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Abstract: The composite cylindrical shell pressure structure is widely used for autonomous under-
water vehicle (AUV). To analyze the critical buckling problem of variable stiffness (VS) composite
pressure structure of AUV, a discrete finite element (DFE) method based on the curve fiber path
function is developed in this work. A design and optimization method based on the radial basis
function surrogate method is proposed to optimize the critical buckling pressure for a VS composite
cylindrical shell. Both the DFE and surrogate methods are verified to be valid by comparison with
the experimental data from the listed references. The effects of the geometric parameter and fiber
angle on the critical buckling pressure are studied for different cylindrical shell cases. The results
indicate that the proposed simulation model and optimization method are accurate and efficient
for the buckling analysis and optimization of a VS composite cylindrical shell. Optimization result
shows that the optimum critical buckling pressure for the VS cylindrical shell is improved and
is 21.1% larger than that of the constant stiffness cylindrical shell under the same geometric and
boundary condition.

Keywords: cylindrical shell; variable stiffness; buckling; design and optimization; AUV; surrogate-
model

1. Introduction

Composite materials are widely used in the ocean field because of the excellent
features including the specific stiffness, specific strength, and high resistance to fatigue and
corrosion, etc. [1,2]. As one of the typical pressure structures of autonomous underwater
vehicle (AUV), the composite cylindrical shell is widely used in many fields, especially in
underwater vehicles [3–5]. With the development of the automate fiber placement (AFP)
machine, the composite structure can be specifically tailored and fabricated so that the
mechanical properties such as the ratio of stiffness-weight and strength-weight may have
more potential of improvement. The composite material structure can be classified as the
conventional composite structure and curve fiber path composite structure based on the
fiber angle [6–8]. The conventional composite structure is recognized as a constant stiffness
(CS) composite structure because of its constant fiber angle in a certain direction for each
layer; on the other hand, the structural mechanics for curve fiber composite structure
can be customized because of the AFP machine. This causes variable fiber angle and
properties including the lamination stiffness compared with that of the CS composite
structure. Thus, the variable fiber angle composite structure is usually called as the variable
stiffness (VS) composite structure [9–12]. Figure 1 shows the layups for two different
composite laminates.
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Figure 1. The section of composite material laminate: (a) CS and (b) VS configuration.

Since the underwater pressure structure is used to bear the water pressure and protect
the inside devices, the structural buckling is one of the concerned topic problems. More-
over, the different fiber angles and layup configurations can cause the complexity and
variability of mechanical properties for a composite structure. It is more complicated and
time consuming to analyze and optimize the strength for composite structures compared
with those of the isotropic materials. Many works have been done in the structural buckling
analysis and optimization field for composite structures. Liang and Chen [13] proposed a
mathematical model and the governing equations to study the buckling. They optimized
the weight for a filament-wound composite sandwich pressure hull by considering Tsai-Wu
failure criterion as constraints. Lee et al. [14] studied the critical buckling and failure factors
for a composite sandwich cylindrical shell with an experimental method. Blom et al. [15]
optimized the buckling load for a variable stiffness cylindrical shell under bending load
condition with a surrogate-model-based method. Almeida et al. [16] proposed a dam-
age model to evaluate the damage and failure of carbon fiber filament wound composite
tubes under external pressure. The proposed model presented a good agreement as the
difference between the numerical and experimental results is lower than 8.4%. After that,
Almeida et al. [17] investigated the response of the filament wound composite cylindrical
tubes under axial compression. The analysis result of the structure failure was studied
and discussed including linear buckling, nonlinear buckling, and progressive damage of
the materials. Garmsiri and Jalal [18] optimized the strength and frequency of a conven-
tional composite cylindrical shell using the artificial neural networks (ANN) and genetic
algorithm (GA). The comparison results implied that the ANN method has a higher op-
timization efficiency. Hu et al. [19] used a composite failure model to study the failure
pressure of a composite cylindrical hydrogen storage under internal pressure. Then, they
developed a neural network (NN) model to predict the maximum failure pressure based
on the analysis results. Arian et al. [20] calculated the buckling pressure for a VS composite
laminate. The NSGA-II and polynomial regression (PR) surrogate model method were used
to analyze and optimize the stiffness and buckling pressure. Almeida et al. [21] improved
the strength for a composite cylindrical shell by optimizing the stacking sequence through
GA method. The optimization problem was studied with and without manufacturing re-
striction consideration. Hao P. et al. [22,23] studied the carrying capacity and imperfection
sensitivity for cylindrical stiffened shells under internal pressure and nonuniform axial
compression. In their work, a bi-step surrogate-based optimization method with adaptive
sampling was proposed and proved to be efficient and accurate. Rouhi et al. [24] introduced
a FE model to study the buckling problem for the curvilinear fiber cylinders under a pure
bending load. Wang et al. [25] proposed a reliability-based design optimization method to
improve the buckling pressure of a VS cylindrical shell under an axial compression. The
design and optimization method is developed and used based on the Kriging surrogate
model method. The analysis result can reach to an improvement of 20% compared with CS
layout structure under the same condition. Labans et al. [26] proposed an experimental
method to study the buckling pressure and natural frequency for the curvilinear fiber
composite cylindrical shells under the axial compression. They presented an approximate
and simplified simulation model for the cylinders to show a comparison analysis. All the
above works and the optimization results proved that the VS composite structures show
great potential of structural mechanics compared with the CS composite structure. How-
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ever, a few works consider studying the buckling problem for a VS composite cylindrical
shell under a hydro-static pressure (axial and lateral pressure) condition. Moreover, the
conventional optimization method, which combines with repetitive finite element analysis
may have a time-consuming process under simulation analysis situation. Therefore, it
is crucial to develop an accurate model to express the buckling properties and solve the
buckling optimization problem effectively of a VS composite cylindrical shell with defects
simulation under hydro-static pressure condition.

In the present work, a simulation model based on the discrete finite element (DFE)
method is proposed to study the critical buckling pressure (Pcr) for a VS cylindrical shell.
Then, a radial basis function-neural network surrogate model is trained and built to
optimize the Pcr. The sections are arranged as follows: Section 2 illustrates the problem
formulation, including the relevant theories and equations for composite cylindrical shell;
Section 3 explains the details of the DFE method based on the curve fiber path function and
the process of surrogate model; in Section 4, the built model is verified and discussed by
comparison with experimental data; Section 5 is the results and discussions; and Section 6
draws the conclusion.

2. Problem Formulation

Based on the classical lamination theory and the relation between the in-plane stiffness
and displacement, the well-known constitutive equations of a common CS composite
laminate are described as [27].

N = A
(
ε0)+ B

(
κ0)

M = B
(
ε0)+ D

(
κ0), (1)

where N = [Nx, Ny, Nxy]T is the in-plane force vector and M = [Mx, My, Mxy]T is the moment
vector. A, B, and D denote the in-plane compression-tension stiffness matrix, in-plane
coupling matrix, and in-plane bending stiffness matrix, respectively. ε0 = [ε0

x, ε0
y, ε0

xy]T is
mid-surface strain vector and κ0 = [κ 0

x, κ 0
y, κ 0

xy]T is the mid-surface curvature vector,
which are given by [28].

ε0
x = ∂u0

∂x
ε0

y = ∂v0
∂y + w

R

ε0
xy = ∂u0

∂y + ∂v0
∂x

κ0
x = − ∂2w0

∂x2

κ0
y = ∂v0

R∂y −
∂2w0
∂y2

κ0
xy = ∂v0

R∂x − 2 ∂2w0
∂x∂y

(2)

where u0, v0, and w0 are the longitude, circumference, and radius displacement components
for mid-surface in x, y, and z direction of the cylindrical coordinate, respectively. Figure 2
shows the geometric features for a cylindrical shell.
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Figure 2. A cylindrical geometry.

Moreover, A, B, and D matrices are determined by the equivalent stiffness matrix,
which is related to the ply angle θ (the angle between fiber and longitudinal direction). The
relation among these parameters is described in Refs. [29,30]. The relation shows that the
stiffness matrices for the CS cylindrical shell are constant due to the fixed fiber angle for
each ply. While for the VS material structures, the fiber angle may vary along the certain
direction, which causes the variable fiber path and stiffness matrices. Therefore, based on
the mentioned variable stiffness matrices, it will cause higher computation cost and is more
complicated to solve the mechanical analysis problems for the VS composite structures
compared with that for the CS structures.

According to the previous research about buckling problem [1,3,5], the first order
eigenvalue of the linear buckling mode is usually extracted and considered as the critical
buckling factor. The critical buckling strength then can be equal to the product of critical
buckling factor and load pressure approximately. However, Pcr from the linear buckling
simulation analysis is inaccurate enough without considering the defects. Thus, the defect
simulation, which means drawing the geometric defects into simulation model, is taken
into account in the present work to ensure the sufficient calculation accuracy of Pcr for VS
cylinder simulation analysis.

3. A Buckling Analysis and Optimization Method for VS Cylinder

To solve the critical buckling problem with an effective and accurate method for the
VS cylindrical shell, a method including the DFE simulation analysis and surrogate model
is proposed and used in the present work. Figure 3 shows the flow chart of the method
that integrates the DFE and surrogate models.
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Figure 3. Flow chart of design and optimization method.

As in the flow chart, the steps of the design and optimization method is described
as below:

1. Define variables (fiber angles radius and L/D ratio);
2. Obtain random value through Latin Hypercube Sample method;
3. Build the DFE simulation model with the obtained variables;
4. Carry out FE analysis to acquire the critical buckling pressure Pcr and group the

variable as a sample point;
5. Define the input and output and build the initial surrogate model with RBF method;
6. Calculate and acquire new sample points from DFE model analysis module to evaluate

and reduce the error between surrogate model and the real label value (Pcr obtained
from FE analysis based on DFE method);

7. If the error criteria meet the requirement, then stop and complete building the surro-
gate model, but if not, then go back to step 6 to continue training the surrogate model;

8. When the RBF surrogate model is built, the MIGA is used as the optimization tool to
find the optimum Pcr with the corresponding variables.

The detail processes of each method are illustrated in the next section.

3.1. The DFE Method Based on the Fiber Path Function

Since the AFP machine is improved, the properties of material and structure can be
more easily controlled with the variable fiber path. Therefore, one of the key problems
of designing and optimizing mechanics for the VS structure is building the appropriate
fiber path function to describe the variable angle. Gürdal [31] first gave the idea of linear
variation of fiber angle; HONDA et al. [32] proposed a method of two-dimensional cubic
function to describe the fiber path; Blom [33] derived different fiber path functions based
on conical shell geometry such as constant angle, linearly variable angle, and constant
fiber path curvature; Brampton et al. [34] obtained the fiber path function with the level set
method. According to the different developed fiber path functions and for simplicity, the
present work chooses the linear variation fiber path (LVFP) function proposed by Gürdal
and considers the fiber path varying along longitudinal direction. Based on the proposed
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concept, the fiber angle varies linearly along the coordinate axis, the mathematical model
of the fiber path is given as:

θ(x) =
2(T1 − T0)

L
|x|+ T0, (3)

where T0 and T1 are the midpoint fiber angle and endpoint fiber angle of the fiber path
along x-axis, respectively. x is the coordinate value of longitudinal direction. L is the length
of the laminate, which here can be denoted by the length of cylinder. It is obvious that the
fiber angle will be constant and the model can be turned into the CS composite structures
when T0 is equal to T1.

The discrete finite element (DFE) method indicates that the fiber path can be expressed
by the finite discrete elements with different constant composite fiber angles. Since the
change of the angles between two adjacent elements is small enough, it can be considered
that the fiber path is varying linearly [35]. This method is developed and used in the
present work to build the simulation model for the VS cylindrical shell. Figure 4 shows the
fiber path distribution along a cylindrical side surface. In Figure 4, the cylinder surface is
rolled out along circumferential direction. The length of long sides that along x direction
equals to the total cylindrical length L. The short sides that are vertical to x-axial denote the
edges of cylinder bottom faces. In Figure 4b, the VS fiber path distribution is shown to be
based on the DFE method.

Figure 4. Fiber path diagram for a cylinder side surface: (a) fiber path along 3D cylinder surface and (b) 2D fiber path and
simulation of DFE method.

Generally, there are two main methods to place the composite fiber tow and fabricate
the VS structure based on the LVFP: Shift Method and Parallel Method [36]. The Parallel
Method, as its literal meaning, indicates every fiber tow is parallel and all distances between
every two tows are identical. For this fabricating method, the wrinkle and gap defect of
the fiber band may occur due to the short turning radius as the steering angle increases.
While the Shift Method means that each fiber tow will be translated and arranged in a
certain direction and distance, as is shown in Figure 4b (shifted along x-axis direction).
The overlap usually occurs at the point between two adjacent fiber tow on a cylindrical
structure for Shift Method due to the different and variable curvature. In the present study,
the Shift Method is used to form the fiber path distribution.

3.2. The DFE Simulation Model with Defects

According to the mentioned fiber path function and DFE method, the simulation
model is built with the Python script in ABAQUS. The fiber angle distribution and the 3D
model with boundary conditions are shown in Figure 5. It should be noticed that, in this
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work, the 3D simulation model is built with DFE method based on Shift Method along
with the vertical direction of x-axis, which is different from the sketch shown in Figure 4b.
The element type for meshing is set as S8R. Considering the boundary condition and for
calculation simplicity, the end without cap is set to be tied to the edge to simulate the
hydro-static (axial and lateral compression) environment.

Figure 5. The DFE simulation model: (a) fiber angle distribution based on Shift Method and (b) boundary condition.

Moreover, not only the cylindricity defect is drawn from the linear buckling analysis
but also the manufacturing overlap of the parametric model is simulated. For simplicity, in
the present work, the overlap simulation is built by the partial thickening of the both ends
of the cylindrical shell without considering the relation between the variable thickness
and area of the overlap and the changing fiber curvature. Thus, the model includes the
cylindricity defects and overlap at the same time. The detail configuration of the overlap
simulation is shown in Figure 6. In Figure 6b, section Sc is the main region for layup
configuration. Sc1 and Sc2 denote the different types of overlap simulation. n means the
number of the symmetric layers. L1 and L2 mean the ratio of defect simulation length to
the total cylinder length L.

Figure 6. The overlap and the configuration of simulation model: (a) i: the CS cylinder and ii: the VS cylinder with overlap,
reproduced with the permission of ref. [26], copyright@Elsevier, 2019 and (b) the configuration of the overlap simulation.

3.3. The RBF Surrogate Model

The conventional design and optimization method such as the genetic algorithm,
which combines with the FE method, usually collects different parameters and uses itera-
tive approach to calculate the fitness function and find the optimum result of concerned
parameters. This indicates that the FE analysis is always required in the iteration for repeti-
tive analysis. While the surrogate-model method can significantly simplify the complex
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and repetitive computing problems through building a model with an enough accuracy and
effectiveness by the numerical fitting method. Since the VS composite pressure structure
has various and complicated design parameters such as the midpoint angle and endpoint
angle, the number of times of FEA will significantly increase with the increased number of
variables and structural complexity, which can result in the high-cost design and analysis.
This problem can be improved and solved by the surrogate model technique through build-
ing a simplified and approximate computing process. There are some developed methods
to build surrogate model such as the polynomial regression, radial basis function (RBF),
Gaussian process, Kriging model, and support vector regression. For the above methods,
although the RBF method has a higher cost of time due to the multi-extreme optimization
method, it can ensure the nonsingularity of the parameter matrix because of its monotonic
property with the center Euclidean distance. Compared with other mentioned methods,
the RBF method can have an accurate result for the high dimensional problems such as the
multiple parameters composite design and optimization problems. Thus, it is widely used
in composite material field.

In the present study, the surrogate model is trained and built based on the RBF method,
a feed-forward artificial neural network model, which consists of the input layer, hidden
layer, and output layer. The surrogate model is built with the interpolation and weight
calculation by taking the Euclidean distance between the test point and sample point. The
geometric parameters and fiber angle of the sample point is defined as variables. The
response value is defined as the objective value. The Gaussian radial basis function is
chosen to build the surrogate model in the study. The Gaussian radial basis function is
described as

G
(

xi, cj
)
= exp

(
− 1

2
(
δj
)‖xi − cj‖

)
(4)

yi =
s

∑
j=1

wjG
(

xi, cj
)
=

s

∑
j=1

wj exp

(
− 1

2
(
δj
)‖xi − cj‖

)
, (5)

where cj and δj are the center parameter and width parameter of jth hidden layer in neural
network, respectively. w is the weight control parameter of output layer. yi is the response
value for relative sample point. The error between each response value and sample point,
denoted as the loss function, is described as

Loss =
1
2

m

∑
i=1

(
−
yi −

s

∑
j=1

wjG
(

xi, cj
))2

, (6)

where yi is the sample label, which means the actual value of the sample point. The loss
function should be minimized in order to obtain a model with enough accuracy, which
means the appropriate cj, δj, and w should be found in each iteration to minimize the
value of loss function. The gradient descent method here is used to solve the optimization
problem for RBF parameters.

In this paper, the fiber angle T0 and T1, cylinder radius R, and length-diameter ratio
L/D are taken as the input parameters. The critical buckling pressure for the VS cylindrical
shell is considered as a response value (or predicted value). Moreover, T0 and T1 are from
0◦ to 90◦, L/D ratio is from 1 to 10, and R is from 200 to 400 mm, respectively. The input
parameters of the surrogate model are obtained by Latin Hyper-cube Sampling Method
(LHS), and the actual response values Pcr corresponding to the input samples are calculated
by several FE analyses. When the input and response value are obtained, the surrogate
model can be trained and built. The validation work of the DFE and surrogate model for
the VS cylindrical shell are explained in the next section.
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4. Model Validation
4.1. The Validation of DFE Simulation Model

In order to verify the built DFE simulation model for the VS cylindrical shell, two
different situations are taken into account according to the analysis condition setting of
references. The VS cylindrical shell is compressed under axial compression and lateral
compression to do the buckling analysis. Table 1 shows the material properties and
geometric parameters for the corresponding boundary conditions.

Table 1. Material properties and geometric parameters for different test cases: (a) axial compression and (b) lateral
compression.

(a) Axial Compression

Material
Properties Elastic Modulus Shear

Modulus
Poisson

Ratio Tensile Strength Compress Strength Shear
Strength

Symbol E11 E12 G12 µ12 Xt Yt Xc Yc S
Value 141 10.3 4.5 0.3 1701 95.4 1163 244 116.5
Unit GPa GPa GPa - MPa MPa MPa MPa MPa

Geometric
Parameters Radius Length Layer Thickness Stacking Sequence

Value 300 790 0.181 [± 45◦/± <15◦/60◦>]s
Unit mm mm mm degree

(b) Lateral Compression

Material
Properties Elastic Modulus Shear

Modulus
Poisson

Ratio Tensile Strength Compress Strength Shear
Strength

Symbol E11 E12 G12 µ12 Xt Yt Xc Yc S
Value 147 9 5 0.3 2004 53 1197 204 137
Unit GPa GPa GPa - MPa MPa MPa MPa MPa

Geometric
Parameters Radius Length Layer Thickness Stacking Sequence

Value 250 1250 0.146 [± <90◦/75◦>]12s
Unit mm mm mm degree

The simulation model is built with the mentioned LVFP function and parameters
in Table 1. Several times of nonlinear FE analyses are conducted with risk approach to
compare with the data from the reference. Both two different defect simulations are drawn
into the model. The nonlinear analysis results are obtained and shown in Figure 7. In
Figure 7a, 3 different nonlinear buckling FE analysis results represent that the model is
built with different proportions (0.5%, 1.5%, and 2.5%) of the cylindricity defect. The
cylindricity defect is simulated through the eigenmode of the linear prebuckling analysis
result. The overlap simulation is set same as mentioned in Figure 6 (Sc1 and Sc2 section).
The displacement-load curve shows that the axis compression changes at around 221 kN,
whose displacement is 2.5 mm. It means that the average value of buckling load for the
validation work here is 6% higher than the value (208 kN) obtained by the experimental
method in Ref. [26]; meanwhile, the displacement error is 8% compared with the experi-
mental data (2.3 mm). In Figure 7b, the 3 different FE results are obtained by considering
different overlap simulation with identical cylindricity defect proportion. In Figure 7b,
B1 means that the model is built only with Sc1 simulation at L2 mentioned in Figure 6;
B2 is built only with Sc2 simulation at L2; B3 has Sc1 and Sc2 simulations at L1 and L2,
respectively. In Figure 7b, the average Pcr obtained by the nonlinear buckling analysis
increases, which is lower than that in Ref. [37]. This error may result from the consideration
of the overlap and cylindricity defect simulation. In general, the reasons that lead to these
kinds of differences in Figure 7a,b can be as follows. (1) The built defect simulation of the
model is simpler and is different from the defect of the actual manufacturing structures.
Those defects, such as displacement fields of cylindricity and planeness, can be measured
by professional experimental equipment (e.g., the digital image correlation system). (2) The
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approximate boundary conditions are different from the reference’s model. (3) For the
lateral compression, the present model considered the overlap and nonlinear process, while
the reference result was obtained by the linear buckling analysis without considering the
defects. According to the comparison results, it is obvious that these tiny model errors
can be reduced by adjusting the simulation model such as obtaining the defects with the
experimental model and measurement. Generally, the comparison results demonstrate that
the proposed DFE method based on the LVFP function is valid and accurate enough to
express the Pcr analysis for the VS cylindrical shell.

Figure 7. Model validation with different defect cases: (a) the load-displacement curve for the cylinder under axial
compression and (b) Pcr for the cylinder under lateral compression.

4.2. Surrogate Model Error Analysis

Based on the mentioned processes in Figure 3, 100 sets of sample points as well as the
corresponding response value Pcr are obtained to build the surrogate model for the model
error analysis. Material properties and layup configuration are selected from Table 1a.
Figure 8 shows the contour map of the built surrogate model about T0 and T1 corresponded
with R = 250 mm. The formula of complex correlation coefficient Rx

2, which is used to
evaluate the error between the actual and response value of a surrogate model, is given as

Rx
2 = 1−

q
∑

i=1

(−
yi − yi

)2

q
∑

i=1

(−
yi −Y

)2 , (7)

where q is the number of sample points; yi is the actual value, yi is the predicted value
(obtained by surrogate model), and Y is the average actual value. Here, if Rx

2 is closer to 1,
then, the model will have a higher accuracy and if Rx

2 is more than 0.9, then, the model
can be considered as valid with enough amount of sample points. Figure 9 shows the error
analysis results from the above surrogate model compared with 50 new random sample
points. From error analysis diagram, it can be obviously seen that all the points are around
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the y = x function line, where Rx
2 is 0.986. It indicates that the predicted value has the high

coincidence with the actual value. Therefore, the result demonstrates that the RBF-based
surrogate model is accurate enough for the design and optimization problem.

P
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Figure 8. The contour map of RBF test surrogate model for Pcr: (a) 3D and (b) 2D.

Figure 9. Error analysis with complex correlation coefficient Rx
2.

When model validation and error analysis are introduced, the surrogate model is
finally built by the Python program with the obtained sample points, and the design and
optimization processes are integrated.
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5. Results and Discussions

This work mainly analyzes the relation among Pcr, fiber angle distribution, and
geometric parameters for the VS cylindrical shell with the defect. The optimum Pcr corre-
sponding with optimized fiber angle for both the VS and CS cylindrical shells is obtained
to discuss the improvement of Pcr under the identical boundary conditions and fixed
geometric parameters. The chosen material properties are from Table 1b and two kinds
of defects (the overlap and cylindricity defects) are taken into account at the same time.
The thickness is 0.146 mm, and the stacking sequence for the VS and CS cylindrical shell
are ± <T0/T1>12s and ± [θ]12s, respectively. It should be noted that the analysis and opti-
mization work is complete without considering the manufacturability such as minimum
turning radius constraint.

The surrogate model is built about the critical buckling pressure corresponding with
100 sample points of the fiber angle and cylindrical radius for the VS cylindrical shell. In
the present study, the surrogate model is considered to be completed when the complex
correlation coefficient Rx

2 is larger than 0.98. The 3D map diagram of the surrogate model
is shown in Figure 10. In Figure 10a–c, the fixing radius is 200, 250, and 300 mm and L/D
ratio is 2, 3, and 4, respectively. Besides, Figure 10d shows the relation among L/D ratio,
cylindrical radius, and Pcr with T0 = 45◦ and T1 = 60◦. The first three diagrams in Figure 10
imply that the maximum critical buckling pressure occurs around the large fiber angle,
which is close to 90◦ when the variable fiber angle with fixed geometry is considered. For
the certain fiber angle, it is obvious that the maximum critical buckling pressure can be
found when the cylinder has the small radius and L/D ratio.

Figure 10. Contour maps of variables distribution with critical buckling pressure Pcr for surrogate model built with different
parameters of a VS cylindrical shell: (a) T0, T1, and response Pcr with R = 200 mm, L/D = 2; (b) T0, T1, and response Pcr

with R = 250 mm, L/D = 3; (c) T0, T1, and response Pcr with R = 300 mm, L/D = 4; and (d) L/D, R, and response Pcr with
T0 = 45◦, T1 = 60◦.

According to the surrogate model, this study uses different radius and L/D ratio with
certain fiber angle (here <T0/T1> = <60◦/30◦>) to discuss the relation between Pcr and
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geometric parameters of the cylindrical shell. Meanwhile, the comparisons of buckling
analysis with and without considering the defects, are also discussed. Table 2 shows the
acquired results. The defect consideration part in Table 2 means that the Pcr is obtained
from the RBF-based surrogate model whether both two types of defects (overlap and
cylindricity defect) are taken into account at the same time. For the VS cylindrical shell
with same certain fiber angle distribution (T0 = 60◦ and T1 = 30◦ as in Table 2) and radius,
Pcr decreases with the increment of L/D ratio. For the cylindrical shell with the identical
L/D ratio, the critical buckling pressure also decreases with the increment of cylindrical
radius. Meanwhile, it is certain that Pcr obtained from a model with the cylindricity defects
is lower than that of the model without the cylindricity defects. The above patterns for the
VS cylindrical shell are similar with those for the CS cylindrical shell. In another word, it
also indicates that the built model based on the DEF simulation and the surrogate model is
valid and can be used to acquire the critical buckling pressure for the VS cylindrical shell.
In addition, the effect of the model defect on Pcr decreases with the increment of L/D ratio
when the defects are taken into account. This is because that when the L/D ratio and the
structure size are large enough, the structural instability is more sensitive to the cylindrical
geometry than to the defect. Figure 11 shows the effect of defect on the critical buckling
pressure analysis obtained by surrogate model for the VS cylindrical shell. In Figure 11, it
also can be seen that the effect of defect decreases with the increment of L/D ratio.

Table 2. Critical buckling pressure obtained from surrogate model, T0 = 60◦ and T1 = 30◦.

L/D

Pcr (MPa)

R = 200 mm R = 250 mm R = 300 mm
Defect Consideration, R = 350 mm

With Overlap
Only

With Overlap and
Geometric Defect

1.0 7.3317 3.7901 2.3885 1.7808 1.7098
1.5 4.4271 2.4903 1.5328 1.0703 1.0339
2.0 3.0784 1.8858 1.2837 0.8037 0.7770
2.5 2.3511 1.2987 0.8378 0.6097 0.5898
3.0 2.0716 1.1194 0.6952 0.4781 0.4633
3.5 1.9117 1.0234 0.6261 0.4231 0.4105
4.0 1.4803 0.9486 0.5745 0.3811 0.3703
4.5 1.1914 0.7433 0.5328 0.3632 0.3540
5.0 1.0519 0.5714 0.4561 0.3413 0.3356

When Pcr can be obtained through the proposed method, the optimization and com-
parison works are finished in order to study the effect of the changing L/D ratio on the
optimum Pcr and the improvement of optimum Pcr for both VS and CS cylindrical shells.
As mentioned before, because the Multi-Island Genetic Algorithm (MIGA) method has a
good convergence on solving the optimization problem of stacking sequence for composite
cylinders, it is taken as the optimization tool here to optimize the built surrogate model and
get the optimization results. The fiber angles T0 and T1 are considered as design variables
here, and the maximum of the critical buckling pressure Pcr is considered as the objec-
tive. The number of Multi-Island is set to 3; and the number of offspring is set to 10 [38].
In addition, the fiber angle T0 and T1 has the range of (0◦, 90◦) and (15◦, 90◦), respectively.
The cylindrical radius is 200 mm. The L/D ratio is from 1 to 7. The material properties
and boundary are same as those of VS analysis. Table 3 gives the comparison result of
research parameters between the VS and CS cylindrical shells. From the comparison, it
can be obviously seen that the optimum Pcr for the VS cylindrical shell is improved up to
21.1%, compared with that of the CS cylindrical shell under the same load condition and
geometric parameters.
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Figure 11. Effect of different defects on Pcr.

Table 3. The optimum Pcr for the VS and CS cylindrical shell.

L/D

VS Cylindrical Shell CS Cylindrical Shell
Pcr

Improvement
(%)

Optimum Fiber
Angle

(Degree)

Optimum
Pcr

(MPa)

Optimum Fiber
Angle

(Degree)

Optimum
Pcr

(MPa)

1.0 ± <89/48>12s 8.5362 ± [80]12s 8.1901 4.2
1.5 ± <89/27>12s 5.7778 ± [79]12s 5.4011 6.9
2.0 ± <86/79>12s 4.5174 ± [89]12s 4.4265 2.1
2.5 ± <80/75>12s 3.9861 ± [73]12s 3.7510 6.3
3.0 ± <87/31>12s 3.1214 ± [78]12s 2.5786 21.1
3.5 ± <88/45>12s 2.4590 ± [84]12s 2.1138 16.3
4.0 ± <89/51>12s 2.0091 ± [89]12s 1.9009 5.7
4.5 ± <89/85>12s 1.8358 ± [89]12s 1.7833 2.9
5.0 ± <89/87>12s 1.7595 ± [89]12s 1.7126 2.3
5.5 ± <89/87>12s 1.7067 ± [89]12s 1.6683 2.3
6.0 ± <89/86>12s 1.6791 ± [89]12s 1.6388 2.5
6.5 ± <88/82>12s 1.6451 ± [89]12s 1.6167 1.8
7.0 ± <88/82>12s 1.6223 ± [89]12s 1.6026 1.2

Table 3 also shows that the optimum Pcr decreases with the increment of L/D ratio for
the VS and CS cylindrical shells. This pattern is also similar with Pcr from the surrogate
model. Figure 12 shows the improvement and the optimum value of Pcr for both the CS
and VS cylindrical shells. The improvement of the optimum Pcr between the VS and CS
cylindrical shells barely increases with the L/D ratio from 1 to 2.5, and it decreases with the
variation of L/D ratio from 4 to 7. The maximum of the improvement will reach at 21.1%
when the L/D ratio is about 3. This improvement may mainly result from the moderate
geometric parameters such as cylinder radius and length, and the lateral and axial pressure
will both obtain the most benefit from the optimized variable fiber path to increase the
Pcr with this L/D ratio and radius. In Figure 12b, when the L/D ratio is greater than 5,
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Pcr and its improvement are very small. It is because that when the L/D increases, the
lateral pressure has less effect on the buckling pressure than that of the axis pressure. In
addition, in Figure 12 and Table 3, the fiber angle at the mid-point of the cylinder length
(T0) is close to 90◦ when the optimum Pcr occurs. This can be explained as when the fiber
angle is close to 90◦ at the middle of the cylinder, the angle distribution can be considered
as the partial stiffener rings in the circumferential direction. Hence, this situation can be
helpful for improving the buckling pressure for the VS cylindrical shell.

Figure 12. The optimum Pcr and Pcr improvement for different L/D ratio: (a) the optimum Pcr of VS and CS cylinders and
(b) the Pcr improvement between VS and CS cylinders.

Furthermore, after building the surrogate model for the VS composite cylindrical shell,
the calculation efficiency and accuracy are studied. The results from the conventional FE
method and surrogate model are discussed and compared for a VS cylindrical shell. Here,
the L/D ratio is from 2 to 7 and R is 200 mm. The material properties are also from Table 1a.
The stacking sequence is set as [±<60◦/15◦>]12s according to the defect simulation method
mentioned in Section 2. The cylinder radius is considered as the input. The response value
is Pcr. The results are shown in Table 4.

Table 4. Calculation efficiency (T0 = 60◦ and T1 = 15◦).

L/D
(R = 200 mm)

Calculation Time (s) Pcr Value (MPa)

FE RBF FE RBF Pcr Error (%)

2.0 13.1 0.9 3.2923 3.0869 6.2
2.5 13.2 0.9 2.1350 2.2449 5.1
3.0 13.6 0.8 1.8861 1.9031 0.9
3.5 14.7 0.9 1.6500 1.7151 3.9
4.0 17.8 1.0 1.6235 1.5547 4.2
4.5 19.1 1.0 1.4115 1.4019 0.7
5.0 21.7 0.9 1.1626 1.1347 2.4
5.5 22.0 0.8 0.9148 0.9707 6.1
6.0 24.1 1.0 0.8363 0.7869 5.9
6.5 24.9 0.9 0.7611 0.7153 6.0
7.0 26.0 0.8 0.7265 0.6877 5.3

To study the calculation efficiency of the surrogate model built with DFE method, in
Table 4, the calculation time means the time starts only from the calculation of inputting the
parameters and ends at the time when Pcr is acquired. The time of building simulation and
surrogate models is not considered. The process time is recorded by the Python program. In
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addition, to ensure the accuracy of the simulation model, the element size keeps a constant
ratio ES of the cylinder diameters D, in which ES = 0.04D. This process only considers
the linear buckling analysis since the nonlinear process is related and more sensitive to
many other factors such as the increment setting and mesh size. From the results in Table 4,
the total time cost for the acquiring Pcr is significantly optimized. It is because that the
FE analysis process is skipped by the surrogate mode and Pcr can be acquired directly
by inputting T0 and Tl. The results in Table 4 also show that the calculation time of the
conventional FE method obviously increases with the structure size, while the surrogate
model method is less sensitive to the structure size. Meanwhile, the response value (Pcr)
error is up to 6.2% for the obtained results. The results reflect that the error of Pcr is small
enough between two methods. It indicates that when the researchers want to obtain Pcr for
the VS cylindrical shell in a fast and accurate method, the error can be acceptable. Thus, in
Table 4, when it comes to a large number of repetitive FE analysis situation, the built model
based on the RBF can have enough accuracy and efficiency.

6. Conclusions

The present work is focused on the critical buckling pressure analysis for the VS
cylindrical shell. The simulation and surrogate models are proposed to study the critical
buckling pressure for the VS cylindrical shell. The results indicate that the proposed DFE
method can precisely express the properties for the VS composite cylindrical shell. In
addition, the RBF-based surrogate model is an effective and accurate method for solving
the VS cylindrical shell problem. The main conclusions are drawn as below:

1. The VS simulation model based on the DFE with the LVFP function can accurately
describe the critical buckling pressure for the VS cylindrical shell with the defects
under the combination compression.

2. The proposed design and optimization method has higher efficiency for the critical
buckling pressure analysis for the VS cylindrical shell than that for the FEA.

3. The optimum Pcr for the VS cylindrical shell can be improved by 21.1% compared
with that of the CS cylindrical shell under the same geometry, material properties,
and boundary condition. In addition, the maximum improvement of Pcr will occur
when the midpoint fiber angle is close to 90◦ and the L/D ratio is around 3.

Following work will focus on optimizing the failure strength and the natural frequency
in the experimental and simulation methods.
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