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Abstract: Support vector regression (SVR) is a powerful kernel-based regression prediction algorithm
that performs excellently in various application scenarios. However, for real-world data, the general
SVR often fails to achieve good predictive performance due to its inability to assess feature contribu-
tion accurately. Feature weighting is a suitable solution to address this issue, applying correlation
measurement methods to obtain reasonable weights for features based on their contributions to the
output. In this paper, based on the idea of a Hilbert-Schmidt independence criterion least absolute
shrinkage and selection operator (HSIC LASSO) for selecting features with minimal redundancy and
maximum relevance, we propose a novel feature-weighted SVR that considers the importance of
features to the output and the redundancy between features. In this approach, the HSIC is utilized to
effectively measure the correlation between features as well as that between features and the output.
The feature weights are obtained by solving a LASSO regression problem. Compared to other feature
weighting methods, our method takes much more comprehensive consideration of weight calculation,
and the obtained weighted kernel function can lead to more precise predictions for unknown data.
Comprehensive experiments on real datasets from the University of California Irvine (UCI) machine
learning repository demonstrate the effectiveness of the proposed method.

Keywords: feature weighting; HSIC LASSO; support vector regression (SVR); feature-weighted
kernel function; regression prediction

1. Introduction

Support vector regression (SVR) is a powerful kernel-based technique for solving
the problem of regression estimation [1,2]. SVR was initially proposed by Vapnik and
his collaboration partners based on the concept of support vectors [3,4]. It promotes the
support vector machine (SVM) grounded in statistical learning and Vapnik-Chervonenkis
(VC) theory and returns a continuous-valued output instead of an output from a finite
set [5]. As a supervised learning method, SVR avoids the overfitting problem by adopting
the principle of structural risk minimization, and the computational complexity of SVR
does not depend on the dimensionality of the input space [6,7]. Due to its outstanding
performance in many aspects, SVR has currently become a widely used tool in regression
prediction analysis, in which it is used for analyzing financial data trends [8,9], forecasting
time series [10,11], and predicting engineering energy consumption [12,13]. In general,
its good generalization ability makes it popular in the machine learning and data mining
community [14].

Assigning certain weights to each feature in a dataset based on a specific criterion is
called feature weighting [15]. It assumes that the contributions of different dimensional
features of the sample vector to the regression task are different [16]. During SVR training,
each feature is assigned a weight corresponding to its contribution to the output, resulting
in a more robust model known as feature-weighted SVR (FWSVR). Since the generalization
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ability of SVR is determined by the features in kernel space, ensuring features are weighted
is an effective way to build a more potent model [17,18]. Compared with SVR, FWSVR
considers the importance of feature variables relative to predicted labels. Additionally, to a
certain extent, weights reflect the impact of features on the regression results. Therefore,
reasonable measures for quantifying the correlation between features and output are crucial
in feature weighting algorithms.

In recent years, there has been active research on FWSVR and its applications. Liu
and Hu [19] introduced an FWSVR based on the gray correlation degree (GCD) for stock
price prediction. The key idea of the GCD method is to assess the correlation between two
variables by evaluating the similarity of the geometric shapes of their sequence curves.
Hou et al. [20] proposed a modified SVR with a maximal information coefficient (MIC)-
weighted kernel. MIC is employed to measure the correlation of both linear and nonlinear
relationships between input and output [21]. Xie et al. [22] proposed a FWSVR based on
MIC and particle swarm optimization (PSO) algorithm [23]. In this method, the MIC of
each feature is calculated to reveal its contribution to the output, and both weights and
parameters are tuned by a constrained PSO. Pathak et al. [24,25] used an efficient learning
method called reservoir computing (RC) to make model-free predictions of chaotic systems
based solely on the knowledge of past states. This method can predict the future state of
the system by analyzing data correlation without explicit prior knowledge, which is very
instructive for the calculation of feature weights.

There are also many methods for calculating weights in feature-weighted SVM
(FWSVM) [16,26,27]. However, these methods cannot be directly applied to regression
tasks because they are primarily designed to enhance algorithmic learning for classifi-
cation. Moreover, in regression problems, the output consists of a series of continuous
values, whereas in classification problems, the output typically comprises integer values
representing class labels. The aim of our study is to design a new FWSVR algorithm for
regression problems.

For the feature weighting algorithm, the method of evaluating feature weights is cru-
cial, as it directly determines the predictive performance of the model. However, the feature
weighting methods mentioned above only use the correlation between features and outputs
as the basis for evaluating feature weights, ignoring the redundancy between different fea-
tures. Inspired by the HSIC LASSO, which finds the features with the greatest dependence
on the output value and the least redundancy through HSIC [28-31], we present a HSIC
LASSO-based feature weighting method for SVR called HL-FWSVR. In this method, the
correlations between features and those between features and the output are measured
by HSIC. Our method simultaneously incorporates the redundancy among the features
and the correlation between features and output into the evaluation of feature weights.
Besides, HSIC LASSO has a clear statistical interpretation and is a convex optimization
problem, in which the global optimal solution can be efficiently calculated by solving a
LASSO optimization problem.

The remainder of the paper is organized as follows. In the next section, we briefly
review SVR and focus on the HSIC LASSO optimization problem. The process of calculating
the feature-weighted kernel function and constructing FWSVR is presented in Section 3. In
Section 4, we conduct experiments comparing the proposed algorithm with the previously
excellent FWSVR algorithms on public datasets. The general conclusion and directions for
future work are discussed in Section 5.

2. Preliminaries

In this section, we briefly review some preliminaries on SVR and HSIC LASSO.

2.1. Review of SVR

Given a training set D = {(x1,y1), (*2,¥2),- -+, %m, ym)}, i = 1,2, ,m, x; € R (m
represents the number of samples, R denotes the set of real numbers and d is the number of
original features) represents the input data and y; is the target output. SVR seeks to learn a
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regression model in the kernel space in the form of Equation (1), where ¢(-) maps the input

features to a high-dimensional kernel space, w is the normal vector, and b is the bias term.

T
fx) =w ¢(x) +0. (1)

In SVR, an insensitive loss € > 0 is introduced to avoid overfitting, and nonnegative

slack variables &; and ¢; are adopted to weaken the constraints of some certain sample
points. Specifically, SVR can be formulated as a convex quadratic programming problem
expressed as follows:

min} ||@||? + C Z (& +&)

st f(xi) —yi §s+gl, 2
yi—fx) e+,
5>0,8>0,i=1,2,---,m,

where C > 0 is a penalty parameter, and ‘s.t’ stands for ‘subject to” followed by the
constraints. The above constrained quadratic programming problem can be solved by its
dual problem, as shown in Equation (3):

m - m - 1m m - -
max Z yi(@ — ;) — ‘21 e(@ +u;) — 5 Zl Zl (a; — o) (@ — o) K(x;, %))
i= i=1j=
st 1 (®—w) =0, ®)
0 <ua;,u; <C,

where a;, &; > 0 are Lagrange multipliers and K(x;, xj) = (,b(xi)Tcp(x]-) is the kernel function
(kernel matrix K is defined as K;; = K(x;, xj)). Several commonly used kernel functions are
listed in Table 1.

Table 1. Commonly used kernel functions.

Kernel Definition Parameters
Linear K(xi,xj) = xl X; -
. d
Polynomial K(xi,x]) (xTx]) d>1
Gaussian K(x;,xj) = exp(— ‘ Xi— XJH 7= 02,(7 >0
Sigmoid K(x;,x;) = tan h(px} xj+0) 0<0

Finally, the decision function can be expressed as follows:

m
Z &; — a;)K(x, x;) +b. 4)
i=1
2.2. HSIC LASSO
HSIC LASSO was first introduced by Yamada et al. [30] for feature selection. Given
a weight vector w = (wy, - - Lwg)T, suppose X= [x1, X2, - -, x|’ € R"™*4 represents the
input data which have m samples with d features and y = (y1, 2, - - ',ym)T € R™ is the

output label vector, K and L are corresponding kernel matrices that are respectively defined
on the input data X and output vector y. HSIC LASSO is given by

2
w* = argmm :

L- Z wiK
i=1 Frob
s.t.wZ >0,i=1,---,4,

+ Allwlly (5)
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where |[-||g,op 18 the Frobenius norm, w = [wy, ..., wy] is a regression coefficient vector and
w; denotes the regression coefficient of the k-th feature, A is the regularization parameter,
K = HKH and L = HLH are centered Gram matrices (H = I — ee>T/m € R"™ " is the
centering matrix, where e € R and I € R™*™ are the vector of ones and the identity
matrix, respectively), and K; is the kernel matrix on the i-th feature for all samples. In
Equation (5), the first term indicates that the linear combination of the centered kernel

matrices {K; }?:1 (one feature associates with a kernel) for the input data is aligned with
the centered kernel matrix L for the output label, and the second term indicates that the
weights (combination coefficients) for the irrelevant features (kernels) tend to be zero, since
the J1 norm is inclined to generate a sparse solution.

HSIC LASSO can be regarded as a minimum redundancy maximum relevancy (mRMR)-
based method [32]. The first term in Equation (5) can be rewritten as

2 d d

d . . .
- %HSIC(y,y) -y wiHSIC(x(’),y)—i—% Y Y wiwHSIC(x", x1), (6)
Frob i=1 i=1j=1

where x() is the vector of the i-th feature for all samples, HSIC(x(),y) = tr(K»f) is a

kernel-based independence measure called the empirical HSIC [29], and tr(-) denotes the
trace. HSIC always takes a nonnegative value, and is zero if and only if two random
variables are statistically independent. The empirical HSIC asymptotically converges to the
true HSIC with O(1/+/m) [29].

In Equation (6), HSIC(y, y) is a constant and can be ignored. If the i-th feature x(?)
exhibits a high dependency on the output y, HSIC(x(), y) takes a large value; thus, w;
should also take a large value so that Equation (5) is minimized. On the other hand, if ()
is independent of y, HSIC(x"), y) takes a small value and, thus, w; tends to be zero as a
result of the J;-regularizer. Moreover, if x(!) and xU/) are highly correlated (i.e., redundant
features), HSIC (x"), x()) takes a large value and thus either w; or w; tends to be zero. This
implies that HSIC LASSO considers both the importance of features on the output and the
correlation among features.

3. Training FWSVR with HSIC LASSO
3.1. Modifying Kernel Function

The generalization performance of SVR largely depends on a key component, namely
the kernel function, which maps the input data into a high-dimensional feature space. This
mapping is implicitly defined by the kernel function, thus selecting the appropriate kernel
function is crucial when training an SVR [33]. There are simple examples illustrating that
constructing such a kernel space by only considering the feature values of samples and
ignoring their contributions to the model output is unreasonable [18]. Therefore, we apply
feature weighting to match the impact of features in kernel space with their contributions
to the model output. For the k-th feature, if its feature weight wy € [0, 1] is calculated using
a weighting metric method, the form of the feature-weighted kernel function is as follows:

Kw(xi,x;) = K(x;"W,x;"W), 7)

where the linear transformation matrix W serves as the feature weighting matrix, and
choosing different shapes of W will lead to different weighting scenarios [16]. In this paper,
we only consider the diagonal matrix situation, shown in Equation (8), where Wy = wy.
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Based on Equation (7), the commonly used kernel functions can be rewritten as the
feature-weighted kernel functions. For example, if a Gaussian kernel is selected, the
weighted form is given as follows:

Kw(xi,xj) = exp(—7]| |xTW — x]'TW‘ |2) ©)
=exp —’y((xl- - x]-)TWWT(xi - x]-))).

3.2. Constructing HL-FWSVR

The relative positions between sample points will correspondingly change given a
set of weight values for features. More specifically, changes in the positional relationships
alter the shape of the Euclidean feature space, thereby creating conditions conducive to
improving the performance of SVR. The steps for constructing FWSVR based on HSIC
LASSO are summarized in Table 2.

Table 2. Algorithm of the proposed HL-FWSVR.

Step 1: Collect a dataset D (input X, output y).

Step 2: Normalize X and y.

Step 3: Choose kernel functions (kernel matrices) K and L

Step 4: Solve optimization problem of Formula (5) and obtain regression coefficients w;.
Step 5: Construct transformation matrix W and weighted kernel Kyy.

Step 6: Train the FWSVR machine with the weighted kernel Kyy.

In Step 3, as a universal kernel (such as a Gaussian kernel or Laplacian kernel) enables
HSIC to detect the dependency between two random variables [29]. In this paper, the
Gaussian kernel is selected for the input X. For the output y, the Gaussian kernel is
commonly applied in regression scenarios, while the Delta kernel is used for classification
problems. In this paper, the Gaussian kernel is also selected for the output y. In summary,
since we consider the regression scenario, the kernels described in Equations (10) and (11)
are utilized, where 0y and ¢y, are the Gaussian kernel widths.

( (xixj)2>
K(xj,xj) =exp| ———55— |, (10)

202

)2
L(yi,yj) = eXp<—(y120;/])>- (11)
y

In Step 4, based on the computational properties of HSIC LASSO, the dual augmented
Lagrangian (DAL) [34] can efficiently solve the HSIC LASSO problem when the number of
features is relatively large. Conversely, when the number of samples is relatively large, we
employ the feature vector machine (FVM) [35] formulation. In our work, we use Python
implementation of an HSIC LASSO named pyHSICLasso to tackle the problem (details on
the usage of pyHSICLasso can be found at https:/ /pypi.org/project/pyHSICLasso).

4. Experiments

In this section, we perform extensive experiments on several real-world regression
datasets to evaluate the efficacy of the proposed HL-FWSVR approach. All the codes are
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compiled on a laptop with 8 GB memory and Inter (R) Core (TM) i5-7300HQ 2.50 Ghz CPU
by using PyCharm (Community Edition 2023.1.1).

4.1. Comparison Approaches and Evaluation Criteria
We compare HL-FWSVR with the following learning methods:

SVR: The classical SVR machine.
GCD-FWSVR: A feature-weighted SVR machine with correlation between input and
output evaluated by GCD [19].

e  MIC-FWSVR: The MIC is applied to obtain the weighted kernel of SVR, which can
measure the linear and nonlinear correlation between two variables [20].

o  MP-FWSVR: The feature weighting method of this approach adopts a PSO algo-
rithm [22]. The MIC of each feature is calculated to constrain the search range of
weights. It is an improved PSO search method.

The root mean squared error (RMSE) is considered to be an essential statistical metric to
evaluate the prediction performance of the regression algorithm. It measures the deviation
between the actual values and the predicted ones. A smaller RMSE value indicates a better
fitting effect of the model [36]. The coefficient of determination (R2 or R-Squared) is selected
as the other performance metric. R2 can be interpreted as the proportion of the variance in
the dependent variable that is predictable from the independent variables, and its worst
value is —oo and best value is 1 [36]. A value closer to 1 indicates a better model fit. The
RMSE and R2 are formally defined as follows:

Mﬁﬁz¢;fuu»m, (12)
i=1

5 (f(x) — vi)?
=1 . (13)
( vi—yi)?

RP=1-

i
m

It

1

S~

1

4.2. Experiment Setup

We select eight popular datasets, i.e., Servo (which contains data on the servo motor’s
angle based on certain inputs), Auto MPG (which relates to different car models and their
fuel efficiency), Qualitative Structure—Activity Relationships (which addresses the activity
of chemical compounds based on their molecular structures), Bodyfat (which comprises
measurements related to body fat percentage), Boston Housing (which contains information
about housing values in suburbs of Boston), Facebook Metrics (the Facebook performance
metrics of a renowned cosmetic’s brand Facebook page), Energy Efficiency (assessments on
the heating load and cooling load requirements of buildings), and Concrete Compressive
Strength (the composition of concrete and its compressive strength), from the University
of California Irvine (UCI) machine learning repository [37]. For each dataset, we exclude
samples with missing values from the original dataset. Table 3 presents the statistical
information for these datasets. The abbreviations for each dataset, along with the sample
size (numbers of samples for the training set (S) and test set (T) in parentheses), the number
of features, and the original names of the datasets, are provided.

Before the model is trained, Min-Max scaling is applied to normalize the features to
the range of [—1, 1]. All the algorithms utilize the Gaussian kernel for model construction.
The regularization parameter C, kernel parameter -y, and margin of tolerance ¢ play pivotal
roles in shaping the performance of SVR. Inspired by the MP-FWSVR, we employ the PSO
algorithm (instead of the commonly used grid search) to search for the model parameters
(C,7,¢€) on the training set S, and use ten-fold cross validation (9/10 of S is used as the
training set and 1/10 of S is used as the test set in each fold) as the fitness function of PSO to
determine whether the current position is optimal [23]. Subsequently, we use the obtained
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optimal parameters to construct an FWSVR model on S. The performance of the model will

finally be tested on the test set T.

Table 3. Statistics of the selected eight datasets.

Dataset Numbers of Samples (S/T) Number of Features Original Dataset
Servo 167 (83/84) 4 Servo
Mpg 392 (196/196) 7 Auto MPG
Pyrim 74 (37/37) 27 Qualitative Structure-Activity Relationships
Bodyfat 252 (101/151) 14 Bodyfat
Boston 506 (304/202) 13 Boston Housing
Facebook 500 (400/100) 18 Facebook Metrics
Energy 768 (307/461) 8 Energy Efficiency
Concrete 1030 (309/721) 8 Concrete Compressive Strength
4.3. Results and Discussion
The RMSE and R2 results for each algorithm are presented in Table 4, and the bold
numbers highlight the best performance of these methods on each dataset. The average
performance ranking of each algorithm is also attached at the bottom of Table 4. It is
evident that FWSVR generally outperforms the classical SVR in regression tasks. This
suggests that assigning appropriate weights to features based on their contributions to the
output can indeed enhance the predictive performance of regression algorithms. Another
important consideration is that, compared to other baseline approaches, our proposed
HL-FWSVR consistently demonstrates the best overall prediction performance. Of the
eight datasets evaluated, GCD-FWSVR reports two best results and MP-FWSVR reports
one best result, while our HL-FWSVR reports five best results. Moreover, as for the R2
results, the proposed HL-FWSVR can explain more than 96% and 99% of the variation in the
results of the predictor variables on the Bodyfat dataset and Energy dataset, respectively. In
particular, for the Facebook dataset, the result surpasses 98%, while the suboptimal model
MP-FWSVR only reaches approximately 66%, indicating that our model has a significantly
better fitting effect on this dataset compared to other models.
Table 4. RMSE and R? comparison of different algorithms.
Dataset Results SVR GCD-FWSVR MIC-FWSVR MP-FWSVR HL-FWSVR
S RMSE 0.8536 0.7591 0.7695 0.5076 0.4260
e R? 0.6524 0.7251 0.7175 0.8771 0.9134
M RMSE 3.0961 2.8210 2.8288 2.7287 2.8729
P8 R 0.8293 0.8583 0.8575 0.8674 0.8530
Pyrim RMSE 0.1353 0.1185 0.1315 0.1099 0.0918
y R? 0.0941 0.3046 0.1440 0.4065 0.5827
Bodvfat RMSE 0.0086 0.0075 0.0081 0.0068 0.0036
y R? 0.7859 0.8363 0.8088 0.8615 0.9630
Bost. RMSE 3.4476 3.1924 3.2411 3.3440 3.7108
oston R 0.8435 0.8658 0.8617 0.8527 0.8187
Facebook RMSE 203.2279 161.6840 155.3245 134.7371 31.1309
aceboo R? 0.2376 0.5174 0.5547 0.6644 0.9821
Ener RMSE 2.3179 2.3176 1.7891 2.1380 0.8879
&Y R 0.9487 0.9487 0.9694 0.9559 0.9925
C ‘ RMSE 8.2259 7.8540 8.2476 8.0698 7.8910
onerete R 0.7695 0.7898 0.7682 0.7781 0.7879
Average ranking 4.75 2.375 3.375 2.25 2
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In order to provide a clearer observation of the performance differences among dif-
ferent algorithms, we plot the prediction curves and distributions of feature weights of
different models on these eight datasets, which are shown in Figures 1-16 (F1 represents the
first feature, F2 represents the second feature, and so on). In the prediction curve charts, the
horizontal axis is the serial number of the sample point and the vertical axis is the model
output. It is apparent from the sub-figures (d) that our model has a better fitting perfor-
mance on some datasets; for example, Servo, Pyrim, and Facebook. As for the distribution
of feature weights, it can be seen that the weights obtained by the HL-FWSVR are more
dispersed, the standard deviation of the weight values is larger, and the differences are
more pronounced. To some extent, the higher fluctuation in the weight values indicates that
the HL-FWSVR model more effectively considers the correlation between features and the
redundancy among features, thereby avoiding the influence of irrelevant and redundant
features in calculating feature-weighted kernel functions. It should also be noted that, for
the HL-FWSVR method, due to the influence of the LASSO regularization term, some of
feature weights are shrunk to 0.

(@) (b)
+ Real

e SVR
P —— GCD - FWSVR p F

+ Real
- SVR

6 5 & . + Real 6
§od i i - SWR
MP — FWSVR

Sample Sample

Figure 1. Prediction curves of different algorithms on the Servo dataset. The (a-d) show
the prediction comparison between SVR and GCD-FWSVR, MIC-FWSVR, MP-FWSVR, and
HL-FWSVR, respectively.

— = GCD-FWSVR
[ MIC-FWSVR
[ MP-FWSVR
B HL-FWSVR
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|
l
|
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°
=
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F1 F2 F3 F4

Figure 2. Feature weights of different models on the Servo dataset.
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Figure 3. Prediction curves of different algorithms on the Mpg dataset. The (a-d) show

the prediction comparison between SVR

HL-FWSVR, respectively.
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Figure 4. Feature weights of different models on the Mpg dataset.
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Figure 5. Prediction curves of different algorithms on the Pyrim dataset.
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Figure 6. Feature weights of different models on the Pyrim datasets.
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Figure 7. Prediction curves of different algorithms on the Bodyfat dataset. The (a—d) show
the prediction comparison between SVR and GCD-FWSVR, MIC-FWSVR, MP-FWSVR, and

HL-FWSVR, respectively.
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Figure 9. Prediction curves of different algorithms on the Boston dataset.
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Figure 13. Prediction curves of different algorithms on the Energy dataset.
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Figure 15. Prediction curves of different algorithms on the Concrete dataset. The (a—d) show
the prediction comparison between SVR and GCD-FWSVR, MIC-FWSVR, MP-FWSVR, and
HL-FWSVR, respectively.
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Figure 16. Feature weights of different models on the Concrete dataset.

To summarize, our proposed HL-FWSVR achieves the best overall prediction results
on these benchmark datasets. We attribute the superior performance to the fact that HSIC
LASSO has the advantage of identifying features that are relevant to the output, but remain
independent of each other. Unlike our method, the baseline approaches only consider the
correlation between features and output, while the redundancy between different features is
neglected. Besides, the MP-FWSVR mothed employs heuristic search strategies which tend
to produce local optima, while our method can determine the globally optimal solution.

5. Conclusions and Future Work

This paper proposes an effective HSIC LASSO-based FWSVR model called HL-FWSVR.
In the proposed model, HSIC LASSO is introduced as a method for measuring feature
weights, thereby computing the weighted kernel function to obtain the FWSVR model for
predicting regression data. The essential advantage of the proposed HL-FWSVR model
lies in the fact that the calculated feature weights not only reflect the contributions of
features to the output but also consider the redundancy among features. We conduct
comprehensive experiments on several regression datasets, and the proposed method
yields promising results.

With regard to future work, price time series forecasting is currently an important and
complex area of machine learning [38]. The fact that price evolution has a time component
adds additional information to the forecast, which means that the model needs to be able
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to handle new complexities that are not present in other forecasting tasks. Therefore, our
next step will be to extend the application of HSIC LASSO to time series forecasting, such
as weather forecasting and stock indices. Also, we will further investigate the proposed
HL-FWSVR in high-dimensional scenarios like text datasets and biological gene datasets.
While dimensionality reduction is not a good choice in scenarios with unclear domain
knowledge, it is necessary to utilize feature weighting to fully consider the importance
of features and avoid losing any potentially important information. Furthermore, feature
weights also affect the selection of kernel parameters. Methods of obtaining the optimal
kernel parameters that match the optimal weight values are also worthy of exploration.
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