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Abstract: Forced ice-shelf oscillations modeling was undertaken employing a full 3D finite-difference
model of an elastic ice shelf that was coupled to a treatment of under-shelf seawater flux. The
seawater flux was described by the wave equation, which includes the pressure excitements in the
shallow water layer under the ice shelf. Thus, ice-shelf flexure was produced by hydrostatic pressure
oscillations in the below-shelf seawater. Numerical calculations were performed for an idealized
rectangular crevasse-ridden ice-shelf geometry. The crevasses were modeled as rectangular notches
into the ice shelf. In the numerical experiments, the ice-plate flexures were forced by harmonic-
entering pressure oscillations having a range of periodicities 5–250 s. The dispersion spectra derived
for a crevasse-ridden ice shelf revealed “band gaps”—frequency ranges where no eigenmodes exist.
The results further showed that the impact of ocean waves on the ice plate is abated from the point of
view of a decrease in the spectral average amplitude in the vicinity of the spectrum where the “band
gaps” are observed. This impact depends on the depth of crevasse penetration to the ice.

Keywords: ice shelf modeling; ice shelf vibration; crevasse-ridden ice shelf; dispersion spectrum;
inter-mode spaces

1. Introduction

Tides and ocean swell causing hydrostatic pressure excitements in the under-shelf
seawater layer generate ice-shelf flexure, and thus can launch the processes that lead to
destruction of ice in those ice shelves and maintain ice-shelf rift propagation [1–6]. The
effect of tides and ocean swell is an essential part of the overall impact [7] that produces ice
calving in ice shelves [8,9].

In particular, the observations on the Ross Ice Shelf reveal that the gravity waves cause
vibrations in ice shelves [6,10–14]. The investigations showed that the response of the Ross
Ice Shelf depends on the frequency and amplitude of the gravity-wave forcing and that the
response varies with seasons, so the ice temperature affects the mechanical properties of
the ice and, therefore, signal propagation characteristics [10]. The response of the ice shelf
(Ross Ice Shelf) to the gravity waves and to the swell impacts is more significant than that
observed at the Scott Base and in the Dry Valleys [10]. The observations in 2014 undertaken
on the Ross Ice Shelf revealed that the signals propagate as Rayleigh–Lamb waves in the
ice-shelf/seawater cavity system that are generated by ocean-wave interactions nearer
the shelf front [11]. The infragravity waves’ impact and the Chilean earthquake tsunami
response were observed on the Ross Ice Shelf (for one year from November 2014) as ice-
shelf/seawater-coupled flexural waves [12]. The observations from November 2014 to
November 2016 on the Ross Ice Shelf also revealed the propagation of the flexural-gravity
waves and extensional Lamb waves in the ice-shelf/seawater cavity system [13]. The
strongest icequakes were observed at the ice front during the austral summer when swell
impacts are significant due to minimal sea ice [14].

Moreover, the resonant-like vibration that can appear under long-term swell forcing
at near-eigen frequencies (the impact over many swell periods) can cause fracture in the ice
shelf (e.g., [1,15]). Thus, knowledge of the process of vibration in ice shelves is significant
for comprehending ice-sheet–ocean interactions and ice-shelf stability. In this respect,
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scientific interest in the problem of vibration in ice shelves motivates the development of
flexure and vibration models (e.g., [1–3,16–32]), based on elastic thin-plate/elastic beam
approximations that can be considered as the result of the vertical integration of the full
3D momentum equations [25,26]. These models allow deriving ice-shelf deformations and
simulating the bending stresses. There are models among these that consider coupled
ice-shelf/sub-ice-shelf cavity systems [1,25–32] and permit estimating possible effects of
tides and ocean-swell actions on the calving process. In particular, these models allow
consideration of the eigenvalue problem for the ice-shelf/sub-ice seawater systems [1,28]
that has interest from the point of view of possible resonances in the system.

Further advancement of elastic-beam models occurred in the direction of visco-elastic
rheological model development. In particular, tidal flexure of an ice shelf was obtained
using the linear visco-elastic Burgers model [33,34], the nonlinear thin-plate visco-elastic
model [35], and the nonlinear 3D visco-elastic full-Stokes model [36].

In particular, this previous modeling provides a way to conduct spectral analysis of
the problem of ice shelves and ocean-waves interaction, and to provide a description of
the eigen-frequencies and eigenmodes of the ice-shelf vibration (e.g., [1]). Furthermore,
investigation of the dispersion spectra reveals that the spectra obtained for an ice shelf with
crevasses can be qualitatively different from when crevasses are missing [37]. Crevasses are
widely distributed features in all ice shelves, and their appearance, growth, and penetration
are the subject of many studies (e.g., [38–40]). Essentially, the dispersion spectra obtained
for a crevasse-ridden ice shelf reveal the “band gaps” that are absent from the spectra
obtained for an ice shelf without crevasses. These “band gaps” are the frequency ranges
over which no eigenmodes exist [37] with a phenomenon that emerges when a wave
is propagated through a periodic structure [41] and which we meet in many different
applications, including crystallography; phononic crystals; electron transport in metals
and semiconductors [42]; the formation of nearshore, underwater sandbars [43]; and
gravity-wave propagation through periodical structures of floating ice [44–48].

In [37], the propagation of high-frequency elastic-flexural waves through a floating ice
shelf was investigated by a 2D model, and the numerical calculations were performed by
COMSOL (finite-elements method). The band gap was observed from 0.2 to 0.38 Hz for a
crevasse-ridden ice shelf that was 50 km length and 300 m thick with crevasses spaced 500
m apart [37].

In this study, a model of forced vibrations of an ice plate, floating in shallow water,
was developed using a full 3D finite-difference treatment of elastic flexure that also takes
into account under-shelf seawater flow. In this model the ice-shelf flexure is described by
the 3D momentum equations for an elastic substance (e.g., [49,50]) thereby eliminating the
need for assumptions associated with typical thin-plate treatments in the past. The under-
shelf seawater flow, which essentially is the under-shelf seawater swell in the problem of
ice-shelf and ocean-swell interaction, is described by the 2D wave equation [1].

In this study, the numerical experiments were undertaken both for an uninjured ice
shelf free of crevasses and for a crevasse-ridden ice shelf, both of which have an idealized
rectangular geometry (the aspect ratio is about the same as in [37]. The crevasses were
considered as rectangular notches into the ice shelf (e.g., [37]). The obtained dispersion
spectra reveal intermode spaces (regular spaces between two modes) that make the nth
mode transitions. The intermode spaces of modes for ice shelves that lack crevasses
constitute a regular pattern, whereas the intermode spaces of modes for ice shelves that
have crevasses are regular over distinct frequency regions and are completely absent over
“band gap” regions. The intermode spaces coincide with the minima in the amplitude
spectrum. Moreover, the dispersion spectra derived for a crevasse-ridden ice shelf reveal
the “band gaps”—the frequency ranges where no eigenmodes exist [37]. This study is
focused on the investigation of how the width of “band gaps” increases as the result of the
growth in the crevasses’ penetration depth.
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2. Field Equations

The momentum equations that describe ice-shelf flexure, based on Hooke’s law, are
expressed as (e.g., [49])

2(1−ν)
1−2ν

∂2U
∂x2 + ∂2U

∂y2 + ∂2U
∂z2 + 1

1−2ν

(
∂2V
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)
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∂t2 ;
0 < x < L; y1(x) < y < y2(x); hb(x, y) < z < hs(x, y);

(1)

where (XYZ) is a rectangular coordinate system with the X axis along the central line,
and the Z axis pointing vertically upward; U, V and W are the two horizontal and one
vertical ice displacements, respectively; and ρ is ice density. The geometry of the ice shelf
is assumed to be given by lateral boundary functions y1,2(x) at sides labeled 1 and 2
and functions for the surface and base elevations, hs,b(x, y), denoted by subscripts s and
b, respectively.

The sub-ice water flow is described by the wave equation [1]:

∂2Wb
∂ t2 =

1
ρw

∂

∂ x

(
d0

∂ P′

∂ x

)
+

1
ρw

∂

∂ y

(
d0

∂ P′

∂ y

)
, (2)

where ρw is seawater density; d0(x, y) is the depth of the sub-ice water layer; Wb(x, y, t)
is the vertical deflection of the ice-shelf base and Wb(x, y, t) = W(x, y, hb(x, y), t); and
P′(x, y, t) is the deviation of the sub-ice water pressure from the hydrostatic value.

The boundary conditions to the ice shelf are: (i) a stress-free ice surface; (ii) the
normal stress exerted by seawater at the ice-shelf free edges and at the ice-shelf base; and
(iii) rigidly fixed edges at the grounding line of the ice shelf.

In [51], the linear combination of the boundary conditions was considered. In this
study, the parameters of this combination were taken as α1 = 1 and α2 = 0 (see Equation (3)
in [51,52]).

The boundary conditions to the seawater layer correspond to the frontal incident
wave. They are

(i) → at x = 0 : ∂P′
∂x = 0;

(ii) → at y = y1 , y = y2: ∂P′
∂y = 0;

at x = L: P′ = A0 ρwg eiωt, where A_0 is the amplitude of the incident wave.
The detailed description of the problem set-up is provided in [52].

3. Numerical Experiments

The numerical experiments with forced vibrations were undertaken for a physically
idealized ice shelf with the geometry of a rectangular parallelepiped. In the undeformed
ice shelf, the four edges had coordinates x = 0, x = L, y1 = 0, y2 = B, where L is the
plate length along the X axis and B is the plate width along the Y axis (B = y2 − y1, see
Equation (1)).

The ice plate had only one fixed edge (at x = 0), while the other edges (at x = L,
y1 = 0, y2 = B) were free. This is the special case of an ice shelf that is also known as an
“ice tongue” (e.g., [1]). The intact ice tongue without crevasses was 16 km in longitudinal
extent, 0.8 km width and 100 m thick. The water-layer depth in the case of the intact ice
tongue was a constant value of 100 m.
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The crevasses were considered as rectangular notches into the ice tongue [37]. The
crevasses were located across the ice tongue periodically along the X axis with the spacing
denoted by ∆lcr. The width of the crevasses is denoted by wcr and the penetration depth of
the crevasses is denoted by dcr. Figure 1 shows the cross-section along the centerline of the
crevasse-ridden ice tongue considered in this study.

Figure 1. The crevasse-ridden ice-shelf geometry and the cavity geometry that are considered in the numerical experiments.
Spatial periodicity (∆lcr) of the crevasses is equal to 1 km. The width of the crevasses (wcr) is equal to 500 m, and the
penetration depth (dcr) of the crevasses is equal to 20 m.

The numerical experiments with the crevasse-ridden ice tongue were performed for a
range of the periodicities of the incident wave from 5 s to 250 s. In this range there are two
“band gaps” that can be distinguished in the dispersion spectra for the given parameters of
the crevasse-ridden ice tongue. Figures 2 and 3 show the parts of the spectra in which the
two “band gaps” are observed.

Figure 4 shows the relation between the width of the “band gap” derived from the
model and the depth of the crevasses’ penetration to the ice tongue.
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Figure 2. The dispersion spectra (curves 1–2) and the amplitude spectra (curves 3–4). The ice-shelf length is 16 km, the
width is 0.8 km, and the thickness is 100 m. 1—the dispersion spectrum obtained for the intact ice shelf free of crevasses.
2—the dispersion spectra obtained for the crevasse-ridden ice shelf (dcr = 20 m). Curves 3 and 4 are the amplitude spectra
obtained, respectively, for the intact ice shelf free of crevasses and for the crevasse-ridden ice shelf (dcr = 20 m). Spatial
periodicity of the crevasses is equal to 1 km. Young’s modulus = 9 GPa, Poisson’s ratio ν = 0.33 [53].

Figure 3. The dispersion spectra (curves 1–3) and the amplitude spectra (curves 4–6). The ice shelf length is 16 km, the
width is 0.8 km, and the thickness is 100 m. Curves 1—3 are the dispersion spectra obtained for the crevasse-ridden ice
shelf: 1—dcr = 10 m; 2—dcr = 20 m; 3—dcr = 30 m. Curves 4–6 are the amplitude spectra obtained for the crevasse-ridden
ice shelf: 4—dcr = 10 m; 5—dcr = 20 m; 6—dcr = 30 m where dcr is the crevasses depth. Spatial periodicity of the crevasses
is equal to 1 km. Young’s modulus = 9 GPa, Poisson’s ratio ν = 0.33 [53].
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Figure 4. Band-gap width (the “band gap” is shown in (Figure 3)) versus depth of the crevasse.

4. Discussion

The obtained dispersion spectra are not continuous (Figures 2 and 3). The spectra
reveal intermode spaces that are observed both for the uninjured ice tongue free of crevasses
and for the crevasse-ridden ice tongue. These intermode spaces provide the transition from
n-th mode to (n + 1)-th mode. They coincide with the minima in the amplitude spectrum
(Figures 2 and 3). That is, the ice tongue substantially reduces the incident wave at this
transition.

Moreover, the dispersion spectra reveal the “band gaps” that are the ranges of pe-
riodicities where the modes of the ice tongue vibrations change rapidly (curves 2, 3 in
Figure 5), in opposite to the ranges outside the “band gaps”, where the modes change
continuously (curves 1 and 4 in Figure 5). In the considered range of the forcing (incident
wave) periodicity 5–250 s, which includes ocean swell and infragravity waves [6], there
exist two “band gaps”: at about 6–7 s (Figure 2) and at about 20–24 s (Figure 3). In Figure
2, the “band gap” corresponds to the second Bragg wave (e.g., [45,54]), and the modeled
wavelength is about 1.3 km. In Figure 3, the “band gap” corresponds to the first Bragg
wave, and the modeled wavelength is about 2 km.
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Figure 5. Ice-tongue flexures along the central line obtained at different periodicities of the forcing (T) beside and inside the
first “band gap” (Figure 3). Curves 1 and 4 are the ice-tongue flexures beside the first “band gap”, respectively, obtained at
T = 20.2 s and at T = 21.4 s. Curves 2 and 3 are the ice-tongue flexures inside the first “band gap”, respectively, obtained at
T = 20.6 s and at T = 20.65 s. The crevasses’ depth is equal to 20 m. Spatial periodicity of the crevasses is equal to 1 km.

The overall width of the “band gaps” increases with growth in the crevasse depth
(the effect especially appears for the first “band gap” (Figure 3)) until the crevasses’ depth
achieves the value at which the “band gaps” width reaches the maximum value (Figure 4).
For the first “band gap” (Figure 3), the maximum level of the “band gap” width is about
2.2 s, and this maximum is reached at a crevasse depth of about 30 m (Figure 4).

Essentially, from Figure 3, we can establish that the increase yields the decrease in the
spectral average (in the given range of periodicities) amplitude of the ice-tongue vibrations.
Indeed, in Figure 3 we see that the number of the resonant peaks decreases (in the given
range 10–30 s) when the band-gap width increases. Therefore, the integral

∫ T2
T1

A(T)dT
should decrease (and this decrease means the spectral average amplitude will also decrease)
as the band-gap width rises.

In particular, the values of the spectral average amplitude obtained for the spectral
range in Figure 3 are, respectively, equal to 0.6438 m for curve 4 (dcr = 10 m) and to
0.5307 m for curve 6 (dcr = 30 m) (all in Figure 3).

Moreover, the similar trend can be observed in the exact solutions obtained for some
simpler systems as, for instance, the shallow water channel with the free water surface.

The long gravity waves in the shallow water channel are described by the wave
equation (e.g., [55,56]):

∂2W
∂t2 = gd0

(
∂2W
∂x2 +

∂2W
∂y2

)
; 0 < x < L; y1(x) < y < y2(x); (3)

where W(x, y, t) is the free surface elevation from the nonperturbed water surface in
the channel.

Considering one-dimensional free harmonic vibrations of the gravity wave, which
propagate along the X axis in the channel with the crevasse-ridden bottom (Figure 6),
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after the separation of variables in Equation (3), we obtain the following Sturm–Liouville
Eigenvalue Problem [57]

d2ςi
dx2 + ω2

gdi
ςi = 0; i = 1 . . . N + 1;

dς1
dx

∣∣∣
x=0

= 0; ςi|x=Li
= ςi+1|x=Li

; dςN+1
dx

∣∣∣
x=L

= 0;
(4)

where i is the number of the corresponding section in the channel (Figure 6). These sections
differ in the depth of the water channel, so the lower (d1) and the higher (d2) values of the
depth successively alternate in the channel (Figure 6).

Figure 6. The water channel geometry with the crevasse-ridden bottom, which is considered in the Sturm–Liouville
Eigenvalue Problem (4). The channel length L = 16 km. The water-layer depth h1 = 100 m.

The eigenmodes and the eigenfrequencies in the problem (4) are expressed as [57]{
ς
(n)
i (x) = A(n)

i cos k(n)i x; i = 1 . . . N + 1;

ωn =
π
√

gd1
L n; n = 1, 2, . . . ;

(5)

where A(n)
i is the amplitude of the vibrations in the i-th section (Li−1 < x < Li) of the

channel and k(n)i is the wave number (k(n)i = ωn√
gdi

).

The amplitudes in Equation (5) are expressed as

A(n)
i = A1

cos
(

π
L1
L n
)
· cos

(
π

√
d1
d2

L2
L n

)
·...· cos

(
π

√
d1
d2

Li−1
L n

)
cos
(

π

√
d1
d2

L2
L n

)
· cos

(
π

L1
L n
)
·...· cos

(
π

Li−1
L n

) , i = 2k + 1, k = 1 . . . P;

A(n)
i = A1

cos
(

π
L1
L n
)
· cos

(
π

√
d1
d2

L2
L n

)
·...· cos

(
π

Li−1
L n

)
cos
(

π

√
d1
d2

L2
L n

)
· cos

(
π

L1
L n
)
·...· cos

(
π

√
d1
d2

Li−1
L n

) , i = 2k, k = 1 . . . P;

(6)

where A1 is a given amplitude in the first section (0 < x < L1) and P = N/2 is the quantity
of the crevasses in the bottom (Figure 6).

Figure 7 shows the relationship between the average amplitude of the eigenmodes
defined by Equation (6), and the depth of the crevasses. The average amplitude in Figure 7
was defined as

〈A〉 = 1
n0

∑n0
n=1

1
L ∑N+1

i=1

∣∣∣A(n)
i

∣∣∣(Li − Li−1), (7)

i.e., here the term “average” means both the averaging as across the extension of the
channel as across the spectrum.
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Figure 7. The average normalized amplitude (7) of the gravity waves in the water channel with the crevasse-ridden bottom
(Figure 6) versus the depth of the crevasses. Curves 1–3 were, respectively, obtained for the following periodicities of the
crevasse locations (1) ∆lcr = 1 km; (2) ∆lcr = 2 km; (3) ∆lcr = 4 km. The width of the crevasses wcr was equal to 0.5 km. The
number of eigenmodes n0 in Equation (7) is equal to 200.

The average amplitude (7) rapidly drops with an increase in the crevasse depth and
attains the minimum at dcr ≈ 2 m (Figure 7). Ultimately, the exact solution (6) reveals
relatively high sensitivity with respect to crevasse-depth changes in the range 0–3 m. In
opposite to this behavior, the numerical modeling shows that the water layer beneath the
ice tongue does not reveal the same sensitivity with regard to the crevasse-depth changes
in the range 0–3 m (because the flexural rigidity of the ice tongue is practically unchanged
for this range of the crevasse depth variations and for ice thickness equal to 100 m). In
particular, the “band gaps” do not appear in the spectra when the crevasse depth changes
in the range 0–3 m.

Nevertheless, accounting for the fact that band-gap width causes spectral average
amplitude to decrease, we can say that the growth of the band-gap width reaches toward
its maximum (Figure 4) and will correlate with a reduction of the average amplitude and
a corresponding leveling off of the amplitude at its minimum as in the exact solution (6)
(Figure 7).

5. Conclusions

1. The dispersion spectra that embody the relationships between the wave number and
periodicity (frequency) of the forcing reveal two types of discontinuities. The first type
is the ordinary discretely separated sequence of modes in a regular manner. These
regularly spaced mode separations coincide with the minima in the amplitude spec-
trum. The number of the intermode spaces is approximately equal to the number of
the resonant peaks in the amplitude spectra. The intermode spaces are observed both
for an intact ice tongue free of the crevasses and for the crevasse-ridden ice tongue.
These intermode spaces are caused by the transitions from n-th mode to (n + 1)-th
mode, when the new maximum/minimum is added to the previous n-th mode.

2. The second type of discontinuity observed in the dispersion spectra consists of ranges
of the frequency where no modes occur at all; these ranges are known as “band gaps”
(Freed-Brown et al., 2012). They are observed only for the crevasse-ridden ice tongue.
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In particular, for period range 5–250 s considered in this study, there are two “band
gaps” for the crevasse-ridden ice tongue. The modes of the ice-tongue vibrations
change rapidly inside the “band gaps”, and these changes cause the “band gaps”.
The widths of the “band gaps” depend on the depth of crevasses’ penetration into the
ice. Essentially, the widths increase with crevasse-depth (dcr) growth, and they attain
a maximum at dcr ≈ 30 m in the model (Figure 4).

3. The exact solutions obtained for the shallow water channel with the crevasse-ridden
bottom (Figure 6) likewise reveal that the average amplitude drops as the crevasse-
depth increases. Moreover, the average amplitude attains a minimum at dcr ≈ 2 m
and then the amplitude becomes unchanged by further changes in crevasse depth
(Figure 7). The minimum level of the average amplitude depends on the periodicity
of the crevasses. As the density of crevasses increases (the decrease in the crevasses’
periodicity ∆lcr), the minimum level of average amplitude decreases (Figure 7).

4. The modeling reveals that the increasing band-gap width causes a decrease in the spec-
tral average amplitude of the vibrations in the vicinity of the “band gaps”. Moreover,
band-gap width attains a maximum (Figure 4). Thus, achievement of a maximum in
the band-gap width provides the achievement of the minimum of the spectral average
amplitude of the vibrations in the vicinity of the “band gaps”. These results correlate
with the results derived from the exact solution (6). The exact solution (6) reveals
that the average amplitude of the gravity waves in channel with the crevasse-ridden
bottom drops and attains a minimum (Figure 7).
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