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Abstract: This paper proposes an output feedback cooperative dynamic positioning control scheme
for an unactuated floating object using multiple vessels under model uncertainties and environmental
disturbances. The floating object is connected to multiple vessels through towlines. At first, nonlinear
extended state observers are developed for the floating object and vessels to reconstruct the unmeasured
velocity and to estimate the model uncertainties and disturbances. Second, observer-based controllers
are designed for the floating object and vessels to drive the floating object to track the reference signal
and to achieve the cooperative control of multiple vessels, respectively. The salient features of the
proposed control scheme are presented as follows. Firstly, by design the object controller, the tracking
performance of the object is improved. Secondly, according to the required force of the floating object, the
time-varying formation of vessels is obtained by using the towline attachment geometry of the floating
object, control allocation and a towline model. It is shown that all signals in closed-loop system are
bounded via Lyapunov analysis. Simulation study is carried out to verify the effectiveness of proposed
control method.

Keywords: cooperative dynamic positioning; multiple vessels; output feedback; time-varying formation

1. Introduction

Dynamic positioning (DP) operation for floating objects such as barges, offshore
platforms and unactuated vessels, is an important application in marine industry while
these floating objects usually are not designed, or not able to generate the necessary control
forces to achieve DP operation. Cooperative DP using a fleet of vessels is a feasible solution
for maneuvering the floating objects.

Considering the floating object is connected to multiple vessels through towlines, there
are some studies reported in the literature. In [1,2], an underwater vehicle connected with
an unmanned surface vehicle using umbilical cable is studied. But the underwater vehicle
and the surface vehicle are fully actuated. Considering the floating object is unactuated, an
automatic load maneuver controller is proposed using linear consensus control law in [3],
where the dynamic model of vessels is simplified as a second-order linear model. However,
the tracking performance of the floating object is not guaranteed. A time-varying formation
based distributed model predictive control approach for a floating object transport with
multiple vessels is proposed in [4]. But the environmental disturbances are not considered.

The tracking control precision of marine vessels is affected by environmental forces
due to wind, waves and ocean currents. Some control strategies have been proposed to
compensate the environmental disturbances. In [5-7], disturbance observers are used to
estimate the time-varying disturbances. But the model uncertainties are not considered.
Robust sliding mode controllers are designed for position-keeping of an underwater vehicle
under ocean currents and model uncertainties in [8,9]. However, all states in above research
are needed in the control design process. In practice, position-heading of the marine vessels
are easily available using global satellite navigation system and gyro, while the velocity
may not be measured. Therefore, it is necessary to investigate distributed control problem
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in the absence of velocity measurements. Nonlinear state observers [10,11] are proposed
for DP ships to estimate the disturbances and reconstruct the velocity information. These
proposed state observers requiring the model parameters are known. Some neural network
or fuzzy logical based output feedback controllers are designed in [12-14]. But, these
proposed adaptive observers or proposed observer-based controllers need to adjust too
many parameters, which is not convenient for real application.

Motivated by the above analysis, this paper studies the cooperative DP control for an
unactuated floating object that connected to multiple DP vessels using towlines under un-
availability of velocity measurements, model parameter uncertainties and environmental
disturbances, and proposes an output feedback cooperative DP control method. Nonlin-
ear extended state observers (NESOs) for the floating object and vessels are employed
to reconstruct the unmeasured velocity as well as estimate the model uncertainties and
environmental disturbances. The NESOs only need to adjust one parameter. Then, NESO-
based controllers are designed for the unactuated floating object and multiple DP vessels to
realize tracking the reference signal of the unactuated floating object and cooperative track-
ing the unactuated floating object of multiple vessels, respectively. Especially, according
to the required force of the floating object, the desired time-varying formation of vessels
is determined by using the towline attachment geometry of the floating object, control
allocation and a towline model. In addition, second order linear tracking differentiators
are introduced to estimate the derivations of the complex virtual control laws.

The main contributions are summarized as follows.

1.  Compared with the proposed method in [3], where the floating object tracking perfor-
mance is not guaranteed, the proposed method in this paper can improve the tracking
performance of the floating object.

2. Compared with the proposed method in [4], where the disturbances and model
parameter uncertainties are not considered, this paper simultaneously considers the
disturbances and model parameter uncertainties.

3. According to the required force of the floating object, the desired time-varying forma-
tion of vessels is determined by using the towline attachment geometry of the floating
object, control allocation and a towline model.

4. Second order linear tracking differentiators are introduced to estimate the derivations
of the complex virtual control laws.

This paper is organized as follows: Section 2 describes some necessary preliminaries
and states cooperative DP control problem. In Section 3, the control method is designed
and the stability of the overall system is analyzed. It is proved that all signals in the closed-
loop system are uniformly ultimately bounded. A simulation study using an unactuated
platform and four vessels is given to verify the effectiveness of the proposed control method
in Section 4. Section 5 concludes this paper.

Notations: The following notations will be used throughout the paper. |-| indicates the
absolute value of a scalar. A(-) and A(+) indicate the maximum and minimum eigenvalue of
a square matrix, respectively. ||| indicates a Euclidean norm. R"*™ and R" are n x m real
matrix and n X 1 real vector. I;;, 0, and 0y, %, are n X n identify matrix, n X n zero matrix and
m X n zero matrix. diag{a]'} denotes a block-diagonal matrix, where 4; is the jth diagonal

element. () "' and ()7 indicate the inverse and transpose of a matrix, respectively. Cs(-) and
Su(-) denote cos(-) and sin(-), respectively. ® denotes the Kronecker product of matrix.

2. Preliminaries and Problem Formulation
2.1. Graph Theory

The graph theory is used to describe the communication topology among four vessels.
An undirected graph G = {Vg, £} consists of a node set Vg = {1,2,3,4} and an edge set
€ ={(i,j) € Vg x Vg}. The element (i,j) € £ denotes an edge that the jth node can access
to the information of the ith node. An adjacency matrix is defined as A = [a;;] € R"*",
where a;; = 1, if (j,i) € £ and i # j; otherwise a;; = 0. The Laplacian matrix £ associated
with the undirected graph G is defined as £ = D — A, where D is the degree matrix of
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the graph and defined as D = diag{dy, ..., d,} with d; = 2;‘:1 a;j. If there exists one path
between every pair of nodes, the undirected graph G is connected. A diagonal matrix
Ay = diag{ajp} is introduced to describe the communication between the floating object
and the ith vessels, where a;y = 1, if the ith vessel can obtain the information from object,
ajp = 0, otherwise. Further, the relationship of communication between the floating object
and vessels is defined as a matrix H = £ + Aj.

Assumption 1. There exists at least one directed path from the floating object to all vessels.

2.2. Towline Model

In this paper, considering the mass and the elasticity of the towline, a catenary model
is used as towline model [15]

TH . .-1(0 L R /2 EA
Ty = | Dy —2— sinh -—, 1
H ( H—2-sin ( T L @
where Ty is the tension on the towline; Ty is the tension in horizontal direction; Dy is
the horizontal position between two ends of the towline; Ly is the length of the towline;
o is the weight of the towline per unit length; E and A are the Young’s modulus and the
cross-sectional area of the towline, respectively.

2.3. Problem Formulation

This paper considers the cooperative DP control for an unactuated floating object
that connected with four vessels using towlines. The geometric configuration is shown in
Figure 1. According to [16], the dynamic model of the ith vessel is expressed as

{ i = R(yi)vi, o @
M;0; + Djv; = 7; + Tll-l + T;l,

where 17; = [x;, Y, I[JZ']T € R¥3 is the position and heading vector defined in the earth
fixed frame XpOgYg (See Figure 1); v; = [u;,v;, rl-]T € R3*3 is the velocity vector in the
body fixed frame Xp;Op;Ypi; M; € R3*3 the inertia matrix, which is symmetrical, positive
definite and M; = 0; D; € R3*3 is the unknown damping matrix. T; =€ IR3 is the control
input vector; Ti; = B;T% is the horizontal force of towline acting on the ith vessels with
B; = [Cs(¢1), Su(¢:),0]" and Ti; being the horizontal tension on the ith towline; T is
the total environmental disturbances; R(y;) € R3>*3 is the rotation matrix that satisfies
[R(i)| =1, RT (i) R(¢;) = Iz and R(¢;) = r;SR(4p;), where

Cs(i) —Su(y;) O 0 -1 0
R(pi) = |Su(pi) GCs(yi) Of,S=|1 0 0 3)
0 0 1 0O 0 O

To facilitate the following text written, 1; is omitted without confusion, i.e., R; = R(;)
and R = RT(y;).
The dynamic model of the unactuated floating object is expressed as

1o = Rovo, @)
Movg + Dovg = T + T3,

where 19 = ByT is the total control inputs generated by the connected towlines with

T
T= [T}I,TZ,T3,T§1} ,

ColB1) Su(81) LuSu(61) —1nCs(r) 1" )
B — | Gs(02) Su(02) LaSu(62) — LyaCs(62)
07 | C(83) Su(83) LiaSu(63) —I,3Cs(65)

Cs(01) Sn(01) 1x4Sn(64) — 1yaCs(04)
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where 0; and Iy;, I,; are the angles and moment arms defined in Figure 1. Other symbols
are defined similar to the dynamic model of vessels.

»
!

0, Y,
Figure 1. Configuration of four vessels and an unactuated floating object for cooperative DP.

Remark 1. For practical application, the nominal inertial matrix Mo and M,; of the floating object
and vessels can be obtained, while Dy and D; may not be able to determine.

Definition 1. The time-varying formation is defined as ®; = {8}, where ¢; € R3 is the time-
varying relative position between the floating object and the ith vessel (see Figure 1). Let 8;; =
0; — ©; be the time-varying relative deviation between the ith vessel and the jth vessel.

Remark 2. Letting ni,.,,i =1,...,4 be the towed point on the floating object, the time-varying
relative position between the floating object and the ith vessel is determined as

v = 'ﬁow — 1o+ dé—IBfi (6)

where B} = [Cs(6; + o), Sn(6; + o), 6:/dY| T with 6; being the designed constant and d'; being
the desired horizontal distance of the ith towline.

The control objective is to design a distributed output feedback control law for each
vessel under model uncertainties and environmental disturbances such that:

O1. The unactuated floating object can track the reference signal 774, i.e.,
i - <
Hm {170 = 174]| < o1, )

where 01 > 0 is a small constant.
02. The vessels can track the floating object 77p with time-varying formation, i.e.,

}gg“ﬂi—’?o—ﬁi” <oy, (8)

where 0 > 0 is a small constant.
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Assumption 2. The reference signal 1 is smooth enough such that 1; and ij; exist and bound.

3. Control Design
3.1. NESOs Design for the Floating Object and Vessels

In this subsection, NESOs will be developed for the floating object and vessels to recon-
struct the velocity and estimate the model uncertainties and environmental disturbances
using the measured position-heading information. To design the NESOs, the floating object
and vessels dynamic models are rewritten as

{2 ©)
U = M (T + @1) + Gk
where @y = 03x1, ¢; = Tli{,i = 1,...,4, and g is the lumped disturbance defined as
¢k = M1 (—Dkvk + Tg) withk=0,1,...,4.

The following assumption is made for the NESOs design.

Assumption 3. The lumped disturbances Gy and its derivation ¢y are bounded, i.e., there exist
positive constants Gy and qy, such that ||x|| < G and ||¢k|| < gx-

Let 7j; be the estimation of position #;. Define the position estimation error as 7 =
fix — k. Then, the NESOs are designed as [17]

M = —Kio17k + RO
b = —Kioa R 7Tk + My (T + 91) +Gx (10)
¢k = —KroaRy 7k
where Ki,1, Kioo, Kioz € R3*3 are positive definite diagonal matrices and are selected
as Kiy1 = Bwilz, Kgop = 3w,%13 and Ky,3 = w,?(’I3, respectively. wy is the designed
observer bandwidth.
Defining 0 = 0 — vy and ¢ = ¢k — Gk, the error dynamics of the NESOs are
derived as

Mk = —KkorTlk + Ry O
Ok = —KroaR| 7k + G (11)
& = —KeoaRy 7k — Gk
Collecting all the observer error states from (11) in a new vector s, = col(, U, Cx) €
R?, the observer error dynamics (11) is written compactly as

8k = ArSk + Biérs (12)

—Kio1 Rk 03

where Ay = |—KipR! 03 I3| and By = [03,03, —Ig}T. Ay depends on nonlinear
—Kik3Rg 03 03

term Ry. This will make the stability analysis of designed NESOs difficult. Therefore a
transformation [18] is introduced

Xk = ZkSk,s (13)

where & = diag{RkT , Is, Iz }. Using (13), the error dynamics (12) is rewritten as

Xk = (Axo + 7%ST) Xk + BiSr, (14)
—Kkor Iz 03
where Ayg = |—Kip2 03 I3| and Sy = diag{ST,03,05}.
—Kios 03 03

Then, the following Lemma holds.
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Lemma 1. Consider the NESOs given by (10) under Assumption 3. The observer estimation
errors sy is bounded, if the following inequalities hold

{A]{opk + PeAo + PeByBI Py + P (STP + PiSt) < —Qy 5)

AoPr + PcAro + PiByBy P — 7ie(S1Pe + PiSt) < — Qi
where P, Q; € R%*%are symmetric definite positive matrices, 7 is the upper bound of ;.

Proof. See the Appendix A.1. O

3.2. The Tracking Control of the Floating Object

In this subsection, a NESO-based controller for the floating object is designed to
guarantee the tracking performance of the floating object. The design process is shown
as follows.

First, define the two tracking error vectors as

{ZOl = ’ZO —Na (16)
202 = Vo — &g
where g is a virtual law of the floating object to be designed. The time derivation of (16) is
{ Zo1 = Rovo — 74 (17)
2o = —Koo2RE 70 + MalTo + &0 — o
In order to stabilize zg; and zgp, the control law of the floating object is taken as
{ o = R (—Koizo1 + 7a) (18)
To=Mo (—Kopzo2 + &g — €0 — R} zo1)
where Ko, Kgp € R3*3 are diagonal positive definite matrices to be designed. Substituting
(18) into (17), leads to
{ zo1 = —Ko1zo1 + Ro(—To + z02) (19)
2o = —Koo2R{ 7o — Kopzo2 — R zon

To avoid taking the time derivation of virtual control law «, a second order linear tracking
differentiator is introduced as

d
{UO? = Upr
.d 2 d
vg, = —1g5(vor — ap) — 219vg,
where vy, and vgr are the estimations of xy and &, respectively; i is a designed con-

stant. According to [19], there exit positive constants &y and py, such that the following
inequalities hold

(20)

llvor — ao|| < &,

vh, — &OH < po- (21)

3.3. Control Allocation

Note that the control force 1) of the floating object is provided by vessels through
the connected towlines. The horizontal tensions on the towlines depends on the relative
positions between the floating object and vessels. To avoid sudden changes in the relative
positions, the horizontal tensions on the towlines should be minimal, i.e. solve the following
optimization problem

J = min {TTWT} (22)
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subject to
T — BQT =0,
To < T < Tmax,

where Ty and Tyax are the minimum and maximum horizontal tensions on towlines, and
W is the weighting matrix.

Then, using Equation (6), the minimized force Ti, and the towline model (1), the
time-varying relative position ¢; is determined.

Remark 3. There have been many algorithms to solve the optimization problem (22), such as
genetic algorithm (GA) [20], particle swarm optimization (PSO) [21], and sequential quadratic
programming (SQP) [22]. The GA and PSO algorithms have a large amount of computation and
slow optimization speed. The SQP algorithm is easy to fall into local extreme values. Therefore, to
ensure an efficient control allocation, the recursive-biased-generalized-inverse-based (RBGI) control
allocation [23] is used in this paper. This method can always find a solution that satisfies the
constraints in (22) and minimizes the cost.

3.4. Cooperative Tracking Control of Multiple Vessels

To provide control force 7y, multiple vessels are need to hold the time-varying forma-
tion and track the floating object. Therefore, a distributed output feedback controller for
each vessel is deigned in this subsection. The design process is given as follows.

Step 1: Define the first tracking error as

4
zip = Y aij(1i — 1 — %ij) + aio (17 — 170 — %), (23)
j=1

where 4;; and 4,9 are defined in Section 2.1. The time derivation of (23) is
4 . .
i = aigRivi — ) a;i(Rjv; + 8ij) — ap (Rovo + 9;), (24)
j=1

4
where a;; = }_ a;;.
j=0
Then, a virtual control law is designed as

RT 4 . .
o :%d { —Kj1zi1 + Z ajj (Rjﬁ]‘ + 191']') + ajo (Roﬁ() + 191') } (25)
i =1

where K;; € R3*3 is a diagonal positive matrix to be designed.
Step 2: Define the second tracking error as

Zjp = 01' — . (26)
The time derivation of (26) is
s . T = —1 : . A -
Zjp = _K102Ri i + Ml' (Tz+¢z) + Gi — &. (27)
Then the control law is taken as
T, = M,; (—Kizziz +a; — ¢ — ﬂidRiTZﬂ) - @i (28)

where Kj, € R3*3 is a diagonal positive matrix to be designed. Substituting (25) and (24)
into (28) and (27), respectively, yields
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4
zjy = — Kinzit + aigRi(—0; + zin) + Y, a;iR;0; + aigRo0o (29)
=1

]

zip = —Kppzip — KiaRTfj; — aaR] z1

Similar as the design of floating object controller in Section 3.2, a second order linear
tracking differentiator is introduced as

- d
Vip = U;
r (30)
o — 20— ) — 20
0 = —1; (vor — &) — 2405,

where v;, and Uflr are the estimations of «; and &;, respectively; ¢; is a designed constant.

Then, there exist positive constants &; and p;, such that the following inequalities hold [19]

vy — o] < &, ||v8 — d]| < pi. (31)

3.5. Stability Analysis

Theorem 1. Consider the floating object dynamic model (4), vessels dynamic model (2), the
designed NESOs (10), the tracking control law of the floating object (18) and the cooperative
control law (25) and (28) only using position-heading measurement under model uncertainties and
environmental disturbances. If Assumptions 1-3 are satisfied, the control objective of this paper is
achieved and all signals in the closed-loop system are uniformly ultimately bounded.

Proof. See the Appendix A.2. O

4. Simulation Study

In this section, a numerical simulation using an unactuated drilling platform and
four vessels is given to verify the effectiveness of the proposed control method. The
communication topology is shown in Figure 2. The vessels employed in the simulation are
Northern Clipper [24]. The parameters are given as

5.3122 x 10° 0 0
M; = 0 8.2831 x 10° 0
0 0 3.7454 x 10°
and
5.0242 x 10* 0 0
D; = 0 27229 x 10°  —4.3933 x 10°|.
0 —4.3933 x 10°  4.1894 x 108

The length and width of the drilling platform are 110m and 84m [25], respectively.
The model parameters of the platform are given as follows:

2.16 x 108 0 0
My = 0 414 x 108 2.03 x 108
0 2.03 x 108 1.24 x 10!
and
7.78 x 10° 0 0
Dy = 0 7.9 x10° 154 x 107 |.
0 1.54 x 107 1.55 x 1010

Th environmental disturbances Té‘, k = 0,1,...,4 is modeled as Té‘ = R,{bk [26],
where b € R? denotes the total disturbances on earth-fixed frame that can described the
first Markov process as by = T, b + Exwy, T, € R3*3 denotes the bias time constant
matrix, Ey is a diagonal matrix scaling the amplitude wy, and wy denotes the vector of
zero-mean Gaussian white noise. In the simulation, the parameters of the disturbances
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are chosen T, = 10%I3, by(0) = [10°kN, 105kN, 108kN - m], Eo = diag{105, 10°, 107}, b:(0)

= [10°kN, 10°kN, 10’kN - m], E; = diag{104, 104, 106}. The towline properties are shown
in Table 1. We choose the force when the towline is not stretched as the minimum force.
Using the towline model, the minimum force can be calculated, which is equal to 70 kN.

1 2

Object

4 3

Figure 2. Communication topology.

Table 1. Properties of towlines [15].

Length

Diameter Reference Quality Axial Rigidity EA Maximum Force

250 m

54.6 mm 12 kg/m 9.2 x 108N 1x 10N

The angles 6; of four towlines are set as 330°, 30°, 150° and 210°, respectively. The
moment arms (Iy;,l,;) of the floating object are selected as (55 m, —42 m), (55 m,42 m),
(—55m,42 m) and (—55 m, —42 m), respectively. The angles ¢; are chosen as ¢ = ¢3 =
150° and ¢, = ¢4 = 210°.

The set point is 17, = [150m, 150m, 45°]T. Let 77, pass through a third-order reference
model to generate the desired reference signals 7, 77; and 7j; [16]. In this simulation, the
natural frequency is selected as 0.005rad/s and damping is selected as 0.9. The initial
positions of the floating object and four vessels are provided in Table 2. The initial velocities
of the floating object and four vessels are set as zero. The initial estimation of the floating
object and four vessels are chosen as j, = #, k =0,1,...,4.

Table 2. Initial positions of the floating object and four vessels.

i x; (m) yi (m) i (°)
0 0 0 0
m 2175 —167 0
- 2175 167 0
73 —217.5 167 180
M4 —2175 —167 180

The parameters of the proposed NESOs are chosen as wy = 0.8,k = 0,1,...,4. The
control parameters of the platform are chosen as Ky; = 1.3I3 and K¢, = 0.213. The control
parameters of four vessels are given as K;; = 1.113 and K, = 0.1513.

4.1. Simulation of Propsoed Control

The simulation results are shown from Figures 3-10. Figure 3 shows the tracking
trajectories of the platform and four vessels using the proposed control method under
model uncertainties and environmental disturbances, in which one can see that the object
can track the reference signal and four vessels are able to track the object with time-varying
formation. Figure 4 depicts the tracking error of the floating object under proposed control
scheme. It can be seen from the figure that the tracking error of floating body almost
converges to zero. Figure 5 shows that four vessels can maintain the desired formation
tracking the platform. The tracking errors of four vessels changes in the x and y directions
are caused by the heading changes of the floating object.
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ith vessel.)
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Figure 10. Control inputs of four vessels using proposed control method. (V;(i =1,...,4) denotes the

ith vessel.)

Figure 6 shows that the lumped disturbances consisting of model uncertainties and
environmental disturbances can be estimated by the proposed NESO. Figure 7 depicts
the velocities and estimations of four vessels. It is shown that the velocities can be re-
constructed by the proposed NESO. Figure 8 shows the horizontal tensions along four
towlines. Figure 9 has closed link to Figure 8, since the horizontal tensions respect the
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horizontal distances towlines. Figure 10 illustrates that control forces and moments of
four vessels are smooth and bounded. As shown in the figure, moments of four vessels
eventually converge. However, since four vessels need to provide forces in the x and y
directions to maintain the position of the floating object, the control forces in these two
directions are not converge in the end.

4.2. Comparison and Analysis

To provide a comparison for the performance of the proposed control method, a
distributed output feedback control law without the floating object controller is used to
replace the method in [3], which is given as

0 =1, — 14+ LrB}
4
zin = Y aii(i — 17 — 8j) + aio(17; — 11a — ;)
b

T

R! 4 . . 32
o; _L;{—Kilzﬂ + Zaij(ijj—Fl%]‘) +a1~0(17d —|—l91')}, (32)
=1

id

Zip =0; — &

T =M; (_KiZZiZ +&; —GCi— aidRiTZil) — ¢

where B, = [cos(6; + (4),sin(6; + ¥4),6;/Lr]"; 7 is the desired position of the ith towed
point on the floating object, and 77 (3) = 7,4(3); Lr = 250. The control parameters of (32)
are the same as the proposed control method.

The simulation results are shown in Figures 4 and 8. Figure 4 illustrates the tracking
performance of the platform using two control methods. It can be seen that the tracking
error of the platform under the proposed method is much smaller than the method without
the floating object controller in the whole tracking process. This happens because the
floating object tracking controller design guarantee the tracking performance of the plat-
form. Figure 8 demonstrates the horizontal tensions on the four towlines using two control
methods. It can be seen that the tensions on four towlines using proposed control are
smoother than the method without object control. This means that the forces provided by
the four vessels is also smoother. Therefore, the proposed control method is more effective
for cooperative DP operation for the floating object.

5. Conclusions

This paper focuses on the cooperative DP for an unactuated floating object using
multiple vessels under model uncertainties and disturbances only using position-heading
information. The floating object is connected to multiple vessels through towlines. The
NESOs are developed for the floating object and vessels to reconstruct the unmeasured
velocity as well as estimate model uncertainties and disturbances. Observer-based con-
trollers are designed for the floating object and multiple vessels to drive the object to track
the references signal and achieve the cooperative control of multiple vessels, respectively.
Especially, according to the required force of the object, the desired time-varying formation
of vessels is determined by using the towline attachment geometry of the object, control
allocation and the towline model. A simulation using four vessels and a drilling platform
shows that the proposed control method can drive the platform track the reference signal
and time-varying formation of four vessels is also maintained. For future work, it is re-
warding to investigate cooperative DP control of unactuated object with the collision-free
marine operations and input constraints.
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Appendix A

Appendix A.1

Proof of Lemma 1. Choose the following Lyapunov function

Veo = Xk Pixes (A1)
Taking the time derivative of (A1) along (14), yields
Vio=xt | AP + PrA SIP +PS 2x4 P By A2
ko=Xk |AkoPk + PeAro + re(STPe + PeST) | Xk + 2Xi P Bk (A2)
Using Assumption 3 and Young's inequality, the following inequality holds

. 1 1
Xk PeBii < 5 Xk PeBB Pexic + 541 (A3)
If the Equation (15) holds, the Equation (A2) becomes

Vi, < — 2 2
< = AQu) Ixxll” + gx (Ad)
< —cxVio + 2
where ¢ = _EQ ; > 0and ¢y = qk > 0. Then, the state x; is bounded. Using s; = &, e
it can conclude that estimation errors vector s is bounded.
O
Appendix A.2
Proof of Lemma 1. Select the Lyapunov function as
1 4 1
V= Z Vio + 2201201 + Zozzoz Z 2 zhzin + 2212212 (A5)
k=0 i=1

Using (19) and (29), the derivation of (A5) is
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4
V =Y Vio + 281 [—Ko1zo1 + Ro(—00 — z02)] + 2, (—KOozRoTﬁo — Kopzoo — Rgzm)
k=0

4 4
+) {Z}i [—Kizi1 +aigRi(=0; +2zip) + ) a;jR;0; + aigRo0o] - (86)
i=1 =1

+z} (—Kizziz — KiaRI7j; — ﬂidRiTZil) }

Using Young's inequality, the following inequalities are hold for any positive constants oy,
002, Ci1, O, 073, and 0.

Tp ~ 001 1 7.
—zg1Rotp < > 201201 + 2001 ¥y T (A7)
C2TRG < o To 4 L gTs, (A8)
illl—zilll zo_ﬂiz
~ 3w2002 3(/.)2 T
—z0,Koo2R§ o < 02 20pz02 + ﬁﬂg 7o (A9)
__ Bwiop 3w? .
—zpKinaR] 71 < 5 Zzhzip + ﬁn?m (A10)
1
2T Rotp < Z35T 20 + L ot o (A11)
il =9 il 20'1'3
TR < PoT 7+ 1 575, (A12)

Then, the equality (A6) becomes

4 2
. . O 3w 002
V<Y Vio— (A(Km) - %)Z&Zm - (A(Koz) - 02 >Zgzzoz

k=0
011 + ai0i3 + dio; 3wioi
) - 2 10 - Z4> Zjizin — ( Kp) = =5 |27 (A13)

+ié {— (7(K,

1 L o745 3w 4 di \ 1. 3w} r
+<2‘701+'22‘7i3 0+71707] L (2011 2014)U101+2m277i171-

i=1 i=1

>

4 2
where di = kzl {Ill']‘. Define 101 = A(K(Jl) - %, 102 = A(Koz) — 3w%002, lil = )\(Kil) —

I 3w?o; . -
w, and I = A(Kp) — 272, Using xx = Ejsy, leads to

4 4
V <Y Vie — lnzizor — loazdpzoo + E { Inzhzin — l:zz,-TzZz‘z} +csxoxo+ Y cisxi xir  (Al4)

k=0 i=1 i=1
where
co3 = max 3w0 ! + i 2o (A15)
03— 20’02 20’01 i 20’1'3

3w? g d;

i id i
i3 = , . Al6
= max{ 207" 207 * 201’4} (A16)

Substituting (A4) into (33), yields
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4
Z { (Ckl AP ))Vko} — Inzgyzo1 — loazgpzoz + Z { Inzhzi — lzzziTzZiz}

i=1
+ Z Ci2
k=0

< =BV + B,

(A17)

where k = 0,1,...,4, B1 = min{cy — A(P) ,2l01,2l0p, 2151, 21}, and By = Z Cro is

bounded. If the parameters are chosen such that 3; > 0, then the Lyapunov functlon (A5)
is bounded. From (A5), it can conclude that all signals in the closed loop system are
uniformly ultimately bounded.

Finally, it will show the vessels can track the floating object, and the tracking errors

is bounded. Define the tracking error of each vessel as e; = 17; — ¥; — 179. Letting z1 =

[z, 2] ] Tande = lef,... edT it has z1 = (H ® I3)e, where H is defined in section

2. Using Assumption 1, H is nonsingular. It can obtain that ||e| < l\(z;{\l) , where o(H) is
minimal singular value of . Then ||e|| is ultimately bounded. [
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