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Abstract: This research aims to formulate and analyze two mathematical models describing the
within-host dynamics of human immunodeficiency virus type-1 (HIV-1) in case of impaired humoral
immunity. These models consist of five compartments, including healthy CD4™ T cells, (HIV-1)-
latently infected cells, (HIV-1)-actively infected cells, HIV-1 particles, and B-cells. We make the
assumption that healthy cells can become infected when exposed to: (i) HIV-1 particles resulting
from viral infection (VI), (ii) (HIV-1)-latently infected cells due to latent cellular infection (CI), and
(iii) (HIV-1)-actively infected cells due to active CI. In the second model, we introduce distributed
time-delays. For each of these systems, we demonstrate the non-negativity and boundedness of the so-
lutions, calculate the basic reproductive number, identify all possible equilibrium states, and establish
the global asymptotic stability of these equilibria. We employ the Lyapunov method in combination
with LaSalle’s invariance principle to investigate the global stability of these equilibrium points.
Theoretical findings are subsequently validated through numerical simulations. Additionally, we
explore the impact of B-cell impairment, time-delays, and CI on HIV-1 dynamics. Our results indicate
that weakened immunity significantly contributes to disease progression. Furthermore, the presence
of time-delays can markedly decrease the basic reproductive number, thereby suppressing HIV-1
replication. Conversely, the existence of latent CI spread increases the basic reproductive number, in-
tensifying the progression of HIV-1. Consequently, neglecting latent CI spread in the HIV-1 dynamics
model can lead to an underestimation of the basic reproductive number, potentially resulting in
inaccurate or insufficient drug therapies for eradicating HIV-1 from the body. These findings offer
valuable insights that can enhance the understanding of HIV-1 dynamics within a host.

Keywords: HIV-1; cellular infection; latently infected cells; immune impairment; global stability;
distributed delays; Lyapunov function

MSC: 34D20; 34D23; 37N25; 92B05

1. Introduction

Human immunodeficiency virus type-1 (HIV-1), a retrovirus, targets CD41T cells,
a pivotal component of the immune system. In a healthy individual, the concentration of
CD4*T cells is typically around 1000 cells/mm?3. However, following infection, a gradual
decline in CD4" T cell count sets in, and this decrease may persist for years. Whenever
the concentration of these cells falls below 200 cells/mm?, the individual is diagnosed
with Acquired Immune Deficiency Syndrome (AIDS) as indicated by [1]. According to
the World Health Organization’s report at the close of 2022, approximately 39 million
individuals were living with HIV-1 worldwide [2]. The adaptive immune response has
an effective role in resisting and fighting viruses that attack the human body. B-cells
and cytotoxic T lymphocytes (CTLs) represent two crucial components of the adaptive
immune response. B-cells produce antibodies to counteract HIV-1 particles, while CTLs
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eliminate cells that have been infected by HIV-1. The assessment of interactions between
HIV-1 and both target cells and immune cells can incur significant experimental costs.
Consequently, mathematical modeling of HIV-1 infection has become an indispensable
tool for comprehending the dynamic behavior of HIV-1 particles and their interactions
with target cells and immune cells. The virus dynamics model under the effect of humoral
immunity, was introduced in [3] as follows:

F
Healthy CD4 ™ T cells: dE(t) _ ¥ — pF(t) —  @F(K() , (1)
dt ~—~— — ——
Production of healthy cells ~ Natural death  Infectious transmission
(HIV-1)-actively infected cells: dG(t) = @F(t)K(t) - 0G(t) , 2)
dt —— ——
Infectious transmission ~ Natural death
. dK(t)
Free HIV-1 particles: —— = uG(t) — «K(t) —  ocU(t)K(t) , (©)]
dt —— —— ———
Burstsize  Natural death  Neutralization of HIV-1
du(t)
B-cells: ——~ = vK(H)U(t) — ~U(t) , 4)

B-cell stimulation  Natural death

where, F(t), G(t), K(t), and U(t) represent the concentrations of healthy CD4 1T cells,
(HIV-1)-actively infected cells, free HIV-1 particles, and B-cells at time t. The parameters
¥, ¢, u, 0, and v correspond to the production rate of healthy CD4" T cells, incidence
(infection) rate, generation rate of HIV-1 from infected cells, neutralization rate of HIV-
1 by B-cells, and stimulation rate of the B-cells, respectively. The death rate constants
for the four compartments F, G, K, and U are denoted by p, 6, x, and -, respectively.
In this model, it is assumed that HIV-1 particles attack and infect healthy CD4"T cells.
Once the healthy CD4™ T cells become infected, they begin to produce numerous HIV-1
particles. Simultaneously, the B-cells become activated and produce specific antibodies to
neutralize the HIV-1 particles. Several extensions were made on this model by involving
(i) (HIV-1)-latently infected cells [4], (ii) time-delay [5-7], (iii) diffusion [8,9], and (iv) age
structure [10-12]. The B-cell dynamics can be written as:

du(t)

3 = OK(1), U(h) —U(t),

where O(K, U) is stimulation of the B-cells. The literature has considered various special
forms of ®(K, U), including;:

Form-1. One of the special forms of @(K, U) is the self-regulating humoral response,
represented as O (K, U) = w, where w > 0 as discussed in [13].

Form-2. Linear humoral response, (K, U) = ¢K, where ¢ > 0 as cited in [14-16].

Form-3. Another form of ®(K, U) is akin to a predator-prey interaction in the humoral
response, expressed as O (K, U) = vKU, where v > 0 as documented in several
references including [5-7,13-15].

Form-4. A combination of Form-1, Form-2, and Form-3 for ©(K, U) is represented as
O(K,U) = w+ ¢K + vKU, as described in [13].

Form-5. The saturated humoral expansion is characterized by ©(K, U) =
@ > 0, as discussed in [10,12].

vKU

oru- where

Model (1)—(4) assumes that HIV-1 infection occurs exclusively through viral infection
(VI) contact. However, extensive research findings have indicated an alternative route
wherein HIV-1 can be directly transmitted from an infected CD4™ T cell to a healthy CD4" T
cell, facilitated by the formation of virological synapses [17-22]. This mode of infection,
known as cellular infection (CI), exerts a profound impact on HIV-1 transmission, poten-
tially being 100-1000 times more rapid than VI dissemination [23]. Previous investigations
have delved into viral infection systems that encompass CI and humoral immunity, with no-
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table studies found in [16,24,25]. In the papers [16,24,25], it was postulated that the presence
of antigens solely stimulates the humoral immune response while disregarding any impair-
ment in humoral immunity. According to a report in [26], HIV-1 has the potential to induce
impairment in B-cells. When accounting for impaired humoral immunity, the population
dynamics of B-cells can be described as shown in various references, including [27,28].

= QK (t) — yU(t) — eU(H)K (1),

where, $K is stimulation of B-cells and eUK is the B-cells impairment and ¢ and ¢ are constants.

In [27,28], the CI was not considered. Recently, Elaiw and Alshehaiween [29] and
Elaiw et al. [30] introduced and analyzed virus dynamics models with impaired humoral
immunity and CI. The models presented in [29,30] did not take into account the presence
of (HIV-1)-latently infected cells. However, Miao et al. in [31] introduced viral infec-
tion models that incorporated humoral immunity, (HIV-1)-latently infected cells, and CI.
Additionally, in the studies [32,33], the global stability of viral models was investigated,
considering factors such as CI, multi-stages of infected cells, and adaptive immunity. In the
works [31-33], it was assumed that CI solely resulted from the activities of (HIV-1)-actively
infected cells. However, it was reported in [34] that (HIV-1)-latently infected cells can
also participate in infecting healthy CD4 " T cells through the CI mechanism. Furthermore,
in papers such as [35-38], various virus dynamics models were developed with the consid-
eration that both (HIV-1)-latently and (HIV-1)-actively infected cells contribute to the CI
mechanism. However, it’s important to note that these papers did not account for humoral
immune impairment.

The objective of this study is to introduce two within-host HIV-1 models that incorpo-
rate (HIV-1)-latently infected cells, humoral immune impairment, and the mechanism of
CL In these models, both (HIV-1)-latently infected and (HIV-1)-actively infected cells are
considered contributors to CI. The second model further extends the analysis by incorpo-
rating three types of distributed time-delays. We perform a comprehensive analysis of both
models, including establishing non-negativity and boundedness of solutions, calculating
the basic reproductive number, identifying equilibria, assessing global stability, conducting
numerical simulations, and engaging in a detailed discussion of the obtained results.

2. Model Incorporating Impaired Humoral Immunity and CI
2.1. Description of the System

We introduce an HIV-1 model that incorporates impaired humoral immunity, consider-
ing the infection of healthy CD4 " T cells upon contact with HIV-1 particles, (HIV-1)-latently
infected cells, or (HIV-1)-actively infected cells. The model is presented as follows:

A = — oF(t) — g1 E(HK(E) — p2F(HQ(E) — 3E(HG(1),

10U — o F(HK(E) + 2F(H)Q(E) + @sE(HG(E) — (E+ 8)Q(1),

q6lt) - — &Q(t) — 6G(t), @)
KO — G () — kK (1) — cU(HK(1),

) — oK (1) — yU(t) — U (H)K(E),

where Q(t), denotes the concentration of (HIV-1)-latently infected cells at time ¢. (HIV-1)-
latently infected cells are activated at rate {Q and die at rate #Q. In this context, ¢ FK,
@2FQ, and @3FG represent the infection rates via HIV-1 particles (VI), (HIV-1)-latently
infected cells (CI), and (HIV-1)-actively infected cells (CI), respectively. It is important to
note that all these parameters are positive.
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2.2. Main Basic Properties
2.2.1. Maintaining Non-Negativity and Boundedness in the Solutions

Lemma 1. Consider the system (5), there exist positive constants t; > 0,1 = 1,2,3, such that
the set

Q= {(F, Q.G K U) € R3y:0<F(t),Q(t),G(t) < 1,0 < K(t) < 1,0 < U(t) < T3}
is positively invariant.

Proof. To address the nonnegativity of solutions, from system (5) we have

dF

o |F=0= ¥ >0,

dQ

—= lo=0= ¢1FK + ¢3FG > 0, forall F, K, G > 0,
d

Tf lc=0=8Q >0, forall Q >0,

dK

= |k=0=pG >0, forall G >0,

au

ar lu=o= ¢K >0, forall K > 0.

Hence, (F(t), Q(t), G(t),K(t), U(t)) € R, for all t > 0 when (F(0),Q(0), G(0), K(0),
U(0)) € RY. Let -

Y () = F(t) + Q(t) + G(t) + ;’yK(t) v &U(t).
Then, we have
aY(t) dF(t) dQ(t) dG(r) = 0 dK(t)  6x dU(t)
ar dr T ar T ar Top dat | ang dr
— = pF() ~ 601 = 36(6) ~ ToK() — (5 + 1o JU(IK(E) — goru(r)
< = pF(t) = 0Q(1) ~ 56(t) = K1) = T U(D)
<P+ 00 + 6 + oK)+ Lo UW®)) =y = pX(),

where y = min{p, 9, %, g,')f}. Hence,
Y(t) <e (Y(O) -

)+

= s

This yields 0 < Y(t) < 7y if Y(0) < 7y, where 7y =

R S

Given that all state variables are non-negative, 0 < F(t), Q(t), G(t) < 11,0 < K(t) < 1p,
0 0
and 0 < U(t) < 7 forall £ 2 0if F(0) +Q(0) + G(0) + 5 K(0) + ﬁum) < 7, where

2 4
T = % and 73 = % Hence, F(t), Q(t), G(¢), K(t), and U(t) are all bounded,
indicating that () is a positively invariant and compact set with respect to the system (5). O
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2.2.2. Analysis of Reproductive Numbers and Equilibrium Points

Fo (@148 +@2K0+ 935K
(E+0)xb

Lemma 2. There exists a basic reproductive number Ry = ) for system (5),

such that

(i) the system always has an infection-free equilibrium point 2Qy, and

(i) if Ro > 1, the system also has an infected equilibrium point ZQ;.

Proof. It is evident that system (5) invariably possesses an infection-free equilibrium
denoted as EQy = (FO, 0,0,0,0), where Fy = L. In the subsequent analysis, we will employ

the next-generation matrix method proposed by Driessche and Watmough [39] to compute
the basic reproductive number for system (5). Considering the infected compartments in
model (5), arranged as (Q, G, K), the nonlinear terms involving the new infection 1 and
the outflow term A; are represented by the following matrices:

¢1FK+ 92FQ + @3FG R (€+9)Q
0 —uG +xK+oUK

=

We calculate the derivatives of I'; and A; at the equilibrium ZQy, resulting in the following

matrices:
( ¢p2Fy  ¢3Fy  ¢1Fy ) ( E+9 0 0 )
r, = 0 0 0 , A= - 6 0 |.
0 0 0 0 —u K

The next-generation matrix takes the following form:

Fo(@1ul+eok0+938x)  Fo(piptesx)  ¢1F

B (C+0)xb [ I3
A= 0 0 0
0 0 0

The basic reproductive number Ry is defined as the spectral radius of the matrix I'1A; 1
and is calculated as follows:

Ry = Fo(@1p€ + 9210 + ¢3lx)

@+ 0)xb = Ro1 + o2 + Ro3, (6)

where Foué F Fo
i — 0]44’1’ Ry — 0€02, Rz — 0593
BTxeE+e) T+ TP T 0(E+0)

The parameter iy holds significant clinical relevance, as it determines whether the HIV-1
infection will become chronic or not. In this context, 1, Rop, and o3 represent the average
numbers of secondary infected cells resulting from contacts with HIV-1 particles, latently
infected cells, and actively infected cells, respectively. To identify additional equilibria
apart from EQ, we consider (F, Q, G, K, U) as any equilibrium satisfying the following
algebraic equations:

= pF — ¢1FK — 2FQ — ¢3FG =0, @)
P1FK+ @2FQ + 3FG — ( +8)Q =0, 8)
¢Q—-0G =0, 9

UG —xK—-cUK =0, (10)

¢K — U — eUK = 0. (11)
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From Equations (9) and (11), we get

0G $K
=—, U= . 12
Q ¢ v +eK (12)
Upon substitution of Equation (12) into Equation (10), the result is as follows:
2
G- YkK + (o¢p + xe)K (13)
p(y +€K)
Upon substitution of Equation (13) into Equation (12), the result is as follows:
0 (kK + (o + xe)K?
0= ( (¢ + xe)K?) (14)
p(y +eK)
From Equations (7) and (8), we get
Y —pF=(C+9)Q. (15)
Upon substitution of Equation (14) into Equation (15), the result is as follows:
0(¢ +0)(yxK K2
rot v (& +9)(ykK + (¢ + xe)K?) . 16)
4 Sp(y +eK)

Upon substitution of Equations (13), (14) and (16) into Equation (8), the result is as follows:

K

3 2 _
W(AK 1 BK +CK+D) -0, (17)

where

A =05+ 0)(0¢ +ex)(eCugr + (0 +ex) (092 + 53)),
B = g1 (10(2 + 0) (09 + 2¢x) — yuce?)
+ (09 + ex) (eppG0 (S + 0) — (peus —29k6(5 + 0)) (692 +E9s3)),
C = 7(opco(¢ + 9) (0@ +2ex) + uCo1 (yx6(E + 8) — 2¢pepg)
—(Wpe(op +26x) — 1025+ 9) ) (092 + Ep3) ),
D = ppieg07*(§ +8)(1 — Ro),
where Ry is given by Equation (6). From Equation (17), we have

1. If K =0, then from Equations (12)—(14) and (16) the infection-free equilibrium EQg
is obtained.

2. If K # 0, we have the equation AK® + BK? + CK + D = 0. In this scenario, let us
introduce a function ¥ (K) defined on the interval [0, c0) as:

¥(K) = AK® + BK* + CK + D.
Then
¥(0) = ppc0y* (& +0)(1— Ro) < 0,if Rg > 1,

lim ¥ (K) = oo.

K—oo
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As a result, the function ¥ possesses a positive real root denoted as K;. Consequently,
by substituting Equations (13) and (14) into Equation (7), we obtain:

Fl - llb ’
o+ @1K1 + 201 + ¢3G1

where

_ 0(yxKq + (0¢ + ke)KT)

0 Ky + (o0 + xe) K2 9Ky
e Su(y +ekKyq)

7 G - 7 - .
! u(y +ekKy) U ek

The existence of the infected equilibrium 2Q; = (F, Q1, G1, Ky, Up) is evident when
§RQ >1. O

2.2.3. The Analysis of the Stability of the Equilibria & Q, and ZQ;

Theorem 1. If Ry < 1, then the equilibrium EQy of system (5) is locally asymptotically stable
(L.A.S), and it becomes unstable when Ry > 1.

Proof. In accordance with the study proposed by Willems [40], the local asymptotic
stability of the equilibrium EQg can be ascertained by examining the eigenvalues of its
associated Jacobian matrix, which is presented as follows:

=0 — 1K= 2Q — 3G —¢2F —¢3F  —guF 0
P1K+ 920+ 3G g2F = (04+C)  ¢3F g1 F 0
0 ¢ -0 0 0 (18)
0 0 U —(k+oU) —0oK
0 0 0 p—elU  —(y+eK)
At the infection-free equilibrium point 2Qq the Jacobian matrix becomes
—-p —¢2Fo —¢p3kp —¢1Fp 0
0 ¢h—-(@+¢) @b ¢iFp 0
Jz0, = 0 ¢ —0 0 0 (19)
0 0 u —x 0
0 0 0 ¢ -

For matrix (19), the characteristic equation |Jzo, — xI5| = Ois solved as (x + ) (x + p)Y (x) =
0, where x is the eigenvalue, I5 is the identity matrix and

Y(x) = X2 4 mox? + myx + my, (20)

and

my =«k0(¢+0)(1—Ry) >0,

my =0 +x(&+8)(1— Roz) +0(&+8)(1 — (Roz + Roz)) >0,

m2:K+9+(C+19)(1—§R02) >0,

=g = IS (04 (2 +0)(1 = Ro)) (x(x +0) + (2 + 0)(1 ~ Rop)

+0(5+9)(1 — (Ro2 + No3))) >0,

where Ry < 1.

The Jacobian matrix Jz, is evidently characterized by two negative eigenvalues, —y
and —p. The remaining eigenvalues are determined as the solutions to the cubic equation
presented in (20). Applying the Routh-Hurwitz criteria [40], it is apparent that all roots
of Equation (20) possess negative real parts. Consequently, the infection-free equilibrium
EQ is locally asymptotically stable (L.A.S) when Ry < 1. Conversely, if 9 > 1, we have
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my < 0, implying that Equation (20) must have at least one positive real root. Hence,
the equilibrium EQ( becomes unstable when g > 1. O

In the upcoming theorems, we will delve into the global stability of the equilibria. The con-
struction of Lyapunov function is formulated following the method demonstrated in [41]. We
defined H(z) = z — 1 — In(z) and denote (F, Q, G, K, U) = (F(t), Q(t), G(¢),K(¢), U(t)).

Theorem 2. For system (5), if Ry < 1, then EQy is globally asymptotically stable (G.A.S).

Proof. Let’s consider a candidate Lyapunov function

(€+0)(1—Rea) - n 0(C+0)(1 — (o2 + Roz)) n O0x(C+9) (1~ ),
4 97 PpCu

Clearly, ©(F,Q,G,K,U) > 0forall F,Q,G,K,U > 0, and ®(Fy,0,0,0,0) = 0. Com-
puting % along with the solutions of model (5), we get

F
Oy = F()H( >+Q+
0

1 _ (1-R)IE 9, €01 Fu)dC , O+~ Fon o) oK

dar at | dt z dt u dt
Ox(G+8)(1 —Rp) dU
PCu dt

F
<1—)(1P PpF — ¢1FK — 92FQ — ¢3FG) + 91 FK + ¢2FQ + ¢3FG — (¢ + 8)Q

¢+ 19)(5 — Rop) (FQ—6G)+ o(¢+8)(1 —Cﬁﬁoz + Ro3))
Ox (¢ +9)(1 — Ro)
PpSH

_l’_
(1 )w OF) + (p2Fo — (€ 4+ 8) + (€ + 8)(1 — Ro))Q
_l’_

0(¢+8)(1 — Roo) n 0(C+8)(1— Rz + §R03))>G
¢ ¢
k(G +0)(1— Rz +Roa)) | Ox(Z+9)(1 = Ro)
" (q)lFO &u " &u )K
_ 9@+ 91— Ro) (G +D)
Pou Pou

After performing a direct calculation and utilizing the value Fy = i/ p, we acquire:

+ (uG — kK — cUK)

(¢K — yU — eUK)

(903Fo -

(¢po(1 — (Roz + Roz)) + ex(1 — Ro) )UK

dZO (1 _ FO) (pF _ F) ')’GK(‘: +¢l?y(1 - §RO) u
G(fb;f) (por(1 — (o + Ros)) + ex(1 — Ro))UK
_ _p(F-F)* 1x(E+8)(1-Ry) ,
F PCu
9<§);19) ((])0‘(1 — (§R02 + 3?03)) + 81((1 — %0))UK

Clearly, 20 < 0 when Ry < 1 and d®0 =0whenF = Fand K = U = 0. Let &) =
{(P Q,GKU): d®0 = }, and cons1der1ng the largest invariant subset of ®g as QJE). Hence,
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all solutions converge to: qDE) [42]. In CIDE), all elements satisfy F(t) = Fy and K(t) = U(t) = 0.
Subsequently, the fourth equation in system (5) yields

0= dl;igt) = uG(t) = G(t) =0, forall t.

Furthermore, the first equation in system (5) results in

0= dl;—gt) = ¢ —pFy — 2F0Q(t) = Q(t) = 0, forall ¢.

Therefore, ®, = {(F,Q,G,K,U) € ®y: F=F,Q=G=K=U=0} = {EQy}. Hence,
we conclude that EQq is G.A.S whenever #j < 1 based on LaSalle’s invariance principle
(LIP)[42]. O

Theorem 3. If ¥y > 1, the equilibrium EQ; of the system (5) is G.A.S.

Proof. We consider the function @1 (F, Q, G, K, U) given by Equation (21) as:

F Q Fi(oip+ @3(x +0Uy))Gy, [ G ¢p1FKy (K
o= rir( ) +aun (G ) + OGBS () + BN (5) e
ocp1F 12
2(K+0’U1)(¢—SU1)(U )™
7U1

Equilibrium condition Equation (11) guarantees that ¢ — ell; = > 0. Clearly, ©, is

positive definite. Calculating d®1.

d@l <1 ) (1_ Q1> dQ  F(gip+ @3(x+olh))
_l’_
_l’_

AV

0 ) dt 0(x + olly) G )t
p1h K\ dK cp1Fy au
<1 > it (K+UU1)(¢—€U1)(U g

K+0'ul

1- > —pF — ¢91FK — ¢2FQ — 93FG) + (1—%)(¢1FK+(P2FQ+¢3FG—(C+l9)Q)

Fi(@ip+ @3(k + olhy)) @1F K
19(K+3(7u1) 1 (1_>(CQ 6G) + K—i—la;ll(l 1)(‘uG_KK oUK)

OO ) (pK — U - eUK)

(k +oly) (¢ —ely)
~(1-B) @ -pp)+ (g2 - 0 ELOL LA )6 gy

_R(pipt+gs(k+oly)) | peih Q1
+ (cvsFl o+ ol + %+ olly G — (p1FK+ ¢2FQ + ¢3FG) =~ 0

_Gh(gipt @a(k+0olh)) QG | F(eip+ ¢3(x +0Uy))Gy
(E+8) 0(x + olly) c T x+ ol

_ V€01F1 GKl . K§01Fl . . (th)lFl .
k+olU; K K+0’U1(K k) K+0U1U(K Ky)

n cp1F
(k+oly)(¢ —elly)

(U — Uy) (¢pK — yU — eUK). (22)
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Using the following equilibrium conditions for Q1

Y = pF + ¢1FKy + ¢2F1Q1 + ¢3F1.Gy,
p1F1Ky + 92F1Q1 + ¢3F1Gy = (E+9)Qy,

0G
Q1= Tl = G = %,
G1 _ (K+(TU1)K1, Q] _ 9(K+UU1)K1,
Z CH

¢Ky = yUy + el Ky,
we get

Fy (g1 + qu(K +0olh))Ky _ SR (@1p+ @3(k +0U1))Q
0(x +oly) ’

1P Ky + p3F Gy =

( 2B — (E+9) + Cﬂ(%g(ifz(éi)— oth) ) Q1 =0,

F + @3(x +olU F
(903F1— (P11 + 93( 1) | Heih >G1:0.

K+ ol x + ol

Therefore, Equation (22) will be represented in the following manner:
ae F F
Ttl = (1 ! > (oF1 — pF) + (91 F1 K1 + ¢2F1Q1 + ¢3F1Gy) (1 - F> + @1 F K
FKQq F FGQy
— 1 FKi—=% — ¢pF Q1+ — 93FGi—= + p1 FK
phkipr s~ 1Q1F1 pshiGip g T ehk

SR (p1p + @3(k+oUy))Q1 QGy
9(K+(TU1) 0:G

+ @2 F1Q1 + @3F1Gy — + 1Ky

ok~ B R ety K~ k) — Uk k)

+ %M(K —Kq) - %Ul(K - Ky)

S 051";1(1;_ gy (U~ Un) (@K = U = UK = 9Ky o Uy + LKy + el K = el K)
= —@ + (p1FKy + 92F1Q1 + 931 Gy) <2 - 1;) +o1hK - g1 BK 225 KQé

- (P2F1Q1 —¢3h 111;((3;(2(2 (p1FiKy + (P3F1G1)87G

+ ¢1F Ky + 3G — g1 F K gfli B q)lF;i(—:—ci_L(Iflu”( K1)

Kafjf& (U—-U)(K-Ky) + (KT:TI;}E?(; ELSIL) (U—U)(K-Ky)

~ ot ety Y~ W

- —"(F;Fl)z +(PURKs+ 92RO+ 9aRG (2- ) + pRK - iRk 2

FG
- (P2F1Q1 — @3 1G1P GQQ (p1FiKy + <P3F1G1)%
GK;
+o1Fi Ky + ¢3F G — o1 K1 = GiK - p1F Ky ( - )
ce1F (v + €K)
— u-u
(K+0’U1)(([)—8U1)( )’
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F—-F F
= —% + (p1FiKy + ¢2F1 Q1 + @3F1Gy) <2 - F) + ¢1F K — 901F1K1F KQé
FG G
- <P2F1Q1 — @3 1G1F GQQ (p1FiKy + q)3F1G1)8 é
GK; cp1F (7 + €K) 2
291 F 1K F,Gy — 91K FK— u-u
t2010 K1 + 935161 — @157 1GI< P111 (K+Uu1)(¢_sul)( 1)

2
__p(F—Fl) _Fl . FKQl _QG1 _GK1 _i_i
- oo rehK s T e 5 T 06 T Gk tehQi(2-F-F

b FGQ1 QG > oe1F (7 + ¢K)
F F1G1Q 001G (K+0U1)(¢—8U1)

+ 351Gy <3— (u—up)%

Thus

d0; _ (p+¢2Q1)(F — F)? R FKQi  QGi  GK

ar F TRk TR0 T 06 Gk

F FGQq B QG1> _ (T([)]Fl(’)/—Q—SK)
(

FG (33— 2 —
T3 1( K+ olh) (¢ —elly)

2
F FRGQ G (U= h)"

The AM-GM inequality tells us that

R FKQi , QGi  GK
F FKiQ  O1G  GiK’
3< b F1 n FGQ1 | QG

FGIQ QiG

Hence, if Ry > 1, then 2] < 0 forall F, Q,G K,U > 0. Also, & = O0Owhen F = F,
Q=0,G=G,K=Kiand U = U;. Let qD be the largest 1nvar1ant subset of &; =

{(F Q,GKU): d®1 = O} Therefore, <I>1 = {EQ1}. By applying L.I.P, we can conclude
thatif Ry > 1, then the equilibrium EQ7 is G.A.S[42]. O

4 <

3. Modeling Hiv-1 with Distributed Delays
3.1. Description of the System

In the subsequent model, we incorporate the distributed time-delays in system (5) by
representing them as delay differential equations (DDEs):

HO g~ pE(t) — g E(DK(E) — 2F(HQ(E) — @sF(HG(E),

01— [Ty (\)e A P(t = A) (91K (E— A) + 92Q(t — A)

oy RGN (5 900) =)
B ot — o

S = I Ta(0e G = A - kK(t) —oU(DK(),

UG K (k) —yU(E) — eU(1)K(E),

Here, system (23) includes the following assumptions:

*  Healthy cells, which are contacted by HIV-1 particles or infected cells at time ¢, become
(HIV-1)-latently infected cells, A time units later. The recruitment of (HIV-1)-latently
infected cells at time ¢ is given by the number of cells that were newly contacted at
time t — A and are still alive at time ¢. Here, a7 is assumed to be a constant death rate
for contacted cells. Thus, the probability of surviving the time period from ¢ — A to t is
Ty ()\)8 —mA,

*  (HIV-1)-latently infected cells, become (HIV-1)-actively infected cells, A time units later.
The recruitment of (HIV-1)-actively infected cells at time ¢ is given by the number of
cells that were newly being (HIV-1)-latently infected cells at time t — A and are still
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{ E(r)

alive at time f. Here, a5 is assumed to be a constant death rate for (HIV-1)-latently
infected cells. Thus, the probability of surviving the time period from ¢t — A to ¢
is To(A)e™%2*,

*  (HIV-1)-actively infected cells, produce new mature HIV-1 particles, A time units later.
The recruitment of HIV-1 particles at time ¢ is given by the number of cells that were
newly being (HIV-1)-actively infected cells at time t — A and are still alive at time
t. Here, a3 is assumed to be a constant death rate for (HIV-1)-actively infected cells.
Thus, the probability of surviving the time period from t — A to t is T3(A)e™%".

The delay parameter A is obtained from a probability distribution function T;(A) over
the interval [0, ¢;], where ¢; is the upper limit of the delay period. The functions T;(A),
i =1,2,3, satisfy the following conditions:

T;(A) >0, [ Ti(A)dA=1, and [JT;(A)e P dA < oo, where B> 0.

Let A;(A) = T;(A)e %" and A; = Jo' Ai(A)dA, i =1,2,3. Therefore, 0 < A; < 1,i =1,2,3.
The initial conditions of system (23) are:

ai(r), Q(r) =ax(r), G(r)=az(r), K(r) = ay(r), U(r) = as(r), (24)

(

0o, j=12,.,5 rel-o00, o=max{01,02 03},

where a;(r) € C([~0,0],R>0),j =1,2,..,5and C = C([—g,0],R>) is the Banach space of
continuous functions with norm Ha]H = sup |a )| for all a; € C. Therefore, system (23)

—o<i<
with initial conditions (24) has a unique solutlon [42,43]. The biological interpretations of

all the other parameters and variables are the same as those explained in Section 2.

3.2. Main Basic Properties
3.2.1. Maintaining Non-Negativity and Ultimate Boundedness in the Solutions

Lemma 3. For system (23), along with the initial conditions (24), there exists a positively invariant
compact set denoted by Q), defined as follows:

O ={(F,Q,GKU)eCl:[FM)| <2, Q0 < 2, IGH)| < 2, K| < &, U] < 24}

Proof. Since & dt o = ¢ > 0, we can conclude that F(t) > 0 for all t > 0. Additionally,

the other equations in system (23) can be expressed as:

d%ﬂ”“ﬁ)Q(ﬂ = /Ogl AL(A)E(E—=A) (91K (E = A) + ¢2Q(t — A) + 9aG(t — A))dA

= Q(t) = ap(0)e ¢TI 4 /Ot e~ (EH0)(t=x) /()Ql A1(A)F (3¢ = A)(91K(3c = A)
+@2Q(5 — A) 4+ 3G (3¢ — A))dAd s > 0.

% 16G(H) =¢ / A(V)Q(t — A)dA

e G(t) = a3(0)e + ¢ / ¢flt=2) /0 ® Ra(A)Q(3 — A)dAdse > 0.

dI;g)-i-( +oU(t —y/ As(A)G(t— A)dA

= K(t) = ag(0)e” Jo (ot () du + y/ o~ Leletoti(u))du /QS A3(A)G (3 — A)dAds > 0.
0 0

du(t

o (r+eK(O)U(E) = ¢K (1)

— U(t) = a5(0)e” f(f(“/—i-sK(u))du +¢/te_ fi(7+£K(u))duK()\)d)L >0,
0
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forallt € [0, o].

By a recursive argument, it can be established that F(t), Q(t), G(t), K(t), and U(t) are
nonnegative for all t > 0. Consequently, the solutions of system (23) satisfy (F(t), Q(t), G(t),
K(t),U(t)) € R5>0 forallt > 0.

Using the first equation of system (23), we can deduce that tlgn sup F(t) < % Next,
we define o
Y1 (t) = /0 AL(AE(E— A)dA + Q(1).
Then
dYi(t) (e - dF(t—A) dQ(t)
at /o R T
= |7 R = pE(t = A))dA — (+ 0)Q()
= pa1—p [" MOF(E - M)A - (E+0)Q(1)

<y ([ MR- NI +00) = p-ani()

where 71 = min{p, § + ¢}. Hence, 11m n sup Yi(t) < 77£ = 1. Since [ A1(A)F(t—A)dA
1
and Q(t) are nonnegative, then thrn sup Q(t) < 7. Additionally, from the third equation
— 00

of system (23), we get

dG(1)

To = ¢ [ Ra(N)QU = )dA - 0G(1) < EAxh —0G(1) < 20— 0G(1).

Therefore, tlim sup G(t) < % = Ty. Finally, we let
— 00
Yo(t) = K(t) + 5~

This yields

dYo(t)  dK(t)  x dU(f)
dt— dt 2 dt

- y/QSA3(A)G -

= (PK(H) = yU(t) — eU(HK(1)

M)A — K (t) — U (DK ()

2¢
— ¥ / Rs()G(t = A)dA = ZK(1) = (1) = (o 3 )UK
<p )7 AsNIG(E~ A)ar = 5K () — SIu(

< pty —ma(K(t) + 5 U(H) = pta — 12 Ya(t),

@
where 17, = min{%,y}. Hence, tlim sup Ya(t) < P;ZZ = 3. We have K(t) and U(t) are
—00
nonnegative, this guarantees that tlirn supK(t) < 13, and hm n sup u(r) < 2¢T3 = 1y. We
—r 00
conclude that F(t), Q(f), G(t), K(t) and U(t) are ultimately bounded Hence, the compact
set Q) remains positively invariant under the dynamics of system (23). [J
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3.2.2. Analysis of Reproductive Numbers and Equilibrium Points

A1 Fo(A2E (A3 @1+ @3x) +@px0
(C+9)x0

Lemma 4. There exists a basic reproductive number g = ) for system

(23) such that

(i) the system always has an infection-free equilibrium point EQq, and
(ii) if Ro > 1, the system also has an infected equilibrium point ZQ;.

Proof. It is evident that system (23) possesses an infection-free equilibrium denoted as

EQo = (Fo,0,0,0,0), where Fy = % The nonlinear terms responsible for new infections,

denoted as 'y, and the outflow term A,, are represented by:
X A1 (91 FK+ ¢2FQ + ¢3FG) X (€+9)Q
I, = 0 , N = —CNQ+0G .
0 —uA3G +xK+ UK

We calculate the derivatives of ', and A; at the equilibrium ZQy, resulting in the following
matrices:

AgaFy AgsFy AqgrFy Z+9 0 0
I = 0 0 0 , M= —CA 0 0 |.
0 0 0 0 —ulA3 x
The next-generation matrix takes the following form:

A Fo (A8 (Aa@rpit@si)+@axf)  ArFy(As@ip+gsx)  AFogy

B (C+0)xb [ 3
LA, ' = 0 0 0
0 0 0

The basic reproductive number R is given as:

A Fg(AZ(Aspip + @3k) + @oxb)

Ro = 1 0 = Ro1 + Rz + Ros, (25)
where ~ 5 i
g = MdoNskouler o Athgr  n  MiAokoCes
01 Kf)((:+l9) ’ 02 §+l9 ’ 03 9((:-{—1.9)

The parameters Ry;, i = 1,2,3 have the same biological meaning of the parameters Ry;,
i = 1,2,3 that explained in Section 2. To find any additional equilibrium to EQo, we let
(F,Q,G,K, U) be any equilibrium satisfying

0=19—pF— @1FK — ¢2FQ — ¢3FG, (26)
0= A1(¢1FK+ ¢2FQ + ¢3FG) — (§ +9)Q, (27)
0=¢AQ—0G, (28)
0 = uA3G — kK —cUK, (29)
0 =¢K— U — eUK. (30)

From Equations (28) and (30), we get

6G ¢K

= =) u: .
Q CAy v+ &K

(31)
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Upon substitution of Equation (31) into Equation (29), the result is as follows:

kK + (0¢ + xe)K?

G 32
uAs(y + €K) (52)
Upon substitution of Equation (32) into Equation (31), the result is as follows:
0 (kK + (o + xe)K?
g = POrK + (09 + koK) 33)
UEAA3(y + €K)
From Equations (26) and (27), we get
¢
$ — pF = (‘:+ )Q (34)
A
Upon substitution of Equation (33) into Equation (34), the result is as follows:
0(¢+9)(yxK K?
! . (& +0)(vkK + (o¢p + xe)K?) ' 35)
Y ]/l(:AlAzAg,(’)/ + EK)

Upon substitution of Equations (32), (33) and (35) into Equation (27), the result is as follows:

K
PHAGRNZAR(y + €K)?

(AK3 + BK? + CK + D) —0, (36)
where

0(¢+0) (0 + ex) (02 (0 + ex) + A2 (ep A1 + @3(0¢ + ex))),
= eupgOA2A3( + 0) (0 + ex) + 0(& + 8) (09 + ex) (vx0¢2

+ YEA2(uA3p1 + k¢3)) + (760(E + 0) — Yeug A1 A Az)

(0@2(0¢p + ex) + SN2 (epN3p1 + 3 (0 + ¢x))),

C= ’Y(’W’zK292<§ + 8) — YuA L AEE A3 (2ep A3 @r + @3 (0 + 2¢x))
+ CON (A3 (vxk1(C +0) + (0 + 2ex) (0(E+ 8) — PA192))
+ rpar* (G + 19))),

D = pprg0ArA37* (& + 9) (1 — Ry),

A
B

where Ry is defined by Equation (25). From Equation (36), we have

1. If K = 0, then from Equations (31)~(33) and (35) the infection-free equilibrium ZQy
is obtained.

2. If K # 0, we have the equation AK® + BK? + CK + D = 0. In this scenario, let us
introduce a function ¥(K) defined on [0, o) as:

¥(K) = AK® + BK?> + CK + D.
We have

F(0) = pprE0A2A37* (& +0)(1—Ro) < 0,if Rp > 1,
lim ¥(K) = co.

K—o0

As a result, the function ¥ possesses a positive real root denoted as K; > 0. Conse-
quently, by substituting Equations (32) and (33) into Equation (26), we obtain:
= N S—

P+ ¢1K1 + 9201 + 936Gy
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where

o, drKit (0t xokY) o yeRit (0ptroR] g ¢
HEA2 A3 (7y + eKq) uAz (v +€Kq) v+ eKq

The existence of the infected equilibrium EQ; = (F, Q1, Gy, Ky, ) is contingent
upon Ry being greater than 1. [

3.2.3. The Analysis of the Stability of the Equilibria £Q, and £Q,

In the upcoming theorems, we will explore the concept of global asymptotic stability
concerning the equilibrium points. In order to simplify the following discussion, we denote

(F(t—=A),Q(t=A),G(t = A),K(t = A)) by (Fx, Qa, Gy, Ky)-
Theorem 4. For system (23), if Ro < 1, then 2Qq is G.A.S, and it becomes unstable when Ro > 1.

Proof. We introduce a Lyapunov function as follows:

5 — el B L (E+9)(1—Rop) 0(&+8)(1— (Ro2 + Roz) )
Q0= FOH(F0> " A et A1, Gt CVA1A2A3 K

. gx(c(igZi)lS\lzj\iRO) U+ Ail /091 A1(A) /t; F(30) (91K (5¢) + 92Q() + 903G (5¢))dsedA

(E+0)(1—Rp) o . t
e /0 Aa(A) /t | QU)ddA

0(E+0)(1— (Roz + Roa)) [+ t
i EA1A2A; /O As(A) /t _ GUadsedA.

Clear~ly, ©y(F,Q,G,K,U) > 0 for all F,Q,G,K,U > 0, and ©q(F,,0,0,0,0) = 0.

Further, "l{% is given by:

i@y . Fo\dF 1dQ (E+8)(1—Rn)dG 0(E+8)(1— (Rop+ Roz)) dK
i < - > it A, dt EAA, Enia Aol ar
Ox(C+8)(1—Ro) dU

PSUNI Ay A3 dt

+ 1 FK+ ¢2FQ + ¢3FG

1 01 _
A A1(A)Fr(@1Ky + @204 + ¢3Gy)dA
(E+8)(1— Ren) E+9)(1—Rp) (o
— A A
e PO 17 el AR SIGV)Y
0(¢+0)(1— (Roz + Ros)) 0(E+8)(1— (Rop+ Roz)) [ -+
G— A3 (A)GydA.
* A1 A1 N2 A3 /o 316
This implies that
d® E 1 01 _
Tto = ( - 1_9) (¢ — oF — p1FK — ¢2FQ — ¢3FG) + A (/0 A1(A)Fa(@1K)y

(é—l— 19) (1 — 97‘302) 02 _
+¢2Q0 + @3Gp)dA — (G +8)Q) + FALA, (g/o Ax(M)QpdA — ec)

n (¢ +9)(1— (Roz + Ros))

03 _
<;4/ 3A3(A)G,\d/\—KK—aUK>
0

AN A3
GK(C + 19) (1 — @0)
K — U — eUK) + 91 FK + 92 FQ + ¢3FG
oTin A, (PR ) + 91FK+ 92FQ + 93
1 01 _ +9)(1 =R
- — / A1(M)FA(91Ky + ¢2Q0 + ¢3Gp)dA + e+ 9)( o2) Q
A] JO A]
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91 -Rp) /92 An(A)QudA + 0(¢+9)(1— (Roz + Ros)) G
VANPAY) 0 SN\,
 (Rop + R .
_ 9(§+19)8\1A(2/22+ ) /0“’ As(M)GrdA
3 ; B Oy (€ + 9) (1 —Ro)
(1 )("’ LT Y vy W
- 4@(5\:\?/\3 (9 (1 — (Roa + Ros)) + ke (1 — Fo) UK

After performing a direct calculation and utilizing the value Fy = ¢/p, we acquire:

40y (1_ﬁ>(pF or) - P+ ) (1~ o)

dr PEUN1 N2 N3
9 L .
(M(W( (Roz + Ros) ) + xe(1 - Fo) )UK
_ p(F- F)? ey (§+8)(1 - R)
F §7VSPACYAN]
(¢ +0) .

— m (gba(l — (?Roz + %03)) + KS(l — %0))UK

Clearly, = d®° < 0 when Ry < 1. In addition, d?to =O0OwhenF = Fpand K = U = 0.
Let ) = {(F Q,G K U): d®° = }, and considering the largest invariant subset of ®g
as ®,. Hence, all solutions converge to: ®,. In &, all elements satisfy F(f) = Fy and
K(t) = U(t) = 0. Subsequently, the fourth equation in system (23) yields
aK(t e
0= % = [ AR3(A)GrdA.
0

The condition of nonnegativity for G implies that G(f) must be equal to zero for all values
of t. Furthermore, the first equation of model (23) leads to

0= di) =1 —pFf — 9260Q(t) = Q(t) =0, forall t.

Then, &, = {(F,Q,G,KU)€®y: F=F,Q=G=K=U=0} = {EQp}. Therefore,
based on L.I.P, we can conclude that 2Q is G.A.S whenever R < 1 [42].
In addition to this, model (23) can be rewritten as:

()

FT F(R(H),R(t—=A)),

where R(t) = (F(t), Q(t), G(t),K(t), U(t))". This system represents a coupled system of
ordinary differential equations with a delay parameter. By employing total differentiation
at the equilibrium point £Qo, we obtain:

dF(t) _ oF

= 1z, F+ 3 aQ Llzg,Q+ 55 ac 20,G + % aK _Q0K+ au| 20,

Q) _ %—?|E~ F+3% |”Q0Q+ |~QOG+ 5K+ 9% U,

dG(t) __ 9aF| . a

akly) _ g'EQ F+ aQ 5lz0,Q + 55 9 20,6 + al<|” K+ ot |”Qo (37)
dgét) = g—bé F+ |HQ0Q+ |HQOGJr |HQ0K+ |HQ0u’

—ar W|E F+ |"QUQ+ |"Q0G+ |HQ0K+ ‘HQOU'



Computation 2023, 11, 207 18 of 35

Exponential solutions are a valid choice in linear DDEs because these equations exhibit
linearity and bear resemblance to ordinary differential equations with constant coefficients.
The preference for exponential solutions as an initial approach in linear systems stems from
their ability to provide a clear and accessible means of characterizing system stability and
dynamics. Assuming that the linear DDEs system (37) exhibits exponential solutions:

F = (ZXtWF, Q = EXtWQ, G= EXtWG, K = EXtWK, u= EXth.

Employing the above ansatz into system (37), and rearranging to obtain AW = 0, where

x+p ¢k ¢3F0 <P1Fo 0 WE

0 x+¢+0—gahol\y —pshoAy  —p1FoAr 0 Wo

A= o0 A, x40 0 o |, w=| W
0 0 —uhs; x+x 0 Wk

0 0 0 o xtv Wy

It is essential to highlight that the characteristic equation arises when the matrix A becomes
non-invertible, a condition signified by the determinant det(A) equating to zero. Specif-
ically, for the equilibrium point 2Qy in system (23), the characteristic equation takes the
form (x +v)(x + p)Y(x) = 0, with Y(x) representing a continuous function defined on
the interval [0, c0).

Y(x) =2+ (k+E+0+0— FArp)x®
+ (91( — §POA1A2§03 + (9 + K) ((:f + 09— Fof\1q)2))x
+ GK((;( +9) — 150[\1 ((;(‘u[\zf\g,gm + k0o + Kg[\z(pg),

where A; = [ Ti(A\)e=(+%)AdA, i = 1,2,3. The case of Ry > 1 implies that Y(0) =
k0(E+9)(1—Ry) < O and Jlim Y(x) = oo, which guarantees that Y (x) has a positive real

root. Therefore, 2Qy is unstable when &g > 1. O
Theorem 5. For system (23), ifﬁto > 1, then 2Qy is G.A.S.

Proof. We consider the function ®;(F, Q, G, K, U) given by Equation (38) as:

0, = PlH(F> Q1 (Q)+Fl(A34’1ﬂ+fl)3(7<~+‘Tal))GlH(?)+ <P1151K~1H(I£<)
1

A\ Oy 0(x + olh) G k+ ol
il % t
Y S A (T
K+0U1)(4)—£U1) A 0 =\ Fi1Ky

+9”2/P;11Q~1/0Q1 A(A) LH(F(}IQS())d sd + ‘PillGl/O Ar1(A) LH(F(};EE”))WM

CHO1(Asprp+ @3(k+olly)) o t Q(x)
+ e T ot /O Az()\)/MH< . )d%d)\

ygolﬁlél Qa3 _ t G(%)
+7~/0 A3(A)/t_AH( 5 )d%d)\. (38)

K+ ol 1

$asi!
i 1
It is clear that @ is positive definite. Computing % along with the solutions of model (23),
give us

46, _(, RYdE 1/ O Q Fi(Asgip+ @3k +olhh)) (- dG
- dt 0(x +olh) G dat

It is observed from the equilibrium condition Equation (30) that ¢ — ell; =
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U<P1ﬁ1

du

(uU-1n)

(Plﬁl Kl)dK
-~ 1_7 .
+K+all1< dt +

(x+olh) (¢ —elly)

dt

€01F1K1 ( _BK (BK\))d
PlKl F1K1
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Furthermore, we have
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Simplifying the result, we obtain
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Hence, if Ry > 1 then %91 < 0 for all F,Q,G,K,U > 0. Also, %1 — 0 when F = F,
Q=0,G= Gl,lg =K and U = ;. Let CT>/1 be the largest invariant subset of ®; =
{(P, Q,GKU): % = 0}. Therefore, (i>/1 = {EQl } By applying L.I.P, we can conclude

that if R > 1, then the equilibrium 20;is G.AS. O

4. Numerical Simulations

In this part, we accomplish some numerical simulations for both systems (5) and (23) to
validate our theoretical results. Additionally, we investigate the impact of impaired humoral
immunity on model (5), besides, the influence of time-delays on the dynamical system (23).
We use ode45 and dde23 solvers in MATLAB to perform the numerical simulations for
systems (5) and (23), respectively. Other methods can also be used for solving these systems
(see e.g., [44,45]).

4.1. Numerical Simulation for Model (5)
4.1.1. Stability of Equilibria

In this part, we perform numerical simulations of system (5) using the parameter
values provided in Table 1. Many of these parameter values are adopted from prior research.
The remaining parameters, denoted as ¢; for i = 1,2,3, are chosen specifically for the
purpose of our numerical simulations. To assess the stability of the equilibria in system (5),
we initiate the simulations with three distinct initial conditions, as outlined below:

I.C.1: (F(0), Q(0),G(0),K(0),U(0)) = (400,4,2,1,0.4),

I.C.2: (F(0), Q(0), G(0),K(0),U(0)) = (250,5,2.85,3.5,0.3),

1.C.3: (F(0), Q(0),G(0),K(0),U(0)) = (500,6.5,4,4,0.1).

Table 1. Model parameters.

Parameter Value Reference Parameter Value Reference

P 10 [46] 0 0.8 [47]

0 0.01 [46] H 2.6 [48]
01 varied - K 24 [48]

) varied - o 0.06 [49]

3 varied - ¢ 0.01 [46]

¢ 0.2 [46] 0% 0.3 [46]

4 0.17 [46] € varied -
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As R is employed to regulate the stability of equilibria and is contingent on the
infection rates ¢; for i = 1,2,3, we introduce variations to these parameters. We then
proceed to examine two distinct scenarios:

Stability of £Q,. We let ¢ = 0.0002, ¢, = 0.0001, ¢3 = 0.0004 and ¢ = 0.001. This
gives Ry = 0.6869 < 1. Figure 1 presents that the trajectories of the solution starting with
I.C.1-1.C.3 end up at the equilibrium EQy = (1000,0,0,0,0). In fact, this shows that ZQ
is G.A.S based to the result of Theorem 2. From a biological perspective, this scenario
implies that the infection will be eradicated, and the human body will successfully eliminate
the pathogen.

1000 7
—I1.C.1
900 ] 6 L ===L1C.2|4
1.C.3
800 |
700 1
=y .'. B
= 600 ; |
500 1
400 | |
300 ¢ 4 |
200 - - - - >
0 200 400 600 800 0 10 20 30 40 50
t t
(a) (b)
4 5
1.C.1 1.C.1
35¢ -==LC.2|] -=-=-LC.2
............ 1.C.3 2 S ] 1.C.3 |1
3=
20 30 40 50 20 30 40 50
t t
() (d)
0.4
1.C.1
0.35 -=-=-LC.2|
------------ I.C.3
03¢
\
0.25 b
)
= \
= 0.2 | q
\
0.15 o B
D\
o, N
0_1 pe "'\ 4
0.05 | 1
0 .
0 10 20 30 40 50
t
(e)

Figure 1. Solutions (F(t), Q(t), G(t),K(t),U(t)) of system (5) whenever 5 < 1. (a) Healthy
CDA4™T cells; (b) (HIV-1)-latently infected cells; (c) (HIV-1)-actively infected cells; (d) HIV-1 par-
ticles; (e) B-cells.
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Stability of £2Q;. We let ¢; = 0.003, ¢» = 0.0001, ¢3 = 0.0004 and ¢ = 0.001.
With such choice we get Ry = 2.7365 > 1. Clearly, the equilibrium point £Q; exists when
Ro > 1 with EQ; = (366.543,17.121,4.28,4.619,0.152). Figure 2 demonstrates that the
numerical outcomes come to an agreement with the result of Theorem 3 as the solutions
of system (5) end up at EQ1 when R > 1 for all I.C.1-1.C.3. From a biological standpoint,
this situation reveals that both HIV-1 particles and B-cells will continue to exist within the
host organism.

40 T T T T T
500 & - T T T T & —I1C.1
3 —LC.1 it ---LC2|]
‘ -=-=LC2| iR e e 1.C.3
450t v e 1.C.3| |
400 q
=
350 q J
300 B
250 - - - . - 0 . . . . .
0 100 200 300 400 500 600 0 100 200 300 400 500 600
t t
(a) (b)
10 - - - - T 12
i —I1.C.1 —I1.C.1
-==1C.2 -==1C.2
----------- I.C.3 - LTI I-C'S
S S ,
0 . . . . . 0 . . . . .
0 100 200 300 400 500 600 0 100 200 300 400 500 600
t t
(c) (d)
0.4
—1.C.1
0.35 -=-=-LC.2|
7 N P TTTTTTTTITY I.C-3
0.3
0.25 b
= 0.2 f:
0.15
0.1 1
0.05 b
0 . . . . .
0 100 200 300 400 500 600

(e)
Figure 2. Solutions (F(t), Q(t), G(t),K(¢),U(t)) of system (5) whenever £y > 1. (a) Healthy
CD4TT cells; (b) (HIV-1)-latently infected cells; () (HIV-1)-actively infected cells; (d) HIV-1 par-
ticles; (e) B-cells.
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4.1.2. Effect of the Impaired Humoral Immunity

In this scenario, we introduce variations in the parameter ¢ while setting specific values
for ¢1 = 0.003, ¢, = 0.0001, and ¢3 = 0.0004. To explore how the dynamics of system (5)
are influenced by the impairment of the humoral immune response, we numerically solve
the system, considering different values of ¢ as outlined in Table 2. In this case, we define
the following initial condition:

I.C.4: (F(0),Q(0),G(0),K(0),U(0)) = (366,17.15,4.28,4.6,0.08).

Table 2. Effect of the impaired humoral immunity parameter.

P Equilibria
e=0 EQ1 = (366.56,17.12,4.28,4.619,0.154)
e=0.04 5 366.131,17.132,4.283,4.629,0.095)

Q1= (
Q1= (365.877, 17.139,4.285,4.635, 0.061)
e=2 2Qp = (365.468, 17.15,4.287,4.644, 0.005)

I
|
©
=
[1]

We observe from Table 2 that an increase in € results in a decrease in the number of
B-cells. This reduction is linked to a higher count of (HIV-1)-latently and (HIV-1)-actively
infected cells, as well as HIV-1 particles. As a consequence, the population of healthy
CD4"T cells decreases. An insightful observation from Figure 3 is that the impairment of
the humoral immune response does not alter the stability criteria of the equilibria. This is
evident as the parameter ¥y remains unaffected by changes in e.

367 17.25
e=0 £=0.04 swne=0.1 e=2 ‘ e=0 £=0.04 i e=0.1 e=2
366.5 q 17.2 7
=S 366 F, 1 S 17.15 [
= o o Sy
365.5 E 17.1 A b
365 - : - 17.05 - - -
200 400 600 800 0 200 400 600 800
t t
@) (b)
4.31 =0 £=0.04 wrmn £=0.1 e=2 4.67 =—0 £—0.04 sweerreern e—0.1 e—2
4.66 q
4.3 - B
4.65 i

429 ..

G(t)

4.28

4.27

4.26

200

400 600 800 o 200 400 600 800

t t
(0 (d)

Figure 3. Cont.
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e=0

0.16 £=0.04 erererrerns c=0.1 5:2L

0.14
0.12
0.1
=
= 0.08

0.06 "
0.04

0.02 |

0 20 40 60 80 100
t

(e)
Figure 3. Solutions of system (5) for various ¢ values. (a) Healthy CD4"T cells; (b) (HIV-1)-latently
infected cells; (c) (HIV-1)-actively infected cells; (d) HIV-1 particles; (e) B-ells.

4.2. Numerical Simulation for Model (23)

In this subsection, for numerical computations, we choose a specific form for the
probability distribution functions T;(A), where i = 1,2, 3, as outlined below:

T;(A) =6.(A—A;), A;j€0,0], i=123,
where 6. (.) is the Dirac delta function. As ¢; — co, we obtain
/0oo T,(AN)dA =1, i=1,23.
Moreover, we have
A = /0 TS A = A)e A = N, (=123,

Therefore, the distributed-time delay system (23) will be converted into a discrete-time
delay system as follows:

B — g pF(t) — grE()K(E) — g2E(HQ(E) — p3F(E)G(E),

i
d%t) = e MMF(t— A1) (@1K(t — A1) + @2Q(t — A1)

+93G(t— A1) — (S +8)Q(1), )
M — *062/\2 _ /\ _ GG
ar ge Q(t —A2) (1),
AU = pem MG (1 — Ag) — kK(t) — cU(HK(1),
A = pK(b) —yU(t) — el (HK(1).
For system (40), the basic reproductive number is:
« Rt (Gem 2 (gupe 9 + oK) + o)
§RO(40) = ({f T 19);{9 . (41)

The Effect of the Time-Delays on the Stability of Equilibria

To explore how the solutions of the system are affected by the time-delay parame-
ters (40), we keep the parameters constant ¢1 = 0.003, ¢, = 0.0001, ¢3 = 0.0004, ¢ = 0.001,
a1 = 0.1, ap = 0.2 and a3 = 0.3. On the contrary, the remaining parameters will be selected
from Table 1. Furthermore, we will vary the delay parameters A;, where i = 1,2,3. The
dependence of 3}0(40) which is presented in Equation (41) on the values of A; causes a
remarkably changing in the stability of equilibria as long as parameters A; are changed.
Let’s consider the following scenarios for the delay values:
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DV1 A, = 0.07, A, = 0.06, A5 = 0.05.

DV2 A, =08,A, =0.7, A3 = 009.
DV3 A =13,A, =14, A3 =15.
DV4 A =18,A, =19, A3 =2.
DV5A; =4,A, =3,A3 =5.

We solve system (40) under the below initial
LC.5: (F(r),Q(r),G(r),K(r), U(r)) = (400,4,2,1,0.3),r € [—A,0], A = max{Aq, A2, A3}
In Table 3, we present the values of 5)?%0(40) for different values of A;, i = 1,2,3. We
notice that an increase in the parameters A; leads to a remarkable decrease in the values of
3?0(40). Figure 4 illustrates the numerical solutions of the system. A significant effect of the
inclusion of time-delays is concluded, that is an increase in the number of healthy CD4"T
cells and a decrease in the numbers of (HIV-1)-latently and (HIV-1)-actively infected cells,

HIV-1 particles, and B-cells occur.

Table 3. The disparity of @0(40) based on A;.

Delay Parameters (A1, A2, A3) Equilibria ﬁo(zm)
(0.07,0.06,0.05) EQy 40y = (377.574,16.705,4.126,4.388,0.144) Ro(10) = 2656
(0.8,0.7,0.9) = ~1(40) = (552.652,11.161,2.426,2.003,0.066) §ft0<40) =1.812
(1.3,1.4,1.5) EQ1(4O) = (743.32,6.092,1.151,0.795, 0.026) 5&0(40) = 1.346
(1.8,1.9,2) o ~1(40> = (935.941,1.446,0.247,0.147,0.005) @0(40) = 1.069
(4,3,5) EQq(40) = (1000,0,0,0,0) Ro(a0) = 0461
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Figure 4. Cont.
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0.30
——DV1 ---DV2 ---DV3
------ DV4 - O- DV5
0.25 |
0.2 1
= ,
S 015

0.1
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1000 1500

(e)
Figure 4. The influence of the time-delay parameters A; on the solutions of the system (40). (a) Healthy
CD4™T cells; (b) (HIV-1)-latently infected cells; (c) (HIV-1)-actively infected cells; (d) HIV-1 particles;
(e) B-cells.

4.3. Sensitivity Analysis
4.3.1. Sensitivity Analysis for Model (5)

The primary objective of a sensitivity analysis is to pinpoint the variable with the
highest risk contribution. To achieve this, we will employ partial derivatives to compute
sensitivity indices when variables undergo variations based on parameters. The normalized
forward sensitivity index for the basic reproductive number, $, can be expressed in terms
of parameters as follows:

S a%y
Ry 35
where S is a given parameter. We used Equation (42) to determine the sensitivity indices
for each parameter contained in the basic reproductive number, $y, using the parameter
values provided in Table 1, as well as the following parameters: ¢; = 0.003, ¢, = 0.0001
and @3 = 0.0004. Table 4 and Figure 5 present the sensitivity index values for $y. It is
evident that ¥, ¢1, @2, @3, 4 and ¢ have positive indices values. In this instance, there is a
correlation between the endemicity of the HIV-1 disease and an increase in the values of
these parameters. The other indices are negative, which means that when the values of p,
x, ¥ and 6 increase, the value of the basic reproductive number, §, decreases. Obviously,
the most crucial parameters in terms of sensitivity are ¢, ¢; and y, while @, and ¢3 are the
least crucial. The parameter of B-cells responsiveness, ¢, has no effect on Ry.

—_
g =

(42)

L R S /A S

Forward sensitivity indices

Parameters

Figure 5. Forward sensitivity analysis of the parameters on R in system (5).
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Table 4. Sensitivity index of ity of model (5).
Parameter S Value of &g Parameter S Value of &g
P 1 U 0.802
0 -1 ¢ 0.361
1 0.802 K —0.802
@ 0.099 4 —0.459
Q3 0.099 0 —0.901

4.3.2. Sensitivity Analysis for Model (40)

We applied Equation (42) with respect to §)?E0(40) to compute the sensitivity indices for
each parameter contained in the basic reproductive number, §)?E0(40), using the parameter
values provided in Table 1, as well as the following parameters: ¢; = 0.003, ¢ = 0.0001,
@3 = 0.0004, 21 = 0.1, 2y = 0.2, a3 = 0.3, A; = 0.07, A, = 0.06, and A3 = 0.05. Table 5 and
Figure 6 present the sensitivity index values for @0(40). Since, ¢, @1, @2, @3, 4 and ¢ have
positive indices, then, increasing these values will increase endemic of the HIV-1 disease.
While increasing negative indices values, which are x, 8, 0, a1, ap, a3, A1, A2, and A3 will
decrease the value of @0(40). We can see that ¢, @1 and y are the most important parameters,
and ¢; and @3 are the least important. The parameter of B-cells responsiveness, ¢, has no
effect on @0(40).

Table 5. Sensitivity index of @0(40) of model (40).

Parameter S Value of &g Parameter S Value of Eg
P 1 9 —0.459
0 -1 0 —0.899
¢ 0.799 aq —0.007
. 0.101 s —0.011
@3 0.1 a3 —0.012
U 0.8 M —0.007
¢ 0.358 Ay —0.011
K —0.799 A3 —0.012

T T T T T T

Yop oo o3 p & kU 0 on o apoaz A Ay A3

Forward sensitivity indices

Parameters

Figure 6. Forward sensitivity analysis of the parameters on @0(40) of system (40).
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5. Discussion
To show the importance of including the latent CI spread in our proposed models, we
consider model (5) under the effect of three types of antiviral drug therapies as:
T =9 —pF(H) — (1= L)@ F(K(E) — (1 - ) @aF(H)Q() — (1 - £3)psF(HG(H),
K = (1-n) <P1F(f)K(t) (1= 6)p2F(1)Q(H) + (1= L3) @3 F(£)G(t) — (£ + 9)Q(H),
S =t —oc(), (43)
t
L = §G(1) — kK (1) ~ cU(DK(),
AU(t)

= ¢K(t) —U(t) — €U(t)K(t),

where /1 € [0,1] is the efficacy of antiviral therapy in blocking VI. Moreover, ¢, € [0,1] and
03 € [0,1] are the efficacies of therapy in blocking latent CI and active CI, respectively [50].
The basic reproductive number of system (43) is:

(1-l)Fuger | (1 —6)Fopz | (1 —13)Fges
K6(&+ 9) ¢c+9 0(&+9)

R =

We assume that ¢ = {1 = ¢, = {3, then we get

0 Foudoq Fopz Folos | _ .,
To=0-0GET0 gw*e@wﬂ‘“ £)%o.

Now, we calculate the drug efficacy ¢ that makes R < 1 and stabilizes EQy of sys-
tem (43) as:

1> 0> lpin = max{O 1- ! } (44)
Ro

When we ignore the latent CI spread in model (43) we obtain

ED = — pF(t) — (1 - O)g1 F(HK(t) — (1 — O)@sF(1)G(t),

WO = (1 - 0) g F(HK(E) + (1 - D) gsF(HG(E) — (& + 8)Q(D),

el —zQ(t) - 6G(t), (45)
= uG(t) — kK (1) — cU(HK(t),

WD = K(t) — U() — eU(HK(1),

and the basic reproductive number of model (45) is:

- Foudoq FoCos | _ &
%= -0 k8 + gy | = 0 O%

We determine the drug efficacy ¢ that makes §)€Eg < 1 and stabilizes EQ of system (45) as:

1> 0> lpin = max{O 1-— ! } (46)
Ro

Clearly, Ro < R, then comparing Equations (44) and (46) we get that Povin < Pmin. There-
fore, if we apply drugs with efficacy ¢ such that Ponin < 0 < Doin, this guarantees that
ﬁ%é < 1and then ZQy of system (45) is G.A.S, however, %6 > 1 and then EQ of system (43)
is unstable. Consequently, the designed drug therapies using a model without considering
the latent CI spread may be inaccurate or insufficient to eradicate the viruses from the body.
Therefore, our proposed models are more relevant in describing the HIV-1 dynamics than
the models presented in [29,30].

The primary limitation of our current study is that we did not utilize real data to
estimate the model’s parameter values. Several factors contribute to this limitation:
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1.  Limited Availability of Real Data: There is a scarcity of real data from HIV-1 infected
individuals, which hinders the accurate estimation of model parameters.

2. Precision Issues: Comparing our obtained results with the limited existing studies
may lack precision due to the scarcity of data points.

3. Data Collection Challenges: Collecting real data from HIV-1 infected patients can be a
challenging and resource-intensive task.

4. Experimental Scope: Conducting experiments to obtain real data falls outside the
scope of this paper.

Therefore, it is crucial to acknowledge that the theoretical findings presented in this
paper should be validated against empirical observations when sufficient real data be-
comes accessible.

6. Conclusions

In this study, we developed two models to get an insight into HIV-1 dynamics taking
impaired humoral immunity under consideration. These models consist of five compart-
ments; healthy CD4"T cells, (HIV-1)-latently infected cells, (HIV-1)-actively infected cells,
free HIV-1 particles, and B-cells. In pursuit of a more realistic representation, we considered
a scenario where healthy CD4*T cells become susceptible to infection upon encounter-
ing free HIV-1 particles, (HIV-1)-latently infected cells, and (HIV-1)-actively infected cells.
In our second model, we introduced three distributed time-delays to better capture the dy-
namics. It is noteworthy that the solutions generated by these models exhibit nonnegative
and bounded characteristics. Within this framework, we identified two critical equilibria:
the infection-free equilibrium denoted as £Qq (or £Qg) and the infected equilibrium rep-
resented as £Q; (or 2Q;). To quantify the impact and potential outcomes, we computed
the basic reproductive numbers, denoted as Ry (or ). These values play a pivotal role in
dictating the existence and global stability of the aforementioned equilibria. Notably, R, (or
0) comprises three distinct components: the contribution from viral infection (VI), the con-
tribution arising from latent cellular infection (latent CI), and the contribution attributed to
active cellular infection (active CI). To assess the overall system behavior, we employed
Lyapunov functions and the LaSalle’s invariance principle (L.I.P) to investigate the global
asymptotic stability of these equilibria. Our analysis yielded two important scenarios:
first, if Ry < 1 (or Ry < 1), then the infection-free equilibrium EQy (or £Qy) is globally
asymptotically stable (G.A.S), leading to eventual infection extinction. Conversely, if g > 1
(or Ry > 1), the equilibrium EQy (or EZQ)) becomes unstable, and the infected equilibrium
ZQ; (or 20Q;) prevails as G.A.S, signifying the establishment of chronic infection. To rein-
force our theoretical findings, we conducted numerical simulations that corroborated our
analytical results. Furthermore, we delved into the impact of B-cell impairment, time-delay,
and latent CI on the dynamics of HIV-1. Notably, weakened immunity emerged as a
significant contributor to disease progression. Additionally, the presence of time-delay
emerged as a key factor in reducing the basic reproductive number f and consequently
suppressing HIV-1 replication. In light of this, strategies aimed at eliminating HIV-1 from
the body should prioritize measures that reduce Ry below 1. We also observed an increase
in delay parameters A;, where i = 1,2, 3, when infected patients undergo drug therapies
against HIV-1. In a crucial finding, we highlighted the consequences of neglecting latent CI
spread within the HIV-1 dynamics model. This omission can lead to an underestimation
of the basic reproductive number, potentially resulting in inaccurate or insufficient drug
dosing for virus eradication. This underscores the vital importance of incorporating latent
CI spread within our proposed models. In addition, we conducted a sensitivity analysis to
elucidate how variations in the values of all model parameters can impact #y (or i) under
specific data conditions. This comprehensive analysis provided valuable insights into the
sensitivity of the system to parameter changes, further enhancing our understanding of
HIV-1 dynamics.
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F(t, )
ot
aQ(t h)

ot

AG(th)
ot
AK(t, )
ot
AU(t, h)
ot

Future Works

The following enhancements can be made to extend Model (23):

e Including the diffusion of the cells and viruses as [8,9]:

— GpAF(t,h) = — pF(t,h) — oiF(t, WK (1, 1) — gaF (1, 1)Q(4, 1) — g3F (1, 1)G (1),

— $AQ(th) = /OQl Ty(A)e ™ "MF(t = A, 1) (91K(t = A, h) + 92Q(t — A, h)

T9aG(t = A, h))dA = (§+8)Q(t 1),

— $cAG(th) = g/ogz To(M)e 2 Q(t — A, h)dA — 6G(t, h),
— pxAK (L) = 1 /0 C L (A)e NG (t — A, h)dA — kK(t h) — U (6 K (L ),

— puAU(t h) = PK(t, 1) — YUt ) — eU(t, )K(t 1),

where £ is the position, A = % and ¢, is the diffusion coefficient of compartment u.
One can also include different kinds of diffusion in our systems (see e.g., [51-53]).

e  Utilizing real-world data to estimate model parameters accurately, which can enhance
the model’s predictive capabilities and align it better with empirical observations.

*  Broadening the scope of the model to incorporate the role of Cytotoxic T Lymphocytes
(CTLs) alongside B-cells, allowing for a more comprehensive representation of the
immune response.

* Investigating the integration of age structure into the infected cell population within the
model, which can provide insights into how age-related factors impact disease dynamics.

¢  Exploring the effects of viral mutations on the dynamics of the model, considering
how genetic changes in the virus may influence disease progression and response to
interventions.

It should be noted that these proposed enhancements are being deferred for future
consideration and further study.
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