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Abstract: This article addresses the problem of global practical output tracking by output feedback
for a class of uncertain inherently time-varying delay nonlinear systems. Firstly, a homogeneous
output-feedback controller is designed for the nominal uncertain inherently system by virtue of
adding a power integrator technique. Then, with the help of an appropriate Lyapunov—Krasovskii
functional and reduced-order observer, by using the homogeneous domination approach and adding
a power integrator method, an output-feedback controller is successfully developed to guarantee all
the states of the closed-loop system remain bounded and simultaneously making the tracking error
arbitrarily small. The simulation results of an example verify the proposed approach.

Keywords: homogeneous domination approach; output feedback; practical output tracking; time-varying
delay; uncertain nonlinear systems

1. Introduction

In this article, we consider a class of uncertain inherently time-varying delay nonlinear
systems of the following form:

(1) = 0k (7 + it 30, 31t~ 3t = da(D), (1),

i=1,...,.n—1,
Xn(8) = auu(t) + @u(t, x(t), x1(t —di(t)), ..., x0(t —dn(t)), u(t)),
y(t) = om(t) - 1(b),

@

where x(t) = (x1(t),...,x.(t))" € R", u(t) € R, and y(t) € R are the system state, control
input, and output, respectively. d;(t) > 0, i = 1,..., n are time-varying delays satisfying
0 < d;(t) < d; for constants d;, the system initial condition is x(0) = ¢o(0), 6 € [—d, 0] with
d > maxj<j<,{d;}. ¢i(-), i = 1,...,n are unknown continuous functionsand w;, i = 0,1,...,n
are unknown constants. It assumes that the only measurable signal in system (1) to be the output
Y.pi € R(%ild'

The issue of output tracking of nonlinear systems has attracted a great deal of attention
over the past decades and a series of research results have been achieved ([1-16], and
references therein). Due to the lack of a common and effective approach to design a
nonlinear observer, output-feedback tracking for uncertain inherently nonlinear systems
is very complex and challenging compared to the state-feedback case. Therefore, the
development of a theory for an output-feedback control design for this problem has been
relatively slow. Many studies require a precise knowhow of the non-linear functions,
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¢i(-)’s, that are necessary to construct the non-linear observers. When the non-linear terms,
¢i(+)’s, are not precisely known, the observers proposed in the works will no longer be
implementable. To deal with the uncertain non-linear terms, ¢;(-)’s, one study [17] has
developed a feedback domination method to achieve global output-feedback stabilization of
System (1). It is showed that an observer and controller can be constructed without knowing
the non-linearities and global stabilisation can be achieved under a linear growth condition.
In articles [3,5-7,9-11], there are some results reported to help solve the problem of output-
feedback tracking for inherently nonlinear systems, with the help of the homogeneous
domination method proposed in [17]. The superiority of the feedback domination method
compared with other methods is the controller and the observer are constructed only based
on the nominal system of System (1). No precise information on the nonlinearities ¢;(-) is
needed. In other words, the same dynamic controller can be applied to different nonlinear
systems as long as they satisfy Assumption 2. This property makes it possible to deal
with nonlinear systems with unknown disturbances. Recently, the problem was extended
to stochastic nonlinear systems and high-order switched nonlinear systems ([14-16], and
references therein).

In various engineering and physical systems, etc., time delays are frequently encoun-
tered. Nevertheless, the above literature does not consider the effects of time delays. As
everyone knows, a time-delay phenomenon will deteriorate the system’s performance and
even make it adversely affect system stability or other performance aspects. Therefore, it is
very important to investigate the stability or output-tracking issues of time-delay nonlinear
systems. There have been quite a few reports on stabilization issues in recent years, but
there are just a few references that are similar to the system considered in this study, such
as [18-27]. There are not many reports of studies on the output-tracking control time-delay
problem compared to the case of the stabilization problem. Recently, there have been a few
interesting research results for the problems of output tracking via output feedback [28-31].
However, these works only investigated the partially linearizable case of System (1). Re-
searchers [32,33] investigated and solved the problem by using state-feedback control.
Recently, we have published research results on the issue of output-feedback control where
the time delay is constant [34]. Naturally, an interesting question is whether it is possible
to extend the results in [34] to non-deterministic, inherently time-varying delay nonlinear
systems (1), which is the motivation behind this research.

This article addresses the problem of global practical output tracking by output
feedback for a class of uncertain inherently time-varying delay nonlinear systems. With
the help of an appropriate Lyapunov-Krasovskii functional and reduced-order observer,
by using the homogeneous domination approach and adding a power integrator method,
an output-feedback controller is successfully developed, to guarantee all the states of
the closed-loop system remain bounded and simultaneously making the tracking error
arbitrarily small.

The main contributions of this work can be highlighted as follows: (i) The consid-
ered nonlinear systems are uncertain inherently time-varying delays systems. Due to
the appearance of uncertain inherently nonlinear terms and the time-varying delays, the
observers in the existing results [28-30,34] and the Lyapunov-Krasovskii functionals are not
applicable to System (1). Therefore, choosing an appropriate Lyapunov-Krasovskii functional
and constructing an available observer are not easy work. In this work, we introduce a new
Lyapunov—Krasovskii functional and by using a homogeneous domination approach, over-
come a number of difficulties emerged in analysis and design, e.g., due to the non-linear terms,
¢i(+), not being precisely known, or the Lyapunov-Krasovskii functionals and observers in the
existing results no longer being applicable to System (1). Furthermore, many more complex
nonlinear terms will be inevitably produced due to multiple time-varying delays. (ii) An
output feedback controller with an observer is proposed for the considered system by utiliz-
ing a recursive design approach, and the output tracking of the corresponding closed-loop
system is guaranteed. This work also extended the results in [8,34] to time-varying delay
nonlinear systems.
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The rest of this paper is organized as follows. Section 2 gives a useful definition and
the lemmas. Section 3 gives the problem formulation and our main results. Section 4 gives
a simulation example to verify the effectiveness of our proposed approach. The conclusions
are included in Section 5.

Notations: R" denotes the real n-dimensional space and R™ := [0, o). For any vector
x = (x1,...,x;)" € R", ||x|| denotes the Euclidean norm of x. A function f:R" — R
is said to be C function if its partial derivatives exist and are continuous up to order
k, 1<k < oo. A C? function means it is continuous. A C*® function means it is smooth; that
is, it has continuous partial derivatives of any order. Besides, the arguments of functions
(or functionals) are sometimes omitted or simplified, whenever no confusion can arise from
the context. For instance, we sometimes denote a function f(x(t)) by f(x),f(-), or f.

2. Useful Definition and Lemmas

In this section, we give a definition and several lemmas. These lemmas will play
important roles in this paper.

Definition 1. [35]. For real numbersr; > 0, i =1,...,n and fixed coordinates
x=(xy,...,xy) € R", Ve > 0.
o Thedilation AL(x) is defined by AL(x) = (s xq,- -+ ,s™xy), for Ve > 0, with r; being called
as the weights of the coordinate. For simplicity, we define dilation weight A = (r1,..., 7).

e A function V € C(R",R) is said to be homogeneous of degree m if there is a real number
m > 0, such that

Vx € R"/{0}, V(AT (x)) ="V (xy, -+, xn).

o Awvectorfield f = (f,..., fa)" € C(R",R") is said to be homogeneous of degree m if there
is a real number m € R, such that fori=1,...,n

Vx € R"/{0}, fi(exy, -+ ,eMxy) = " Tifi(xq, -, xn).

1
e A homogeneous p-norm is defined as ||x|| ,, = ( ;’:1|xi|p/r’) /p, V x € R" for a constant
p > 1. For simplicity, we choose p = 2 and write ||x|| 5 for [|x| 5 »-

Lemma 1. [35]. Given a dilation weight A, suppose Vi (x) and V,(x) are homogeneous functions
of degree my and my, respectively. Then, V1 (x)V,(x) is still a homogeneous function with respect
to the same dilation weight A. Moreover, the homogeneous degree of Vy(x)Va(x) is mq + my.

Lemma 2. [35]. Suppose V : R" — R is a homogeneous function of degree m with respect to the
dilation weight A. Then the following hold:

(i) 9V /ox;is homogeneous of degree m — r; with r; being the homogeneous weight of x;.
(ii) There is a constant & > 0 such that V(x) < @||x||x. Moreover, if V(x) is positive definite,
ollx||x < V(x), for a constant o > 0.

Lemma 3. [36]. For x € R, y € Rand p > 1, the following holds:
JxHylP <227 P, (x4 )P < VP < 20 P (] )P
If p > 01s an odd integer, the following holds:

-1 1 1 -1 1/
=yl <2 P [y < 20 Py,
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Lemma 4. [37]. For x € R, y € R and real number p > 0, the following holds:
27 = y?| < plx =yl 4y < clx—yl|(x—y)P Ty
wherec =pforl < p <2andc=2""1pforp > 2.

Lemma 5. [38]. Let x, y be real variables. Then, for any positive real numbers a, b, m and n, the
following holds:

—m/n
a|X|m‘y|n < b|x|m+n + min(m;—n) a(m+n)/nb7m/n|y|m+n.

3. Problem Statement and Main Results

The purpose of this paper is to solve the problem of global practical output tracking
by an observer-based output-feedback controller for System (1). The specific description
will be formulated as follows.

The problem of global practical tracking via output feedback: For any given tolerance
€ > 0 design, an output feedback controller is of the form

{=a(y), CeR" )
u(t) = g(0,y), @

such that all states of the closed-loop Systems (1) and (2) are well defined and globally
bounded on [0, ), and for any initial condition (x(0),{(0)), there exists a finite time
T(e, x(0),¢(0)) > 0, making the tracking error of Systems (1) and (2) satisfy

y(O)] = () =y ()] <& VE>T >0 ®)

To achieve the objective, it needs the following assumptions.

Assumption 1. Fori = 0,1, ..., n there exist positive constants « and w such that

a<|agl <m

Assumption 2. There are constants C; > 0, Cy > 0and T > 0 such that

M@xmﬁmbwumPWMU—@w»wm|sq(ivmwwﬂ“+iuw—¢mnmm“)+@ @
=1 '

j=1
where
rn=1rn=0+1)/pi>0i=1,...,n (5)
and p, = 1.
Assumption 3. The time-delays d;(t) are differentiable and satisfies

0<d;(t) <d;, di(t) <vyi<]1,

for constants d;and v;, i=1,...,n.

Assumption 4. The reference signal y,(t) is continuously differentiable. Moreover, there is a
constant M > 0 such that

lyr (O] <M,

v, ()| <M, Vt>—d.
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Remark 1. In the literature [3-7], although the control coefficients are all one, the output-feedback
control design of System (1) is more complicated. Assumption 1 relaxes these control coefficients.
Compared with [2-4,6,7], Assumption 2 is a milder condition; when d;(t) = 0, it becomes the
assumptions in [3-8] that play an important role to solve the tracking problem. When time-delays are
constants and p; = 1, Assumption 2 becomes the assumptions in [28] and when d; # 0 and p; > 1,
it reduces the assumption in the existing results [32,34]. However, when d;(t) # 0, the global output
tracking of system (1) by output feedback is a relatively new problem because of a time-varying
delay entering system states makes the control design more difficult because the existence of a time-
varying delay effect makes the common assumption on the high-order system nonlinearities infeasible
and which conditions should be placed to the nonlinearities remains unanswered. Assumption
4 represents the condition of the reference signal, which can already be called the standard condition
for solving the tracking problem of nonlinear systems (see [3-8,28,32-34]).

Under Assumptions 1-4, the main purpose of this paper is designing the output-
feedback control to solve the practical output-tracking problem for uncertain inherently
time-varying delays nonlinear systems (1).

In order to achieve this goal, we make the following transformation:

Zl(t) = zxoxl(t), Zi(t) = ?le'xi(t), i= 2, ....n (6)

1/ i
where &;_ 1—1—[; % a; (pj-1--pi-2)
rewritten as follows:

, Po = 1. Using the new coordinates (6), System (1) can be

), u(t))
), u(

zi(t) = 2 (1) + it 2(1), 2 (t = da (1)) Zn(f*dn( ,
t t ), (7)

,. t
Zn()—‘xn (1) + n(t, z(t), 21 (t —dy (1)), ..., zn(t — dn(
y(t) =z1(t) —yr(t)

) u(t)
t)), ult

pi(t, z(t), 21 (t —d(1)),..., zn(t — du(t)), u(t))
= aifl(Pi(tl Z(t)/ Zl(t - dl(t))/' s Zn(t - dn(t))/ M(t)), i=1,...,n

_ 1 1 Dae
andzx,,:( n-1 g1/ piap 1>>¢xn.

j=1 7j—-1
Using Assumption 1, it can be easily proved that Assumption 2 also holds for ;,
_ i (ri+7) /7] (T’H‘T)/"' —=
lwi(t, z(t), 21 (t —d1 (1)), ..., zn(t — dn(t)), u(t))] §C1<E z(t "+ Z’z] (t—dj(t ’) + G, 8)
j=1

where E,-, i = 1,2, are the new growth rates.
In what follows, we first design an output-feedback stabilizer for the system:

i7;(t) = ijrl(t)/ i=1,...,n=1,1,) =au(t), y(t) =n(t) )

We adopt a similar the method as [8], which can construct a state-feedback stabilizer for the
system (9), as described by Fact 1.

Fact 1. Suppose there exists a state-feedback stabilizer for System (9) of the form

() = —Bud 7 = (4 B (07 4 g (g ) ) (10)

with a positive definite and proper Lyapunov function,
20—1—1i)/0

L i
Vo= Z/W (s7/r = /) ds (11)
i=1""

such that .
-y, (12)
=1
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where & = 1717/n 171*‘7/“, nt=—Pi_ 1@:’/1‘7, 7y =0,0 > maxj<j<, {T+r}and B;, i =1,..., nare

positive constants. Then, the closed-loop Systems (9) and (10) is globally asymptotically stable.

When states 175, ..., 1, are unmeasurable, it can replace #; with 7; in (9) by the certainty
equivalence principle and via using a similar approach as [8], which can construct an output-feedback
stabilizer for System (9), as described by Fact 2.

Fact 2. Suppose there exists an observer-based output feedback stabilizer for System (9) of the form

é = _llﬁgl/ ’IZ _ (§2 + 11?]1)72}’71/7’1 (13)
=L, Al = G+ L), i =3,
N . L0/ Ty (ra+7)/0
u(f) = —Bu (" + B/ (7 4 B 0S4 B ) ) (14)

with a positive definite, continuously differentiable and proper Lyapunov function,

Q=Vy+ i u; (15)
i=2

(ZO'*T*T,‘)/O' (20—1—1;_1)/1;

ds, Uj = /€+1 11 )@' T 1)/riq ( s'- VT — (€l+lz 1i— 1)>d

V, = i/?’( o/t _17;«7/?1)

such that , ;
Q<-Y&-Ye (16)
=1 j=2
) ) i1\ 7/ (ripi1)
where gy = 7" — 77"t = —Bia ot = 0,0 > maxicicu{T 4 i} e = (0] = 4]) :
and l;, B;i =1, ..., nare positive constants. Then, the closed-loop Systems (9), (13), and (14) are globally asymptoti-
cally stable.

The proofs of Facts 1-2 are similar to ([8], Theorem 1), with some modifications, and the
parameters [;,i =1, ..., n, for the observer (13) also can be chosen by the technique proposed in [8].
Therefore, it is omitted here.

Note that from the construction of Q, it is not difficult to verify that Q is positive, definite, and
proper with respect to

H:=[11, ) u, s s ] 17)
The closed-loop Systems (9), (13), and (14) can be rewritten as

. _ . . T
H = F(H) = [U;lf tt Uﬁ”il/ 0(1/1(7’]1, ’72/ cey ’Ii’l)/ f1’l+1r sty on—l (18)

where fnJrl = CZ/fn+2 = CB/ e /onfl = gn'
Moreover, by introducing the dilation weight,

A= [rll Y2, ey Pu, 1,72, oy l’n,ﬂ (19)

forni, ..., i for fiz,...,fin

By Definition 1, it can be verified that F(H) have a homogeneous degree T and since System (18) is
globally asymptotically stable by Fact 2, then there exists a Lyapunov function Q(H) of homogeneous
degree 20 — 7 for dilation weight A and satisfies

9Q(H)
OH

||y = | 2G5 Feen)| < —erll 0)

1/2
where ¢; > 0is a constant and ||H|[, = ( yn- 1\H |2/ ”) . Moreover, there is a constant ¢, > 0,
such that the following holds:

aQ(H)
OH;

GHIX T, ¢p > 0fori=1, ..., n 1)
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Next, an output-feedback controller to solve the problem of global practical output tracking
will be constructed.

Theorem 1. Under Assumptions 1-4, the problem of global practical output tracking for System (7) can be
solved by an output-feedback control using Forms (13) and (14).

Proof. The observer-based output-feedback controller is constructed by introducing a scaling gain
into the output feedback controller obtained in Fact 2. Before proceeding, we introduce the following
a coordinates transformation:

xi(t) == y(t), LYz(t) == xi(t), i=2,...,n, L Lo(t) := u(t) (22)

wherex; =0, x; = (k,_1+1)/pi_1,i =2,...,nand L > 11is a constant to be determined. Under the
coordinates (22), system (7) changed into

X()—LX1+1()+¢i(-)/LKf, i=1,...,n—1,
Xn(t) = Lao(t) + pu(-)/L*, (23)
y(t) = x1(t)

Using Lemma 3 and the fact L > 1, it is not difficult to prove that the following inequalities hold:

(ri+7) /1

L%x;(t)

() < &% <|X1( £+ yr ()| .i

Flxa(t—dy(£) + ye(t—dy (1)) /“+z I

j=2

L9t — dj ()

(24)
(n+r>/n> e

Further, by Assumption 2, we can easily calculate

(ri+7)/1;

(ritT) /7] 62
) + R/

i=1,...,n (25

Lipo) sclL”é(!w + (= ai)
L

where v = miny<j;, 199,{1 Ki(ri+7) /7 + K,'} > 0and C; > 0,i = 1,2 only depending on

C;, T, x;and M.
Next, we construct an observer with the scaling gain L,

é = —LLRY, 5 = (G +lix) P

L= —Lliagl™, ®0 = G+ ki), i=3, ., 20
and the controller using the same construction of (14), i.e.,
u(t) = D o(g) = — Lo B e+ BT (T + o B G + ) ) (27)
Clearly, using the same notation (17), the system (23), (26) and (27) can be written as
. 1 1 T
X = LE)+ 1), iz 9200 930 ) O 0) 8)

where F(X) is same as defined in (18).
Therefore, adopting the Lyapunov function Q(X), as in (15), its derivative along (28) satisfies

. T
Q(X) = LEGRLF(X) + 558 [91(), 7z 92(), 93() o Prn(), O, 0]

noy (. (29)
< —Ler XIG + & 250
1=
Further, using (25), one obtains
. " _100(X i (ri+7) /7 (ri+7)/7; _ " 1 190(X
O(X) < ~Laa X+ Ty Lt %X,)](Z o A le] (t—a1)| ) vay 220 o
i=1 1 j=1 i=1 !
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Since, by Lemma 2 and [35] ag}({x) is homogeneous of degree 20 — T — r;, the terms

‘BQ(X) (ri+7)/1; (t 7 d]( )) (ri+7)/1;

9X;
follows from Lemmas 1 and 2 that there exist positive constants a,- P 5,4 fori =1,...,n,such that

‘BQ(X) ' ( l‘
9X; j:1

Furthermore, it follows from Lemmas 2, 4, and 5 that there are positive constants by, by, 52

i

are homogeneous of degree 20, and so it

j

and | %50 3

j=1 j=1

(ri+T /r]

Z’X]

(rH—T)/}" — -
’) < Wi | X(BIIY + @il X(t—di (8) I}

such that
296 < bulxI " = (1120, ) (Lo e
< 1L||XH _~_b2L7(2(77T771)/(T+}’1),
1 aQ(X) 20—-T—1; —x;/(T+7; TH = 20 | 7 7 =20x;/(T+ri)
I | ey, | S @l XIXTT (L0 0) T <X 4B, =0 )

Now, substituting (31) into (30) leads to

QX(1) < —LallX|¥ +C i L (@I X+ will X (= ()17

FFLIXE) I + B G/ ) o (o)X (1) + BpL 2/ (4
i=2

< ~Lar X +C L L (@l X+ @il X (- ai0)]Y)
FGLIX(I + Bl G/ ) 1 3 (G| X (DA + By L2/ (47
i=2
— n .~
<-4 - o-vart e @) IxoR (clL £ ) I i) 1 |

=
_,’_sz +b22 L~ 20k;/ (T+7i)
=2
— n _ n _
<-t[(4-o-vart -G @) Ixol - (e £ o) Ixe - s
= ~ =
+by L + by(n — 1) L~ Fmin
— n ~
<13 - 0-nart -0 £ o IxwI
o / ~ (32)
(1 E )1 = O + B + T~ 1)L
i=1

where Ky, = min{x;}
To eliminate the effect of time delays, we chose a Lyapunov-Krasovskii functional, as follows:

VX) = Q0 +500, ()= Lt [ XK 8

i=

where A > 0 is a parameter to be determined later.
Since Q(X) > 0is continuously differentiable and proper, from Lemma 4.3 of Ref. [39], there
exist two class Ko, functions, 711 and 71y, such that

m(1X]) < Q(X) < ma(|X]) (34)
According to the homogeneous theory, there are constants §; > 0, i = 1,2, such that
SIXIY < W(X) < &l XI[3 (35)
where W(X) > 0is a function whose homogeneous degree is 2. Therefore, the following holds:
T (1X]) < W(X) < ma(|X]) (36)

with two class Ko functions 771 and 7,.
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With the help of 0 < d;(t) < d; and d;(t) < 7; < 1, it follows that

£ A o 1X(@) s <8 [y a1 X(6))ds <310 Fal1X(s + 0))dls +1)

- _ —~ (37)
<o sup M(|X(c+1)]) < ma(X[z(¢+1)])
—d;i<g<0
where 6; > 0 and 5~l > 0 are constants and 77, and %2 are class K functions, because
|X(t) < sup [X(¢+t)]and sup [z(¢+t)| < sup |X(c+1)].
—d<g<0 —di<g<0 —d<¢<0
Defining 71, = 75 + 75 from (33), (34), and (37), it follows that
(X)) < S(X(t) < ma sup [X(¢+1)]) (38)
—d<¢<0
From, (20), (21), and (24), follows (32), (33), and (38), in that
. . n
V=Q+1 2IX@IY Z MIX (= di (1) |13
i—
o 2 2
< —L(%l —(n—1)eL7! - "C1ZZ w; =X, - %) X)L — (/\ L=vey Z wj ) IX(E—=di()5 (39)
+b, L1 + bz(n — 1)L~ ¥min
_ 2 2
= —L(§ = (n=1el ™ = L7Vmy — LI A IX0Y - (A - L ) IX( = )Y
by (L1 L ¥min)
_n _n _ _ -
where m; = C1 ¥ w;, my = C1 ¥, w;and p; = byL ™1 4 by(n — 1)L~ Fmin
i=1 i=1
Therefore, by choosing A = m; L1177 and with a sufficiently large L, it satisfies
L c
—_ 11! v <1
(n—1)6L7" +L ( ] 1—%)_2
Then, the inequality (39) becomes
. ClL
V(X(t) = ——-lI1X( ) + o1 (40)

In (33), V,;(z) and S(z) are homogeneous of degree 20 — T and 20 with respect to the dilation weight
A, respectively. Therefore, it follows from Lemma 2 that there exist constants A; > 0and @; > Ofori = 1,2

such that
MIX YT < QX)) < X3 T (41)

and
@1 ||X(H)[X < S(X(1) < @ X(1)[|Y. (42)

Moreover, due to 20 — 7 < 20, L(T=20)/T < 1, 7 — 20 < 0, L > 1 and by Lemma 4, we have

20 — TL(T—20)/T /T
MlIX O = L2/ 1)M ) IXO IR T < Z LX) + AT @)

Then, we have

rL(t=20)/7T
V(X(8) < L X(B) Y + ——5 A3 (44)
or 2)/
1 20 —t 20/t
—V(X(¢¥)) < L||X(¢t A7, 45
VW) S LIXWIF + S5 4 )
where pp =: (@2 + (26 — T)/20).
Therefore, it follows from (33) and (44) that
' ‘1 20 TL ~20)/T 20/T TL(T—20)/7 20/T €1 —
<-4 <L
v (X(1) < - <L|x<t>||A F g T e T S V(W) 46)
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1

L

i)

. n
| <GL Y ()
j=1

T-20)/T 20/t — ~
where gy = AT HN2/T 4 gy = ELTT] 0 /T By By — 1)L e,
That is,
T/ eIy (x(1))) < o/ erlp, (47)
taking integral on both sides,
e/ Cov (X (1)) — V(X(0)) < zcﬂpl (eter/ o) —1). (48)
1

Therefore, there exists a finite time T > 0,
2
V(X(F) < e~t9/P2V (X(0)) + %pl (1 - e*fﬁ/PZ) < iﬂpl, forany t > T (49)
1 1

This leads to

3 20/7 652P2 6(”*1)5292
ZUL(z‘T*T)/TAZ * ciL * €1 L¥min

[x1(t) —yr ()] = [xa ()] < , foranyt>T.

Thus, for any given tolerance ¢ > 0, there exists a sufficiently large L such that
|x1 () —yr(t)| <e YE>T > 0.

This completes the proof of our main theorem. [J

Remark 2. In the observer and the controller design, the gain L needs to be assigned as a sufficiently large
number to achieve the given tracking accuracy € > 0. The value of L depends on the bounds of the reference
signal y,(t) and its first order derivative y,(t). In other words, once the bound of their and desired accuracy €
are given, the gain L can be determined. Also note that, there are only three set of parameters L, I; and B; need
to be determined in our dynamic compensator. The choice of 1; and B; only depends on the nominal system (9).
Therefore, they can be pre-fixed even for different nonlinear systems. This advantage greatly reduces the design
complexity normally associated with the dynamic output feedback design.

At the end of this section, we show that the problem of global practical tracking via the output
feedback of a system can be solved under the following mild assumption and the above Assumptions
1, 3, and 4 without the triangular increase condition in Assumption 2.

Assumption 5. There are constants Cvi >0,i=12,L>1,0<v <1land Tt > 0such that under the
change of (22)

it/ R ) A= (50)

L5’

+i‘xj(t—dj(t))
=

wherexy =0,r1 =1, pikjyy =x;+ 1L andrig1 = (r;+71)/p;i >0, i=1,...,n

It is obvious that Assumption 5 is a special case of Assumption 2, and next, a more general
result is given.

Theorem 2. Under Assumptions 1 and 3-5, there exist an observer-based output-feedback control of the form
(26)—(27) that solves the problem of global practical output tracking of System (23).

Proof. Similar to (25), Assumption 5 will directly lead to (32). The rest of the proof is similar to that

of Theorem 1 and hence omitted here. [

4. Example and Simulations

Consider the following time-varying delay nonlinear system,

31(t) = a3/ (8) + 63 (¢ = di (1)) cos(xa(t))
(b)) = apu(t) + 0.5(xg/5(t —dy(H) + 1)x‘1*/5(t) 1)
y(t) = aox1(t) — yr(t)

where a; € [1,15],i = 0,1,2 are unknown constants and di(t) = (0.3 +sin?(t))/3,

dy(t) = 0.2 +sin?(t)/2(1 + t?) represent time-varying delays. Using only the measurement y/(t)
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to track the reference signal, y,(t) is our control purpose. Clearly, the system (51) is of Form (1).
Subsequently, we chose the reference signal as y,(t) = 0.2sin5¢ + (sint)°.
Then,

lye(£)] = |0.2sin(5¢) + (sintﬂ <12,

v, ()] = ‘cos(St) + 3(sin(if))2 cos(t)| < 4. (52)

By choosing T = 2/3, together with r; =1 and p; = 7/5, we obtained r, =1and o =7/5.
Further, by Lemma 4, it can be verified that
4

91| < bxr (£ = ()7 < 215w (¢ = (1) |7° < 2l (6 = (1) + 5,

l92()] < Bl (B[t = d(£)) P/° + 5275 |xy (1)
< gl (D77 + 5 |xa(t — A1) P + sy 11 (] + 53527/ (53)
< (IO + 1O + xa(t - d(e)]”®) + §
and ‘
0<dqi(t) <13/30, di(t) =sin(2t)/3<1/3 < 1 (54)

0 < da(t) <7/10, do(t) = sin(2t)/4(1+ 12) — tsin2(t) /2(1+ 2)* < 3/4 < 1
Clearly, Assumptions 1—4 holds with C; > 6/7,C, > 6/7, and M > 4, and it is specifically

assumed thatag =1, a1 = 1.2, ap = 14.
Therefore, following the design procedure above, the output controller can be constructed as

iy = —L%7 (g + Iy (x1 — )"

u=—L"7p, (:Bl(xl —y)"° + (2 + h (31 — ]/r))7/5> (35)

choosing I; = 4.1, B = 1.1, B = 4 and L = 80. To perform the simulation, we chose the reference sig-
nal y,(t) = 0.2 sin 5¢ + (sin t)® and the initial states (x1(0),x2(0),72(0)) = (2, —2, 0.5). The simulation
results are shown in Figures 1-4. These figures verified the effectiveness of our design method.

2

|
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-15
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&
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Output tracking
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time/s

Figure 1. The trajectories of x1 (t) and y,(t).
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tracking error

o
&

-05 L " " L L
0 2 4 6 8 10 12
time/s

Figure 2. The trajectory of x1(t) — yr(t).



Computation 2022, 10, 187

12 0f 15

system state

L s n L
0 2 4 6 8 10 12
time/s

Figure 3. The trajectory of state x,(f).
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Figure 4. The trajectory of state #(f).

It is worth pointing out that although System (51) is simple, it cannot solve the global practical
tracking problem using the design methods presented in [1,3-8,10,11,34], because of the presence of
time-varying delay terms d; () and d,(t). Reference [1] only considers state feedback for a certain
class of p-normal form nonlinear systems, while Reference [3] only considers partially linear cases,
etc. In [34], a special case where the time-delay is only constant was considered. This paper addresses
the output-feedback-tracking problem of a class of high-order nonlinear time-varying delay systems.
However, if some classes of a general nonlinear system can be transformed into the considered system
in this article, then the method proposed in this article can also be used.

Next, we will verify that the same dynamic controller (55) can be applied to different nonlinear
systems, achieving the tracking purpose. We changed the functions ¢;(+) to

@1(-) = x8/3(t — dy(t)) + 0.50(t) cos(xa(t)) 56
92() = 0.50(1) (x3/°( — da(t)) + 1) x{/°(1) + 0(1) (56)

where [0(t)] < 1/2 is a bounded disturbance. It is not difficult to prove that Function (56) also
satisfies (53).

The observer and the controller remain the same as before. The numerical experiment demonstrates
that the very same controller, without any change, achieves practical tracking for different functions (56).
To perform the simulation, we chose the bounded disturbance as 6(¢) = cos t/2 and the same reference
signal y(t) = 0.2sin 5t + (sin t)3, with the initial states being (x1(0), x2(0),#2(0)) = (2, —2, 0.5). The
simulation results are shown in Figures 5-8. These figures verified the effectiveness of our design method.
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5. Conclusions

This article has solved the problem of global output practical tracking for a class of uncertain
inherently time-varying delays nonlinear systems via an observer-based output-feedback control.
With the aid of the homogeneous domination method and the new Lyapunov-Krasovskii functional,
a scaling gain is introduced into the proposed output-feedback controller to guarantee all states of the
closed-loop system remain bounded and simultaneously making the tracking error arbitrarily small.
The simulation results of the given example verified the effectiveness of our designed method. Some
interesting problems still remained; for example, if the growth rate a in Assumption 2 is an unknown
constant, how can we design an adaptive output-feedback controller for System (1)? Recently, a few
results on switched or stochastic high-order time-delay nonlinear systems have been achieved (for
example, [14-16]), but these papers only consider the systems with a high-order nonlinear growth. In
addition, new research topics are also being extensively studied (for example, [40-42]). An important
issue is whether these results can be extended to switched or stochastic nonlinear systems with
low-order nonlinearities or the above topic systems.
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