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Abstract: In a traditional (H, r) combination network, each user connects to a unique set of r relays.
However, few research efforts have considered the (H, r, 1) multiaccess combination network problem
wherein each unique set of  relays is connected by u users. In this paper, we focus on designing
coded caching schemes for a (H, r, 1) multiaccess combination network. By directly applying the
well-known coding method (proposed by Zewail and Yener) for a (H,r) combination network, a
coded caching scheme (called ZY scheme) for (H, r, u) multiaccess combination network is obtained.
However, its subpacketization has an exponential order with the number of users which leads to
high implementation complexity. In order to reduce subpacketization, a direct construction of a
coded caching scheme (called the direct scheme) for (H, r, u) multiaccess combination network is
proposed by means of combinational design theory, where the parameter # must be a combinatorial
number. For the arbitrary parameter u, the hybrid construction of a coded caching scheme (called the
hybrid scheme) for the (H, r, u) multiaccess combination network is proposed based on the direct
scheme. Theoretical and numerical analysis shows that the direct scheme and the hybrid scheme
have a smaller transmission load for each relay compared with the naive scheme (which is obtained
by repeatedly applying the coded caching scheme for a traditional (H, r) combination network by
u times) and have much lower subpacketization compared with the ZY scheme.

Keywords: coded caching; placement delivery array; combination network; multiaccess

1. Introduction

Coded caching, proposed by Maddah-Ali and Niesen (MN) in [1], not only utilizes
users’ cache memories to shift some of the network traffic to off-peak hours but also to
create multicast opportunities that further reduce network congestion during peak traffic
hours. The first coded caching system studied was the following shared-link broadcast
network with end-user-caches: there exists a single server with N files with the same length
connecting to K users through a shared error-free broadcast link, wherein each user has
a cache of size M files. An F-division (K, M, N)-coded caching scheme consists of two
phases: the placement phase during the off-peak traffic times and delivery phase during
peak traffic times. In the placement phase, the server divides each file into F packets (F is
referred to as subpacketization) with the same length, and then places some packets of
size M files in each user’s cache without knowledge of later users’ demands. If the server
directly places some packets in each user’s cache, without coding, the placement is said
to be uncoded. Otherwise, the placement is called coded. In the delivery phase, each
user’s demand arrives at the server. According to the users” demands, the server transmits
coded packets (XOR of the required packets) in order to satisfy all users’ demands with
the help of their caches. The maximum normalized transmission amount over all possible
demands is defined as the transmission load R, and the coded caching gain is defined as

M
w, where K(1 — %) is the transmission load of the conventional uncoded caching

scheme. The goal is to design a coded caching scheme with transmission load R and the
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subpacketization F as small as possible due to the efficiency requirements of transmission
and low implementation complexity. The above coded caching model is called a (K, M, N)
caching or MN caching system, for which Maddah-Ali and Niesen [1] proposed the first
coded caching scheme (called the MN scheme) which is optimal under the constraint of
uncoded placement and K < N [2]. Yan et al. [3] proposed a combinatorial structure called
placement delivery array (PDA) to design a coded caching scheme for the MN caching
system. It is worth noting that the MN scheme can be represented by a special PDA which
is called the MN PDA.

1.1. Traditional Combination Network Caching System

Compared with the MN caching system, a more practical system wherein users may
communicate with the server through intermediate relays has gained attention. Since the
analysis of relay networks with arbitrary topologies is challenging, many studies have
focused on a symmetric version of this general problem known as combination networks
with end-user-caches. The (H,r, M, N) combination network caching system was first
proposed in [4] as follows: a server with N files connects H relays (without caches), which
in turns connect K = (Ij ) users, where each user is equipped with a cache of size M files
and each user is connected to a unique set of r relays. All links are assumed to be error-free
and interference-free. The transmission load for each relay is defined as the maximum
normalized transmission amount from the server to each relay over all relays and all
possible demands. The objective is to design a coded caching scheme with the transmission
load for each relay and the subpacketization as small as possible.

The first two schemes for combination networks were proposed in [4]: one based on
uncoded placement and routing in the delivery phase, and the other based on the placement
strategy of the MN scheme and a linear code for delivery. The authors in [5] proposed a
scheme based on coded placement that effectively splits the combination network into H
parallel MN caching systems, each of which serves ( r:ll) users using the MN scheme. This
scheme works for any parameters H, ¥ and memory ratio % and the achieved transmission
load for each relay is approximately % of the transmission load of MN scheme. Furthermore,
it can be used to deal with any relay networks with arbitrary topologies. There are some
other studies on improving the transmission load for each relay based on MN scheme; for
instance, [6—11] etc. Since the subpacketization of the MN scheme exponentially increases
with the number of users, all of the above known schemes have high subpacketization,
which implies that these schemes not only have high implementation complexity but also
cannot be used when the files in the server are not large enough.

In order to design a scheme with low subpacketization for the combination network
caching system, the authors in [12] proposed the concept of combinatorial placement
delivery array (CPDA) based on PDA which has been widely studied in [13,14]. When r
divides H (denoted by r|H), based on the MN scheme, they proposed a scheme with lower
subpacketization while the achieved transmission load for each relay is equal to that of the
scheme in [5]. However, its subpacketization still increases exponentially with the number
of users. The authors in [15] showed that the strongly coloring PDA in [16] is a CPDA,
which is constructed by the strong coloring in the bipartite graph [17]. Consequently, two
classes of CPDAs were obtained in [15], which lead to schemes with lower subpacketization
and without the limitation of r|H compared with the scheme in [12].

1.2. Multiaccess Combination Network Caching System

It should be noted that all of the above studies are under the assumption that each
user is connected to a distinct set consisting of r relays. However, the number of users in a
network system may be time-varying [18] in practice. So it always happens that multiple
users are connected to the same r relays when the number of users is larger than (I;I)
Therefore, it is meaningful to study a combination network caching system where multiple
users are connected to the same r relays. Assuming that there are exactly u users connected
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to a unique set of r relays. Such a setting is denoted by an (H,r,u, M, N) multiaccess
combination network caching system.

Clearly, an (H,r,1, M, N) multiaccess combination network caching system is an
(H,r, M, N) combination network caching system, as proposed in [4]. We can therefore gen-
erate an (H,r,u, M, N) multiaccess combination network caching scheme by the repeated
application of an (H,r, M, N) combination network caching scheme u times. However,
in this naive strategy, not only will the coded caching gain among the users who are
connected to the same r relays be omitted, but the coded caching gain among the users
who are connected to different relay subsets containing at least one common relay will
not be fully considered. In order to make the transmission load for each relay as small as
possible, we prefer to design a scheme with the coded caching gain as large as possible.
This motivates us to study the multiaccess combination network caching problem, wherein
the basic idea is to generate coded caching gain among all the users as large as possible
instead of generating coded caching gain only among (I;I ) users who are connected to
distinct sets of r relays. Specifically, the following main results are obtained in this paper.

1. By using the idea proposed in [5], a scheme (called the ZY scheme) for the multiaccess
combination network is obtained, which works for any parameters H, r, u and any
memory ratio %, and the achieved transmission load for each relay is approximately %
of the transmission load of MN scheme since the coded caching gain among the users
who are connected to the same relay is fully considered. However, its subpacketization
exponentially increases with the number of users.

2. Inorder to reduce subpacketization, we omit the coded caching gain among the users
who are connected to the same r relays and consider the coded caching gain among
the users who are connected to different relay subsets containing at least one common
relay as much as possible, and directly construct a CPDA P from the view point of
combinatorial design theory, which leads to a new scheme (called the direct scheme)
for the multiaccess combination network with lower subpacketization. Since some
special combinatorial structure is used in this scheme, the parameter u has to be a
combinatorial number.

3. For arbitrary parameter u, based on the proposed direct scheme and the MN PDA, a
hybrid construction of CPDA is proposed which leads to a new scheme (called the
hybrid scheme) for the multiaccess combination network. It is worth noting that the
hybrid scheme not only has the same coded caching gain among the users who are
connected to different relay subsets containing at least one common relay as the direct
scheme, but also fully considers the coded caching gain among the users who are
connected to the same r relays by increasing some subpacketization.

The rest of this paper is organized as follows. In Section 2, the traditional combination
network caching system is extended to the multiaccess combination network caching
system, and the concepts of PDA and CPDA are briefly reviewed. In Section 3, three
schemes for the multiaccess combination network are proposed. In Section 4, performance
analysis is provided. Finally, a conclusion is given in Section 5 while some proofs are
provided in the Appendices A and B.

2. Preliminaries

In this section, the multiaccess combination network caching system and the concepts
of PDA and CPDA are introduced. First, the following notations are useful in this paper.

e (a:b]:={a,a+1,...,b}, [a] :={1,2,...,a}.
e mod(a,q) denotes the least non-negative residue of a modulo q. < a >;:= mod(a, q) if
mod(a,q) # 0, otherwise < a >;:= g.

Forany set H and for any positive integer r with r < |H|, (%) := {A|A C H, |A| =1},

H

") is the collection of r-sized subsets of H, where | - | denotes the cardinality of

ie., (
a set.
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* Given an array P = (pj)je(r|e(x) With alphabet [S] U {*}, we define P +a =
(Pjk + ) je[r e(x) and P X a = (pjx X a) je[F| ke[k) fOr any integer a, where a + x = x,
a X x =%,

e For any two vectors x and y with the same length, d(x, y) is the number of coordinates
in which x and y differ, wt(x) is the weight of x, i.e., the number of nonzero coordinates
of x. For example, if x = (0,1,2,1) and y = (0,1,3,4), then d(x,y) = 2 and wt(x) = 3.

e For any vector f with length H and for any nonempty subset 7 C [H], f|7 is a vector
with length |7'| obtained by taking only the coordinates with subscript j € 7. For
example, if f = (0,2,3,1) and 7 = {1,3}, then f| = (0,3).

2.1. Placement Delivery Array

Yan et al. [3] proposed a combinatorial structure, called placement delivery array
(PDA) to characterize the placement phase and delivery phase of a scheme for the MN
caching system simultaneously.

Definition 1. (PDA, [3]) For positive integers K, F, Z and S, an F x K array P = (p]«,k),
j € [F], k € [K], composed of a specific symbol “x” called star and S integers in [S|, is called a
(K, F, Z,S) placement delivery array (PDA) if it satisfies the following conditions:

Cl. Each column has exactly Z stars.
C2.  Each integer in [S] occurs at least once.
C3.  For any two distinct entries pj, x, and pj, k,, Pj1 k; = Pjpk, = S is an integer only if

a. j1 # Jo, k1 # ko, i.e., they lie in distinct rows and distinct columns; and
b. Pivks = Pipky = * i.e., the corresponding 2 x 2 subarray formed by rows ji, jo and
columns kq, ko must be of the following form

s x % S
( . s > or < s ) 1)
Example 1. It is easy to verify that the following array is a (6,4,2,4) PDA,

2

N — % %
W ¥ = X%
¥ W N ¥
B % ¥ =
¥ ¥ W

*
4
*
The first PDA was proposed by Maddah-Ali and Niesen in [1,3].

Lemma 1. (MN PDA, MN scheme [1,3]) For any positive integers K, M and N with M < N,
if KM/N is an integer, there exists a (K, (xu1/n)s (xat/N-1)r (knt)Ns1)) PDA, which leads

to a (K, M, N) coded caching scheme (MN scheme) with subpacketization F = ( KNIF/N) and

transmission load R = % for the MIN caching system.

2.2. Multiaccess Combination Network Caching System

We consider an (H,r,u, M, N) multiaccess combination network caching system (see
Figure 1) in which a server S, containing N files W = {W1,Ws, ..., Wy}, each of which
is uniformly distributed in {0, 1}? for some positive integer B, connects H relays through
H error-free and interference-free links. Each set of r relays connects u users, so that the
total number of users is K = u(Ij ). Each user has a storage capacity of size M files where
0 < M < N and all relays have no cache memory. Each relay i could broadcast the
intermediate signals from the server to the users who are connected to it. The users are
denoted by K = {k = (A,i) | A € ([Ij]),i € [u]} and user (A, i) is connected to relay h if
and only if i € A. The set of relays which connect user k € K is denoted by Ay.
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Users
Caches
(MB bits)

Server N files

Relays

1O 1
1O [
1O [
1O 1
1O [
1O 1

Figure 1. A multiaccess combination network with H =4,r =2, u = 2.

An F-division (H,r,u, M, N) multiaccess combination network caching scheme con-

tains the two following phases.

Placement phase: Each file is divided into F packets of equal size. Then, each user
k € K directly accesses the file library WV and stores some packets or linear combina-
tions of some packets of the N files in its cache. The set of cached packets by user k is
denoted by Zy whose size is at most M files. That is, for each user k € K, there exists a
function ¢y : {0,1}NB — {0,1}MB to generate the cache contents Zj = (W) neny)-
Let Z = {;Za( |]( S K:}.

Delivery phase: Assume that each user k = (A, i) € K randomly requests one file
from the file library JV. The demand vector is represented by d = (di)kej, which
implies that the user k requests the d{(h file W;_where dy € [N]. Given (Z,d), the
server sends a message Xg,,_, of size Lg, _,j, bits to relay & € [H]. Then, relay h € [H]
forwards Xg,, _,j to its connecting users. User k can recover its desired file Wy, by
{Xs,,—n | h € A} with the help of Zy. This phase can be represented by the following
encoding functions and decoding functions.

- The H encoding functions: For each relay i € [H],
s+ {01V x {0, THME s [NTF — {0, 1} Fser

generates the transmitted message Xg, = ¥s,,—n(W, Z,d) from the server to
the relay h. It is a function of the library WV, the cached contents of all users Z
and the demand vector d.

- The K decoding functions: For each user k = (A4,7) € K,

pe = {0, 1} Ehealse—n 5 £0,13MB 5[N] — {0,1}8

decodes the requested file of user k from all messages received by user k and its
own cache, i.e.,

de = ,uk({XSg,ﬁh | he A},Zk,d).

The transmission load for each relay is defined as

R— { Ls,,—sn }
= max e — .
de[N]K he[H] B
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2.3. Combinatorial Placement Delivery Array

Definition 2. (CPDA, [12]) For any positive integers H, r and u withr < H,a (K = u(}r{), F,Z,S)
PDA P is called a (K, F,Z,S) combinatorial placement delivery array (CPDA) if it satisfies the
following condition.

C4.  All the columns can be labeled by K = {(A,i) | A € ([I;I]),i € [u]} such that for any s € [S],
the intersection of the first coordinate A of all column labels (A, i) satisfying that s appears in
column (A, i), denoted by L, is not empty.

The definition of CPDA is proposed based on the definition of PDA. Thus, a CPDA
must be a PDA. However, the converse does not necessarily hold since CPDA has another
requirement, i.e., the condition C4. The detailed discussion of the relationship between
PDA and CPDA could be found in [15]. Based on a CPDA, a scheme for the multiaccess
combination network can be obtained by using Algorithm 1.

Algorithm 1 Caching scheme based on (K, F;, Z,S) CPDA in [15]
procedure PLACEMENT(P, W)
2. Split each file W, € W into F; packets, i.e, Wy, = {W,; | j € [F1]}.
fork € K do
4 Zi Wyl pjx=*Vje€[FR]ne[N}

end for

6: end procedure
procedure DELIVERY(P, W, d)
8: fors € [S] do
Xs = @Pj,kZS/jE[Fl]rkGKde/j;
10: Is = Ny, =s jelp] kek Ak = {hsi, hs2, .o hsp y 1 < ps <7
Divide X; into y, sub-packets, ie., Xs = {X51, Xs2,. .., Xs,ys}r'
12: for! € [us] do

Server sends Xj to relay kg ;

14: Relay hg; broadcasts X to its connecting users;
end for
16: end for

end procedure

From Algorithm 1, a (K, F;, Z, S) CPDA P can be intuitively explained as follows.

e Eachrow j € [F| represents the index of the jth packet of all files and each column
k € K represents user k. If p; i = *, then user k has cached the jth packet of all files.

The condition C1 of Definition 1 therefore implies that each user caches M = F%N files.

e If pjx = sis an integer, it means that the jth packet of all files is not stored by user
k. Then, the XOR of the requested packets indicated by s is generated by the server
at time slot s, denoted by X;. If the set Z; defined in the condition C4 of Definition 2
is {hs1,hs2, ..., hsy, } where 1 < g <, then X is divided into ys sub-packets, i.e.,
Xs = {Xs1,Xs2, -, Xs s }- Finally, for any [ € [us], the server sends X, to relay h;;
and relay h,; forwards X, to its connecting users. The subpacketization is therefore
at most 7F;. The condition C4 of Definition 2 guarantees that user k can receive the
whole message X; since user k is connected to each relay in Z;. The condition C3 of
Definition 1 guarantees that user k can recover its requested packet indicated by s
from X; since it has cached all the other packets in message X except its requested
one. The occurrence number of integer s in P denoted by g is the coded caching gain
at time slot s since message X; is useful for g; users.
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*  The condition C2 of Definition 1 implies that the number of messages X; sent by the
server is exactly S. If the size of Z; is a constant for each s € [S], assume that |Zs| = p,
and if the number of Z; containing  is a constant for each relay h € [H], assume that
{Zs|h € Is,s € [S]}| = v; then, we have vH = uS. The transmission load for each
relay is therefore R = vﬁ = HiFl

Lemma 2. ([15]) Given a (K = u(*'), F;, Z,S) CPDA for any positive integers H, r and u with
r < H, we have an (H,r,u, M, N) multiaccess combination network caching scheme with memory
ratio % = F% and subpacketization F < rFy. Moreover, if the size of ZLs, which is defined in
Definition 2, is a constant for each s € [S| and if the number of I containing h is a constant for
each relay h € [H)|, the transmission load for each relay is R = HLFl

In a PDA, a star not contained in any subarray shown as (1) in C3-b of Definition 1
is called useless. The authors in [19] pointed out that useless stars not only make no
contribution to reducing the transmission load but also result in high subpacketization. If
each column of a (K, F,Z,S) PDA has Z' useless stars, the authors in [19] improved the
scheme in [16] by deleting all the useless stars and using an [F, F — Z'], maximum distance
separable (MDS) code [20] for some prime power g, and came up with a new coded caching
scheme with a smaller transmission load and subpacketization than the original scheme
in [16] for the same number of users and memory ratio. In fact, this idea also works for the
multiaccess combination network caching system.

Lemma 3. Givena (K = u(lf), F1,Z,S) CPDA P for any positive integers H, r and u withr < H,
assume that there exist Z' useless stars in each column of P. Then, we have an (H,r,u, M, N) mul-

. . . . . . _g! . .
tiaccess combination network caching scheme with memory ratio % = % and subpacketization

F < r(F, — Z'). If the size of I, which is defined in Definition 2, is a constant for each integer
s € [S] and if the number of I containing h is a constant for each relay h € [H], the transmission
load for each relay is R = W

Proof. Assume that Pisa (K = u("), F;, Z,S) CPDA wherein each column has Z’ useless
stars, delete the Z’ useless stars in each column and we obtain a new array P’ = (p;,k| j€
[F1],k € K). Clearly each column of P’ has Z’ blanks, Z — Z’ stars and F; — Z integers.
Based on P/, we modify the placement strategy in Algorithm 1 as follows: the server divides
each file into F; — Z' equal-sized packets and then encodes them using an [F;, F; — Z],
MDS code for some prime power 4. The resulting encoded packets are denoted by W,, 1,
Wy, .., Wy, p, for each file W, where n € [N]. Using the caching strategy in Lines 3-5
in Algorithm 1, each user k caches Zy = {W, | pj’»,k = %,j € [F],n € [N]}. Clearly, the

. . — ! . . . .
memory ratio of each user is % = 1_?1 _ZZ,. Now, let us consider its subpacketization and

transmission load for each relay. For any request vector d in the delivery phase, we use
the same delivery strategy as in Algorithm 1. Then, each user can obtain exactly F; — Z
required coded packets. From the property of an [F;, F; — Z']; MDS code, each user can
recover its requested file. Since the size of Z; is a constant for each integer s € [S]| and the
number of Z; containing & is a constant for each relay /1 € [H], the transmission load for
each relay is R = O

S
HE-2)"

Remark 1. Givena (K, Fy,Z,S) CPDA P, if each column of P has Z' useless stars, then the scheme
in Lemma 3 has a smaller memory ratio and subpacketization than the scheme in Lemma 2 since
F% > % and F; > Fy — Z' always hold for any positive integer Z' < Z. It is worth noting that
for the scheme in Lemma 3, the operation field must be O(rF; ), hence, the size of each packet must
be approximately log, (rFy) bits in length. This implies that the size of each file in the server must
be more than log, (rFy)(r(Fy — Z')) bits.
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3. The Schemes for the Multiaccess Combination Network

In this section, we will propose three coded caching schemes for the multiaccess
combination network caching system. The first one is directly obtained from the idea in [5].
The second one is from a direct construction of CPDA via combinatorial design theory
and the third one is from a hybrid construction of CPDA based on the CPDA directly
constructed before and the MN PDA.

3.1. ZY Scheme

Since the scheme in [5] can be used to deal with any relay networks with arbitrary
topologies, it also works for the multiaccess combination network caching setting. Specifi-
cally, from the idea in [5], we can obtain an (H, 7, u, M, N) multiaccess combination network
caching scheme as follows. Firstly, the server divides each file into r packets and then en-
codes them into H coded packets by an [H, r]; MDS code for some prime power g. Denote

the hth coded packet of all files by W) = {Wy(lh) | n € [N]}. It is worth noting that the size
of each coded packet is g bits. Secondly, for each relay #, by taking the hth coded packet of

all files W) as the file library and using the (K = u(f:ll), M, N) MN scheme, the server
sends all required coded signals to relay #, and relay h forwards them to its connecting

(D)

users. Lett = %, and then each user caches exactly =—NB = MB bits since each user
(it

L. .. . _ K(1-M/N)

is just connected to r relays. Thus, the transmission load for each relay is R = CRM/NTL)

That is the following result.

Lemma 4. (ZY scheme) For any positive integers H, v, u, M and N withr < H and M < N, let

K = u(ljjll), ift = % is an integer, we have an (H,r,u, M, N) multiaccess combination network
Ka-%)
r(t+1) -

caching scheme with subpacketization F = r(lf) and transmission load for each relay R =

It is easy to verify that the transmission load for each relay of the ZY scheme is approx-
imately % of the transmission load of the MN scheme. However, the subpacketization of the
ZY scheme is exponential in order with K = u(l;ljll), which may lead to high implementa-
tion complexity and infeasibility in reality. Therefore, reducing the subpacketization while

slightly increasing the transmission load for each relay as the tradeoff is very meaningful.

3.2. The Direct Scheme

In this section, we propose a direct construction of CPDA by means of combinatorial
design theory, which leads to a multiaccess combination network caching scheme with
much lower subpacketization than the ZY scheme in Lemma 4.

Construction 1. For any positive integers H, 1, a, w and A with max{w,A} < r < H and
a < H, let the row index set F and the column index set K be

F = {f = (fi.for-- fr) € {01} [ wi(f) = a}’

’CZ{k=(T,b)‘Te <[}rﬂ>,be{0,1}*,wt(b):r_w}, @

respectively. An () x (")(X) array P = (pei) e rxex with T = {61,85,...,6:} C [H],

a w r

0 < < <andb = (by,by,..., by) is defined as

() i d(fl,b) =r— ),
Pk = * Otherwise,

®)
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where e = (e1,ez,...,ey) € {0,1}H is defined as
by if i =0dy,v€]r],
e = _ 4)
fi Otherwise
and
C=A{bv|f5,=bo,velr]} C{61,62,...,0:}. 5)

Clearly, we have |C| = A from (3).

Example 2. When H=4,a =2,r =2, w = land A = 1, the array generated by Construction 1
is shown in Table 1.

Table 1. The (12,6,4,8) CPDAwithH =4,a=r=2,w=1and A = 1.

(T,b) {1,2} {1,3} {1,4} 2,3} 2,4} {3,4}

f oy @) OV @O ©OvV$ "L OV @GO Oy GO O GO
0,0,1,1) 0111,1 1011,2 * * * * * * * * 0001,4 0010,3
0,1,0,1) * 0111,1 1101,3 * * * * 0001,4 0100,2 * *
0,1,1,0) * * * 0111,1 1110,4 0010,3 0100,2 * * * *
(1,0,0,1) * * * 0001,4 1000,1 1011,2 1101,3 * * * *
(1,0,1,0) * 0010,3 1000,1 * * * * 1011,2 11104 * *
(1,1,0,0) 0100,2 1000,1 * * * * * * * * 1101,3 11104

For instance, when £ = (0,0,1,1) and (T,b) = ({1,2}, (1,0)), since d(f[{12,(1,0)) =
d((0,0),(1,0)) = 1 = r— A, we have C = {2} from (5), then from (3) and (4), we have
pe(7p) = ((1,0,1,1),{2}), abbreviated as 1011, 2. It is easy to verify that the array in Table 1 is
a (12,6,4,8) CPDA which leads to an (H,r,u, M, N) multiaccess combination network caching
scheme with u = () = 2, memory ratio % = %, subpacketization F = 6, and transmission load
for each relay R = % . % = % In this case, the subpacketization and transmission load for each relay
of the ZY scheme in Lemma 4 are Fzy = 30 and Rzy = %, respectively.

In general, the array generated by Construction 1 is a CPDA, wherein each column
has the same number of useless stars. Hence, from Lemma 3, we have the following result,
whose proof could be found in Appendix A.

Theorem 1. (The direct scheme) For any positive integers H, r, a, w and A withmax{w,A} <r < H

anda < H, thereexistsa (([)(*1), (1), Z,5) CPDAwith Z = () - z[ | (G Gmaiar )
1€[xY

and S = Y ( H )(H—(u+r—2w+2/\1—/\)>(a+r72w+2)\1 —A

atr—2w+2A1—A M A=Ay ), where x = max{0, A —

A €x:y]
r+w}, y = min{w,A}. This can lead to an (H,r,u = (), M, N) multiaccess combination
network caching scheme whose memory ratio, subpacketization and transmission load for each
relay are

E () Gaiat )
A €lx:y]

B w r—w —r ’ (6)
(h - (1) x (V3,) x (uwaiZAlf)\’)
Me[0A-1] A €x"y']
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H w r— H-—vr
( a Nelm—1] Ay epoy] WM A — /\1 a—w+2A =N
H— —2w+2A1—A — A—A
A EZ[: l (a+r 2a11_£—2/\1—/\)( (ot /\?]Jr ' ))(ﬂJrT %\uf)rj ! )
X:
R = 2= (8)

H((I;) - A [Z Z (Xi) X (/\r’:(j\)l) X (a—wI—l_{Z_Arl—/\/)>

€[0:A—1] A elx"zy’]
respectively, where X' = max{0,\" —r + w} and y’ = min{w, A'}.

Remark 2.

s When w = 0, from Theorem 1, we can obtain an (), (1), (1) — (1) (H7), (H, D)

CPDA which is exactly the strongly coloring PDA in [16] by the fact (Hr NG M =

( H ) (H (a+r— 2?\))
a+r—2A A :
*  The row index set F in (2) is determined by the value of a. In fact, F can be chosen

more flexibly. For example, let F = {(f1,f2,..., fu) | fi,fo,--., fu—1 € [0 : g—1],
fu= mod(Zi}l fi,q)} and K = (“;I]) x [0 : g — 1]" for any positive integer q > 2, when
H=4,r=2and A =1, according to (3)—~(5), a (24,8,4,32) CPDA can be obtained, which
is shown in Table 2.

*  From the proof of Theorem 1 in Appendix A, the scheme from the CPDA generated by
Construction 1 omits the coded caching gain among the users who are connected to the same
r relays.

3.3. The Hybrid Scheme

From Theorem 1, an (H,r,u = ( Z}), M, N) multiaccess combination network caching
scheme can be obtained. However, it has a limitation of the parameter u,i.e., u = (). In
this subsection, we will propose a hybrid construction of CPDA for any parameter u based
on a PDA and a CPDA. Let us use an example to illustrate the main idea of the construction.

Example 3. Given the (3,3,1,3) CPDAP with H=3,r =2,u = 1,and the (2,2,1,1) PDA A
as follows,

(1,2} {13} {23} -
* 1 2 1 « 1\ 1
P=| 1 * 3 |2 A=<1*)2 ©)

2 3 *

O8]

by replacing each entry in P, i.e., pj i, where ji € [3], ki € ([g]), with an array A + pj «, =
(Ao, t Pjrka) jpel2) iacl2), Where x +x = x for any integer x, we can obtain the following
(6,6,3,3) CPDALwith H=3,r =2and u = 2.

({12h1) ({1212 ({1341 ({1342 ({234L1) ({23}2)

* * * 1 * 2 (1,1)
* * 1 * 2 * (1,2)
L— * 1 * * * 3 (2,1)
1 * * * 3 * (2,2)
* 2 * 3 * * (3,1)
2 * 3 * * * (3,2)

It is easy to verify that the scheme from L creates broadcast opportunities among the users who
are connected to the same r relays, since L5 5y (11211) = l2,1),({1,23,2) = 1-
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Table 2. The (24,8,4,32) CPDA.

(7,b) {1,2} {1,3} {14} {2,3) {24} {34

f 00 ©O»n @GO @1y ©O0 O o ¢»v» oo o1y @) @on ©Oou oOnv @G @y O ©On GO a1V O O @) @D
(0,0,0,0) * 0100,1 10002  * * 0010,1 10003  * * 0001,1 10004 * * 0010,2 01003  * * 00012 01004  * * 0001,3 00104 ™
0,0,1,1) * 0111,1 1011,2 * 00011  * * 1011,3 00101  * * 1011,4 00012 * * 0111,3 0010,2  * * 01114 * 00014 0010,3 *
0,1,0,1) 0oo1,1  * * 11012 * O111,1 1101,3 * 0100,1  * * 11014 0001,3 * * 0111,2 * 00014 01002 * 01003 * * 01114
(0,1,1,0) o0o10,1  * * 1110,2 0100,1  * * 11103 * 0111,1 11104 * * 00103 01002 * 00104 * * 01112 01004  * * 01113
(1,0,0,1) 0001,2 * * 1101,1 0001,3  * * 10111 * 00014 1000,1  * * 1011,2 1101,3 * 10002 * * 1101,4 10003  * * 10114
(1,0,1,0) 0010,2 * * 11101 * 0010,3 1000,1 * 00104 * * 1011,1 1000,2  * * 11103 * 1011,2 11104 * 10004 * * 10113
(1,1,0,0) * 0100,2 1000,1 * 01003 * * 11101 01004  * * 1101,1 1000,3  * * 1110,2 10004  * * 1104,2 * 1101,3 11104 *

(1,1,1,1) * 01112 10111 * *0111,3 11011 % * 01114 11101 % *1011,3 11012 % * 10114 11102 % * 11014 11103 %
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F=a(

Mathematically, the construction is given as follows.

Construction 2. Suppose that there exists a (Ky = u(*),F,7;,81) CPDA P = (Pjia)s
ji € [F] ki € (M) x [u] and a (Ky, B>, Z5,55) PDA A = (ay4,), jo € (B ko € [Ka,
thearray L = (Ij, ©) (1 b)), (1,72) € [B1] % [R2], (K1, k2) € (([}rﬂ) x [u]) x [Ka), is defined as

_ (P —D)S2 i P F Ak, F K
L jo) (k) { S " otherwise. (10)

Let us return to Example 3, where j; = 1,k; = {1,2},jo = 1,kp = 1, since pj, i, =
P1,1,2y = *wehavel(; i k) = * from (10); whenj; = 2,k = {1,2},j2 = 2,ky = 1, since
Pivki = Pojqi2p = land aj i, = apy =1, wehave l;, ;) i k) = @y + (Pji g —1)S2 =1
from (10).

By Construction 2, we have the following result, whose proof could be found in
Appendix B.

Theorem 2. Given a (K; = u(Ij),Fl,Zl,Sl) CPDA P = (le'kl)jle[Fl],kle([H])x[u] and a

(K, F», Z3,S7) PDA A, there always exists a (uKz(Ij), FF,Z1F+ (Fy — Z1)Z3,5,S2) CPDA

L. If each set Zs, for P (denoted by Is(ll’)) where s € [S1] has the same size y and the number ofIS(IP)
containing h is a constant for each h € [H|, and if there are Z! useless stars in each column of P,
then L leads to an (H, r, uKy, M, N) multiaccess combination network caching scheme with memory

7 7
ratio % = i:_;} + (1 — ill_g} ) ZZ_-—ZZ, subpacketization F = p(Fy — Z})F, and transmission load
1 1
515
for each relay R = H(H%ZZ{)FZ

From Theorem 2, the following result can be obtained based on the CPDA in Theorem 1
and the (Kz, (Ifj), (1522:11)’ (tzﬁzl)) MN PDA for any Ky, t, € Z* with t; < K.
Theorem 3. (The hybrid scheme) For any positive integers H, r, a, w, A, tp and Ky with
max{w,A} <r < H,a < Hand ty < Ky, there exists an (H,r,u = K(,), M, N) multiaccess
combination network caching scheme, whose memory ratio, subpacketization and transmission load
for each relay are

E w r:w ain—r B
- Kz —t ' MeTey] (/\ )(/\ /\1)( +2M A)

K (- ¢ G % (028D % (mwliat, )
Ne[0:A-1] A €x":y']

() O ) R R 2
a AN e[0:A—1] A €lx’sy] M )\’—/\1 a—w+2A1—A’ !

H H—(a+r—2w+2A—A)\ ja+r—2w+2A1—A
(a+r72w+2)\17)\)( M )( A—Aq )

L
_ Ko—ty Mexy]
th +1

, (13)
H - H-
( )) — (i) X (=3 x (awmrlw))
AMe[0:A=1] A e[x:y’]
respectively, where x = max{0,A —r + w}, y = min{w, A}, ¥’ = max{0,\' —r + w} and
Yy = min{w, '}
4. Performance Analysis

In this section, we compare the direct scheme in Theorem 1 and the hybrid scheme in
Theorem 3 with the ZY scheme in Lemma 4 and the naive scheme of repeatedly using the
scheme in [19] (referred to as the naive scheme).
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4.1. Analytic Comparison of the Direct Scheme and the Hybrid Scheme with ZY Scheme

Since it is difficult to give an analytic comparison of the direct scheme and the hybrid
scheme with the ZY scheme for general parameters A and w, we focus on the case of
A = 1,w = 1. In this case, the memory ratio, subpacketization and transmission load for
each relay of the direct scheme are

Mo O+ -DGS) FThl:<H>_<H—r>,

N ()= (o) a) \a-1
ko A8 G )H—a—r )+ ()t —3)
Thl — H H—r

"+ r-1)(5)

respectively, from (6)—(8); and from (11)-(13). The hybrid scheme has a memory ratio,
subpacketization and transmission load for each relay as follows,

g SO (5)((1)- (1)

rn K8 () H—a—r+ 1)+ (o) (a+r—3)
"= H(t +1) N+ (r— D)) ‘

a

While the ZY scheme has a subpacketization and transmission load for each relay as follows,

uH_1 _ M
Fzy_r( Sm), Rzyzw

u(y )M
N

Therefore, we have

S
+

A=

)(H, D(H=(a47=1)+ () (at7-3)

(D +Hr-D()
(H—a—r+3)(H—a—r+2)(H—u—H—l)+( 1 T
(a+r—1)! a+r—4)!
)H(H -1)---(H—=r+1) (Fa—rs3) (Hoa_r+2)(H-a=1+1) |, 1) H(,,,ZH)VH (14)

Ry
Rzy

A=

I
/N

\% = 3

+
H(H-1)-(H—r+1)
+ )m

A=

—
an
Z

and

R __Ka (VM 1)H(H—1)~~(H—r+1)
Rzy h+1 (a+r—1)---(a+1)

HN K
when H is large enough. Furthermore, we have

Ky (H . Hfr)
Frm  _ (- _ - e ) ()= ()
= e < 71— and £ < T .
FZY u(y_1) N r(p_1)M zy Kor( 21 )M
rGudihm)  (51) N (M N
- N M

Clearly, for the direct scheme and the hybrid scheme, the transmission load for each
relay is just multiplied while the subpacketization is exponentially reduced compared to

H-1
the ZY scheme. Moreover, it is easy to verify that ( + ) E e )1)(11(21 J:r)l) < A})M
H(H-1)--(H—r+1)
and t2+l (HN + K)‘ (a+r71)~~-(u+r1)

Kor(5hHM . . :
< M’Tl, i.e., the growth of multiple transmission loads for each relay is much less than

the reduction exponent of the subpacketization in the direct scheme and hybrid scheme.
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4.2. Numerical Comparison

The numerical comparison of the direct scheme and the hybrid scheme with the

ZY scheme is given in Table 3. It is easy to see from Table 3 that R <« Inf2 and
Rzy Fri

Ry
Rzy

< In Il_fﬂ, which coincides with the analytic comparison.
Th3

Table 3. Numerical comparison of the direct scheme and the hybrid scheme when w = 1, A = 1 with
the ZY scheme.

(H, r, a) K % % In szlz
15,24 210 0.27 1.59 11.75
16,3,4 1680 0.43 8.19 297.35
18,3,6 2448 0.50 5.98 391.00
20,3,12 3420 0.56 4.03 487.29
(H,7,0,Kz, ) K ¥ o In 20
20,3,3,8,1 27,360 0.38 53.68 474.64
20,3,3,6,1 20,520 0.41 43.39 484.46
20,3,3,5,1 17,100 0.43 38.24 490.37
20,3,3,3,1 10,260 0.53 27.95 497.17

Finally, when H = 14,r =4, u = 6 and K = u(Ij) = 6006, the memory-load and
memory—-subpacketization tradeoffs are given in Figure 2. From Figure 2, we can see that
for the same number of users and memory ratio, the schemes with transmission load for
each relay from small to large are the ZY scheme, the hybrid scheme, the direct scheme
and the naive scheme. This is because ZY scheme fully utilizes the multicast opportunities
among the users who are connected to the same relay, then its coded caching gain is the
largest, so it has the minimum transmission load for each relay; the direct scheme and the
naive scheme only utilize the multicast opportunities among the users who are connected
to different sets of r relays, while omitting the multicast opportunities among the users who
are connected to the same r relays; however, the direct scheme more efficiently utilizes the
multicast opportunities among the users who are connected to different sets of r relays than
the naive scheme, so the transmission load for each relay of the direct scheme is lower than
that of the naive scheme; the hybrid scheme not only utilizes the multicast opportunities
among the users who are connected to different sets of r relays as the direct scheme, but
also utilizes the multicast opportunities among the users who are connected to the same r
relays, so its transmission load for each relay is lower than that of the direct scheme. From
Figure 2, we can see that for the same number of users and memory ratio, the schemes
with subpacketization from small to large are the direct scheme, the naive scheme, the
hybrid scheme and the ZY scheme. Therefore, the direct scheme and the hybrid scheme
have significant advantages in subpacketization compared with the ZY scheme and have
significant advantages in transmission load for each relay compared with the naive scheme.
Moreover, the subpacketization of the direct scheme is lower than that of the naive scheme.
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Figure 2. Comparison of the direct scheme and the hybrid scheme with the ZY scheme and the naive
schemewhen H =14, r =4, u = 6.

5. Conclusions

In this paper, we extended a traditional (H,r) combination network to an (H,r,u)
multiaccess combination network, where each r relay connects u users jointly, and pro-
posed three schemes for such a network, i.e., the ZY scheme, the direct scheme and the
hybrid scheme. The transmission load for each relay of ZY scheme obtained from the idea
in [5] is approximately % of the transmission load of MN scheme, but its subpacketization
exponentially increases with the number of users. The direct scheme obtained by a direct
construction of CPDA has significant advantages in subpacketization compared with the
ZY scheme, whereas the parameter u must be a combinational number. The hybrid scheme
obtained by a hybrid construction of CPDA works for the arbitrary parameter u as well as
has significant advantages in subpacketization compared with the ZY scheme. In addition,
the direct scheme and the hybrid scheme have significant advantages in transmission load
for each relay compared with the naive scheme, which is obtained by repeatedly using the
scheme in [19] u times. Moreover, the subpacketization of the direct scheme is lower than
that of the naive scheme.
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It is worth noting that the hybrid construction is based on a given CPDA and PDA
and the memory ratio of the resulting CPDA is greater than that of the original CPDA. It is
of great significance to look for a direct construction of CPDA which works for the arbitrary
parameter u.
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The following abbreviations are used in this manuscript:

MN Maddah-Ali and Niesen

VA Zewail and Yener scheme

PDA Placement Delivery Array

CPDA  Combinatorial Placement Delivery Array

Appendix A. Proof of Theorem 1

Proof. Let the array generated by Construction 1 be P = (pg)) where f € F and k € K.
For any nonstar entry (e, C) occurring in P, there exists some f € F and k = (7,b) € £
such that p¢ (1) = (e,C). Let C = C; UCa where C; is the subset of C such that f; = 0
for each i € Cy and C; is the subset of C such that f; = 1 for each i € C;. Let |C1]| = Ay,
then |G| = A — Aq since 1N Cy = @. Inaddition,0 < A S wand 0 < A —A; <7 —w.
This implies that max{0,A —r + w} < Ay < min{A, w}. Let x = max{0,A —r+ w} and
y = min{A,w}, then Ay € [x: y].

We will then prove that the array P satisfies the conditions of Definition 2. Let us
consider C1 of Definition 1 first. For any column label k = (7, b), without loss of generality,
assume that b = (by, by, ..., b,) satisfying by =by =... =b, =0and b, = ... = b, = 1.
Let T ={61,62,...,6;} withd; < &y < ... < . From (3), there are

— w r—w H-—r
Z= ) (/\1) % (A—A1> x <a—w+2A1—A> (A1)

ME[xy] —— N —
X1 X5 X3

vectors f = (f1, fa,..., fu) € F satisfying d(f|7,b) = r — A, where X; is the number
of subvectors f|(s 5 ) satisfying d(f|(s, 5.1 blw) = @ — A1; Xz is the number of
subvectors f[; . sy satisfying d(f[5 ., 631 Pliwt1s) = 7 —w — (A —A1); and X3
is the number of subvectors f| (), 7 satisfying wt(f|jgp7) = a — (w0 — A1) — (A = Ap) =
a—w+2A1; — A. Thus, thereare Z = (Ij ) — Z stars in each column. Therefore, the condition
C1 holds.
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‘ZC:{CUﬂuTz‘TlE <[

For any two distinct entries, say pg (7 ) and pg (77 11y, assume that pg (7 ) = pg (77p1) =
(e,C). Denote

f:(flleI-"/fH)/ 7—:{(51152/-"/57}/ b:(bl/bZI-"/br)/
£ = (fl, fl... fl), T =1{8,8,...,0} b =(,b,.. D).

If T =T', wehave e/ =b = b’ from (3). Then, we have f = f' since

elimpg = flip7 = Flippr ele = fle = fle, flre #elrne flne #elme

This contradicts our hypothesis: it implies that for any r-relay set 7 € ([I;I]), each non-star
entry (e, C) in P occurs at most once in the columns k = (7,b) of P where b € {0,1}" and
wt(b) = r — w. Thus, the multicast opportunities among the users who are connected to
the same r relays are not utilized. We therefore have 7 # 7', and then there must exist
two distinct integers, say i, i’ € [H], satisfyingi € T\C, i ¢ T'andi € T'\C, ' ¢ T.
Without loss of generality, assume that i = J; and il = (5{. From Construction 1, we have
fo, # b1 = e5 = f(gl and f‘gi #b) = e = fs- From (3)~(5), we have C C TNT' and
f|C = b|c = e|c = f/|c = b/|C~ Then, d(f|7—/,b,) <r—Aand d(f,|7',b) < r — A hold since
|C| = A. We therefore have pg (1 1/) = pg (1 p) = * from (3). Clearly, f # ' holds. Thus,
the condition C3 of Definition 1 holds.

Furthermore, this implies that each useful star p¢ 7 p,) = * satisfies d(f|7,b) <r —A.
In other words, each star pg 11,y = * satisfying d(f|7,b) > r — A is useless. Similarly to
(A1), there are exactly Z' = ¥ Y (/‘{’1) X (Ar,:‘}\’l) X (giwfi\’ﬁ)\,) vectors f € F

Me[0:A=1] A €[x:y’]
satisfying d(f|7,b) > r — A, where ' = max{0, A’ —r+ w} and ¥ = min{A, w}. Deleting
the useless stars, there are exactly Z — 7/ stars in each column.

For any non-star entry (e,C) occurring in P, assume that p¢(7p) = (e,C); from
Construction 1, we have C C T, |C| = A, e; = f; foreachi € CU([H]\ T) and ¢; # f;
for each i € T \ C. Since C = C1 |JC, where C; is the subset of C such that f; = 0 for each
i€ Cq, |C1| = A1 € [x:y] and C; is the subset of C, such that f; = 1 for each i € C;, we have
wt(flc) = A — A1. Then, wt(f|y\¢) = w — Aq since wt(b) = r —w and d(f|7,b) = r — A.
Thus, wt(f|7) = A — Ay + w — Ay and wt(f[jp)\7) = a — (A + w — 2A1) since wt(f) = a.
Since wt(e[7) = wt(b) = r — w and wt(e[y)\7) = wt(f|jgp7) = a — (A +w —2A;), we
havewt(e) =r—w+a— (A+w —2A1) =a+r—2w+2A; — A.

For any A1 € [x : y] and for each vector e with wt(e) = a + 7 — 2w + 21y — A, let us
consider any possible coordinate sets C; and C; such that (1) each coordinate of e|c, is zero;
(2) each coordinate of e|c, is one; and (3) [C1| = A; and |Co| = A — A4. Let C = C; U Co. We
will then prove that (e, C) occurs in P. Without loss of generality, assume that C; = [1: A4],

C=[M+1:Alandey =ex = - =ey, =0,ep41 =ep 40 =" =¢ = - =
Catr—2wtdr—A = land eqyr 20430 - A+1 = Catr—20w+31,—A+2 =+ - = ey = 0. Thatis,
e=(0,---,01,---,1,1, -, 1, 0, -, 0).
—_——— ——
M A—Aq a+r—2w+3M =20 H—(a+r—2w+311—A)
Define

a+r—2w+3A —A+1:H] A+1:a+r—2w+31 — A
/T2 €
w—/\l 1’—60—(/\—/\1)

It is easy to check that forany 7 = CUT{ U T, € %¢, we have |T| =r, wt(e|r) =r—w
and there is an H-dimensional vector f defined as

1 ifieT,
fiZ 0 ifieT,

e; otherwise
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S:

ME[xy]

a+r—2w-+2A —A

satisfying wt(f) = a, then f € F, (T, e|7) € K and d(f|1, e|7) = r — A. Consequently, we
have p¢ (7 e|) = (e,C) by Construction 1.

Furthermore, (e, C) appears (1~ (#7724 F3hi=)) -2 -8

_ AM—A+1:H A+1: —2w+3A1—A
la-tr Zwlﬁ N +1:H]) and any element of (M r'l_z_(;ujAl)l h
is empty, we have 7¢g, 7 = C. This implies that the set Z(, ¢y = C. Recall that Z( ¢ is
the intersection of the first coordinate 7 of all column labels (7, b) satisfying that (e, C)

appears in column (7, b), i.e., Ziec) = ﬂpf/(m):(elc),fE;,(le)EK.A(T,],), where A7 ) is the

) times in P. Since the

intersection of any element of (

set of relays which connect user (7, b). The condition C4 of Definition 2 holds.
From the above analysis, there are

H H—(a+r—2w+2A0 —A)\ fa+r—2w+2A — A
M A=A

different non-star entries in P. The condition C2 of Definition 1 holds.

Hence, P is a CPDA with the parameters in Theorem 1. For each non-star entry (e, C)
in P, since Z(¢ ¢y = C, we have |Z(, ¢)| = A, which is a constant. We will then prove that for
each relay 1 € [H], the number of Z(, ¢) containing / is also a constant. In fact, the number
of Z(, ¢y containing relay & is exactly

H-1 H—(a+r—2w+2A1—A)—1\ ra+r—2w+2A1—A
)y (a+r72w+2)\1*/\)( ( A—1 ) )( A=\ ' )+
A E[xy]
H-1 H—(a+r—2w+2A1—A)\ ra+r—2w+2A1 —A—1
L (agr—2wr2r,-a-1)( ( N ) )
Ar€[x:y]
_ A H H—(a+r—2w+2A1—A +r—=2w+2A1 A
= B, B Gt (TR,
1€xy

which is also a constant. From Lemma 3, Theorem 1 is proved. O

Appendix B. Proof of Theorem 2

Proof. Firstly, we will prove that the array L generated by Construction 2 is a (uK; (I;I ), FiF>,
Z1F, + (Fy — Z1)Zy, $1S2) CPDA. Clearly, Lis a uKz(Ij) x F| F, array. Furthermore, each
column of L has Z1F, + (F; — Z1)Z; stars since each column of P has Z; stars and each
column of A has Z, stars. There are S = 515, integers in L since there are S; integers in P
and there are S, integers in A. Conditions C1 and C2 of Definition 1 hold.

For any two disjcinct entries [(;, i) (1, k,) and l(j.{,jé),(k’lrk’z)’ifl(h,jz),(kl,kz) = L) e k) =
s € [S], then all entries aj, x,, 4 k1, Pjy ky Pj i, are integers and s = a;, k, + (pjy i —1)52 =
aj k + (Pjr 1 —1)S2 from (10). Since aj, x, < Spanday py < Sy, wehaveaj, i, = a; 1 € [S2]
and pj ki, = P € [S1]. Then, from the definition of PDA and CPDA, we have that

(1) either jo = jp,kp = kj oraj,y = ay;, = xholds; (2) either j; = ji, ki = kj
or pjx = Pikx, = * holds. Since [, i) (x;.k,) and Z(j{,jé),(k’llk’z) are two distinct en-
tries, jo = jj, ko = kj and j; = jj,k; = k| cannot hold simultaneously, which implies
that either i = Ay, = %O Pigy = Pjrig = * holds. Consequently, we have
l(h,jz),(ki,k’z) = l(ji,jﬁ),(kpkz) = x from (10). The condition C3 of Definition 1 holds.

For any s € [S], assume that s appears g; times in L, say

Z ) . = l i . = ... = l i i = S
G 067 k) G0 A O N O B
then e
S— S Sy A
R = . = ... = . = — + 1 =S
Pim 0 = P2 @ Pitss) ylss) S, 1

from (10). Assume that kgy) = (Tu,iy) for each p € [g;], we have IS(L) = Is(lp) = Nuelgs) Tp-
Since P is a CPDA, from condition C4 of Definition 2, the set Is(lp ) is not empty. Then,
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IS(L) is not empty and the condition C4 of Definition 2 holds. Hence, the array L is a
(K,F,Z,8) = (uKo (), i B, Z1F> + (F1 — Z1)Z2,51S2) CPDA.

Secondly, if |Is(1P )| = u is a constant for each s; € [S1] and the number of ZS(IP )
containing / is a constant for each 1 € [H|, say |{Is(1P) |h € Is(lp),sl € [51]}| = v for each
h € [H], then we have |IS(L)| = |IS(1P)| = y for each s € [S1S5;] where s = % +1and

|{I§L) |h e M5 € [S1S2]}| = vS; for each h € [H|. If there are Z] useless stars in each
column of P, there are Z{ F, useless stars in each column of L. From Lemma 3, L leads to
an (H,r,uKy, M, N) multiaccess combination network caching scheme with memory ratio

! ! !
M= 4 Pﬁ(é;;_Z;){i;—Zle = ill:zl + (1 — 1Zf11:§{l ) %, subpacketization F = u(F, — Z})F,
.. $,S
and transmission load for each relay R = GRS Fll Zzi) 5 O
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