertheless, a ‘pseudo’ buckling value can be analytically determined
using linear plate theory. The critical ‘pseudo’ buckling load is defined as the inverse
of a least square fit of the deflection-to-load ratio versus the deflection curve. Although
this ‘pseudo’ elastic buckling load does not necessarily correspond to any meaningful
location on the load-displacement curve, it can be related to an experimental buckling load
determined from a Southwell plot, [9]. Southwell’s method can be accurately applied when
deflections are small compared to the plate thickness [27,28].

2.1. Rayleigh–Ritz Formulation of a Stiffened Anisotropic Plate Buckling Problem

Consider the stiffened plate of dimensions (a, b) comprising a partially anisotropic flat
skin of thickness (tskin). The plate is reinforced by several orthotropic stiffeners (Nstiffener),
as shown in Figure 1. The plate is compressively loaded with a uniform or linearly varying
load Nx, in the x-direction. The stiffeners are also loaded with a compressive force F in the
same direction.



Computation 2023, 11, 110 4 of 16

  
 

Figure.1 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. 

x,u 

𝑎 
𝑏 

y,v 

Nx 

F 

z,w 

𝛧𝛮𝑝𝑙𝑦 

Zk 

Z

k-1 

𝛮𝑝𝑙𝑦 

k 

1 

2 
Middle plane 

Figure 1. Geometry of the stiffened anisotropic plate under compressive loading.

The differential equation system, which describes the buckling problem of Figure 1,
has no closed-form analytical solution for the case of a fully anisotropic skin. Therefore, the
current stiffened plate buckling problem is formulated based on energy principles. More
specifically, it is solved by the semi-analytical Rayleigh–Ritz method. Energy formulations
are based on energy conservation principles, which require the total potential energy Π of
an elastic structural system (i.e., the sum of the work performed by external forces plus the
strain energy stored in the structure) to be constant. The potential energy Π of a stiffened
plate consists of the un-stiffened plate potential energy Πskin and the stiffeners’ potential
energy Πstiffener, as shown in Equation (1). The extension of the generalized Rayleigh–Ritz
formulation, currently presented, is based on the consideration of the potential energy of
the stiffeners.

Π = Uskin + Vskin + Usti f f ener + Vsti f f ener (1)

The assumptions and restrictions of the CLT are applied in the present formulation.
The main assumption of the CLT is that the six components of the laminate strain-tensor are
reduced to εx, εy, and γxy by virtue of the Kirchhoff–Love hypothesis that εz, γyz, and γxz
are assumed to be zero. Considering small strains and linear elasticity, the stress resultants
versus the strains are given by the following equations:

Nx
Ny
Nxy

 =

A11 A12 A16
A12 A22 A26
A16 A26 A66


εx
εy

γxy

+

B11 B12 B16
B12 B22 B26
B16 B26 B66


kx
ky
kxy


Mx
My
Mxy

 =

B11 B12 B16
B12 B22 B26
B16 B26 B66


εx
εy

γxy

+

D11 D12 D16
D12 D22 D26
D16 D26 D66


kx
ky
kxy


(2)

where,

Aij =
Nply

∑
k=1

(
Qij
)

k(Zk − Zk−1)

Bij =
1
2

Nply

∑
k=1

(
Qij
)

k

(
Z2

k − Z2
k−1

)
Dij =

1
3

Nply

∑
k=1

(
Qij
)

k

(
Z3

k − Z3
k−1

) (3)

In Equation (2) the coefficients Aij, Bij, and Dij (i, j = 1, 2, and 6) represent the exten-
sional, coupling, and bending stiffness, respectively. The plate middle surface strains and
curvatures are denoted by εx, εy, γxy and kx, ky, kxy. The subscript k denotes the kth layer
while Nply represents the total number of plies in the laminate. The stiffness of each layer,
denoted by Qij, is transformed in the global coordinate system and depends on the layer’s
mechanical properties in the material principal axes and orientation angle. Finally, the
distance Zk is illustrated in Figure 2.
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Figure 2. Skin laminate cross-section.

It is well known that anisotropic laminates can exhibit coupling between all possible
deformations caused by in-plane loads or out-of-plane bending moments. The mechanical
coupling depends on the presence of respective terms in the ‘generalized force’ versus
‘generalized strain’ relations of Equation (2), i.e., between the internal force or moment
components and in-plane strains or curvatures.

Considering the CLT’s assumptions, the elastic energy Uskin of an anisotropic flat skin
can be written as below. It is worth mentioning that this is the generalized expression of
the potential skin energy as documented in [29], which considers the extension, coupling,
and all bending stiffness matrix terms, as well as the in-plane displacements.

Uskin = 1
2

a∫
0

b∫
0

{
A11

(
∂u0

skin
∂x

)2
+ 2A12

(
∂u0

skin
∂x

∂v0
skin

∂y

)
+ A22

(
∂v0

skin
∂y

)2

+2
(

A16
∂u0

skin
∂x + A26

∂v0
skin

∂y

)
·
(

∂u0
skin

∂y +
∂v0

skin
∂x

)
+A66

(
∂u0

skin
∂y +

∂v0
skin

∂x

)2
− B11

∂u0
skin

∂x
∂2w0

skin
∂x2

−2B12

(
∂v0

skin
∂y

∂2w0
skin

∂x2 +
∂u0

skin
∂x

∂2w0
skin

∂y2

)
−B22

∂v0
skin

∂y
∂2w0

skin
∂y2

−2B16

[
∂2w0

skin
∂x2

(
∂u0

skin
∂y +

∂v0
skin

∂x

)
+ 2 ∂u0

skin
∂x

∂2w0
skin

∂x∂y

]
−2B26

[
∂2w0

skin
∂y2

(
∂u0

skin
∂y +

∂v0
skin

∂x

)
+ 2 ∂v0

skin
∂y

∂2w0
skin

∂x∂y

]
−4B66

∂2w0
skin

∂x∂y

(
∂u0

skin
∂y +

∂v0
skin

∂x

)
+ D11

(
∂2w0

skin
∂x2

)2

+2D12
∂2w0

skin
∂x2

∂2w0
skin

∂y2 + D22

(
∂2w0

skin
∂y2

)2

+4
(

D16
∂2w0

skin
∂x2 + D26

∂2w0
skin

∂y2

)
∂2w0

skin
∂x∂y

+4D66

(
∂2w0

skin
∂x∂y

)2
}

dxdy

(4)

In Equation (4), u0
skin, v0

skin, and w0
skin are the middle-plane displacements of the

flat skin. The longitudinal stiffeners are mathematically modelled as beams attached to the
skin. Therefore, the potential energy Ustiffener of the longitudinal stiffener in the deformed
state is written as:

Usti f f ener =
Eappar

sti f f ener Iy

2

j=Nsti f f ener

∑
j=1

a∫
0

(
∂2w0

skin
∂x2

)2
∣∣∣∣∣∣
y=bj/(Nsti f f ener + 1)

dx (5)

In Equation (5), Eappar
sti f f ener is the apparent modulus of elasticity of the orthotropic

stiffener, Iy is the stiffener’s second moment of inertia about the skin’s mid-plane, and
Nstiffener is the number of stiffeners considered.
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The work (Vskin) carried out upon the application of compressive loading in the x-
direction (Nx) on the skin middle plane is:

Vskin = −1
2

a∫
0

b∫
0

Nx

(
∂w0

skin
∂x

)2

dxdy (6)

The work (Vstiffener) carried out during the application of a compressive force (F) acting
on the longitudinal stiffeners is:

Vsti f f ener = −
j=Nsti f f ener

∑
j=1

F
2

a∫
0

(
∂w0

skin
∂x

)2
∣∣∣∣∣∣
y=jb/(Nsti f f ener + 1)

dx (7)

By assuming that the stiffeners and the skin experience the same strain during defor-
mation, the force F of Equation (7) exerted to the stiffeners is proportional to the in-plane
normal load Nx acting on the plate, as shown in Equation (8):

F = Nsti f f ener Nx
Eappar

sti f f ener Asti f f ener

Eappar
skin tskin

(8)

In Equation (8), Eappar
skin is the skin modulus of elasticity and Astiffener and tskin are the

stiffener’s cross section area and the plate’s thickness, respectively. For the global stiffness
matrix of the skin and stiffener refer to Appendix A.

The Rayleigh–Ritz method requires assumptions for the skin’s middle-plane deflection
functions u0

skin, v0
skin, and w0

skin. These functions are written in the form of a finite series as
shown by Equation (9).

u0
skin =

M
∑

m=1

N
∑

n=1
AmnUmn

v0
skin =

M
∑

m=1

N
∑

n=1
BmnVmn

w0
skin =

M
∑

m=1

N
∑

n=1
CmnWmn

(9)

In Equation (9), Amn, Bmn, and Cmn are the un-determined coefficients of the functions
and m and n are the number of terms considered in the finite deflection series. The assumed
deflections Umn, Vmn and Wmn are functions of the spatial coordinates x and y in a variable
separable form, i.e., Xm(x)Yn(y). Additionally, since the buckling shape, Wmn, of a laminated
plate under compression is typically described by a single sin-shape in the x-direction, it is
assumed that the buckling mode of the stiffened plate is characterized by m buckling half
waves in the longitudinal direction. It is also assumed that, in the transverse y-direction,
the plate is assumed to buckle in n buckling half waves, as described in [15]. The specific
mode shapes in this study are available in Section 2.2.

The stability problem is solved by invoking the principle of stationary total potential
energy, which is given by Equation (10).

δΠ = δ
(

Uskin + Vskin + Usti f f ener + Vsti f f ener

)
= 0 (10)

By substituting the assumed middle-plane deflection functions, given in Equation (9),
into Equations (4)–(7) and minimizing the problem, a standard eigenvalue problem is
obtained. The resulting critical buckling value Nx is given by Equation (11):

Kq = NxLq (11)

Here, K and L represent the stiffness and loading matrices, respectively, obtained from
the deflection functions, and q represents the vector containing the modal amplitudes.
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2.2. Boundary Conditions

The considered stiffened plate is assumed to be simply supported. The boundary
conditions of such a plate are expressed as follows: at the loaded edges of the skin (i.e., at
x = 0 and x = a of Figure 1), it is required that the out-of-plane deflection w0

skin as well as the
bending moment Mx vanish. The mathematical expressions of the conditions are shown in
Equations (12) and (15).

w0
skin(x = 0, a) = 0 (12)

Mx(x=0,a)=B11
∂u0

skin
∂x +B12

∂v0
skin

∂y +B16( ∂u0
skin

∂y + ∂v0
skin
∂x )−

−D11
∂2w0

skin
∂x2 − D12

∂2w0
skin

∂y2 − 2D16
∂2w0

skin
∂x∂y = 0

(13)

The out-of-plane displacement w0
skin and the bending moment My must attain zero

values for the unloaded longitudinal edges of the skin at y = 0 and y = b of Figure 1, as
shown in Equations (14) and (15).

w0
skin(y = 0, b) = 0 (14)

My(y = 0, b) = B12
∂v0

skin
0

∂x + B22
∂v0

skin
∂y + B26

(
∂v0

skin
∂y +

∂v0
skin

∂x

)
−D12

∂2w0
skin

∂x2 − D22
∂2w0

skin
∂y2 − 2D16

∂2w0
skin

∂x∂y = 0
(15)

The Rayleigh–Ritz method requires the proper selection of the three deflection func-
tions u0

skin, v0
skin, and w0

skin for the flat skin middle-plane displacement. The selected
deflection functions must satisfy all geometric and as many static boundary conditions as
possible. Considering the skin lamination, the following trigonometric shape functions,
Equations (16) and (17), are selected for the buckling solution.

Umn = cos
(mπx

a
)

sin
( nπy

b
)

Vmn = sin
(mπx

a
)

cos
( nπy

b
)

Wmn = sin
(mπx

a
)

sin
( nπy

b
) (16)

Umn = sin
(mπx

a
)

cos
( nπy

b
)

Vmn = cos
(mπx

a
)

sin
( nπy

b
)

Wmn = sin
(mπx

a
)

sin
( nπy

b
) (17)

Equation (16) satisfies the edge boundary conditions for an unsymmetric cross-ply
skin laminate, while Equation (17) applies to symmetric and antisymmetric angle-ply skin
laminates. From the literature, [13], the displacement functions, Equations (16) and (17), are
suggested for unsymmetric cross-ply laminates and antisymmetric angle-ply laminates, as
they satisfy the simple supported boundary conditions. In cases where different boundary
conditions (e.g., free, simply supported, or clamped) are considered for the edges of
the plate, different sets of displacement functions must be employed. The characteristic
deflection functions for such cases are available in [30].

The buckling load calculation, applying the Rayleigh–Ritz method, of stiffened plates
with different skin laminations and stiffener-to-skin stiffness ratios (Equations (4)–(17))
has been scripted in Matlab environment, [31]. The buckling results of the Rayleigh–Ritz
method are presented and validated in Sections 3 and 4 with reference solutions from the
literature and numerical analyses.

3. Buckling Solution of Stiffened and Unstiffened Plates with Varying Degree of
Anisotropy Using the Rayleigh–Ritz Approach

The validity and accuracy of the applied method is initially demonstrated by compar-
ing the buckling loads of unstiffened anisotropic laminated plates with reference published
results. The reference results have been obtained from literature (e.g., [9]). In addition,
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a reference FE model is developed in ANSYS FE software [32], and an eigenvalue buck-
ling analysis is performed. The SHELL 91 element type was selected for the analysis,
since it is an eight-node quadrilateral layered structural shell and can be employed for
laminate models. After a detailed convergence study, the element size was found to be
13.8 × 13.8 mm. The numerical analysis provided reference results for comparison, as in
most of the examined cases experimental or other semi-analytical results are not available.

Subsequently, partially anisotropic stiffened plates with various stiffener-to-skin stiff-
ness ratios, different skin lamination types, and different loading conditions are solved,
such that the accuracy of the extended Rayleigh–Ritz method can be assessed.

3.1. Unstiffened Plates
3.1.1. Uniform Loaded Plates

The first case considered corresponds to simply supported unstiffened plates of dif-
ferent laminations, having the dimensions a = b = 254 mm and tply = 0.134 mm. The
material properties of the plate are the following: modulus of elasticity E11 = 130 GPa,
E22 = 10.5 GPa; shear modulus G12 = 6 GPa; and Poisson’s ratio ν12 = 0.28. The applied
load comprises a uniform compressive load (Nx).

The laminates considered are chosen to cover as many cases of different mechanical
coupling in the deformation behavior as possible, excluding laminates that isolate shear–
twisting coupling which cannot be constructed. A specially orthotropic laminate is also
chosen, as this type of laminate is simple and does not exhibit any of the mechanical
couplings mentioned above. Moreover, a fully anisotropic lamination, which exhibits
all degrees of mechanical coupling, is also studied for exploring the limitations of the
methodology with the selected displacement functions. All examined laminations are
presented in Table 1, together with the mechanical coupling that each case shows. It
is assumed that 0 degrees is the direction of the fibers, which are aligned to the axial
compressive loading.

Table 1. Laminates considered and associated mechanical coupling.

Mechanical Coupling

Laminate Extension-
Shear

Extension-
Bending

Extension-
Twisting and

Shear-
Bending

Shear-
Twisting

Bending-
Twisting

[03/903]s - - - - -

[03/903/03/903] - Yes - - -

[02/452/02/452/02] Yes - - - Yes

[02/452/02/-
452/02] - - Yes - -

[0/90/90/0/0] - Yes - - -

[06/606] Yes Yes Yes Yes Yes

In Table 2, the buckling loads obtained with the Rayleigh–Ritz method (R–R method)
are compared to the respective numerical FE results for different laminations. In addition,
Table 2 contains the experimental and analytical reference results from [9]. The number
of terms used for the double trigonometric series in the Rayleigh–Ritz formulation is
M × N = 30 × 30 after a convergence study was carried out.
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Table 2. Buckling solutions of unstiffened anisotropic plates.

Buckling Load, Nx in (N/mm)

Lamination R–R Method FE Model
(ANSYS)

Lagace, [9] R–R
Results

Experimental
Results, Lagace, [9]

[03/903]s 26.475 26.367 27.150 19.650

[03/903/03/903] 17.514 15.305 20.439 14.970

[02/452/02/452/02] 22.789 21.675 18.389 23.440

[02/452/02/-
452/02] 20.426 20.002 17.770 21.480

[06/606] 17.788 10.647 18.00 11.00

Apart from the predicted buckling load, the corresponding buckling mode is also
investigated for the examined cases. It is found out that the experimentally or numerically
obtained buckling modes match with the respective modes of the Rayleigh–Ritz approach,
for all cases. Indicative but representative comparisons between the numerically and
semi-analytically obtained buckling modes for the laminations [02/452/02/−452/02] and
[06/606] are presented in Figures 3 and 4.
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It may be observed from Table 2 and Figures 3 and 4 that in most cases the results of
the applied Rayleigh–Ritz method appear to have satisfactory agreement with most of the
presented numerical FE results, as well as with the results found from the literature.

The possible causes of the discrepancies observed in some cases may be classified
into two categories: (a) experimental errors and (b) inaccuracies due to the choice of the
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deflection functions and/or the degree of convergence (terms M, N). More specifically,
the four first examined laminations, separated by the bold line in Table 2, do not have
a high degree of mechanical coupling between extension, shear, bending, and twisting
behavior. Therefore, the deflection functions used for unsymmetric/antisymmetric lam-
inations (Equations (16) and (17)) satisfy the required boundary conditions. As a result,
the discrepancy between the buckling loads of the applied Rayleigh–Ritz method and
the respective numerical/experimental results is low. On the contrary, in cases of fully
anisotropic plates, such as [06/606], where a high degree of mechanical coupling exists,
the boundary conditions are partially satisfied; according to the selected trigonometric
functions of Equations (16) and (17), only the out-of-plane displacements obtain zero val-
ues in the boundaries. Therefore, higher differences are observed between experimental,
numerical and the Rayleigh–Ritz method’s results for fully anisotropic plates.

Regarding the mode shapes of the plates, it can be concluded that the modes obtained
numerically generally match the respective semi-analytical modes. Despite this, a sec-
ond observation reveals a mismatch between the obtained numerical and semi-analytical
mode for the plate with lamination [06/606]. This can be justified by considering the
extensional–twisting and bending–twisting mechanical coupling that this specific lamina-
tion demonstrates.

3.1.2. Linear Varying Loaded Plates

In this section, the Rayleigh–Ritz method is applied to unstiffened plates with linearly
varying compressive loads for validation purposes. Equation (6) is modified accordingly to
Equation (18), to mathematically express the linearly varying load.

Vskin = −1
2

a∫
0

b∫
0

(
Nx

(
1 − ϕ

y
b

)(∂w0

∂x

)2)
dxdy (18)

where Equation (18) may represent various forms of linearly varying loads depending
on the values of the coefficient ϕ. Specifically, ϕ = 0 represents a uniform load, 0 < ϕ < 1
represents a trapezoidal load, and ϕ = 1 represents a triangular load.

The examined case refers to a simply supported plate loaded with a triangular load,
which has the following geometrical characteristics: aspect ratio a/b = 2 and width-over-
thickness ratio b/tskin = 100, i.e., it is a thin laminate. The laminate stacking sequence
is [0/90/90/0/0] with lamina material properties of E11/E22 = 10, G12/G22 = 0.5, and
Poisson’s ratio ν12 = 0.25. The buckling load obtained for this case is compared to the
respective results from [13]. Once again, the number of terms used for the double sine
series in the Rayleigh–Ritz approach is M × N = 30 × 30.

It may be observed from Table 3 that the three first modes obtained utilizing the
Rayleigh–Ritz method are in satisfactory agreement with the reference results from [13]
and the results from the developed FE model. It can hence be concluded that the devel-
oped Rayleigh–Ritz method is validated for unstiffened plates with different anisotropic
laminations and various geometric characteristics.

Table 3. Buckling load comparison between the R–R solution, FE model, and reference results [13]
for the case of a linearly varying loaded plate.

[0/90/90/0/0] Buckling Load, Nx in (N/mm)

Modes (m, n) R–R Solution FE Model (ANSYS) Papazoglou et al. [13]

(1, 1) 67.749 59.476 65.00

(2, 1) 69.298 65.803 -

(3, 1) 113.31 108.266 -
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3.2. Stiffened Plates
3.2.1. Stiffened Plates with One Stiffener

Most of the literature studies of stiffened plates concern isotropic or orthotropic plates
and only a few of them refer to anisotropic stiffened plates. Moreover, none of the buckling
solutions for stiffened anisotropic plates employ energy methods. A characteristic example
is [33], which numerically analyzed, without employing energy solutions, unsymmetric
laminated stiffened plates with respect to buckling.

In this section, an investigation of the applicability and efficiency of the Rayleigh–Ritz
method in the case of anisotropic plates is performed. The buckling loads obtained from
the extended Rayleigh–Ritz method are validated by comparing them to the respective
results from the literature and from the numerical analysis (developed FE model).

The examined skin of the stiffened plate has dimensions, a stacking sequence, and
material properties identical to those described in Section 3.1.1. One single stiffener is
attached to the skin with the same lamination as the skin. The height of the stiffener is
hstiffener = 9tskin. Two different loading conditions are assumed for the plate: (a) uniform load
and (b) linear varying load. The stiffener is unloaded and loaded for the aforementioned
loading case.

In Table 4 and Figure 5 the buckling loads and the mode shapes for the case of
[0/90/90/0/0], which has only extensional–bending mechanical coupling, are presented.
The skin is assumed to be uniformly or linearly loaded, while the stiffener is unloaded. The
results of the extended Rayleigh–Ritz method are compared with the numerical FE results
and the results retrieved from the literature, [33].

Table 4. Buckling load comparison between R–R solution, FE model, and the reference results of [33]
work for the case of a [0/90/90/0/0] laminated stiffened plate with unloaded stiffener.

Unloaded Stiffener Buckling Load, Nx in (N/mm)

R–R Solution FE Model (ANSYS) Kumar and
Mukhopadhyay [33]

Uniform loaded skin 119.6 116.265 -

Linearly varying
loaded skin 172.92 171.755 260.00
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A satisfactory agreement may be observed between the results obtained with the
extended Rayleigh–Ritz method and those calculated numerically in Table 4. The selected



Computation 2023, 11, 110 12 of 16

trigonometric deflection functions can satisfy the boundary conditions of the skin and
providing an accurate calculation of the critical buckling load for a uniformly and linearly
varying loaded skin.

The stiffener is modelled as a beam attached to the skin; hence, it is assumed that when
global buckling occurs, the stiffener follows the same deflection shape as the skin. Therefore,
this assumption does not introduce any significant errors in the case of stiffened plates. On
the contrary, by comparing the results obtained from the developed FE model and those
obtained from the Rayleigh–Ritz method with the results of [33], higher differences are
observed. It is believed that the buckling solution referred to [33] corresponds to a higher
buckling mode compared to the buckling mode presently calculated.

The buckling problem of the partially anisotropic stiffened plate considered previously
is solved again, now considering a loaded stiffener. In Table 5 the buckling load obtained
from the Rayleigh–Ritz method is once again compared to the present reference FE solution.

Table 5. Buckling load comparison between the R–R solution and FE model for the case of a
[0/90/90/0/0] laminated stiffened plate with a loaded stiffener.

Buckling Load, Nx in (N/mm)

R–R Solution FE Model (ANSYS)

Uniform loaded skin 118.45 112.542

Linearly varying loaded skin 184.05 168.747

The respective buckling modes from Table 5 are presented in Figure 6.
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3.2.2. Plates Stiffened with Multiple Stiffeners 

Figure 6. (a) Mode shape of a [0/90/90/0/0] laminated stiffened plate with a loaded stiffener. (a) Skin
uniformly loaded, (b) skin linearly varying loaded.

It can be observed from Table 5 that in the case of a uniformly loaded skin, the
difference between numerical and semi-analytical (extended Rayleigh–Ritz method) results
is approximately 6%. However, when the skin is loaded under a linearly varying load, the
difference for the same geometric characteristics increases to 9.5%. This error probably
arises from the varying skin forces, which introduce an error to Equation (8), since the
strain that the skin and the stiffener experience is not the same.

3.2.2. Plates Stiffened with Multiple Stiffeners

The applicability of the Rayleigh–Ritz method is further examined for the interesting
cases of plates braced with multiple stiffeners. A systematic parametric study of the
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problem of simply supported square stiffened plates of 500 mm edges with various skin
laminations, stiffened by multiple stiffeners, is performed.

The examined plates are braced by 10 equidistant blade stiffeners of 0.536 mm thick-
ness and varying heights. The height of the stiffeners is assumed to vary, such that the ratio
of stiffener-bending stiffness-to-skin-bending stiffness ranges from 0% to approximately
100%, depending on the case examined. The five laminate stacking sequences presented
in Table 2 are considered for the skin. The skin and stiffener material properties are those
described in Section 3.1.1 for the cases of linearly loaded unstiffened plates. The stiffeners
are assumed to have an orthotropic configuration of [0/90]s lamination with a ply thickness
of 0.134 mm.

In Figure 7, the calculated critical buckling loads are presented and compared to the
respective results obtained from the developed reference FE model.
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Characteristic buckling modes obtained from the parametric study are presented in
Figure 8.
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It can be observed from Figure 8 that as the stiffener-to-skin stiffness ratio increases
the critical buckling load increases as well. Furthermore, by comparing the results from
the extended Rayleigh–Ritz method with the respective numerical (FE) results, a good
correlation is observed. Regarding the first four laminations, considered in Figure 8, the
boundary conditions of the skin are satisfied by the selected deflection functions.

However, in the last case of [06/606], where a high degree of mechanical coupling
exists, the boundary conditions are not fully satisfied by the selected trigonometric functions
of Equations (13) or (15). Therefore, an error is introduced to the examined cases of this
lamination, leading to unconservative results for all the stiffener-to-skin stiffness ratios.

Finally, it can be concluded that the degree of convergence, which is dependent on
the number of terms M, N of the deflection functions, is satisfactory when M and N are 30,
considering the result’s accuracy, the solution time, and computational effort.

4. Conclusions

The systematic comparison between the results of the present method and the respec-
tive semi-analytical, experimental results, from the literature, as well as the numerical re-
sults from the FE analyses revealed the following: (a) a satisfactory accuracy of the extended
Rayleigh–Ritz method, especially for the cases of unstiffened and stiffened anisotropic
plates with a low degree of extensional-bending mechanical coupling; (b) the results indi-
cate that as the degree of mechanical coupling increases, the boundary conditions are only
partially satisfied by the selected trigonometric functions, and the discrepancy with respect
to the reference results and mode shape increases. Furthermore, in all the investigated
cases, the required effort and solution time are significantly lower when the Rayleigh–Ritz
solution is applied compared to the respective FE analysis. As a result, the extended
Rayleigh–Ritz approach is worth trying in the conceptual and preliminary design phases
of large-scale structures, where multiple iterations for determining the members’ sizing are
required. Overall, this method must be applied with caution and always by considering
the degree of material anisotropy of the plate, employing suitable deflection functions, and
allowing small deflections compared to the plate thickness to obtain meaningful results.

Special care must be paid to estimating the buckling load of plates made of variable
stiffness composite (VSC) materials using the Rayleigh–Ritz method. It is challenging due
to difficulties in selecting appropriate deflection functions that accurately represent plate
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deformation while satisfying the often complex boundary conditions of VSC materials, [34].
In these special cases, it is suggested to employ the Rayleigh–Ritz method in combination
with an isogeometric analysis (IGA) to accurately model the highly anisotropic behavior of
composite materials, but challenges may still arise in selecting the appropriate deflection
functions that satisfy the boundary conditions, [35,36]. In general, engineers must carefully
select the deflection functions and accurately model the material properties of composite
plates to optimize the design and improve their buckling resistance and performance.
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Appendix A

The global stiffness matrix of the skin and stiffeners is given below.

Nx
Ny
Nxy
Mx
My
Mxy


=



A11+NstiffenrAEappar
stiffener/b

A12
A16

B11+zNstiffenrAEappar
stiffener/b

B12
B16

A12
A22
A26
B12
B22
B26

A16
A26
A66
B16
B26
B66

B11+zNstiffenrAEappar
stiffener/b

B12
B16

D11+zNstiffenrAE/b+zNstiffenrE
appar
stiffenerIy/b

D12
D16

B12
B22
B26
D12
D22
D26

B16
B26
B66
D16
D26
D66





εx
εy
εxy
kx
ky
kxy


where z is the eccentricity of the stiffeners, which corresponds to the distance between the
skin midsurface and stiffener elastic centroid.
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