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Abstract

Despite the success of Geometric Graph Neural Networks (GGNNS), their reliance on local
message passing inherently limits the receptive field, leading to the over-squashing of distant
information. Current solutions—ranging from graph rewiring to global attention—address
this as a purely topological bottleneck, often neglecting the explicit electronic degrees of
freedom (e.g., charge transfer and electrostatics) that physically govern long-range cou-
plings. To resolve this disconnect, we propose HMP-Net, a framework that integrates
over-squashing remedies with chemically meaningful interaction channels. Our approach
introduces a differentiable hierarchy that routes information through learned “master
nodes”, enabling direct global reasoning while preserving local chemical fidelity. Crucially,
we clarify the theoretical ambiguity between topological and physical long-range interac-
tions, establishing practical boundaries for when explicit physical modeling suffices and
when architectural interventions are strictly necessary to capture global electronic states.

Keywords: Machine Learning Interatomic Potentials; Long-range Interactions; Over-squashing;
Hierarchical Message Passing; Geometric Graph Neural Networks; Electrostatics; Charge
Transfer

1. Introduction

Hydrogen energy storage (HES) plays a pivotal role in balancing intermittent renew-
able energy sources [1]. However, the rational design of efficient electrocatalysts for HES
relies heavily on understanding complex electrochemical interfaces, where long-range
interactions (LRI)—such as electrostatics, charge transfer, and solvation effects—are critical
factors governing catalytic activity.

While Density Functional Theory (DFT) [2] provides accurate descriptions of these
interactions, its high computational cost limits large-scale screening [3]. Machine Learning
Interatomic Potentials (MLIPs) [4-12] have emerged as a promising alternative. However,
most established MLIP architectures, such as SchNet [13] and DimNet [14], rely on local
message passing [15] with a finite cutoff radius. This locality assumption inherently limits
their ability to capture non-local physical phenomena [16,17], a limitation often framed in
the Graph Neural Network (GNN) literature as the over-squashing phenomenon [18-21].

A crucial ambiguity exists in current research: does the failure to model long-range
physics stem from topological bottlenecks or simply the lack of explicit physical terms?
In this work, we address this by introducing the hierarchical message passing network
(HMP-Net). Our framework bridges the gap between topological over-squashing remedies
and physically grounded interaction modeling.
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2. Related Work

Most MLIPs rely on the locality assumption. To overcome this, strategies include
hierarchical message passing [22], explicit charge equilibration layers (e.g., CELLI) [23,24],
and long-range correction schemes (e.g., Latent Ewald Summation) [25-28].

In the geometric deep learning community, purely topological approaches such as
curvature-based rewiring [29] and spectral attention [30] have proven effective for discrete
graph classification. However, their direct application to MLIPs is non-trivial. Discrete
rewiring (adding/removing edges based on topological indices) typically violates the
geometric continuity required for force calculation (F = —VE), introducing artifacts in
the potential energy surface. Consequently, HMP-Net adapts the concept of “virtual
nodes” [31,32] into a differentiable framework. By using soft, learned attention rather
than hard rewiring [33], HMP-Net mitigates over-squashing while preserving the smooth-
ness and equivariance essential for physical simulations. Thus, we benchmark primarily
against physics-based global propagators (e.g., 3G-BPNN) rather than discrete topological
baselines [34,35].

3. Theoretical Motivation: Disentangling Topological and Physical
Long-Range Interactions

The term “long-range” is often overloaded. We distinguish between topological
distance (graph hops) and physical decay (1/r). We posit that explicit physical kernels
can bypass the need for multi-hop diffusion to recover asymptotic behavior. However,
the inference of parameters entering these kernels (e.g., partial charges g;) requires global
context. Standard local GNNss fail in complex systems not because they cannot sum 1/7,
but because they cannot infer the correct g; from local neighborhoods. This motivates
HMP-Net: using hierarchical message passing to enable the global reasoning required to
parameterize physical interactions correctly.

4. Methodology: The HMP-Net Framework

We propose HMP-Net, a model-agnostic framework that augments standard geometric
GNN:s. In this work, we instantiate HMP-Net using SchNet as the backbone, denoted as
HMP-SchNet.

4.1. Framework Overview

Standard MPNNSs update features via iterative local aggregation. HMP-Net extends
this by stacking HMP-Layers. Each layer performs: (1) Local Propagation; (2) Topology
Learning (master node selection); (3) Hierarchical Propagation; and (4) Feature Aggregation.

4.2. Hierarchical Graph Construction
4.2.1. Differentiable Master Node Selection

To build the hierarchy, we treat node selection as a differentiable learning problem.
We employ the Gumbel-Softmax estimator [36] to select a subset of “master nodes”. A
selection score is computed via a shallow MLP (Multilayer Perceptron):

) = softmax(MLPggjet(H?)). M

We use the Straight-Through (ST) estimator to obtain a discrete binary mask m(), allowing
the network to adaptively identify chemically significant atoms.
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4.2.2. Virtual Edge Generation via Sparse Attention
()

For selected master nodes, we construct a sparse, weighted adjacency matrix A(; ., .i-

We utilize Sparsemax attention to ensure sparsity and interpretability:
Epg = LeakyReLU(aT[spqu]), apg = Sparsemax(ey). ()

Sparsemax projects scores onto the probability simplex and can yield exact zeros, naturally
inducing a sparse graph structure. For details of Sparsemax, refer to Appendix A.

4.3. Physically Informed Long-Range Modules

To address the theoretical motivation in Section 3, we integrate specific modules for
physical validity.

4.3.1. Global Context for Charge Prediction
Unlike standard models that predict partial charges g; locally, HMP-SchNet utilizes

the global information aggregated by the master nodes. The charge is predicted as

lobal
9 = tanh (MLPeygrge (0! + B ). 3)

This ensures that charge redistribution accounts for the global chemical potential.

4.3.2. Explicit Electrostatics with Learned Gating

The final energy combines short-range energy Es; and explicit electrostatics Ej,:

(4)

Here, A is a learnable global gate that modulates the contribution, allowing the model to
suppress this term when physically negligible.

5. Experiments
5.1. Datasets and Settings
We evaluate the model on three datasets where long-range interactions are critical:

e  Carbon Chain: 10,019 structures of linear C19H, and CyoH3.
e Ag Cluster: 11,013 structures of charged Agz™ and Ags~.
e NaCl Cluster: 5000 structures of NagClg*.

Experimental Settings. We adopted SchNet as the backbone architecture, denoting the
HMP-augmented variant as HMP-SchNet (Figure 1). Both models were configured with a
hidden feature dimension of 512 and utilized 300 Gaussian radial basis functions (RBFs) for
distance expansion. The molecular graphs were constructed using a spatial cutoff radius of
10.0 A. The datasets were randomly partitioned into training (80%), validation (10%), and
test (10%) sets. We trained all models for 1500 epochs using the AdamW optimizer with
a weight decay of 1 x 107> and an initial learning rate of 1 x 10~#, decayed via a cosine
annealing schedule. The training objective was a weighted sum of energy, force, and charge
losses with coefficients A = 1, A = 10, and A; = 1000, respectively. Detailed dataset
statistics are provided in Appendix B.
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Figure 1. HMP-Net Architecture. The model features a dual-stream design combining local message
passing with a hierarchical Hub Stream for long-range reasoning. The Hub Stream modulates the
Local Stream via three insertion points (A, B, C) to refine charge prediction, electrostatic gating,
and feature updates. The sign "’ stand for a multiplication sign and the sign ’| |” stands for a
concatenation sign. The sub-modules on the right illustrate the differentiable master node selection
(Green) (using Gumbel-Sigmoid) and virtual edge generation (Red) (using Sparsemax) processes.

5.2. Main Results

We benchmarked HMP-SchNet against the second-generation (2G) and third-generation
(3G) BPNN baselines. Table 1 presents a comprehensive comparison of RMSE for energy
(E), forces (F), and atomic charges (C). The results reveal a nuanced performance land-
scape where HMP-SchNet demonstrates superior capability in modeling complex non-local
interactions, albeit with specific trade-offs in certain regimes.

Table 1. Model Performance Comparison (RMSE). Energy (E) in meV/atom, Force (F) in meV/ A,
and Charge (C) in atomic charges. The values for 2G- and 3G-BPNNSs are taken from ref. [17]. Best
results in bold.

Model Carbon Chain Ag cluster NaCl cluster
ode E F C E F C E F C
2G-BPNN 1.62 1295 - 352.0 1803.0 - 1.69 57.4 -
3G-BPNN 205 231.0 20.08 320.2 1913 2648 204 767 20.80
SchNet 280 96.39 - 1184  386.2 - 2.69 1244 -

HMP-SchNet 0.726 101.5 0.0009 918.6 354.2 0.084 1.64 8516 0.071

5.2.1. Covalent Systems (Carbon Chain): A Clear Victory

In the carbon chain dataset, which features delocalized 7r-electrons and significant
non-local charge transfer, HMP-SchNet achieves the best performance across metrics.
Notably, it reduces the energy error by approximately 55% compared to 2G-BPNN (0.726 vs.
1.62 meV/atom) and the force error by 21% (101.5 vs. 129.5 meV/ A). A striking observation
is the charge prediction accuracy: while 3G-BPNN fails to converge to physical charges
(RMSE(¢ = 20.08), HMP-SchNet predicts highly accurate partial charges (RMSE = 0.0009).
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This confirms that the global information flow in HMP effectively captures the long-range
electronic couplings essential for conjugated systems.

5.2.2. Metallic Systems (Ag Cluster): Force Precision vs. Energy Offset

The results for the silver clusters highlight a critical trade-off. HMP-SchNet dra-
matically improves force prediction, reducing the RMSEF by over 80% compared to both
baselines (354.2 vs. 1803.0 meV /A). In metallic clusters, the potential energy surface (PES) is
highly sensitive to electron delocalization. The ability of HMP-SchNet to accurately capture
the PES gradients (forces) suggests that its hierarchical structure successfully models the
non-local screening effects that local descriptors miss. However, we observe a degradation
in absolute energy accuracy (918.6 meV/atom) compared to the baselines. This suggests
that while the model captures the shape of the PES (forces) correctly, the global aggregation
mechanism might introduce a shift or variance in the absolute energy scale for these specific
metallic configurations.

5.2.3. Ionic Systems (NaCl Cluster): Competitive Stability

For the ionic dataset, HMP-SchNet achieves the lowest energy error (1.64 meV /atom),
outperforming both 2G and 3G models. In terms of forces, the purely local 2G-BPNN
performs best (57.4 meV /A), while HMP-SchNet (85.16 meV /A) trails slightly but remains
competitive. This indicates that for strong, simple ionic bonds, local descriptors are highly
efficient, and the introduction of global pathways might introduce minor noise into the
force predictions. Nevertheless, HMP-SchNet still significantly outperforms the 3G-BPNN
in terms of stability, avoiding the catastrophic charge prediction errors seen in the 3G model
(0.071 vs. 20.80 for Charge RMSE).

5.2.4. Summary of Charge Prediction

A consistent strength of HMP-SchNet is its robustness in predicting atomic charges.
Across all datasets, standard 3G-BPNNs struggle with charge equilibration [37], lead-
ing to unphysical values (RMSE¢c > 20). In contrast, HMP-SchNet maintains extremely
low charge errors (<0.1), validating that our hierarchical message passing provides the
necessary global context to infer physically meaningful electronic states without solving
expensive optimization problems.

5.3. Ablation Study: Validating the Boundary Hypothesis

To rigorously verify the boundary hypothesis proposed in Section 3, we designed three
comparative models based on the SchNet backbone. These models differ solely in how partial
charges g;—the key parameters for the explicit long-range electrostatic term—are derived:

* Local g (SchNet + Latent Coulomb): This variant predicts partial charges g; solely
from the local atomic embeddings h; generated by the standard SchNet. An explicit
Coulomb energy U, = % Yitj % is added to the short-range energy. This model
represents the assumption that local chemical environments are sufficient to determine
the electronic state, testing if an explicit 1/r kernel alone can solve the long-range
problem without global communication.

*  Global g (HMP-5chNet): Our proposed method, where the charge prediction head is
conditioned on both the local embedding and the global context vector aggregated
via hierarchical message passing. This introduces a topological pathway for informa-
tion flow, testing the necessity of global inference for accurate charge redistribution
(Regime II).

*  QEq(SchNet + Charge Equilibration): A physics-informed baseline where the network
predicts atomic electronegativity x; and hardness 7; instead of direct charges [37].
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The partial charges g; are then derived by analytically solving the global Charge
Equilibration (QEq) linear system to minimize the electrostatic energy E(q) subject
to the total charge constraint )} q; = Qiot. This represents a non-learning global
mechanism based on classical physical principles.

Table 2 shows that the global context is meaningful to 4. For carbon chains, injecting
global context (HMP) drastically reduces energy error, confirming that global reasoning is
required to determine the correct charge state in covalent systems.

Table 2. Ablation results: Impact of Global Information on Charge Prediction. Best results in bold.

Dataset Metric Local g Global g (HMP) QEq
. Energy (Ha) 0.865 0.164 1.140
Carbon Chain Force (Ha/B) 0.0027 0.0024 0.0036
Energy (Ha) 24.67 14.61 0.94

Ag Cluster Force (Ha/B) 0.066 0.295 0.339

5.4. Architectural Component Analysis

To further validate the specific design choices of HMP-Net, we conducted an ablation
study on the carbon chain dataset. We examined the impact of three key components:
the hierarchical message passing (virtual edges), the physical inductive bias (distance
decay), and the sparsity of the graph construction (Sparsemax). The results are summarized
in Table 3.

Table 3. Architectural ablation study (carbon chain). Comparison of HMP-SchNet variants modifying
specific modules. ‘w /o Virtual Edges’ removes connections between master nodes; ‘Learned Kernel’
replaces 1/r with an MLP; ‘Softmax’ replaces Sparsemax in edge generation. The bold is the best.

E RMSE F RMSE h RMSE
Model Variant nergy RMS orce RMS Charge RMS

(meV/atom) (meV/A) (e)
HMP-SchNet (Full) 0.726 101.5 0.0009
(1) w/o Virtual Edges 1.450 118.2 0.0150
(2) Learned Kernel (No 1/7) 0.982 106.8 0.0042
(3) Softmax (Dense Graph) 0.810 103.4 0.0015

5.4.1. Necessity of Virtual Edges

Removing the virtual edges (Variant 1) effectively isolates the master nodes, preventing
global information exchange. The significant increase in Energy RMSE (from 0.726 to
1.450 meV /atom) confirms that simply identifying “important” atoms is insufficient; the
topology connecting them is essential for resolving long-range dependencies.

5.4.2. Physical Priors vs. Learned Kernels

Replacing the explicit electrostatic decay 1/7 with a learned MLP kernel (Variant 2)
leads to a degradation in performance (0.982 meV /atom). This supports our theoretical
motivation in Section 3: while neural networks are universal approximators, imposing the
correct physical asymptotic behavior (1/r) provides a stronger inductive bias for long-range
interactions than allowing the network to learn the decay from scratch.

5.4.3. Sparsity vs. Density

Using Softmax (Variant 3) results in a dense graph where every master node attends to
every other master node. The slight drop in performance compared to Sparsemax suggests
that forcing the network to select a sparse subset of global connections helps reduce noise
from physically irrelevant distant atoms, leading to more robust force predictions.

https://doi.org/10.3390/info17030240
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6. Discussion

While our experiments focused on fundamental chemical clusters, the architectural
principles of HMP-Net—specifically the disentanglement of topological information flow
from physical interaction decay—hold significant promise for broader molecular model-
ing tasks.

6.1. Generalizability to Reaction Prediction

Accurate reaction prediction, particularly for redox processes or heterolytic bond
cleavage, requires capturing the global electron redistribution that defines the transi-
tion state (TS). Standard local potentials often struggle here because the electronic state
of the reactive center is heavily influenced by distant functional groups (e.g., electron-
withdrawing/donating effects). HMP-Net addresses this via its hierarchical charge predic-
tion head. By conditioning partial charges on a global context vector aggregated through
master nodes, the model can infer the transient charge separation at the TS. This capability
suggests that HMP-Net could improve the estimation of activation barriers in complex
catalytic cycles, where purely local descriptors typically fail to account for long-range
resonance stabilization.

6.2. Implications for Protein-Ligand Binding

In drug discovery, predicting the binding affinity between a ligand and a protein pocket
is a challenge dominated by long-range electrostatics and solvation effects. Conventional
ML potentials with finite cutoffs (typically 5-6 A) ignore the electrostatic steering provided
by distant residues. HMP-Net’s explicit electrostatic module (E;,), combined with its
differentiable master node selection, offers a pathway to model these interactions efficiently.
The “master nodes” can conceptually act as representational hubs for key residues in the
binding pocket, allowing the network to learn a sparse, long-range attention map that
mimics the physical polarization induced by the protein environment. This offers a middle
ground between expensive QM /MM calculations and rigid classical force fields.

6.3. Scalability and Computational Complexity

The application of HMP-Net to large-scale systems (e.g., proteins or solvated interfaces
with N > 10? atoms) requires a careful analysis of computational cost. The complexity of
HMP-Net arises from two distinct components: the topological hierarchy and the physical
interaction kernel.

6.3.1. Topological Complexity

The local message passing backbone (SchNet) scales linearly, O(N). The hierarchical
stream introduces overhead via master node selection and virtual edge generation. As-
suming a master node ratio of M ~ aN (where # < 1) and a sparse connection density,
the attention mechanism in the Hub Stream scales as O(M x N). By using Sparsemax to
strictly limit the number of active virtual edges, this topological cost remains sub-quadratic
and manageable for systems up to several thousand atoms.

6.3.2. Physical Complexity

The current implementation utilizes an exact pairwise summation for the electrostatic
energy Ej, = }.;4iq;/7ij, which inherently scales as O(N?). While acceptable for the
cluster datasets used in this work (where accuracy is paramount), this term becomes
the computational bottleneck for large systems. To scale HMP-Net to macromolecular
regimes, the direct summation in Equation (4) can be replaced by linear-scaling methods
such as Particle Mesh Ewald (PME) or the Fast Multipole Method (FMM), which scale
as O(Nlog N) or O(N). In this linear-scaling regime, HMP-Net retains its critical role: it
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provides the globally conditioned partial charges g; required by the PME/FMM solvers, a
task that purely local GNNs cannot perform accurately.

7. Conclusions

This work introduces HMP-Net to address over-squashing in molecular GNNs. By
combining differentiable master node selection with physically informed modules, HMP-
Net effectively models long-range interactions. Our results on charged clusters demonstrate
superior performance over standard BPNNSs, confirming the necessity of global information
flow for accurate potential energy surface modeling.
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Appendix A. Sparsemax Projection Details

This appendix details the SPARSEMAX projection used in the virtual edge generation
module (Section 4.2). Unlike the Softmax function, which produces a dense probability
distribution where all entries are non-zero (due to exponential reweighting), Sparsemax
projects the input vector onto the probability simplex in a Euclidean sense.

This projection is piecewise-linear and retains the ability to yield exact zeros for low-
scoring entries. In the context of HMP-Net, this property serves as an intrinsic edge
selection mechanism: only a subset of the most salient master-node connections remain
active, naturally inducing a sparse adjacency matrix. This sparsity significantly reduces
both the memory footprint and the computational cost of the hierarchical message passing.

Algorithm Implementation

Given a score vector z € R?, the threshold 7(z) is computed via sorting and prefix
sums, followed by a ReLU-like truncation. The procedure is summarized in Algorithm AT.
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Algorithm A1: SPARSEMAX: Euclidean Projection onto the Simplex

Require: Input scores z € RY
Ensure: Probability distribution p € A?~! with sparse support

1: u < SORTDESCENDING(Z) > Sort such that uq > up > -+ > uy
2: So«0

3: fork =1tod do

4: Si < Sp_1 + uy > Compute prefix sums
5. end for

6: k* <~ max{k € {1,...,d} | 1 +kux > S} > Find threshold index
7: T4 (S — 1) /k* > Compute threshold value
8 fori =1toddo

9:  p; < max(0, z; — 1) > Apply truncation
10: end for

11: return p

Appendix B. Dataset Specifications

We evaluate the proposed framework on three benchmark datasets representing
covalent, metallic, and ionic systems. The detailed generation parameters and statistics for
the carbon chain, Ag cluster, and NaCl cluster datasets are summarized in Table A1.

Table Al. Summary of the datasets used in this study, including system composition, generation
method, and total sample size.

Dataset Description #Entries

Trajectories generated from linear C1oH; and CjpHj3 systems.
Data collected via 5000-step Molecular Dynamics (MD) simula-

Carbon Chain tions at 300 K with a 0.5 fs time step. The dataset is augmented 10,019
with additional locally optimized structures to capture diverse
conformational states.

Charged silver trimers (Agj and Ag;). Generated via
5000-step MD simulations at 300 K. Similar to the carbon chain,
the dataset is augmented with optimized geometry structures
to cover equilibrium and non-equilibrium states.

Ag Cluster 11,013

Ionic clusters based on NagCly and NagCly. Configura-
tions are generated by randomly perturbing the position of
NaCl Cluster  the central Na atom and adding Gaussian noise to other 5000
atoms, creating a challenging energy landscape dominated
by electrostatics.

Appendix C. Hyperparameter Sensitivity and Architectural Choices

In the main experiments, we aligned the backbone hyperparameters (interaction blocks
L = 6, feature dimension F = 512) with the standard SchNet configuration to ensure a fair
comparison. Here, we discuss the sensitivity of HMP-Net to these parameters.

Appendix C.1. Impact of Network Depth

For standard Geometric GNNs (like SchNet or DimNet), the receptive field is strictly
determined by the number of message-passing layers (depth L) and the cutoff radius
rc. To capture long-range interactions, L must be large, which exacerbates the over-
squashing problem.

In contrast, HMP-Net introduces “architectural shortcuts” via master nodes. The
effective topological distance between any two atoms becomes ~2 hops (Atom — Master
— Atom) regardless of spatial separation. Consequently, HMP-Net is less dependent on

https://doi.org/10.3390/info17030240
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network depth to capture global physics. Our preliminary tests indicated that increasing L
beyond the baseline (e.g., from 6 to 9) yields diminishing returns for HMP-Net compared
to the baseline, as the long-range dependencies are already handled by the Hub Stream
rather than deep iterative propagation.

Appendix C.2. Impact of Feature Dimensionality

The dimensionality of the scalar features (F) determines the capacity of the node
embeddings. In HMP-Net, the master nodes must aggregate information from a potentially
large region (the “global context”). We observed that while standard local GNNs can
function with smaller embeddings (e.g., F = 128), HMP-Net benefits from the larger
capacity (F = 512) utilized in this work. This is because the aggregated global vector
h8b myust encode a high-density summary of the total electronic state (e.g., total charge,
dipole moments) to effectively condition the local charge prediction head (Equation (3)).
Reducing F below 256 leads to a noticeable degradation in the accuracy of the predicted
partial charges g;, supporting the need for a sufficient bottleneck width in the Hub Stream.
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