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Abstract: This study exploits the Touvia Miloh oblate spheroid theorem with a special focus
on hydrodynamical applications. The theorem provides explicit relations that express the oblate
spheroidal harmonics, given in terms of the fundamental solutions of the Laplace equation. Here,
the theorem is employed to transform the underlying Green’s function into the relevant coordinate
system and, consequently, to formulate the diffraction potential. The case considered refers to the
axisymmetric placement of the spheroid, namely, symmetrical axis perpendicular to the free surface.
The mathematical formulations have been implemented numerically providing exceptionally accurate
computations, which manifests the consistency and robustness of the relevant formulas.

Keywords: image singularities; Miloh theorem; oblate spheroids; Green’s function; sources;
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1. Introduction

The image system of singularities in oblate spheroidal coordinates mirrors an arbitrary exterior
potential within a triaxial oblate spheroid. Briefly, it provides a singular (within the spheroid) oblate
spheroidal harmonic in terms of the fundamental solution of the Laplace equation to the exterior of
the spheroid. The relevant formula, provided that is available, is of paramount importance, since it
allows the analytic elaboration of three-dimensional boundary value problems associated with the
concerned geometry. In fact, the task undertaken herein is focused on a relevant challenge, namely, the
solution of the hydrodynamic diffraction problem by fully immersed oblate spheroids, in a liquid field
of infinite depth and under the action of monochromatic incident waves.

Relevant efforts on image singularity systems in orthotropic geometries started in the 40s and 50s
with the sphere theorem [1–3]. In addition, Hobson [4] provided an expression for spherical harmonics
in terms of singularities (sources, doublets, or multipoles) at the center of the sphere. Image singularities
of spheroidal shapes were considered by Havelock [5], who developed an integro-differential operator
for the ultimate image singularity system of the prolate spheroid, without, however, a proof for the
theorem. The proof was accordingly given by Miloh [6], who showed the validity of Havelock’s [5]
prolate spheroid theorem. The concerned theorem was accordingly employed in a series of studies by
Chatjigeorgiou and Miloh [7–11], who tackled both diffraction/radiation and wave resistance problems
by immersed prolate spheroids and in particular the non-axisymmetric case, where the spheroid’s
axisymmetric axis is parallel to the undisturbed free surface. Miloh’s [6] study was extended to
consider the ultimate image singularity systems by triaxial ellipsoids for both sources and doublets.
The relevant formulas, however, were never rigorously employed to realistic boundary value problems
involving ellipsoids, with the only exception being the preliminary study of Chatjigeorgiou et al. [12].
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A major drawback in that respect is the lack of an explicit formula to expand exponents into series of
ellipsoidal harmonics (products of Lamé functions), while the numerical approximation appears to
be problematic.

Although ultimate image singularity system theorems indeed exist for spheres, prolate spheroids,
and ellipsoids involving the associated harmonics, there was a lack of information regarding the oblate
spheroid case. Only recently Chatjigeorgiou [13] reported in his book on analytical hydrodynamics, a
relevant theorem including the proof given by Miloh himself. Nevertheless, this theorem was never
implemented for a realistic boundary value problem involving solids of oblate spheroidal geometry.
This glitch is remediated herein.

Here, we implement for the first time the oblate ultimate image singularity theorem, developed
by Miloh himself and reported by Chatjigeorgiou [13], for a spheroid, immersed in a liquid field of
infinite depth. Only the axisymmetric case is considered, i.e., the axis of symmetry is perpendicular
to the free surface, and, accordingly, the asymmetric case of the theorem (and the proof) is omitted
for brevity. The corresponding formula is, then, employed to transform the fundamental Green’s
function that governs the hydrodynamic boundary value problem in order to obtain the auxiliary
multipoles and construct the diffraction potentials. The unknown expansion coefficients of these
functions are obtained by employing the velocity conditions on the surface of the solid. Simple,
compact formulas are accordingly obtained for the hydrodynamic exciting loads. Also, comparisons
are made with calculations obtained using the respected Boundary Integral Equation code WAMIT [14]
and remarkable coincidence is observed.

The derivation of an efficient methodology for the analytic elaboration of relevant hydrodynamic
problems is extremely important as it ensures the realization of numerical computations in practically
‘no time’. The same methodology can be further extended and utilized for semi-immersed spheroids
or groups of simultaneously operating (and interacting) solids. The importance of the latter capability
is paramount as oblate spheroids are very promising as wave energy converters.

2. Oblate Spheroidal Coordinates

Here, we provide the basic notations that will be used throughout this study. Figure 1 shows the
geometry of an oblate spheroid. In the case study of the hydrodynamic applications, the vertical z-axis
of symmetry will be assumed perpendicular to the undisturbed free surface. This case of placement is
referred to as the case of symmetry, since it is connected with symmetrical (with respect to z) flow around
the solid. The transformation between Cartesian and oblate spheroidal coordinates reads (e.g., [15]):

x = c cosh u sinθ cosψ, (1)

y = c cosh u sinθ sinψ, (2)

z = csinhu cosθ, (3)

where 0 ≤ u < ∞, 0 ≤ θ ≤ π, 0 ≤ ψ ≤ 2π and c is the half-distance between the foci given by
c =
√

a2 − b2, where a, b denote the semi-major and the semi-minor axes of the spheroid, respectively.
Using ξ = sinhu and µ = cosθ one gets:

x + iy = c
√
(1 + ξ2)(1− µ2)eiψ, z = cµξ, R = c

√
(1 + ξ2)(1− µ2) (4)
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Figure 1. An oblate spheroid with centers on (𝑥, 𝑦, 𝑧) = (0,0,0) and semi-major axis 𝑎 = 2 and 
semi-minor axis 𝑏 = 0.5. 

3. Ultimate Image Singularities in Oblate Spheroidal Coordinates 

The so-call image singularity system in the associated coordinates provides an external 
spheroidal harmonic in terms of the fundamental solution of the Laplace equation. Having achieved 
that, it is feasible to transform the underlying Green’s function, which governs the investigated 
boundary value problem, into the concerned coordinates. The analysis that follows starts with the 
theorem that delivers the general expression of an external oblate spheroidal harmonic. Here, we 
consider only the symmetrical case with respect to 𝑧. 

The theorem that proves the expression sought, for both symmetry and asymmetry, can be 
found in a recent book of the first author of this paper [13]. 

Theorem 1. An even (in 𝑧) external oblate spheroidal harmonic may be generated by source distribution over 
the fundamental disk of the spheroid as: 

𝑄 (𝑖𝜉)𝑃 (𝜇) cos 𝑚𝜓 = (−1)2𝜋𝑃 (𝑖0) (𝑛 + 𝑚)!(𝑛 − 𝑚)! 𝑃 (𝜇 ) cos 𝑚𝜓(𝑥 − 𝑥 ) + (𝑦 − 𝑦 ) + 𝑧 𝑑𝜇 𝑑𝜓 ,   (5) 

where 𝑃  and 𝑄  are the associate Legendre functions of the first and the second kind, respectively, and 𝑛 −𝑚 is even as required by the symmetrical (in 𝑧) case. Note that the argument of 𝑄  is imaginary, while (𝑥, 𝑦, 𝑧) and (𝑥 , 𝑦 , 𝑧 ) are respectively the coordinates of the source point 𝑃 and the field point 𝑄; the 
corresponding oblate spheroidal coordinates are (𝜉, 𝜇, 𝜓) and (𝜉 , 𝜇 , 𝜓 ). 

Proof of the Theorem 1. We, initially, provide, without a proof, the expansion in oblate spheroidal 
harmonics of the inverse of the distance between the source point 𝑃(𝑥, 𝑦, 𝑧) and the field point 𝑄(𝑥 , 𝑦 , 𝑧 ) that is coined 𝑅 . Clearly, this distance reads: 𝑅 = (𝑥 − 𝑥 ) + (𝑦 − 𝑦 ) + (𝑧 − 𝑧 )  (6) 

and is transformed into spheroidal coordinates (𝜉, 𝜇, 𝜓) according to 1𝑅 = 𝜀 (−1) (2𝑛 + 1) (𝑛 − 𝑚)! (𝑛 + 𝑚)! 𝑃 (𝑖0)𝑃 (𝜇 )𝑄 (𝑖𝜉)𝑃 (𝜇) cos 𝑚(𝜓 − 𝜓 ) (7) 

where 𝜀 = 1 and 𝜀 = 2, 𝑚 = 1,2, …, while it was assumed that 𝑐 = 1, which implies that the 
geometry of the spheroid is fully determined by the slenderness 𝑎 𝑏⁄ . In Equation (7), 𝑃 (𝜂) =𝑒 ⁄ 𝑃  (𝜂 𝑖0) (Equation (8.3.2) in [16]) and, therefore, 𝑃 (𝑖0) 0 (Equation (8.6.1) in [16]) only 
if 𝑛 − 𝑚 is even, which is the case considered herein. 

Figure 1. An oblate spheroid with centers on (x, y, z) = (0, 0, 0) and semi-major axis a = 2 and
semi-minor axis b = 0.5.

3. Ultimate Image Singularities in Oblate Spheroidal Coordinates

The so-call image singularity system in the associated coordinates provides an external spheroidal
harmonic in terms of the fundamental solution of the Laplace equation. Having achieved that, it is
feasible to transform the underlying Green’s function, which governs the investigated boundary
value problem, into the concerned coordinates. The analysis that follows starts with the theorem that
delivers the general expression of an external oblate spheroidal harmonic. Here, we consider only the
symmetrical case with respect to z.

The theorem that proves the expression sought, for both symmetry and asymmetry, can be found
in a recent book of the first author of this paper [13].

Theorem 1. An even (in z) external oblate spheroidal harmonic may be generated by source distribution over
the fundamental disk of the spheroid as:

Qm
n (iξ)P

m
n (µ) cos mψ =

(−1)m

2πPm
n (i0)

(n + m)!
(n−m)!

2π∫
0

1∫
0

Pm
n (µ

′) cos mψ′√
(x− x′)2 + (y− y′)2 + z2

dµ′dψ′, (5)

where Pm
n and Qm

n are the associate Legendre functions of the first and the second kind, respectively, and n−m is
even as required by the symmetrical (in z) case. Note that the argument of Qm

n is imaginary, while (x, y, z) and
(x′, y′, z′) are respectively the coordinates of the source point P and the field point Q; the corresponding oblate
spheroidal coordinates are (ξ,µ,ψ) and (ξ′,µ′,ψ′).

Proof of the Theorem 1. We, initially, provide, without a proof, the expansion in oblate spheroidal
harmonics of the inverse of the distance between the source point P(x, y, z) and the field point
Q(x′, y′, z′) that is coined RPQ. Clearly, this distance reads:

RPQ =

√
(x− x′)2 + (y− y′)2 + (z− z′)2 (6)

and is transformed into spheroidal coordinates (ξ,µ,ψ) according to

1
RPQ

=
∞∑

n=0

n∑
m=0

εm(−1)m(2n + 1)
[
(n−m)!
(n + m)!

]2

Pm
n (i0)P

m
n (µ

′)Qm
n (iξ)P

m
n (µ) cos m(ψ−ψ′) (7)
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where ε0 = 1 and εm = 2, m = 1, 2, . . ., while it was assumed that c = 1, which implies that the geometry
of the spheroid is fully determined by the slenderness a/b. In Equation (7), Pλν (η) = e±iλπ/2Pλν (η± i0)
(Equation (8.3.2) in [16]) and, therefore, Pm

n (i0) , 0 (Equation (8.6.1) in [16]) only if n−m is even, which
is the case considered herein.

The analysis continues with the expression that generates the external oblate spheroidal harmonic
by the source distribution over the fundamental disk

(
S0; x2 + y2

≤ 1, z = 0
)
. This reads as:

Qm
n (iξ)P

m
n (µ) cos mψ =

1
2π

∫
S0

σ(ρ′,ψ′)
RPQ

dS0, dS0 = ρ′dρ′dψ′, (8)

where σ(ρ′,ψ′) denotes the source distribution over S0 given by

σ(ρ′,ψ′) =
∞∑

k=0

k∑
l=0

CklPl
k(λ)

cos lψ′

λ
, λ2 = 1− ρ′2 (9)

where Ckl are the unknown coefficients to be determined. The sources are distributed uniformly over
the ‘unit’ disk 0 ≤ ρ′ ≤ 1. Accordingly, Equations (7) and (9) are substituted into Equation (8) to obtain:

Qm
n (iξ)Pm

n (µ) cos mψ

= 1
2π

∞∑
s=0

s∑
t=0

∞∑
k=0

k∑
l=0

Cklεt(−1)t(2s + 1)
[
(s−t)!
(s+t)!

]2

×Pt
s(i0)Pt

s(µ)Qt
s(iξ)

2π∫
0

cos lψ′ cos t(ψ−ψ′)dψ′

×

1∫
0

Pt
s(µ
′)Pl

k

(√
1−ρ′2

)
ρ′dρ′

√
1−ρ′2

.

(10)

The cosine functions are orthogonal in [0, 2π] and, consequently, Equation (10) is reduced to:

Qm
n (iξ)Pm

n (µ) cos mψ

=
∞∑

k=0

k∑
l=0

∞∑
s=0

Ckl(−1)l(2s + 1)
[
(s−l)!
(s+l)!

]2

×Pl
s(i0)Pl

s(µ)Ql
s(iξ) cos lψ

1∫
0

Pl
s(µ
′)Pl

k

(√
1−ρ′2

)
ρ′dρ′

√
1−ρ′2

.

(11)

When ρ′2 = 1− µ′2 we have:

1∫
0

Pl
s(µ
′)Pl

k

(√
1− ρ′2

)
ρ′dρ′√

1− ρ′2
= −

1∫
0

Pl
s(µ
′)Pl

k(µ
′)dµ′, (12)

while due to being orthogonal, the right-hand side integral becomes:

1∫
0

Pl
s(µ
′)Pl

k(µ
′)dµ′ =

1
2k + 1

(k + l)!
(k− l)!

δsk. (13)

where δsk is the Kroneker’s delta function. By invoking Equations (12) and (13), Equation (11) is
reduced to:
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Qm
n (iξ)P

m
n (µ) cos mψ = −

∞∑
k=0

k∑
l=0

Ckl(−1)l (k− l)!
(k + l)!

Pl
k(i0)P

l
k(µ)Q

l
k(iξ) cos lψ , (14)

which yields an identity if

Ckl(−1)l+1Pl
k(i0)

(k− l)!
(k + l)!

= δknδlm. (15)

Substituting Equation (15) into the source distribution (Equation (9)) and next into the harmonic
(Equation (8)), one gets the sought expression (Equation (5)). This completes the proof of the image
singularity theorem in oblate spheroidal harmonics. �

4. Hydrodynamic Diffraction—The Multipoles of Green’s Function

We are concerned with the linear hydrodynamic diffraction problem by an oblate spheroid, with
its center placed at a distance f below the undisturbed free surface that bounds from above a liquid
field of infinite depth. Within the realm of the linear potential theory, the velocity and pressure fields
are governed by the linear velocity potential:

Φ(x, y, z, t) = Re
[
φ(x, y, z)e−iωt

]
, (16)

where ω is the frequency of the incoming waves and t is the time. The spatial component φ(x, y, z)
should satisfy the following boundary value problem:

∇
2φ = 0 , (17)

in the entire fluid domain,

Kφ+
∂φ

∂z
= 0 , (18)

on the undisturbed free surface, i.e., at z = 0, and

∂φ

∂n
= 0 , (19)

on the wet surface of the solid, where n denotes the unit normal on that surface pointing to the fluid
domain. Equation (17) is the Laplace equation, Equation (18) is the free-surface condition, while
Equation (19) is the Neumann condition on the surface of the solid. In addition, K = ω2/g, where g is
the gravitational acceleration. The free-surface condition assumes that z is pointing in the direction
of gravity. In addition to Equations (17)–(19), φ→ 0 as z→∞ , while the velocity potential should
comply with the far-field radiation condition for outgoing waves at infinity.

The diffraction component, φD, of the total velocity potential φ, will be constructed using the
underlying Green’s function associated with the particular boundary value problem. The concerned
Green’s function reads (see e.g., [7–11]) as:

G(x, y, z) =
1√

x2 + y2 + (z− f )2
−

1
2π

∞∫
0

π∫
−π

K + k
K − k

e−k(z+ f )+ik(x cos a+y sin a)dadk, (20)

and clearly satisfies the Laplace equation and the free-surface condition, while, furthermore, it complies
with the far-field condition for infinite water depth.
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The multipoles of the Green’s function (auxiliary potentials) Gm
n (x, y, z) are obtained by employing

the image singularity system theorem of Equation (5), directly in Equation (20). In particular, we
may write:

Gm
n (x, y, z) =

(−1)m

2πPm
n (i0)

(n + m)!
(n−m)!

2π∫
0

1∫
0

G(x− x′, y− y′, z)Pm
n (µ

′) cos mψ′dµ′dψ′, (21)

with x′ + iy′ = c
(
1− µ′2

)1/2
eiψ′ . Substituting Equation (20) into Equation (21) and using Equation (5)

it follows that:
Gm

n (x, y, z) = Qm
n (iξ)Pm

n (µ) cos mψ

−
(−1)m

(2π)2Pm
n (i0)

(n+m)!
(n−m)!

∞∫
0

π∫
−π

K+k
K−k e−2k f ekz∗+ik(x cos a+y sin a)

×

2π∫
0

1∫
0

e−ik(x′ cos a+y′ sin a)Pm
n (µ

′) cos mψ′dµ′dψ′dadk,

(22)

where z∗ is the vertical coordinate, fixed on the center of the spheroid, pointing upwards (towards
the free surface). The next step is to transform the exponential term(s) into a spheroidal coordinate
representation. To this end, we initially use the expansion in prolate spheroidal coordinates shown
by Farell [17], which, for the axisymmetric case, i.e., for a symmetrical axis perpendicular to the free
surface, reads as:

ekz∗+ik(x cos a+y sin a) =
∞∑

s=0

s∑
t=0

Ht
s(kc)(cos tψ cos ta + sin tψ sin ta)Pt

s(µ)P
t
s(ζ), (23)

where

Ht
s(kc) = i−tεt

(s− t)!
(s + t)!

(2s + 1)

√
π

2kc
Is+1/2(kc). (24)

For the prolate spheroid case ζ = cosh u. In Equation (24), Is+1/2 denotes the modified Bessel
function of the first kind with fractional order s + 1/2. Equation (23) is transformed into oblate
spheroidal coordinates by replacing ζ by iξ and c by −ic, which yields:

ekz∗+ik(x cos a+y sin a) =
∞∑

s=0

s∑
t=0

St
s(kc)(cos tψ cos ta + sin tψ sin ta)Pt

s(µ)P
t
s(iξ), (25)

where

St
s(kc) = (−1)sis−tεt

(s− t)!
(s + t)!

(2s + 1)

√
π

2kc
Js+1/2(kc). (26)

and Js+1/2 denotes the Bessel function of the first kind with fractional order s + 1/2. The exponential
term exp[−ik(x′ cos a + y′ sin a)] that occurs in Equation (22) is calculated precisely on the fundamental
disk and assumes ξ′ = 0. This term is written as:

e−ik(x′ cos a+y′ sin a) =
∞∑

s=0

s∑
t=0

Ct
s(kc)(cos tψ′ cos ta + sin tψ′ sin ta)Pt

s(µ
′)Pt

s(i0), (27)

where

Ct
s(kc) = (−1)s+tis−tεt

(s− t)!
(s + t)!

(2s + 1)

√
π

2kc
Js+1/2(kc). (28)
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Substituting Equations (25)–(28) into Equation (22) and performing the integrations, we obtain after
laborious mathematical manipulations, the following form for the multipoles of the Green’s function:

Gm
n (iξ,µ,ψ) = Qm

n (iξ)P
m
n (µ) cos mψ+

∞∑
s=0

s∑
t=0

Emt
ns Pt

s(µ)P
t
s(iξ) cos mψ. (29)

where
Emt

ns = − 1
4c (−1)n+sin+s−m−t 2π

εm
εt

(n+m)!
(n−m)!

(s−t)!
(s+t)! (2s + 1)δtm

×

∞∫
0

K+k
K−k e−2k f 1

k Jn+1/2(kc)Js+1/2(kc)dk.
(30)

Equation (29) has not yet satisfied the far-field radiation condition. This is achieved by expressing
the improper infinite integral in the Cauchy Principal Value sense and taking (Equation (13.17) in [18]):

∞∫
0

F(k)
K − k

dk = PV

∞∫
0

F(k)
K − k

dk− iπF(K), (31)

which transforms the coefficients of Equation (30) into

Emt
ns = − 1

4c (−1)n+sin+s−m−t 2π
εm
εt

(n+m)!
(n−m)!

(s−t)!
(s+t)! (2s + 1)δtm

×

PV
∞∫
0

K+k
K−k e−2k f 1

k Jn+1/2(kc)Js+1/2(kc)dk

−2iπe−2K f Jn+1/2(Kc)Js+1/2(Kc)
] (32)

Having obtained the auxiliary potentials Gm
n , the diffraction potential is constructed according to:

φD = −i
gA
ω

e−K f
∞∑

s=0

s∑
t=0

At
sG

t
s(iξ,µ,ψ), (33)

where A is the linear amplitude of the incoming waves and At
s are the unknown expansion coefficients

associated with φD. The incident wave component,

φI = −i
gA
ω

e−K f eKz∗+iK(x cos β+y sin β), (34)

is also expanded into oblate spheroidal harmonics using Equation (25). Here, β denotes the angle
of heading with respect to the horizontal x-axis, which can be assumed to be equal to zero due to
symmetry (in z). The total velocity potential, for the diffraction problem reads φ = φI + φD and the
Neumann condition (Equation (19)) becomes:

∂φD

∂ξ
= −

∂φI

∂ξ
, ξ = ξ0, −1 ≤ µ ≤ 1, 0 ≤ ψ ≤ 2π (35)

where ξ0 = tanh−1(b/a). Substituting Equation (25) into Equation (34) and Equation (29) into
Equation (33) and, then, the resulting relations into Equation (35), we obtain, after employing the
relations of orthogonality for both the trigonometric and the associate Legendre functions, the following
linear system in terms of the unknown expansion coefficients At

s:

At
s +

∞∑
n=0

n∑
m=0

Am
n Emt

ns

.
P

t
s(iξ0)

.
Q

t
s(iξ0)

= −Bt
s

.
P

t
s(iξ0)

.
Q

t
s(iξ0)

, (36)
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where Bt
s is given by

Bt
s = (−1)sis−tεt

(s− t)!
(s + t)!

(2s + 1)

√
π

2Kc
Js+1/2(Kc) (37)

while the dots denote differentiation with respect to the argument. The system of Equation (36) can
be solved using standard methods of linear algebra and should be truncated up to the degree that
ensures the desirable accuracy. Typically, the method converges quite fast using only a small number
of modes (eigenfunctions).

5. Hydrodynamic Loading on the Spheroid

The linear hydrodynamic forces exerted on the spheroid are obtained by direct pressure integration
on the wetted surface, S, namely:

Fi = −iωρ
∫
S

(φI + φD)nidS, i = 1, 3, 5 (38)

where the indices 1, 3 and 5 denote the surge force, the heave force, and the pitch moment, respectively,
for β = 0. All other loading components are zero due to symmetry. In Equation (38), ni are the unit
normals in the concerned direction, which read:

n1 =
b sinθ cosψ(

a2 cos2 θ+ b2 sin2 θ
)1/2

=
ξ0

(
1− µ2

)1/2
cosψ(

ξ2
0 + µ2

)1/2
= −

ξ0P1
1(µ) cosψ(

ξ2
0 + µ2

)1/2
(39)

n3 =
a cosθ(

a2 cos2 θ+ b2 sin2 θ
)1/2

=
(ξ0 + 1)1/2µ(
ξ2

0 + µ2
)1/2

=
(ξ0 + 1)1/2P0

1(µ)(
ξ2

0 + µ2
)1/2

(40)

n5 =
cµ

(
1− µ2

)1/2
cosψ(

ξ2
0 + µ2

)1/2
= −

1
3

cP1
2(µ) cosψ(
ξ2

0 + µ2
)1/2

(41)

The differential area on the spheroid is:

dS = a sinθ
(
a2 cos2 θ+ b2 sin2 θ

)1/2
dθdψ = c2(ξ0 + 1)1/2

(
ξ2

0 + µ2
)1/2

dµdψ (42)

The final relations that provide the forcing terms are:

Fx

ρgAa2 = −
8π
3

b
a

e−K f 1
ξ2

0 + 1

A1
1

.
P

1
1(iξ0)

(43)

Fz

ρgAa2 =
4π
3

e−K f 1
ξ2

0 + 1

A0
1

.
P

0
1(iξ0)

(44)

My

ρgAa3 = −
24π

5
c3

a3 e−K f 1(
ξ2

0 + 1
)1/2

A1
2

.
P

1
2(iξ0)

(45)

Clearly, we have changed the notation for the surge, heave forces, and the pitching moment to Fx,
Fz, and My, respectively. For the derivation of the compact forms of Equations (43)–(45), we employed
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in the products of integration (Equation (38)) the linear system expressed through Equation (36) and
the following Wronskian determinant (Equation (5.314) in [13]):

.
Q

m
n (iξ)P

m
n (iξ) −

.
P

m
n (iξ)Q

m
n (iξ) =

(−1)m

ξ2
0 + 1

(n + m)!
(n−m)!

(46)

6. Results and Discussion

The methodology outlined above can be effectively employed for the limiting case of the sphere,
letting a/b ∼ 1. Here, the sphere case was approximated letting a/b = 1.001, while relevant calculations
are provided in Figure 2. Two non-dimensional immersions are considered, namely, f /a = 1.5 and
f /a ∼ 1. The latter case implies a sphere that nearly touches the free surface. The depicted results

for the former immersion coincide magnificently with those reported by Linton [19]. Linton’s results
have been omitted for better display. The latter limiting case f /a ∼ 1, demonstrates a peculiar
behavior for the exciting forces, which is characterized by local minimizations along the frequency
interval considered.

Figures 3 and 4 examine two randomly selected cases of immersed spheroids subjected to regular
wave action. The slenderness and immersion are mentioned in the captions. All loading components are
considered and comparisons are made with the respected code WAMIT [14]. It is immediately apparent
that the comparisons are extremely favorable as the depicted curves are practically indistinguishable.
The forcing coefficients increase progressively to a maximum and accordingly, they asymptote to zero
for very large wave frequencies. The peak of the pitch moment occurs at slightly larger Ka.J. Mar. Sci. Eng. 2019, 7, x FOR PEER REVIEW 9 of 13 
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Figure 2. Magnitudes of the hydrodynamic loading acting on an oblate spheroid that approximates a
sphere a/b ∼ 1 immersed at f /a ∼ 1 and f /a = 1.5. The sphere is subjected to regular wave action.
Solid line: surge force f /a ∼ 1; dashed line: heave force f /a ∼ 1; chained line: surge force f /a = 1.5;
dotted line: heave force f /a = 1.5.
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Figure 3. Magnitudes of the hydrodynamic loading acting on an oblate spheroid b/a = 0.8 immersed
at f /a = 1 and subjected to regular wave action. The symbols denote the results obtained using
WAMIT [14].

The normalized real and imaginary parts of the force components depicted in Figure 3 are listed
in Tables 1–3. The tables show the convergence sequence for three different number of modes, n = 5, 8
and 11, that define the truncation assumed for the calculations. Clearly, the analytical methodology
converges very fast, using only n = 5 modes, while the use of n = 11 modes ensures a convergence
up to the fourth decimal point for nearly the entire investigated interval of the normalized wave
frequencies and for all forcing terms.J. Mar. Sci. Eng. 2019, 7, x FOR PEER REVIEW 10 of 13 
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Figure 4. Magnitudes of the hydrodynamic loading acting on an oblate spheroid b/a = 0.9 immersed
at f /a = 2.5 and subjected to regular wave action. The symbols denote the results obtained using
WAMIT [14]. The pitch moments have been multiplied by 10 for display purposes.
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Table 1. Convergence sequence of the computations in terms of the real and imaginary parts of the
normalized surge force Fx/ρgAa2 for different mode numbers. Slenderness of the oblate spheroid is
b/a = 0.8 with an immersion of f /a = 1.0. The normalization is that of Equation (43).

Ka
Re(Fx) Im(Fx) Re(Fx) Im(Fx) Re(Fx) Im(Fx)

n=5 n=8 n=11

0.1 0.45956 0.00048 0.45958 0.00048 0.45958 0.00048
0.2 0.84700 0.00600 0.84700 0.00600 0.84700 0.00600
0.3 1.17229 0.02392 1.17238 0.02392 1.17238 0.02392
0.4 1.43940 0.05986 1.43955 0.05987 1.43955 0.05987
0.5 1.64865 0.11567 1.64874 0.11569 1.64874 0.11569
0.6 1.79919 0.18896 1.79923 0.18897 1.79923 0.18897
0.7 1.89206 0.27403 1.89210 0.27405 1.89210 0.27405
0.8 1.92930 0.36258 1.92939 0.36262 1.92939 0.36262
0.9 1.91660 0.44603 1.91681 0.44616 1.91681 0.44616
1.0 1.86231 0.51724 1.86270 0.51758 1.86271 0.51758
1.5 1.29193 0.60619 1.29221 0.60940 1.29221 0.60942
2.0 0.75105 0.42196 0.74870 0.42538 0.74864 0.42546
2.5 0.41204 0.23062 0.40948 0.23288 0.40938 0.23294
3.0 0.21071 0.10926 0.20807 0.11149 0.20800 0.11152
3.5 0.09238 0.04331 0.08899 0.04503 0.08895 0.04504
4.0 0.02512 0.01056 0.02061 0.01011 0.02059 0.01011
4.5 −0.00129 −0.00043 −0.00738 −0.00123 −0.00741 −0.00330
5.0 −0.01371 −0.00355 −0.02090 −0.00835 −0.02094 −0.00848

Table 2. Convergence sequence of the computations in terms of the real and imaginary parts of the
normalized heave force Fz/ρgAa2 for different mode numbers. Slenderness of the oblate spheroid is
b/a = 0.8 with an immersion of f /a = 1.0. The normalization is that of Equation (44).

Ka
Re(Fz) Im(Fz) Re(Fz) Im(Fz) Re(Fz) Im(Fz)

n=5 n=8 n=11

0.1 −0.00149 0.57292 −0.00149 0.57298 −0.00149 0.57299
0.2 −0.01956 1.08375 −0.01956 1.08378 −0.01956 1.08378
0.3 −0.08213 1.54201 −0.08218 1.54237 −0.08218 1.54237
0.4 −0.21410 1.93302 −0.21426 1.93364 −0.21426 1.93365
0.5 −0.42058 2.22263 −0.42075 2.22301 −0.42076 2.22301
0.6 −0.67432 2.37560 −0.67443 2.37574 −0.67443 2.37575
0.7 −0.92539 2.38439 −0.92552 2.38450 −0.92552 2.38450
0.8 −1.12140 2.23228 −1.12169 2.27246 −1.12169 2.27246
0.9 −1.23682 2.08709 −1.23752 2.08735 −1.23752 2.08735
1.0 −1.27467 1.87423 −1.27604 1.87446 −1.27604 1.87446
1.5 −0.91534 1.01712 −0.92016 1.01388 −0.92019 1.01386
2.0 −0.49609 0.56508 −0.49885 0.55967 −0.49892 0.55953
2.5 −0.23808 0.31081 −0.23947 0.30711 −0.23950 0.30694
3.0 −0.10085 0.15316 −0.10217 0.15005 −0.10218 0.14996
3.5 −0.03215 0.05613 −0.03254 0.05262 −0.03254 0.05259
4.0 0.00017 −0.00033 0.00268 −0.00453 0.00269 −0.00455
4.5 0.00699 −0.01766 0.01229 −0.02354 0.01236 −0.02355
5.0 0.00756 −0.02503 0.01495 −0.03211 0.01515 −0.03212
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Table 3. Convergence sequence of the computations in terms of the real and imaginary parts of the
normalized pitch moment My/ρgAa3 for different mode numbers. Slenderness of the oblate spheroid
is b/a = 0.8 with an immersion of f /a = 1.0. The normalization in that of Equation (45).

Ka
Re(My) Im(My) Re(My) Im(My) Re(My) Im(My)

n=5 n=8 n=11

0.1 0.00667 0.00001 0.00668 0.00001 0.00668 0.00001
0.2 0.02038 0.00014 0.02038 0.00014 0.02038 0.00014
0.3 0.03954 0.00081 0.03956 0.00081 0.03956 0.00081
0.4 0.06261 0.00260 0.06266 0.00261 0.06266 0.00261
0.5 0.08798 0.00617 0.08801 0.00618 0.08802 0.00618
0.6 0.11400 0.01197 0.11402 0.01198 0.11402 0.01198
0.7 0.13920 0.02016 0.13921 0.02016 0.13921 0.02016
0.8 0.16201 0.03045 0.16203 0.03045 0.16203 0.03045
0.9 0.18122 0.04217 0.18126 0.04219 0.18126 0.04219
1.0 0.19620 0.05449 0.19631 0.05455 0.19631 0.05455
1.5 0.21157 0.09927 0.21215 0.10005 0.21215 0.10005
2.0 0.17479 0.09820 0.17491 0.09937 0.17491 0.09941
2.5 0.13150 0.07360 0.13107 0.07454 0.13107 0.07458
3.0 0.09359 0.04853 0.09280 0.04973 0.09279 0.04975
3.5 0.06395 0.02998 0.06272 0.03174 0.06271 0.03175
4.0 0.04045 0.01700 0.03870 0.01897 0.03868 0.01900
4.5 0.02394 0.00803 0.02176 0.00963 0.02173 0.00967
5.0 0.01389 0.00359 0.01119 0.00447 0.01116 0.00452

7. Conclusions

This study employed the Touvia Miloh theorem on image singularity systems of oblate spheroids
with a special focus on hydrodynamical applications. The analysis is conducted in the Laplace
domain and accordingly Miloh’s theorem, aside from hydrodynamics, could have substantial
applications in relevant fields, such as electromagnetics, electrostatics, optics, acoustics, etc. Here,
Miloh’s theorem was applied to solve the hydrodynamic diffraction problem by submerged oblate
spheroids having the symmetrical axis perpendicular to the undisturbed free surface (axisymmetric
placement). Miloh’s theorem provides rigorous relations for the external spheroidal harmonics,
expressed in terms of the fundamental solutions of the Laplace equation. This allows the transformation
of the underlying Green’s function in order to be expressed in terms of the governing harmonics
and, consequently, to formulate properly the diffraction component of the total velocity potential.
The numerical implementation of the mathematical formulations showed, beyond any doubt, the
accuracy, reliability, and robustness of the relevant formulas.

Author Contributions: Conceptualization, I.K.C.; methodology, I.K.C. and E.L.; software, I.K.C., E.A. and E.L.;
validation, E.L. and N.M.; investigation, I.K.C., E.L., E.A. and N.M.; writing—original draft preparation, I.K.C.;
writing—review and editing, E.L. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Weiss, P. On hydrodynamic images; Arbitrary irrotational flow disturbed by a sphere. Proc. Camb. Philos. Soc.
1944, 40, 259–261. [CrossRef]

2. Butler, S.F.T. A note on Stokes stream function for motion with a spherical boundary. Proc. Camb. Philos. Soc.
1953, 49, 169–174. [CrossRef]

3. Ludford, G.S.S.; Martinek, J.; Yeh, G.C.K. The sphere theorem in potential theory. Proc. Camb. Philos. Soc.
1955, 51, 393–398. [CrossRef]

4. Hobson, E. The Theory of Spherical and Ellipsoidal Harmonics; Cambridge University Press: Cambridge, UK, 1931.

http://dx.doi.org/10.1017/S0305004100018430
http://dx.doi.org/10.1017/S030500410002822X
http://dx.doi.org/10.1017/S0305004100030346


J. Mar. Sci. Eng. 2020, 8, 32 13 of 13

5. Havelock, T.H. The moment on a submerged solid of revolution moving horizontally. Q. J. Mech. Appl. Math.
1952, 5, 129–136. [CrossRef]

6. Miloh, T. The ultimate image singularities for external ellipsoidal harmonics. Siam J. Appl. Math. 1964, 26,
334–344. [CrossRef]

7. Chatjigeorgiou, I.K.; Miloh, T. Wave scattering of spheroidal bodies bellow a free surface. J. Ship Res. 2013,
57, 141–154. [CrossRef]

8. Chatjigeorgiou, I.K.; Miloh, T. Free-surface hydrodynamics of a submerged prolate spheroid in infinite water
depth based on the method of multipole expansions. Q. J. Mech. Appl. Math. 2014, 67, 525–552. [CrossRef]

9. Chatjigeorgiou, I.K.; Miloh, T. Hydrodynamics of submerged prolate spheroids advancing under waves:
Wave diffraction with forward speed. J. Fluids Struct. 2014, 49, 202–222. [CrossRef]

10. Chatjigeorgiou, I.K.; Miloh, T. Hydrodynamic wave resistance and diffraction problems of submerged prolate
spheroids based on a Green’s function image singularities method. Eur. J. Mech. B Fluids 2015, 49, 184–196.
[CrossRef]

11. Chatjigeorgiou, I.K.; Miloh, T. Radiation and oblique diffraction by submerged prolate spheroids in water of
finite depth. J. Ocean Eng. Mar. Energy 2015, 1, 3–18. [CrossRef]

12. Chatjigeorgiou, I.K.; Dassios, G.; Mavrakos, S.A.; Miloh, T. A Semi-analytical Formulation for the
Hydrodynamic Diffraction by Immersed Ellipsoids. In Proceedings of the 29th International Workshop on
Water Waves and Floating Bodies, Osaka, Japan, 20 March–2 April 2014; Kashiwagi, M., Minoura, M., Eds.;
pp. 13–16.

13. Chatjigeorgiou, I.K. Analytical Methods in Marine Hydrodynamics; Cambridge University Press: Cambridge, UK, 2018.
14. WAMIT. User Manual for WAMIT Versions 6.3; 6.3PC, 6.3S, 6.3S-PC; WAMIT: Chestnut Hill, MA, USA, 2006.
15. Moon, P.; Spencer, D.E. Field Theory Handbook, 2nd ed.; Springer: Berlin, Germany, 1971.
16. Abramowitz, M.; Stegun, I.A. Handbook of Mathematical Functions; Dover Publications Inc.: New York, NY,

USA, 1970.
17. Farell, C. On the flow about a spheroid near a plane wall. J. Ship Res. 1971, 15, 246–252.
18. Wehausen, J.V.; Laitone, E.V. Surface waves. In Handbuch der Physik; Flügge, S., Truesdell, C., Eds.; Springer:

Berlin, Germany, 1960; Available online: http://surfacewaves.berkeley.edu/ (accessed on 10 December 2019).
19. Linton, C.M. Radiation and diffraction of water waves by a submerged sphere in finite depth. Ocean Eng.

1991, 18, 61–74. [CrossRef]

© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

http://dx.doi.org/10.1093/qjmam/5.2.129
http://dx.doi.org/10.1137/0126031
http://dx.doi.org/10.5957/JOSR.57.2.120026
http://dx.doi.org/10.1093/qjmam/hbu016
http://dx.doi.org/10.1016/j.jfluidstructs.2014.04.012
http://dx.doi.org/10.1016/j.euromechflu.2014.09.001
http://dx.doi.org/10.1007/s40722-014-0001-3
http://surfacewaves.berkeley.edu/
http://dx.doi.org/10.1016/0029-8018(91)90034-N
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction 
	Oblate Spheroidal Coordinates 
	Ultimate Image Singularities in Oblate Spheroidal Coordinates 
	Hydrodynamic Diffraction—The Multipoles of Green’s Function 
	Hydrodynamic Loading on the Spheroid 
	Results and Discussion 
	Conclusions 
	References

