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Abstract: A multi-terminal network, in which an encoder is assisted by a side-information-aided
helper, describes a memoryless identically distributed source to a receiver, is considered. The encoder
provides a non-causal one-shot description of the source to both the helper and the receiver.
The helper, which has access to causal side-information, describes the source to the receiver
sequentially by sending a sequence of causal descriptions depending on the message conveyed
by the encoder and the side-information subsequence it has observed so far. The receiver reconstructs
the source causally by producing on each time unit an estimate of the current source symbol based
on what it has received so far. Given a reconstruction fidelity measure and a maximal allowed
distortion, we derive the rates-distortion region for this setting and express it in terms of an auxiliary
random variable. When the source and side-information are drawn from an independent identically
distributed Gaussian law and the fidelity measure is the squared-error distortion we show that for
the evaluation of the rates-distortion region it suffices to choose the auxiliary random variable to be
jointly Gaussian with the source and side-information pair.

Keywords: source coding; causal helper; causal side-information

1. Introduction

In the classical source coding with decoder side information problem, the source and side
information are generated by independent drawings (X, Yx) of the pair (X, Y) ~ Pxy. The encoder
forms a description of the source sequence X" = (Xj,...,X,) usingamap f: X" — {1,...,[2"R]},
while the decoder forms its reconstruction X" depending on both the side-information sequence Y
and the index T € {1,..., 2"} ]} conveyed by the encoder. In their seminal work [1], Wyner and Ziv
derived the rate distortion function for this setting, given a fidelity measure, when X" can depend on
Y" in an arbitrary manner. Yet, Wyner—Ziv source coding with non-causal decoder side-information
involves binning the implementation of which is complex.

A successive refinement for the Wyner-Ziv problem with side-information (Y, Z) is a variant of
the Wyner—Ziv model, in which the encoder provides a two-layer description of the source sequence
X" to a pair of decoders. Decoder 1, which obtains just the course description layer, has available
as non-causal side-information the memoryless vector Z”, while Decoder 2, which obtains both
description layers, has available as non-causal side-information the memoryless vector Y. It is further
assumed that the reconstruction formed by Decoder 2 should be of smaller distortion compared to that
formed by Decoder 1. Such a model has been considered in [2], wherein a complete characterization of
the rates-distortion region has been obtained for the case where Z is stochastically degraded to Y with
respect to X—i.e., X <> Y <+ Z forms a Markov chain.

The work [3] studies an extension of the model of [2] where a conference link of given capacity
allows the unidirectional cooperation between Decoder 1 and Decoder 2—i.e., Decoder 1 functions
also as a helper. The results in [3] are partially tight in the sense that the characterization of the
encoder rates is conclusive, the remaining gap being in the characterization of the helper’s rate.

Information 2020, 11, 553; d0i:10.3390/info11120553 www.mdpi.com/journal/information


http://www.mdpi.com/journal/information
http://www.mdpi.com
https://orcid.org/0000-0002-8206-9209
http://www.mdpi.com/2078-2489/11/12/553?type=check_update&version=1
http://dx.doi.org/10.3390/info11120553
http://www.mdpi.com/journal/information

Information 2020, 11, 553 2 0of 18

Thus, with non-causal side-information at both decoders, the successive refinement for the Wyner-Ziv
problem with a helper is yet unsolved.

Motivated by practical delay-constrained sequential source coding with decoder side information
Weissman and El Gamal considered in [4], a scheme with causal side information at the decoder,
where the sequence of reconstructions X" = (Xj, ..., X,) is formed sequentially in a causal manner
according to X = Xi(T, Yk), and derived the corresponding rate distortion function. Similar to [1],
the rate distortion function in [4] is expressed in terms of an auxiliary random variable, thus leaving
the optimal choice of which an open issue depending on the specifics of the model. For the Gaussian
setting where (X, Y) are Gaussian, the authors in [4] compute an upper bound on the rate distortion
function by choosing the auxiliary random variable to be jointly Gaussian with X, while leaving the
question of whether this choice is optimal yet an open problem.

With the vision that modern network design will support the use of cooperation links in favor of
reduction of encoding/decoding complexity and network deployment constraints, this work considers
an extension of the model [4], involving a causal helper and causal side information at the decoder,
which is described as follows. The components of a trivariate independent identically distributed (IID)
finite-alphabet source { Xy, Yy, Zy }1-_; are observed by three terminals. The source component { X}~ ;
is observed by the encoder, while the source component {Y;} ., is observed by the helper. Both the
encoder and the helper describe the length-n source sequence X" according to a given fidelity to the
decoder in two steps. First, the encoder when given X" sends a rate-R description of it to both the
helper and the decoder. Then, the helper sends to the decoder, per each source symbol Y;, a causal
description depending on the message it had received from the encoder and the source subsequence
Y¥ it had observed so far, with the aggregate rate not exceeding Ry,. The decoder, which observes the
source component {Zk},;'o:1 in a causal manner, per channel use k, uses the descriptions it had received
so far and the source subsequence Z* to form its reconstruction X for the source symbol X;. Given a
fidelity measure and a maximal allowed distortion, the goal is to determine the set of all rate pairs
(R, Ry,) that satisfy the distortion constraint.

Causal decoder side information has been considered as well in context with successive refinement.
With the aim of reducing encoder/decoder complexity, a two layer description model with successive
refinement has been considered in [5], under the setting that the side information is available
causally at each of the decoders. A single-letter characterization of the rates-distortion region is
obtained in [5], irrespective of the relative ordering of the side information quality at the decoders.
Furthermore, the direct part in [5] demonstrates that similarly to [4] with causal side-information
at the decoders the optimal code avoids binning, hence its implementation is practically appealing.
The extension of the model [5] with a causal helper has recently been studied in [6].

2. Problem Formulation

Formally, our problem can be stated as follows. A discrete memoryless source (DMS) (X, Px)
is an infinite sequence {X;}?°, of independent copies of a random variable X taking values in the
finite set X with generic law Px. Similarly, a triple source (XY Z, Pxy) is an infinite sequence of
independent copies of the triplet of random variables (X, Y, Z), taking values in the finite sets X, )
and Z, respectively, with generic joint law Pxyz. Since our goal is to encode the source X, let X denote
any finite reconstruction alphabet and let d : X x X — [0,00) be a single-letter distortion measure.
The vector distortion measure is defined as
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A system diagram appears in Figure 1.
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Figure 1. The causal listening-helper model.

Definition 1. An (n, M(”),HZ:l L]((n), D) code for the source X with causal side-information (SI) (Y, Z) and
causal helper, consists of:

1.

2.

An encoder mapping
a1, MMy 1)

A unidirectional conference between the helper and the decoder consisting of a sequence of causal
descriptions

L MO YR s 1, LYY, k=1,n )

and

A sequence g%"), ceey g,(zn) of decoder reconstructions

g, MOy 1, Ly o1, Ty xZE sk, k=1, ()
such that
Ed[x", (g1 (F (x"), A7 (£ (x"), 1), 24), ..,
g (F (), {7 (P (xn), Y)Y, 25,

g’ (F0 (X, (A7 (£ (xm), Y1)}, 2)) ] < . @

The rate tuple (R, Ry,) of the code is

1
_ 1 (n)
R nlogM
1 n
R, = Ek;logL,((n). )

Given a non-negative distortion D, the tuple (R, Ry,) is said to be D-achievable for X with

causal SI (Y,Z) if, for any 6 > 0, € > 0, and sufficiently large n, there exists an (n,exp[n(R +
)], exp[n(Ry + )], D + €) code for the source X with causal SI (Y, Z) and causal helper. The collection
of all D-achievable rate tuples is the achievable source-coding region and is denoted by R (D).

In this work, we provide a single-letter characterization for R (D). In contrast to [5], a consequence

of Definition 1 is that R(D) may depend on the joint law of the triple Pxy7, not only through the
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marginal laws Pxy and Pxz. This is due to the fact that the decoder acquires, in addition to its
private side information Z, some additional side information on Y via the conference link. As a result,

(n)

the expectation in (4), which takes into account the mapping g, (-), is taken over the joint law Pxyz
and not just over the marginal law Py, as is the case in [5].

Finally, although not of the finite alphabet, of particular interest to us is the Gaussian source.
This is a memoryless source, where (X, Y, Z) are centered jointly Gaussians with each pair (X, Y;)
drawn such that Pyy satisfies

Y; = \/f)Xi + W; 6)

where p > 0 is a fixed constant, X; ~ N (0,1) and W; ~ N(0,1) are mutually independent.
Moreover, Z; is drawn according to

Zi=aX;+bY; + T; @)

where a and b are real numbers and T; ~ N (0, 1) is independent of (X;, Y;). Furthermore, in this case,
the fidelity measure will be

Ed[X", X" £ Y E[(X - %)), (®)
i=1

in which case we may restrict the reproduction functions glg ") to be the MMSE estimates of
.V k

Xy, k=1,...,n given f(")(X"), the sequence of causal descriptions {fl(;l) (FM) (xm), Y7) } Ly and the
. j=

side-information Z*. That is,

K = E[X 0 0, {0 (0 e, 2.

j=1

In the Gaussian network setting, our focus will be on determining the optimal choice of the
auxiliary random variable by means of which the rates-distortion region is defined. Specifically,
we will show that choosing it to be jointly Gaussian with X is optimal.

3. Main Results

Given a maximal allowed distortion D, define R*(D) to be the set of all rate pairs (R, Ry,) for
which there exist random variables (U, V), taking values in finite alphabets U/, V, respectively, such that

1. U<+ X+ (Y,Z) forms a Markov chain.
Conditioned on U, X <> Y <> V forms a Markov chain.
3.  There exist deterministic maps

fl : L{xy—>V

g UxVxZ-X )
such that, with V £ fl (u,y),
Ed(X,g(U,V,Z)) < D. (10)
4. The alphabets U/, V satisfy
Ul <X +2

V] < |X|(|X]+2)+1. (11)
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5. Therates R and Ry, satisfy

R
Ry

I(X;U) (12a)

>
> H(V|U) = I(Y; V|U). (12b)

Our first result is a single-letter characterization of the rates-distortion region.
Theorem 1. R(D) = R*(D).
Proof. See Section 4.1. [J

Remark 1. The converse holds as well for the setting where the causal helper and the reconstructor benefit from
causal disclosure—i.e., are cognizant of the past realizations of the source sequence, hence they are allowed to

depend also on X*=1, when forming fl(';) and Xy, respectively. That is,
W= AR, Y x,

o= g (e, AP em Y )

7k, X’H). (13)

3.1. The Gaussian Setting with Z = @.

To simplify the presentation, we consider first the Gaussian setting with Z = @. In this case,
the region R (D) is defined as the set of rate pairs (R, R,) for which there exist random variables
(u,v), taking real values, such that

1. U <+ X < Y forms a Markov chain.
2. Conditioned on U, X <+ Y < V forms a Markov chain.
3.  There exist deterministic maps

fl . Ux)ﬂ%V
g UxV—-X (14)

such that, with V £ f1(U,Y),
2
D > E[(X - (U, V)] £ 0% (15)

4. Therates R and Ry, satisfy (12a) and (12b), respectively.

Our second result characterizes the optimal choice of Px(; in the Gaussian setting.

Theorem 2. For the evaluation of R(D) when (X,Y) are Gaussian, it suffices to assume that (X, U) are
jointly Gaussian.

Proof. For the treatment to follow, let us define the Gaussian channel Y = /0X + W where X has
an arbitrary law with E[X?] < 1, W ~ N(0,1) is independent of X, and ¢ > 0 is the channel
(©) the conditional law of Y given X for this additive

Y|X
Gaussian model. Furthermore, the notation (U, Xy, Y») ~ Py, x, Ggfi)\ X, would imply that (Uy, X;,) ~

Py,x, and Yy, = /0Xy + Wy, with W, ~ N (0,1) independent of (Uy, X, ). Using this notation, the law
Pyxyy defining R(D) (see also (45) ahead) may equivalently be expressed as

signal-to-noise ratio. We shall denote by G

Pxuyy = PXUG(YQ‘)XPV\YU- (16)
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Henceforth, we denote a law which factors as in (16) by X <+ Y <+ V|y—i.e., conditioned on U,
X <> Y <> V forms a Markov chain and, furthermore, Py|x = GE(Q')X independently of the rest.

Define the region (12a) and (12b) subject to constraint (15) by Ok, where the subscript K denotes
the covariance constraint (15). The region Ok is a closed convex set.

In line with [7,8], we define a A-parametrized family of functions which are related to the sum
rate associated with R(D).

Fix some A > 1, and consider the minimization of the A-sum rate defined as

min R+ ARy. (17)
(R,Rh)GOK
Observe that
. (@) .
min R+ AR, > inf I(X;U) 4+ AI(Y; V|U), (18)
(R,Rp)€0K Pxuyy: XeYaViy
”gqquD

where (a) follows using the lower bounds (12a) and (12b). Since the marginal law of X in our model (6)
is Gaussian, the differential entropy h(X) is fixed, thus for the minimization of (18) over a law of the
form (16), we define the following functional of Pxy; (i.e., of the conditional law Pxu)

sy(X,0lU) £ —m(X|U)+ inf  AI(Y;V|U). (19)

Vi XYV

>
Txjuv <P

Thus, the minimum in (17) may be expressed as

Vv £ inf X, olU). 20
A(e) quzlgl[xz}gls)\( oll) (20)

Henceforth, the set of laws Pyxyy defined by (16) which satisfy quuv < D will be denoted by 2
and will be attributed as the feasible set.

As shown below, with a proper choice of A, the functional (19) exhibits a “pair grouping” property
with respect to the input X in the sense that the value of s, does not increase under this operation.
Having established that, we follow the same steps as in the proof of ([9] Theorem 9) to establish that
the objective (20) is attained when Py ;; is Gaussian. More specifically,

e Lemma 1 shows that the value of s; “improves” under the pair grouping operation.

e  With the proper time-sharing of two distributions attaining the infimum in (20) and satisfying
the extremal property defined in (23) ahead, Lemma 2 proves that the pair grouping operation
exhibits Gaussianity in the sense of Bernstein’s characterization.

Lemma 1. Let Py bealaw on X x U, let Pyxy = quGgfl)X, and let (Uy, X1, Y1) and (Up, X3, Y>) be two
independent copies of (U, X, Y). Define

X1+ X5 A X1 — X3
Xy & . X- 21
AV V2 @b
and similarly
s Y1+ Y, s V1Y)
Y, 2 ) s

with U = (U, Up), there exists some A* > 1 such that for any A > A*, the following inequalities hold

25\ (X, 0lU) = sa(Xy,0]X—,U)+sa(X-, oYy, U) (22a)
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25)(X,0lU) > sp(Xy,0lY-,U) +s5(X-,0/X4,U). (22b)

Proof. See Section 4.2. [

Assume that the infimum in (20) is attained, and let P denote the subset of laws Px; achieving

(0)

the minimum. Suppose further that there exists a law Px(; € P such that, for (Y, X, U) ~ PXLIGY‘XI

for any other Py ;y € P where (Y/, X', U’) ~ PX/U/G(Y%X,
h(Y|U) —h(X|U) < h(Y'|U") — h(X'|U). (23)
Denote the value of the LHS of (23) by ¢*(0).

Lemma 2. Fix € > 0. Let Pxy be an admissible law such that

si(X,elU) < Valo)+e (24a)
h(YIU) —h(X|U) < g*(0) +e. (24b)
There exists a law (Y', X', U") ~ PX’U/GE/Q/?X/ satisfying
s)(X',olU') < Va(e) +2e (25)
and
h(Y'|U') = h(X'|U") + %I<Xl + X0 X1 = Xo |1, Yo, Un, ) < 87(0) + e, (26)

where (Uy, X1, Y1) and (Uy, Xa, Ya) denote independent copies of (U, X,Y).

Proof. See Section 4.3. [

Inequality (26) combined with assumption (23) and Lemma 6 in ([9] Section VI.B) establish
the following.

Lemma 3. There exists a sequence { Xy, Uy }, such that for each n > 1, (X, Uy ) is feasible,
nlglc}o s)(Xn, 0|Uy) = Va(e) (27)
and there exists a feasible law Px, iy, on R x U such that

D
(Xn/ un) — (X*/ u*) ~ PX*U*

and with Uy, £ (U, Upy), Yn = (Yo, Yau), where the tuple (Uy,, X1,,Y1,) and the tuple
(Ua,n, Xo,n, Yo,u) are two independent copies of (Uy, Xn, Yn) ~ Py, x, Ggf:’)l ., we have

lirgian(XLn + Xo0; X110 — Xou|Yn, Uy =u) =0 for Py, x Py, —aeu. (28)
n—oo

Finally, we apply to identity (28) the extended form of Bernstein’s theorem (see [10,11]), which is
proved in ([9] Appendix A), to conclude that X .| {Uy,=u,} (e, the conditional random variable:
X1, conditioned on Uj ., = u1) and Xp .| (Uy,=uy) are independent Gaussian random variables of
equal variance.

Since the marginal of X is Gaussian, with no loss in generality, we may choose (X, U) to be jointly
Gaussian, which establishes our claim in Theorem 2. [
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3.2. The Gaussian Setting with Decoder Side-Information Z

In the Gaussian setting where the decoder side-information Z in non-void, using our previous
definition Y = /X + W, let
Z=aX+bY+T (29)

for a pair of real numbers (a,b) where T ~ N(0,1) is independent of (X,Y) and U. For arbitrary
X with E[X?] < 1, let us define by Gg,gza‘? the conditional law obtained by forming the pair (Y, Z),
when given X, via the additive independent Gaussian pair (W, T) as described above.

The rates-distortion region R (D) is defined in Theorem 1 with
Ed(X,g(U,V,2)) =E[(X - g(U,V,2))’] £ 0%y, <D (30)
and it is evaluated over a law of the form
Pxuyzv = qu@;%}bgpku- 31)
Consequently, for the minimization of (20), we consider the functional

sy (X, olU) & —h(X|U)+ inf  AI(Y;V|U). (32)

V: XeYeVy

2 <
Txjuvz=<P

(oa,b)

yz|x W€

under a law of the form (31). Next, in Lemma 1, for Px;, a law on X x U and P;xyz = PxuG
let (U3, X1,Y1,21) and (U, X2, Ya, Z3) be two independent copies of (U, X, Y, Z).

Upon defining (X_, X) and (Y_, Y} ) as before, we also define

v U+l o, sl

Z+ \/E , T

It can be verified that

1
Zy=aXy +bYy + —=(T1 + Tp) 2 aXy +bY, + T4

V2

Z_ =aX_+bY_ + L(Tl ~T)) 2 aX_+bY_+T- (33)
V2
where T_ and T, are independent.  Furthermore, the pair (T_,T;) is independent of
(U,X_,X4+,Y_,Y,) and is equal in distribution to the pair (T, T»). Thus, the simultaneous unitary
transformation (Y1,Y2) — (Y_,Y4) and (Z1,Z;) — (Z-,Z4) preserves the Gaussian nature of the
channel and factors according to

_ ~(eab)  ~(oab)
Pux x.y v,z z,v = Px xuGy'7 x Gyl7 x, Priuy_v,- (34)

Observe that with the choice of U = U = (U, Uy) and V = (V;, V5) where (Uy, Xy, Y1, Z1, V1)
and (Up, Xy, Y2, Zy, V») are two independent copies of (U, X, Y, Z, V) such that X <> Y <> V|7 and
‘7)2(|CIVZ < D —i.e., Pgxyyy is feasible for the minimization of (20), we have

o2 < o2 <D
Xyuy-z, v = % uvzy =

2 2
X _|juy,z_v ox_juvz. < D- (35)

IN

Thus, Lemma 1 holds for this setting with decoder side-information Z as well.
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4. Proofs

4.1. Proof of Theorem 1

Converse: Assume that the pair (R, Ry,) is D-achievable. For j = 1,...,n with the convention
70 £ @, define the RV’s

T & f(") (X™) (36a)
v, & (e, Y), j=1,n (36b)
u 2 (X LyrLzih, j=1,...,n (36¢)

The rate R is lower bounded as follows
nR > logM™ > H(T)

n
= I(X";T)= Y I(Xg T|X*1)
k=1

I(X; TXF)

=
1=

T
X

(X TXE1yR 1zt

A
IS
1=

T
X

I
1=

I(Xk, le) (37)

T
X

Here, (a) follows since X" is memoryless, and (b) follows since Xj <+ (T, Xk=1) < (Y*=1, zk-1)
forms a Markov chain.
We may now lower bound Ry, as follows

log L") > H(V, Vs, ..., Vi)

™=

nRy >

\Y
ET

Vi, Vo, ..., Vu|T)

H(V|TVF )

I
1=

»
Il
—_

H(Vlekalxkflykflzkfl)

IV
F’J:

»
Il
—_

H(Vleinlykilzkil)

Iz
1=

»
Il
—_

1(Yy; Vie| TXF- 1y k=1 zk=1

S
1=

»
Il
—_

I
1=

I(Yy; Vie|Uy), (38)

»
Il
—_

where (c) follows since V; is a deterministic function of (T, Y7).
The sum-rate can be lower bounded as follows

n(R+Ry) > logM(”)—l—ZlogL,(c")
k=1
H(T) + H(V4, ..., Vy)

H(T)+ H(Vi,...,Vy|T)

ALY
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= I(T;X")+H(W,...,Vy|T)
n

= Y I(XgT|X*) + H(V,..., Vy|T)

k=1

d

> ) (X Uk) + 1Y VielUp)], (39)
k=1

where (d) follows by equality (37) and inequality (38).
Draw | uniformly from {1,...,n} independently of { (X}, Yy, Z¢, Vi, Ux) }}_,, and define the RV’s
U= (Uy,]),V=V,Z=2Z,Y =Y and X = Xj. Using ], we may express (37) as follows

1 n

= ( Uff J) = 1(Xp;])
= (X}, LI], ) = I(X,’ U), (40)
and we may express (38) as follows
1 n
R, > EE (Vi Vie|U)
= 1Yp VU ]) = (Y, Vi) = H(V|U). (41)

With regard to the expected distortion, we may write

D > =Y E[d(X;X;)]

14 .
. 2]E[d(xi,g§”)(T, Vi,..., Vi, Z))]

VO

n . . .
Y E[d(X;, g (T, X", Y"1, 271, v;, Z;))]

Y Ed(X, g} (Ui, Vi Z)]

X;,8(Uy, 1, V5, Zy))]
X,g(U,V,2))]. (42)

Step (e) is justified as follows: Since V7, ..., V;_; are deterministic functions of (T, Y~ 1)
(XL 727N 2) o (TY) & (Wi, Vi)

is a Markov chain and, given (U, V4, Z¢), the tuple (T, V4, ..., Vi, VAR independent of (Vy,..., Vi_q).
As a consequence of that, Lemma 1 in ([12] Section II.B) guarantees the existence of a reconstruction
)A(,’c* (Uy, Vi, Z) which dominates X; in the sense that

E[d(Xg, X (Uy, Vi, Zt))] < E[d(Xe, Xk (T, Vi, ..., Vi, Zi, ZK71))]. (43)

This observation interpreted as the “data processing inequality” for estimation has already been
made in ([12] Lemma 1).
Furthermore,

Vo= A&, YY) = i (0 (xm), YL )
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= FT, XYL 2y = R, )L Y)). (44)

By (1) and the memoryless property of the sequence (X, Yy, Zx),k = 1,...,n one can verify
the Markov relation U, <> X; < (Yj, Zx) which implies the Markov relation U < X < (Y,Z).
Similarly, the definitions of Uy and Vj and the memoryless property of (Xp, Ye),k=1,...,n imply that,
conditioned on Uy, X; <> Y +> V} forms a Markov chain.

Thus, conditioned on U, X <+ Y <> V forms a Markov chain, hence

Pxuyv = PxuPy xPyyu, (45)

where Py|x denotes the conditional law induced by the marginal law Pxy. The combination of (40)~(42)
and (44) together with the latter Markov relations establish the converse.
We shall now obtain an alternative characterization for the lower bound (38). For a law

Puxzyv = PuPxjuPzy|xPviyu,

and its induced conditional law Pxzyyy;, let

Q(szyv|wﬁ) £ - inf _H(VIU =u),
g UXVXZ—=X E[d(X,g*(U,V,Z2))|U=u]<D

and let Q(Pxzyvy/u, -) denote the lower convex envelope of Q(Pxzyv|u, *)-
Define

Puxzyv,D) 2 f / 3(P , 0(u))dPy (),
Qs(Puxzyv, D) o fpmdpu(u)<D uQ< xzyviusP(1))dPy (1)

then by ([13] Section IIL.C, Lemma 1) Qs(Pyxzyv, -) is convex.
Note that

H(Vk|T, Xk*l/ Yk*l/ Zk*l) — ( (n)( Yk*l’Yk)“lk)

= /H V(69 Y Uy = ) dpe(uy). (46)

The integrand on the RHS of (46) is the entropy of the scalar quantizer of Vj =f 1( 7{) (T, Y1, Yi)
conditioned on U, = u; where Uy is defined in (36c). Now, conditioned on U; = u;, Lemma 1
in ([12] Section II.B) ensures that

E[d(Xe, Kty £ (4,7 0), Z99) Uy = ]
> E[d(Xy, g5 (Uk, Vi, Zi) ) Uy = 11z ].

Consequently, we may lower bound the RHS of (46) as follows

U0l = w) dute) 2 [ Oy B, K[, = 1) dp(a)
> [ 1] Q(Pxzyviu B (X, g, V,2)) | = ul) dia(zlu)] dpe(n)
© r_
> [ Pz, Bld(Xe 800, V, 2) U = ul) dp(w)
> Qs(Puxzyv, D), (47)

where in (1) we used the definition of Q and in (b) its convexity. The lower bound (47) may be
interpreted as follows. Fix p: U — R* and consider, for each u € U, time shraing of at most two scalar
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quantizers for the “source” Py, attaining a distortion level p(u). The optimal helper time shares
side-information-dependent scalar quantizers of Vi (at most two per each side-information symbol
Uy), while the reconstruction at the decoder is a function of (U, V, Z).

Direct: To establish the achievability of R*(D), consider the codebook construction as follows.
The codebook A = {uy,...,upm} , uy € U" is obtained by drawing the n-length sequences
uy independently of Tl‘iu. (For the definition of Tf;u—the set of J-strongly typical n-sequences
corresponding to a marginal law P; and a few properties of these sequences see [14-16]).

Given the source sequence x, (") (x) is defined as follows.

1. Ifxe TfJX the encoder searches for the first sequence Uy = u in A such that (s.t.) (x,u) € le,f( u
and sets f(") (x) = k.
2. Ifx¢ Tl‘iX, or AU, € As.t. (x,u) € Tf,iu, an encoding error is declared.

Given f(") (x) = k, the helper forms the sequence of descriptions V; = fi(Uy;, Z:), Vi € [1,..., L]
that is sent causally to the decoder.

Decoding: Given f(")(x) = k as well as the sub-sequence Vi, ..., V;, the decoder forms the
reconstruction sequence X; = (Ui, Vi Zi), i€ l,...,n].

Given that (U, X) are jointly typical since (X, Y, Z) is memoryless, the Markov lemma guarantees
that, for large n, with high probability (U, X,Y, Z) are also jointly typical. Since X <> (U,Y) <> V
forms a Markov chain, by the Markov lemma, with high probability, (X, V) as well as (X, V, Z) are
jointly typical. Thus, with high probability, (X, X) are jointly typical, hence the distortion constraint (10)
is fulfilled for large n. That the sequence V3, ..., V, can be described at a conditional entropy rate
satisfying (12b)—(47) can be established along similar lines as the proof of the direct part of Theorem 2
in ([13] Section III.C). Finally, standard error probability analysis verifies that, with high probability,
(U, X) are jointly typical as long as (12a) holds.

4.2. Proof of Lemma 1
Ifty, = ﬁXi 4+ W;, i =1,2, then

Ve = R0+ X) 4 (Wit W) £ X, £ W (482)
Y. = £(X1 - X2) + %(Wl —Wa) £ \pX_ +W- (48b)

where W_ and W, are independent and the pair (W_, W_.) is equal in distribution to the pair (W;, W,).
Thus, the unitary transformation (Y7,Y2) — (Y—, Y ) preserves the Gaussian nature of the channel
and factors according to (see (53) ahead)

Pux x.y v.v= PX,X+UG§(Q}|X7G§/?‘X+PV\UY_Y+- (49)

To show (22a), consider the sequence of identities

ALY Y_; VIU) — h(X4 X_|U)
= AI(Y 1 VIU) + AI(Y_; VIUY L) — h(X_|UYy) — h(X [UX_) — [(X_; Y, |U)
= AI(Yy; VIUX_) + AL(Y_; VIUY,) — h(X | UX_) — h(X_|UY,)
FA =D I X U) = I(Y4; X [UV)] = I(Yy; X-[UV). (50)

Moreover, to show (22b), consider the sequence of identities

AL(YLY_; VIU) — k(X4 X_|U)
= AI(Y_; VIU) 4+ ALYy VIUY.) — R(XLJUY.) — h(X_|UX, ) — [(X4; Y_|U)
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= M(Y_; VIUX,) + AL(Ya; VIUY-) — h(X4 |UY-) — h(X_|UX,)
FA =D [I(Y=; X U) — (Y= X4 |UV)] = I(Y_; X4 [UV). (51)

Starting with (50), consider the difference
I(Yy; X2 |U) — (Y X2 |UV) = (X2, VU) — I(X-; VUYy) (52)
under a law of the form

Pux_x,v_ v,v =Px_x,uPy_x_Py,x,Pviuy_v, (53)

ie,that X_ & Y_ & V| wy:) forms a Markov chain (see also ([9] Section VI.A, Lemma 4)).
We distinguish between the two cases:

(1)  Incase that [(X_; Y, |UV) = 0, the non-negativity of mutual information implies that the
expression (52) is non-negative, hence the inequalities (63) ahead hold for any A > 1.

(2)  Incasethat I(X_;Y,|UV) > 0, we prove first that for the set of laws which are feasible for the
optimization problem (20), the expression (52) is strictly positive.

Observe that with the choice of U £ U = (Uy, Uy) and V = (V4, V5) where (Uy, Xy, Y, V4) and
(Uz, X2, Ya, Va) are two independent copies of (U, X, Y, V) such that X <+ Y <> V|7 and (7)2(|CH7 <D
ie., Pgxyy € £, we have

1, 1

2 ) 2
< = — — <
IXiuv-v = Ixquv = 59 |uv + 5oV, =
1 1
2 2 _ 1 2
X uv.v S % uv = 3% T 3%y, < D (54)

Thus, the unitary transformation (Y1, Y2) — (Y-, Y4 ) picks a pair of independent copies of a law
Pyxyy € 2 and “creates” a pair of laws, X <+ Y_ > V|yy, and X < Yy < V|yy_, which factor
jointly according to (53) with

_ (0)
Py x. = GL\X,

_ (0)
PY+ ‘X-F - YJr ‘X+/

hence are symmetric w.r.t. the inputs X_ and X . We shall define the latter set of laws by &* and,
as shown above, #* C 2.

Remark 2. Suppose that (U, X,Y) ~ PXCIGE/QRX with U € U then, for both laws X_ < Y_ <> V|yy, and

X4 < Yy & Vigy ,wehave (U, Y1) €U xU x Rand (U, Y_) € U x U x R. Since the image of the map
Pxig = (E[X?], 03152 (X, 0lTD)) (55)

is a convex set, standard dimensionality reduction argument can be used to establish the existence of a law Pxyy
where Py is supported on a finite set and achieves any point in the image of the map (55) (See ([9] Section IV,
Remark 2)).

By rate-distortion theory, the constraint o2

X_|u,v < D with both U and V non-void implies that

I(X_;U) < I(X_;UV) = I(X_;V|U) > 0. (56)
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Now, for any Pyx x,y_v,v as per (49), conditioned on (U, Yy ), the random variable V is
dependent on Y_ ie. I(Y_;V|UY,) > 0. As a consequence of that, since the mutual information
I(X_;Y_) is strictly positive and, conditioned on (U, Y4 ), X <> Y_ <> V forms a Markov chain

I(X_;ViuYy) > 0. (57)
Since a law of the form (53) dictates
I(X_;V|UY_Y;) =0, (58)
the combination of (56)—(58) yields that
I(X_;VIU) > [(Xo; VUYy) > (X, V|UY-Yy) = 0.
Thus, the conditional mutual information I(X_; V|U) is non-increasing under the conditioning
on (Y_,Yy).

By the symmetry of the pair of laws X <+ Y_ > V|yy, and X} <> Yy < V|yy_ induced by
Pux_x.v_v.v,conditioned on (U, Y- ), the random variable V is dependent on Y, hence

I(Y; VIUY.) > 0. (59)
Now
Pux x,v-v,v = Px_x,uPy x_Py,x Pviuy_v,
= Px x.uPy x,Pvy_jux_v,, (60)
hence
Pux_x,vy,v = YE Px_x,uy v.v
= YZPX_X+UPY+|X+ Pyy jux_v,
= P;(,X+UPY+\X+ Pyiux_y, - (61)

However, with the latter factorization, if indeed I(X_; V|U) = I(X_; V|UY;), i.e.,
[(X_; V|U) = I(X_; VIUY,) > I(X_; VIUY_Y,) =0

then, since the conditional mutual information I(X_; V|U) is non-increasing under the conditioning
on (Y_,Yy), it follows that Pyiux_v, = Pyjux_, which is in contradiction with (59). Consequently,
for Pyx x.y.y,v € 2% I(X;V|U) - I(X_;V|UYy) = A > 0, thus establishing that the
expression (52) is positive.

(Y ;X |UVv)
- A

Consequently, there exists some A* > 1, such that for any A > A* sl +1

A=D[I(Y; X |U) = I(Y4; X_|UV)] = I(Y; X_|UV) > 0. (62)
The combination of (50) and (62) implies that, for any A > A*,

ALY, Y_; VIU) — h(X, X_|U)

(2)

= (X JUX) 4+ (X [UY4)] + ALY VIUX) + 1Y VIUY,)

)

Z S)\(X+/ Q|X7/ U) + S/\(X*/ Q|Y+/ U) (63)
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Here, (a) follows by (50) and (62), and (b) is true, since the set of laws over which the infimum on
the RHS of (63) is evaluated is not empty. Indeed, the choice of U = (U3, Uy) and V = (V;, V) where
(U, X1,Y1, V1) and (Uy, X, Ys, Vo) are two independent copies of (I, X, Y, V) such that X <+ Y +» V|
and (7)2(‘&‘7 < D -.e., Pyxyp € 2 (hence it is feasible for s, (X, o|U) in (19)), satisfies (54), hence it
belongs to the feasible set.

On the other hand, since both mappings (X;,X») — (X4, X-) and (Y3,Y2) — (Y4,Y_) are
invertible, then with U = (U, Uy)

MY, Y VIU) — h(X.X_|[U) = AI(YiYa; V|U) — h(X1X,|U)
= )\I(Yl; V|U) +)\1(Y2,‘V‘UY1) — ]’l(X1|U) — h(X2|UX1)
W ALY VIU) + A(Ya; VIUY1) — (X4 |U) — h(X2|U)
= AI(Yy; V|U) + AI(Ya; VIU) — h(X1|U) — h(X,|U)

—A[I(Y2; VIU) = I(Y2; VUYy)]
= AM(Yy; VIU) + AL(Y; VIU) — h(X4|U) — h(X,|U)
—AI(Y2; V[U) = h(Y2|UYq) + h(Y; [UVY7)]
O AI(Ya; VIU) + AL(Ya; V|U) — h(X41]U) — h(X,|U)
—AMI(Y2; V[U) = h(Y2|U) + h(Y2; [UVY1)]
= AM(Yy; V|U) + AL(Y2; VIU) — h(X:1]U) — h(X,|U)
FAL(Ya; Y1 [UV). (64)

Here, (a) follows since, conditioned on U, X; and X, are independent, and () follows since,
conditioned on U, Y and Y, are independent.

When U = (Uj,Uy) and V = (V4,V,) where (Uy, X1,Y1, V1) and (U, Xp, Y2, V,) are two
independent copies of (U,X,Y,V), such that X < Y < V|a and quav < D, then Y, «
(U,V) < Y; forms a Markov chain. Thus, I(Y;;Y2|UV) = 0 and the RHS of (64) becomes
AL(Y1; Vi |Up) + AL(Yo; Vo |Up) — h(Xq|U7) — h(X;|Uy) thus establishing that,

inf {—I’l(Xl,X2|U) +)\I(Y1,Y2;V|U)}

Vi XeYaVg

Xuv=P
2
<), inf o {=R(XU) + ALY VU b = 250(X, olU), (65)
i1 V: Xi<—>Y1-<—>V|ul,
J%(,-\Ul-VSD

where the inequality follows, since the infimum on the LHS is taken over a larger set than that on the
RHS. The combination of (63) and (65) establishes (22a) for A > A*.
Now, returning to (51), consider the difference

(Y3 X [U) — I(Y=; X4 |UV) = (X VIU) — (X5 VIUY-) (66)
under the law (53) i.e,, that X4 < Yy < V| (u,y_) forms a Markov chain. By rate-distortion theory,
the constraint U>2<+ v < D with both U and V non-void implies that

(X U) < I(X;uv) = I(X4ViUd) >o0. (67)

Moreover, an argument similar to that leading to the conclusion that (52) is non-negative
establishes that (66) is non-negative.
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Consequently, there exist some A* > 1 such that for any A > A*
(A=1)[I(Y_; X |U) = I(Y=; X4 |UV)] = I(Y=; X4 |UV) > 0. (68)
In addition, the combination of (51) and (68) implies that, for any A > A*,
AI(YLY; VIU) — h(X4 X |U) > sp (X, 0| X+, U) + s (X4, 0]Y-,U). (69)
The combination of (69) and (65) establishes (22b) for A > A*.

4.3. Proof of Lemma 2

Consider the tuple (X, X_,Y,,Y_,U) as defined in Lemma 1 that is constructed from

independent copies of (U, X,Y) ~ PXUGE/Q‘)X- With the transformation (21) X4 and X_ preserve

the variance of X;,i = 1,2 and W, and W_ preserve the variance of W;,i = 1,2. Furthermore,
as shown in the proof of Lemma 1, the unitary transformation (Y1, Y2) — (Y—, Y ) picks a pair of
independent copies of a law Pyxyy € £ and “creates” a pair of laws, X_ < Y_ & V\un and
X4 < Yy ¢ V|yy_, which factor jointly according to (53) with

Py x. = GE/Q_)\X_

PY+\X+ = g/i)\xy

hence are symmetric w.r.t., the inputs X_ and X and both are in the feasible set. Similarly, the unitary
transformation (Y1,Y,) — (Y-, Yy ) picks a pair of independent copies of a law Pyxyy € 2 and
“creates” a pair of laws, X_ <> Y_ <> V|yx, and X <> Y| < V|yx_, which are both in the feasible
set (see the factorization (61)).

Consequently, by (20), each of the quantities s, (X, 0| X, U), sy (X, 0|Y4, U), s)(X_, 0| X4+, U)
and sy (X4, 0|Y-,U) is at least V) (¢). The assumption Px;; € P leads by (22) of Lemma 1 to an
opposite conclusion. Therefore, all four quantities are equal and coincide with the minimum, i.e.,

sA(X—,0[Y4,U) = sy(Xy,0[Y-,U) =Va(e) (70a)
sa(X—, 01Xy, U) = sp(Xy,0/X-,U) =Va(e) (70b)

Let B ~ Ber(1/2) be a Bernoulli random variable with values in the set {4, —} independent of
(X, X4+,Y-, Y4, U). Let B be the complement of B in the set {+, —} and define (X, U) by X £ X3 and
U £ (B,Y,U). Then

o |~ 1 1
S(X,0l0) = Zsu(X-0lYs, U)+ 551(Xy, 0]V, U)
< Valo) +2¢, (71)

where the inequality follows by assumption (24a).
Furthermore, E[(X)?] = E[X?] and by (54)

1 1
2 2 2
Txiov < 5%, juv T 5% juv = D- (72)

Next

=

51
Ch
Il

1 1
h(Yg|B, g, U) = h(Y+[Y-U) + h(Y_|Y; U)

o~ 1 1
W(R|O) = h(Xg|B, Y, U) = h(X4|Y-U) + Sh(X_[Y;U).
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1
2
[(B(Y; Y_|U) — h(Y_|U) + h(Y_|Y,U)] — %[h(X+|Y_U) +R(X_|Y,U)]

[(Y{[Y_U) + h(Y_|Y,U)] = = [A(X4|Y_U) + h(X_|Y,U)]

NI— N —= N =

(Y2 Y-|U) ~ h(X, X [U)] — 2 1(Y5 Y |U)

43 [H(X410) + B(X|XU)] — 3 [(X Y- 0) + B(X Y, U)]

@ %[h(Y+Y,|U) — (X4 X_|U)] - %I(Yf;nlU) + %I(X+;Y—\U>
+% h(X_|X4 Y, U) — h(X_|Y,U)]
U % [h(Y4Y_|U) = h(X: X_|U)] + % [(Y- Y1 U) = h(Y- X1 Y, U)]

1
—5 H(X-; X4 [Y4 U)

= S YU) ~R(X X [U)] 4 2I(Y XYL 0) — 2I(X X Y, U)

© %[h(Yﬂ—IU) —h(X:X_|U)] + %I(Yf;X+|Y+U) — %I(X,Y,;X+|Y+U)
= L[ U) - H(X X JU)] - XX YY)

- h(Y|u)—h(X|u)—%I(X,;X+\Y,Y+U). 73)

Here,

follows since X_ <> (X4+U) « Y4 forms a Markov chain,
follows since Y_ <+ (X4 U) < Y4 forms a Markov chain, and
follows since Y_ +» (X_Y,U) <> X4 forms a Markov chain.

The combination of identity (73) with inequality (24b) proves (26).
Since X € Rwhile U € {4, —} x R x U x U a dimensionality reduction argument as in Remark 2

establishes the existence of a law Py ;, where U’ has finite support, such that (25) and (26) are fulfilled,
hence (U’, X') are in the feasible set.
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