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Abstract: By using the two-frequency coherence function model of a beam in a turbulent medium
and the localized wave theory of the polychromatic beam, we develop the spectrum average mutual
coherence function of the localized wave of Bessel–Gaussian amplitude envelope and the spectrum
average coherence length of spherical wave. By the spectrum average coherence length and the
spectrum average mutual coherence function, we construct a received probability of vortex modes
carried by localized wave of Bessel–Gaussian amplitude envelope in anisotropic turbulent seawater.
Our results show that the received probability of signal vortex modes increases with the increase of
half-modulated pulse width of the input pulse, turbulent inner scale, anisotropic factor of turbulence
and rate of dissipation of kinetic energy per unit mass of fluid, but it increases with the decrease of
the Bessel cone angle and the dissipation rate of the mean-squared temperature. We also find that
there is a maximum effective beam waist for a given receiving aperture, and the vortex mode is more
sensitive to salinity fluctuations than to temperature fluctuations in turbulence. Our conclusions
show that localized wave of Bessel–Gaussian amplitude envelope is a more suitable beam for the
vortex mode communication than conventional vortex waves.

Keywords: localized wave of Bessel–Gaussian amplitude envelope; spectrum average mutual
coherence function; spectrum average coherence length; vortex modes; seawater turbulence

1. Introduction

The development of marine wireless optical communications is of great significance in remote
submersibles, submarines, analysis of marine resources, and exploration of undersea gas and
oil. Therefore, the construction of an underwater high-speed, secure and high-capacity optical
communication system is important. Because the use of vortex modes can achieve secure optical
communication with high information content [1], research on the propagation of the vortex mode in
turbulent media has gotten ferocious attention in the field of wireless optical communication [1–4].
However, when the vortex wave transits through turbulent seawater, it will suffer attenuation and
wavefront distortion due to the various absorbing substance and the fluctuations of refractive index [5].
Considering that the vortex mode is determined by the wavefront structure, the wavefront deformation
will generate mode distortion. It is noted that the wavefront deformation also includes phase distortion
caused by optical systems [6], and “branch point” [7] contributed by the turbulent channel can also
cause mode distortion. It is distortion of vortex mode that causes vortex crosstalk and vortex noise,
which will reduce the quality of a wireless optical communication system with vortex modes. For
this reason, a large number of studies have been reported about the propagation of vortex mode in
turbulence of seawater [8–14]. For instance, Huang et al. [8] studied the evolution of Gaussian Schell
model vortex beam in seawater turbulence. Liu et al. [9] analyzed the propagation of partially coherent
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flat-topped hollow beam carrying vortex mode in seawater turbulence. Zhao et al. [10] researched
the evolution of four-fold vortex mode of green light (520 nm) in underwater channels of 2 m by
experiments. Liu et al. [11] investigated the evolution of partially coherent four-petal Gaussian beam
with vortex modes in seawater turbulence and found that when either decreasing the coherence length,
the relative strength of the temperature and salinity fluctuations or the dissipation rate of kinetic energy
per unit mass of fluid, or increasing the dissipation rate of the mean square temperature, the beam will
soon be converted into a Gauss-like beam. Xu and Zhao [12] studied the propagation of a stochastic
electromagnetic vortex beam in the turbulence of seawater, and found that a smaller topological charge
corresponds to a smaller spectral degree of polarization.

Besides, a localized wave is one that has no diffraction for a long distance in the absence of
turbulence [15]. For this reason, Ciattoni et al. [16] researched the transiting of vector electromagnetic
localized wave in the absence of turbulence, and Ornigotti et al. [17] explored the propagation law of a
new class of non-diffracting optical pulses with vortex mode. Recently, we investigated the received
probability of vortex mode carried by an X wave in the turbulence of oceans. However, because the
effect of frequency distribution is ignored in the calculation of the phase structure function [18], and
the received probability function is a multiple integral, it is difficult to use this model to analyze
problems such as bit error rate, channel capacity and so on. Therefore, by the Gaussian spectrum of
the frequency of pulse, we superimpose the monochromatic Bessel–Gaussian beams to constitute the
localized wave of Bessel–Gaussian amplitude envelope (BGLW) carrying vortex modes, and establish
a new received probability of vortex modes that can be used to analyze signal bit error rate and the
channel capacity of the communication link.

In this paper, for the BGLW with vortex modes in anisotropic seawater turbulence, we present a
spectrum average mutual coherence function (SAMCF) by introducing a spectrum average coherence
length of spherical wave. Using this SAMCF, we set up a more concise model of received probability of
vortex modes carried by the BGLW in anisotropic seawater turbulence. With the help of the probability
model, we discuss the influence of beam parameters, turbulence and receiver aperture on the received
probability of vortex modes of the BGLW in weak seawater turbulence.

2. Theoretical Model

2.1. Seawater Turbulence and Localized Wave of Bessel–Gaussian Amplitude Envelope

In order to make the conclusions of this study closer to the real seawater environment, we research
the propagation of BGLW with vortex modes in anisotropic turbulence. For the anisotropy of turbulent
seawater that exists only along the z direction of propagation, we have the power spectrum of the
refractive index fluctuations [13]

φ′(κ′, ζ) = 0.388C2
mζ2κ′−11/3

[
1 + 2.35(κ′η)2/3

]
f (κ′, v), (1)

where κ′ =
√

κ2
z + ζ2κ2

ρ is the spatial frequency of the refractive index fluctuations, κρ =
√

κ2
x + κ2

y,

under the Markov approximation, κ′ can be further simplified as κ′ = ζκρ, ζ is the turbulence
anisotropy index; v is the ratio of temperature and salinity contributions to the refractive index
spectrum, which can vary in [−5; 0] in the seawater with −5 and 0 being heavily temperature and
salinity dominating respectively, ε is the dissipation rate of kinetic energy per unit mass of fluid that
ranges from 10−10 m2/s3 to 10−1 m2/s3, χT is the dissipation rate of the mean-squared temperature
and has the range from 10−10 K2/s to 10−4 K2/s; f (κ′, v) = exp(−ATδ) + v−2 exp(−ASδ) −
2v−1 exp(−ATSδ), η is the inner scale, C2

m = 10−8ε−1/3χT is the “temperature structure” constant
and denotes the temperature fluctuation strength of seawater turbulence for given v [19], δ =

8.284(κ′η)4/3 + 12.978(κ′η)2, AT = 1.863× 10−2, AS = 1.9× 10−4, and ATS = 9.41× 10−3.
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Using the Rytov approximation, we can express the complex amplitude of a Bessel Gaussian (BG)
monochromatic vortex wave in turbulent seawater at the receiver plane as [20]

u(ρ, θ, z, ω) = um0(ρ, θ, z, ω) exp [iS(ρ, θ, z, ω)] , (2)

where (ρ, θ, z) means cylindrical coordinates, ω is the angular frequency of the beam, S(ρ, θ, z, ω)

represents the phase perturbation of spectrum arising from seawater turbulence, um0(ρ, θ, z, ω) denotes
the complex amplitude of the BG monochromatic vortex wave in the absence of turbulence and is
expressed as [18,21]

um0(ρ, θ, z, ω) =
(−i)m0+1E0ωw2

0

2zc
√

1 + z2
ξ

exp

[
−

ω2w2
0

4c2(1− izξ)

(
sin2 α +

ρ2

z2

)]

×Im0

(
ω2w2

0ρ sin α

2zc2(1− izξ)

)
exp

[
i
ω

c

(
z +

ρ2

2z

)
+ im0θ + i arctan

(
zξ

)]
,

(3)

where w0 is the beam waist, Im0(...) represents the modified Bessel function of the first kind, m0 is the
topological charge number of vortex mode, α is the Bessel cone angle, E0 is a constant, zξ = ωw2

0/(2zc)
is the non-dimensional coordinate. In Equation (3), we have changed the Bessel function of the first kind
Jm(...) in [18,21] to modified Bessel function of the first kind, through the following transformation [22]

Im(x) = i−m Jm(ix), (4)

Applying the localized wave theory [17,23] and using the frequency spectrum of the Gaussian pulse,
we can express the localized wave of Bessel–Gaussian amplitude envelope (BGLW) transiting in
turbulent seawater as

up(ρ, θ, z, t) =
T0

2
√

π
exp(−iΩt)

∫ +∞

−∞
exp

(
−

ω2T2
0

4
− iωt

)
u(ρ, θ, z; ω)dω, (5)

where T0 represents the half-modulated pulse width of the input pulse and Ω is center frequency.
Introducing new variables: the sum frequency ωc = (ω1 + ω2)/2 and the difference frequency

ωd = ω1 − ω2, in the case of narrowband, we have the approximate: ωc ≈ Ω̃, where Ω̃ represents
average frequency, meanwhile, ωc relates to the location of the center frequency [24]. That is to say

Ω ≈ Ω̃ (6)

For the Gaussian spectrum of the frequency of pulse, we have

Ω̃ =

∫ ∞
0 ω exp

(
− T2

0
4 ω2

)
dω∫ ∞

0 exp
(
− T2

0
4 ω2

)
dω

=
2

T0
√

π

(7)
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2.2. Spectrum Average Mutual Coherence Function of Localized Wave of Bessel–Gaussian Amplitude Envelope

To obtain the received probability distribution of vortex modes for the BGLW, now we structure
the spectrum average mutual coherence function (SAMCF) of BGLW in turbulent seawater. The
SAMCF of output BGLW can be given by following expression [20,23,25]

〈W(ρ, θ1, θ2, z; t)〉 =
〈

up(ρ, θ1, z; t)u∗p(ρ, θ2, z; t)
〉

oc

=
T2

0
4π

∫∫ +∞

−∞
exp [−i(ω1 −ω2)t]Γ2(ρ, θ1, θ2, z; ω1, ω2)dω1dω2,

(8)

where 〈...〉oc is the ensemble average of seawater turbulence, Γ2(ρ, θ1, θ2, z; ω1, ω2) represents the
two-frequency mutual coherence function (TFMCF) of BG vortex wave in seawater turbulence and
should be written as

Γ2(ρ, θ1, θ2, z; ω1, ω2) = exp

[
−

T2
0

4
(ω2

1 + ω2
2)

]
〈u(ρ, θ1, z, ω1)u∗(ρ, θ2, z, ω2)〉oc

=Γ0
2(ρ, θ1, θ2, z; ω1, ω2)〈exp [iS(ρ, θ1, z, ω1)− iS∗(ρ, θ2, z, ω2)]〉oc,

(9)

where Γ0
2(ρ, θ1, θ2, z; ω1, ω2) =

〈
um0(ρ, θ1, z, ω1)u∗m0

(ρ, θ2, z, ω2)
〉

exp
[
− T2

0
4 (ω2

1 + ω2
2)

]
is the TFMCF

of BG vortex wave without turbulence interference.

2.2.1. Spectrum Average Coherence Length of Spherical Wave

Since localized wave is a kind of polychromatic wave, when we analyze the phase structure
function, we consider the mean phase perturbation of spectrum S(ρ, θ, z, Ω̃) [26] caused by seawater
turbulence. For the Gaussian spectrum of the frequency of pulse, we have

S(ρ, θ, z, ω) ≈ S(ρ, θ, z, Ω̃)

=
Ω̃
c

∫ z

0
n(ρ, θ, z)dz

(10)

So we have the spectrum average structure function of the phase fluctuations

〈exp [iS(ρ, θ1, z, ω1)− iS∗(ρ, θ2, z, ω2)]〉oc ≈
〈

exp
[
iS(ρ, θ1, z, Ω̃)− iS∗(ρ, θ2, z, Ω̃)

]〉
oc

= exp

{
4zπζ−4

3T2
0 c2

∫ ∞

0
κ′3φ′(κ′, ζ)dκ′

× 2ρ2 [cos(θ1 − θ2)− 1]

}

= exp{−2ρ2 [1− cos(θ1 − θ2)]

ρ2
ocξ

}.

(11)

where ρocζ represents the spectrum average coherence length of spherical wave transiting in the
seawater turbulence and ρ−2

ocζ can be written as

ρ−2
ocζ =

4zπζ−4

3T2
0 c2

∫ ∞

0
κ′3φ(κ′, ζ)dκ′. (12)
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Similar to the discussion [19], we obtain the spectrum average coherence length of spherical wave
in the anisotropic oceanic turbulence

ρocζ =

[
2.2937× 10−7z(εη)−1/3χT

T2
0 c2ζ2

(0.483− 0.835
v

+
3.380

v2 )

]− 1
2

. (13)

Now, we plot the relationship between the spectrum average coherence length ρocξ of spherical
wave and the propagation distance z under different “temperature structure” constant C2

m and different
half-modulated pulse width T0 in Figure 1a,b, respectively. There is no doubt that increasing the
propagation distance or enhancing the turbulence strength can reduce the spectrum average coherence
length [9–14]. From the expression of the coherence length, the parameter that we can control is the
half-modulated pulse width T0, and according to Figure 1b, increasing T0 can effectively reduce the
interference of oceanic turbulence on the spectrum average coherence length ρocξ even in a strong
turbulence environment. Therefore, increasing T0 as often as possible is a good choice.
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Figure 1. Spectrum average coherence length of spherical wave versus the propagation distance z for
different “temperature structure” constant C2

m under (a) v = −4.5, T0 = 20fs, ζ = 2 and different
half-modulated pulse width T0 under (b) v = −4.5, C2

m = 10−14 m−2/3, ζ = 2.

2.2.2. Spectrum Average Mutual Coherence Function

By Equation (3), the approximation: ωw2
0/2c = πw2

0/λ � z, the paraxial approximate and

the approximate relationship: Im0 [x(1 + iy)] ∼ [x(1+iy)/2]m0

Γ(1+m0)
, (|x(1 + iy)| � 1), and by ignoring the

turbulence effects, we can express the TFMCF of BG vortex beam as [13,18]

Γ0
2(ρ, θ1, θ2; ω1, ω2) =E2

0πT2
0 exp

[
−2

z2

w2
0

(
sin2 α +

ρ2

z2

)
−

ω2
1 + ω2

2
4

T2
0

]

×
∣∣∣∣∣Im0(2z

sin α

w2
0

ρ)

]2
( w2

0
2zc

)2

ω2
c + i

w2
0

2zc
ωd

m0

× exp

[
i
z
c

(
1− sin2 α

2

)
ωd + im0(θ1 − θ2)

]
.

(14)

where the marrow-band approximate: ω2
c � ω2

d has been applied.
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Combined with Equations (8), (9), (13) and (14), the SAMCF of output BGLW can be written as [13,18]

〈W(ρ, ϕ1, ϕ2, z; t)〉 =E2
0 exp

[
−2z2

w2
0

(
sin2 α +

ρ2

z2

)
− ξ2

T2
0

]

×
∣∣∣∣∣Im0

(
2z

sin α

w2
0

ρ

)∣∣∣∣∣
2

×
m0

∑
q=0

m0!
(m0 − q)!q!

2q−1

×
(

w2
0

2zcT0

)2m0−q

(2m0 − 2q− 1)!!Dq

(
2

ξ

T0

)
× exp{− 2ρ2

ρ2
ocζ

[1− cos(ϕ1 − ϕ2)] + im0(ϕ1 − ϕ2)}.

(15)

where ξ = t− z/c
[
1− sin2 α/2

]
, Dq(.) denotes parabolic cylinder function, and N!! means taking the

double factorial of N.

2.3. Received Probability of Signal Vortex Modes

Using the plane harmonic superposition theory of complex light waves, we can express the BGLW
up(ρ, θ, z, ω) in Equation (5) as [27]

up(ρ, θ, z, ω) =
1√
2π

∑
m

Am(ρ, z, t) exp(imθ) (16)

where m is the topological charge number of the vortex mode in turbulent seawater. By comparing
Equation (5) and Equation (16), we can obtain the superposition coefficient Am(ρ, z, t), that is

Am(ρ, z, t) =
1√
2π

∫ 2π

0
up(ρ, θ, z, ω) exp(−imθ)dθ

=
T0

2
√

2π
exp(−iΩ̃t)

∫ 2π

0

∫ +∞

−∞
exp(−

T2
0

4
ω2)

× u(ρ, θ, z, ω) exp(−iωt− imθ)dωdθ,

(17)

Squaring Equation (17) and performing the turbulence ensemble average, we obtain the received
probability density

P(m|m0) =
T2

0
8π2

∫∫∫∫
Γ2(ρ, θ1, θ2, z; ω1, ω2) exp [−i(ω1 −ω2)t− im(θ1 − θ2)]dθ1dθ2dω1dω2. (18)

Further, substituting Equations (9), (11), (13) into Equation (18), we write Equation (18) as

P(m|m0) =E2
0 exp

[
−2z2

w2
0
(sin2 α +

ρ2

z2 )−
ξ2

T2
0

] ∣∣∣∣∣Im0(2z
sin α

w2
0

ρ)

∣∣∣∣∣
2

×
m0

∑
q=0

m0!
(m0 − q)!q!

(
w2

0
2zcT0

)2m0−q

2q−1(2m0 − 2q− 1)!!

× Dq(
2ξ

T0
)
∫∫

dθ1dθ2 exp{− 2ρ2

ρ2
ocζ

[1− cos(θ1 − θ2)]

+ i(m0 −m)(θ1 − θ2)}.

(19)
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Recalling the integral formula [19]

∫ 2π

0
exp

[
−iyθ + x cos(θ − θ′)

]
dθ = 2π exp(−iyθ′)Iy(x), (20)

we have

P(m|m0) =πE2
0 exp

[
−2

z2

w2
0

sin2 α− ξ2

T2
0
− 2

(
1

w2
0
+

1
ρ2

ocζ

)
ρ2

]

× Im−m0

(
2

ρ2

ρ2
ocζ

) ∣∣∣∣∣Im0

(
2zρ

sin α

w2
0

)∣∣∣∣∣
2

×
m0

∑
q=0

m0!
(m0 − q)!q!

2q

(
w2

0
2zcT0

)2m0−q

× (2m0 − 2q− 1)!!Dq

(
2

ξ

T0

)
.

(21)

By integrating Equation (21) over the receiving aperture D, we have the received probability of
vortex modes of the BGLW in seawater turbulence

P(m) = PD(m|m0)/
∞

∑
m=−∞

PD(m|m0) (22)

and

PD(m|m0) = 2π
∫ D/2

0
P(m|m0)ρdρ, (23)

where m = m0 means the received probability of signal vortex modes. But, m 6= m0 implies the
received probability of crosstalk vortex modes.

3. Discussion

Now, we begin to comprehensively analyze the influence of the beam parameters and turbulent
parameters on the transmission of vortex modes carried by BGLW. In the following discussion, unless
otherwise specified, we set the parameters: z = 200m, m = 1, m0 = 1, w0 = 0.1m, D = 0.3m,
α = 0.001, v = −4.5, T0 = 20fs, ζ = 2, ε = 10−6 m2/s3, η = 0.001m, and χT = 10−8 K2/s. The
evolution curve of the spectrum average coherence length of spherical wave has been given by
Figure 1a,b. Next, Figure 2 will display the influence of beam parameters and channel parameters on
signal vortex mode transmission; Figures 3–5 will display the influence of turbulence parameters on
signal vortex mode transmission; Figures 6 and 7 will display the influence of beam parameters on
signal vortex mode transmission.

Figure 2a gives the received probability of signal vortex modes (|m−m0 = 0|) under different
co-moving coordinate ξ and topological charge number m0, and Figure 2b gives the received probability
of signal vortex modes under different propagation distance z and topological charge number m0.
Figure 2a shows that increasing the topological charge number m0 will reduce the received probability
of signal vortex modes. But, what surprises us is when topological charge number of the vortex mode
increases from 0 to 6, the received probability decreases less than 0.016 which is far less than the
Laguerre-Gaussian beam [1]. And Figure 2b clearly shows that the received probability is still above
0.75 even the propagation distance z reaches 500m. These results once again indicate that, in turbulent
seawater, the transmission of the vortex mode carried by the BGLW is better than that of the vortex
mode carried by Laguerre–Gaussian beam.
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Figure 2. Received probability of the vortex modes of localized wave of Bessel–Gaussian amplitude
envelope under different co-moving coordinate ξ and topological charge number m0 in (a) and Received
probability of the vortex modes of localized wave of Bessel–Gaussian amplitude envelope under
different propagation distance z and topological charge number m0 in (b).

To further research the effects of the temperature fluctuation strength of seawater turbulence,
we plot the received probability of signal vortex modes under different “temperature structure”
constant C2

m and anisotropic factor ζ in Figure 3. We can see that as C2
m changes from 10−18 m−2/3

to 10−14 m−2/3, the received probability of the signal vortex modes is always decreasing. When C2
m

is closer to 10−18 m−2/3, i.e., weak turbulence, turbulence has little disturbance for the vortex mode.
This is because that beam wander can be neglected in very weak turbulence. When C2

m is closer to
10−14 m−2/3, i.e., strong turbulence, turbulence severely disturbing with signal propagation. Figure 3
also shows larger anisotropic factor ζ is conducive to the transiting of signal vortex modes.
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Figure 3. Received probability of the vortex modes of localized wave of Bessel–Gaussian amplitude
envelope in seawater turbulence under different “temperature structure” constant C2

m and anisotropic
factor ζ.

To explore the effects of turbulent parameters on the received probability of vortex modes of
the BGLW, in Figure 4, we plot the curve of the received probability as the function of the ratio of
temperature and salinity v and the inner scale η. We can see that the received probability of signal
vortex modes increases with the increase of inner scale η or the decrease of v. The former is consistent
with the theory that the larger the inner scale of the turbulent eddy is, the smaller the scintillation will
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be, and the smaller the disturbance to the signal vortex modes will be. As for the latter, when v is
close to 0, salinity dominates heavily, and the curve goes down dramatically, which means that the
vortex mode is more sensitive to salinity fluctuations than to temperature fluctuations in turbulence.
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Figure 4. Received probability of the vortex modes of localized wave of Bessel–Gaussian amplitude
envelope in seawater turbulence under different ratio of temperature and salinity v and inner scale η.

To further understand the impact of seawater on the received probability of vortex modes of the
BGLW, we plot the dissipation rate of the mean-squared temperature χT and the dissipation rate of
kinetic energy per unit mass ε of fluid in Figure 5. Figure 5 reveals that the received probability of
signal vortex modes increases with the increase of ε or the decrease of χT , which can be explained
that the larger ε or the smaller χT mean a weaker seawater turbulence, so beam has smaller wander.
More significantly, Figure 5 shows that χT affects vortex modes transmission much more than ε does.
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Figure 5. Received probability of the vortex modes of localized wave of Bessel–Gaussian amplitude
envelope in seawater turbulence under different dissipation rate of the mean-squared temperature χT

and dissipation rate of kinetic energy per unit mass of fluid ε.

Also, to understand the influence of beam waist and receiving aperture size on the received
probability of signal vortex modes, we show the evolution curve of the received probability of signal
vortex modes with the change of beam waist w0 and receiving aperture diameter D in Figure 6. Figure 6
shows that with the increase of the beam waist w0, the received probability of signal vortex modes
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keeps increasing until saturation, and a maximum effective waist w0b exists before the saturated
zone. Furthermore, the received probability of signal vortex modes increases with the decrease of the
receiver aperture size D. The rationality of each numerical curve in Figure 6 can be explained by that
the optical path difference among rays passing through turbulence within the range of the received
beam diameter varies with the increase or decrease of the size of the beam waist and the receiving
aperture. For the waist effect, when the beam waist is smaller than the outer scale of turbulence, with
the increase of the beam waist, the beam wander generated by turbulence decreases, the optical path
difference between various rays in the receiving aperture decreases, and the wavefront distortion of
the transmitted beam caused by turbulence disturbance is reduced, so as to improve the received
probability of signal vortex modes. However, when the beam waist is larger than or equal to the outer
scale of turbulence, with the increase of the beam waist, the beam wander generated by turbulence
is still decreasing. However, rays in the receiving aperture pass through turbulence with different
refractive index. Thus, the reduction of optical path difference caused by the decrease of beam wander
and the increase of optical path difference caused by the turbulence with different refractive index will
be “complementary”. It is this kind of “complementarity” that makes the received probability appear
at “saturation” or decrease with the further increase of waist. For the receiving aperture size effect,
when the aperture is small, the received signal wave is traveling horizontally along the optical axis and
passing through the same type of turbulence, and the optical path difference between the rays caused
by turbulence is small. However, with the increase of receiving aperture, not only the difference of
turbulence passing through but also the difference of geometric path of each ray increases. Thus, the
wavefront fluctuation of received optical signal increases, and the received probability of signal vortex
modes decreases.
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Figure 6. Received probability of the vortex modes of localized wave of Bessel–Gaussian amplitude
envelope in seawater turbulence under different beam waist w0 and receiving aperture diameter D.

Since the Bessel–Gaussian localized wave is a kind of synthetic polychromatic wave, the selection
of half-modulated pulse width T0 is not negligible. By plotting the received probability under different
half-modulated pulse width T0 with different Bessel cone angle α in Figure 7, we can see that the
received probability of signal vortex modes increases with increasing the half-modulated pulse width
T0. This result is consistent with the law of Figure 1b and the conclusion that the time average
will reduce turbulent scintillation [21]. If the Bessel cone angle α increases, the received probability
decreases. This result is because that the small Bessel cone angle α means the long collimation distance,
resulting in weak wavefront distortion, while weak wavefront distortion leads to low vortex crosstalk.
In other words, we had better select the small Bessel cone angle α and large half-modulated pulse
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width T0 to weaken the vortex crosstalk. These conclusions are good news for the application of
long-distance submarine wireless optical communication based on vortex mode.
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Figure 7. Received probability of the vortex modes of localized wave of Bessel–Gaussian amplitude
envelope in seawater turbulence under different half-modulated pulse width T0 and Bessel cone
angle α.

4. Conclusions

In order to explore the use of vortex modes to improve the channel capacity of information
transmitted by underwater optical communication system, we focus on the transiting of vortex modes
carried by the BGLW in turbulent seawater. In this paper, we derive the spectrum average coherence
length of spherical wave, the SAMCF of BGLW, and establish the received probability of vortex modes.
Our paper indicates that BGLW is a kind of vortex beam which is more promising than other vortex
waves to improve transmission of vortex modes. For the given receiver aperture and turbulence
parameters, we can utilize larger half-modulated pulse width, smaller Bessel diffraction angle and
the maximum effective beam waist to improve the transmission performance of vortex modes. Our
paper indicates that we can utilize the BGLW with vortex mode as a communication carrier to increase
the amount of communication data transmission in the system of remote submersibles, submarines,
analysis of marine resources, and exploration of undersea gas and oil.
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