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Abstract: An understanding of the wave height distribution of a sea state is important in forecasting
extreme wave height and lifetime fatigue predictions of marine structures. In bimodal seas, swell can be
present at different percentages and different frequencies while the energy content of the sea state remains
unaltered. This computational study investigates how the wave height distribution is affected by different
swell percentages and long swell periods in an energy-conserved bimodal sea both near a wave maker
and in shallow water. A formulated energy-conserved bimodal spectrum was created from unimodal
sea states and converted into random waves time series using the Inverse Fast Fourier Transform (IFFT).
The resulting time series was used to drive a Reynolds-Averaged Navier Stokes computational (RANS)
model. Wave height values were then extracted from the model results (both away near and near the
structure) using down-crossing analysis to inspect the non-linearity imposed by wave-wave interactions
and through transformations as they propagate into shallow waters near the structure. It is concluded
that the kurtosis and skewness of the wave height distribution very inversely with the swell percentage
and peak periods. Non-linearities are greater in the unimodal seas compared to the bimodal seas with
the same energy content. Also, non-linearities are greater structure side than at wave maker and are more
dependent on the phases of the component waves at different frequencies.

Keywords: energy distribution; bimodal seas; swell percentages; IH2VOF; wave steepness; non-linearities

1. Introduction

Storm waves are one of the five key processes identified in the UKCP Marine Report that pose a great
coastal risk in terms of flooding and inundation effects Jenkins et al. [1]. Other factors are the relative
sea level rise, surges, coastal morphological changes, and socio-economic change that have to do with
global urbanization changes and population increase. During storms, locally generated wind waves would
naturally be combined with long period ocean swells to produce bimodal waves. It has been noted by
Hawkes et al. [2] that a bimodal sea state could be the worst case sea conditions that sea defences or
beaches could experience. Some reviews and comparisons of wave height distribution occurring after
storms in both deep and shallow waters have been studied widely e.g., Forrristall, Guedes Soares, Tayfun,
Area et al. [3–6].

In some studies, such as, Burcharth, Hawkes et al., Battjes, Reeve [2,7–9], the phenomenom of wave
bimodality have been elaborately described. Wind waves are characterised by one spectral peak, (unimodal
spectrum), with one significant wave height and one peak period. A bimodal, (double-peaked), spectrum
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is usually formed through the superposition of swell from a distant storm and locally generated wind
sea. Transformations of these wave systems can be described in terms of wave crests, troughs, and
wave heights distribution. Longuet-Higgins [10] proposed the Rayleigh distribution of wave heights and
several modifications have been made to low-wave-height-exceedance distributions (Forristall, Tayfun,
Guedes Soares, Naess, Vinje, Boccotti [3,4,11–14]). Specifically, a depth-modified version of the Rayleigh
distribution was proposed in Battjes and Groenendijk [8] which is applied only to unimodal waves.
Similarly, Rodriguez [15] studied the wave height probability distributions using extracted gaussian
bimodal waves from numerical simulations. The study classified bimodal seas as wind-dominated,
swell-dominated, and mixed-sea conditions.

Petrova and Guedes Soares [16] applied a linear quasi-deterministic theory to compare energies from
the wind and swell seas using a simplified Sea-Swell energy ratio (SSER) on the assumption of wave
nonlinearity. Nørgaard and Lykke Andersen [17] developed a slope dependent version of the Rayleigh
distribution based on an Ursell number criterion. Nørgaard and Lykke Andersen [17] only consider swell
wave height distribution of highly non-linear swell waves due to shoaling on gentle slopes ranging from 1
in 30 to 1 in 100 slopes without considering the energy built-up in the overall bimodal spectrum. None of
these studies have applied bimodal sea states that have varying proportions of swell, while at the same
time containing a fixed amount of energy to investigate wave height distribution in shallow water close to
a structure, which is what occurs very often in practice.

The aim of the present computational study is to assess the distribution of wave heights in
energy-conserved bimodal sea states. By energy-conserved we mean that the significant wave height of a
sea state is kept constant while the swell period and percentages are varied independently. There have
been studies on wave height distribution in deep water and in shallow water. None of these studies have
examined steep sloping structures in shallow water conditions that are close to a structure, a situation that
is often found in practice. We focus on this important case where the wave field contains incoming and
reflected waves which may also have been modified by breaking. The paper is divided into 5 sections,
the following section (Section 2) explains the formulation of the analytical energy-conserved bimodal
spectrum and details the numerical modelling of the discretised waves, Section 4 presents and discuss the
results, and the conclusions are presented in Section 5.

2. Material and Methods

2.1. Development of a Bimodal Spectrum

In order to create an energy-conserved bimodal spectrum for this study, the four-parameter analytical
approach proposed by Guedes Soares [4] was adapted for this purpose. These parameters are formed
from spectra wave heights and peak periods individually for swell and wind waves. Wave height for
swell can be denoted by Hm0S, and that for the wind by Hm0W . Their peak periods can also be represented
as swell peak period TpS and wind wave peak period TpW . Figure 1 contains the flow chart of the
MATLAB algorithm for generating the bimodal spectrum. Firstly, a bimodal spectrum was created from
the arithmetical combination of double modified JONSWAP spectrum, (due to Hasselmann et al. [18]).
This is described in Equations (1) and (2) which detail the superposition of modified Jonswap spectra for
swell and wind sea components. Further details can be found in Goda [19].

By superposition, the bimodal spectrum,

Sbim = Sww + Sss

S( f )ij = S( f )i + S( f )j (1)
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S( f )ij = βeH2
1/3T−4

ij f−5
ij exp[−1.25(Tij fij)

−4]γ

exp

[
−

(Tij fij−1)2

2σ2
ij

]
ij (2)

βe =
0.0624

0.230 + 0.0336γ − 0.185(1.094 − 0.01915lnγij)1

[
1.094 − 0.01915ln(γij)

]

Figure 1. Flow chart on the generation of an energy conserved bimodal spectrum.

In Equations (1) and (2) above, H represents the significant wave height, Tij the peak period, and
γij is the peak enhancement factor of the spectrum with i, and j representing the equivalent wind and
swell sea components. We first compute the equivalent wavelength for both swell and the wind and then
combine the two wave systems as shown in Figure 2 below.

For wind sea,
Hm0W = 4 ∗

√
1 − S0 ∗ m0 (3)

and for swell,
Hm0S = 4 ∗

√
S0 ∗ m0
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Figure 2. Building up of energy-conserved bimodal spectrum from separate swell and wind components.
(a) Swell wave spectrum from Equation (2) for j; (b) Wind wave spectrum from Equation (2) for i; (c) Bimodal
wave spectrum from wind and swell.

2.2. Estimation of Total Energy in the Bimodal Spectrum

The total energy m0 in the bimodal spectrum system was computed using Equation (4). As shown
in step 1 of Figure 1, a direct combination of the energy of the superposition of swell waves on the local
wind waves were estimated. The input parameters due to swell and wind waves were varied within some
specified tolerance.

Inspecting the total energy as,

m0 =
∫

f nE( f )d f (4)
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In Equation (4), n represents the nth order of the spectral moment of the combined spectrum for total
energy, n takes value of zero.

There will be a degree of overlap between the spectra and a sharp break between swell and wind
sea as a separation frequency is not present. This contrasts with the practice-based approach, (see e.g.,
Reeve [9]), in which the swell and wind-sea components have no overlap, thus ensuring that the energy
in the sea states is completely consistent with what it will be computed directly from the significant
waveheight Hm0.

Figure 3 presents an example of a sea state with Hm0 of 4 m and TpW = 7 s. The swell component was
fixed at a period varied from 11 s to 25 s while maintaining the same Hm0. Assuming an introduction of a
25 percent swell component into the sea, the remaining 75 percent of the energy will be allocated to the
wind-sea using the SSER approach proposed by Guedes Soares [4] as stated in Equation (3). The exception
to the rule here is that the analytical relationship was solved iteratively until the total energy in the system
was conserved. This method gives a different definition of swell compared to that based on separation of
frequency because the overlap between the swell and the wind waves was preserved in this method.
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Figure 3. An example of the development of energy-conserved bimodal spectrum. (a) Tested bimodal
spectrum; (b) An energy-conserved bimodal showing different frequencies of swell; (c) Sample surface
elevation obtained by Inverse Fast Fourier Transform (FFT).

2.3. Ensuring Energy Conservation in the Bimodal Spectrum

As proposed in the previous section, the influence of swell presence in a sea state condition can be best
examined with bimodal sea states when the overall energy in the sea can be conserved by both components
of the wind and the swell present in the sea. This was achieved in this case by solving Equations (1)–(4)
iteratively as illustrated in Figure 1. The resulting bimodal spectrum yields the same total energy m0

given by Equation (4). As shown in Figure 3b, the newly computed significant wave height Hm0 of the
bimodal spectrum was ensured to be consistent with any swell percentage and swell frequency introduced.
To achieve this condition, the entire Equations (1)–(4) were solved iteratively until the energy m0 obtained
for the significant wave height Hm0 in Equation (5) is fulfilled in step 3 of Figure 1. The resulting bimodal
spectrum was converted into time series using the Inverse Fast Fourier Transform IFFT technique.

Hm0 =
√

H2
m0S + H2

m0W (5)

2.4. Determination of Kurtosis and Skewness of the Bimodal Spectrum

The relationship between the kurtosis Ku and the skewness Sk of the energy conserved bimodal
seas was examined using the method proposed by Marthinsen and Winterstein [20]. A second-order
approximation of the resulting bimodal spectrum Sbim is determined using Equation (6). Moreover,
different orders of spectrum moments are computed from order 1 to 4 designated as m0, m1, m2, and m4

using the approaches detailed in Cavannie et al. [21].
The kurtosis, Ku, can be computed using m3 and m4, and is defined as,

Ku =
m4

m2
3

(6)

1st, 2nd, 3rd and 4th moments can be computed as:

mn =
∫ ∞

0
f nS( f )d f

where skewness,

Sk = 6
∫ ∫

fsum( fij) + fdi f f ( fij)
S( fi)d fi ∗ S( f j)d f j

m(3/2)
0
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where fsum( fij) and fdi f f ( fij) represent the sum and the difference of frequency effects observed from
individual spectra combined.

2.5. Wave Height Extraction Using Numerical Model

To extract values of wave height for the assessment of the non-linearity characteristics of bimodal
seas, a long numerical flume is necessary. The wave propagation model used for the present study is the
validated IH2VOF by the IHC Cantabria Lara et al., ([22]). The numerical model is based on the Volume
of Fluid (VOF) technique to solve the 2DV Reynolds Averaged Navier–Stokes (RANS) equations with
turbulence κ − ε transport functionalities and active wave absorption accurately implemented. IH2VOF
model has been validated against several hydrodynamic scenarios including plane beaches and rubble
mound breakwaters (see Lara et al., and Ruju et al. [22,23] for details).

Surface elevations (time series) obtained from the inverse FFT were used to create sets of
mesh-dependent pre-designed horizontal and vertical velocities based on the linear wave theory was used
to drive the model. The computational domain discretised into 0.005 m on x-axes (33,514 meshes) and
0.01 m along y-axes mesh-sizes (51 meshes) were used to run the simulation with a time step of 0.004 s to
maintain a stable simulation over a storm duration. As shown in Figure 4, wave gauges placed near both
the wave-maker (W1, W2 and W3) and near the structures (W10, W11, and W12) were used to obtain the
time series of the surface elevation. First three wave gauges are placed at 2 to 3 m from the wave maker
while the last three are positioned near the structure within 20 to 22 m away from the wave maker.

Figure 4. Layout of a 2-D numerical model (not to scale) for a waveheight extraction using the wave gauges
near the wavemaker and the structure.

The wave conditions tested in this study were presented in Table 1. The same grid sizes were applied
in each case. Varying percentages of swell waves were introduced into the wind sea states and at different
swell periods. The bimodal spectrum formed in this process were then converted into surface elevations
which are used to drive the IH2VOF model as detailed in Section 2 above.

Table 1. Bimodal wave conditions tested in the present study.

Hm0 (m) TpW (s) Swell Peak Periods (s) Swell Percentages Gamma

1.0 7.0 15, 20, 25 25 Wind = 3.3; Swell = 2.5
1.5 8.0 15, 20, 25 50 Wind = 3.3; Swell = 2.5
2.0 9.0 15, 20, 25 75 Wind = 3.3; Swell = 2.5

3. Results and Discussions

3.1. Analysis of Free Surface From the Energy-Conserved Bimodal Spectrum

Examples of free surface derived from bimodal spectra are presented in Figure 5. The bimodal sea
time series contained different swell percentages and the swell peak periods that were gradually varied as
detailed in Table 1. As shown in Figure 5a,b, there is no significant graphical noticeable differences between
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the wave elevations of waves time series generated by different swell percentages. This could happen
because the overall energy contained in the sea states are preserved even though different randomness
was applied when obtaining the time series as presented in Figure 5c. Energy conservation was evident in
Figure 5b by further inspection of the minimum and maximum values of the surface elevations. The values
are fluctuating around a specific mean of minimum and maximum values of −0.1 m and 0.1 m respectively
for the sea state (4 m, 7 s) investigated at a scale of 1:20. These results follow the standard weakly
stationarity and ergodic assumptions of a sea state with zero mean described in Rychlik [24].
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Figure 5. Comparison of the different free surface elevations for different swell percentages at swell peak
period of 25 s. (a) Free surface elevation obtained for different swell percentages as shown; (b) Analysis of
the surface elevation shown in (a) above; (c) Comparison of total energy obtained for different methods of
combining swell and wind.

3.2. Analysis of Kurtosis and Skewness

Figure 6a–c presented the relationship between the auto-covariance function, ACF, with increasing
overall swell percentages and swell periods of the individual wave characteristics extracted from the
computational model. The cross-correlation function in Figure 6a reveals that by increasing the swell
percentages of a sea state, the individual waves are still largely independent of each other. There is a slight
decrease in the independence as the swell percentages increase from 25 to 75 percent swell sea conditions.
This effect is similar to what is observed as the swell peak period increased from 11 s to 25 s in Figure 6b.
Figure 6c presented the performance of skewness parameter with varying proportions of swell periods.
As clearly shown in this figure, there is an inverse relationship. Skewness reduces with increasing swell
peak periods. Skewness behaviour was tending towards a constant value as swell peak periods increases
in the same sea state. Skewness behaviour was highest for the unimodal sea than for equivalent bimodal
sea conditions. Also, reduction of skewness was observed with increasing swell percentages.

In total, as shown in Figure 6d, under the conserved energy bimodal sea states, there is a dynamic
reduction in the relationship between the kurtosis Ku and skewness Sk as the swell percentage and the
peak period increases. This is an increasing smooth and continuous exponential relationship that can be
expressed as:

Ku = 2.99 exp0.11Sk (7)

A sea state with 25 percent swell at a peak period of 11 s has the largest skewness-kurtosis relationship
as compared with the lowest affinity relationship portrayed by the 75 percent swell at a much lower
frequency of 25 s. The coefficient of kurtosis deviates significantly from linear predictions. The results
obtained here near the structure are similar to those Forristall [3] observed on a shoaling beach.
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Figure 6. Time variance analysis of the effects swell periods and percentages in a bimodal sea with
Hm0 = 4m and TpW = 7s. (a) Relationship between the Auto-covariance function ACF with increasing
overall swell percentages in a bimodal sea; (b) Relationship between the ACF with increasing swell periods
in a bimodal sea; (c) Variation of skewness with swell periods; (d) Variations of kurtosis against skewness
for different swell periods.

4. Influence of Swell on Wave Height Distribution

4.1. Influence of Swell Period

The probability distribution curves in Figure 7 show how wave height distribution is influenced
by different frequencies of swell in the bimodal energy spectrum as observed both near and away from
the structure.

If the waves followed a Rayleigh distribution, all the points would fall on the full straight line shown
in each figure. Wave height distribution is greatly affected by the peak period of the swell. Non-linearity
patterns are indicated by deviation from the Rayleigh linear scale, and strongly related to the swell peak
period. This is because the Rayleigh distribution better represents narrow-band sea states such as observed
by Toffoli and Monbaliu [25]. These deviations increase with the closeness of the two peak frequencies
(for swell and wind) on the energy spectrum. Increasing the swell peak period in the energy spectrum
expands the width occupied by the bimodal spectrum. This occurrence would in turn increased the
overall spectra period obtainable from the resulting spectrum when transformed. In general, higher wave
values deviates significantly from Rayleigh predictions. Boccotti [14] suggests that the waves become
more unstable because of the non-linearities from long crested conditions. Further observations are that
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the non-linearities of wave height became more pronounced near the structure because of wave-wave
interactions and through shoaling as they propagate into shallow waters.
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Figure 7. Effects of swell periods on wave height distribution near and away from the structure. (a) Wave
height distribution for different swell periods observed away from the structure; (b) Distribution of wave
height for different swell periods observed near the structure.

4.2. Influence of Swell Percentages

Following the previous section, Figure 8 depicts the wave height statistics within the domain for
different swell percentages introduced into an energy-conserved sea state. The non-linearity patterns were
extended to a unimodal sea. In all the sea cases considered (unimodal and bimodal), the non-linearity
pattern was highest near the seawall than near the wave maker. This is expected because of the shoaling
process and reflection created by the wave interaction with the sea wall. As shown in Figure 8, non-linearity
behaviour is higher in the unimodal seas state than for the bimodal seas (in this case). This trend of
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non-linearities reduces with increasing swell percentages. However, some deviations from this trend are
obssrved in 50 percent swell. This may be due to the uneven distribution of energy formed by the double
jonswap spectra and may require further study.
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Figure 8. Effects of wave bi-modality caused by different swell percentages. (a) Wave height distribution
for different swell percentages observed near the structure; (b) Distribution of wave heights for different
swell percentages observed near the wave-maker.

4.3. Patterns of Wave Height Distribution

Figure 9a–f shows Weibull and the Rayleigh plots depicting the wave height distribution performance
of different swell percentages in the bimodal sea states. In all the cases considered (both near and away the
structure), wave height is better predicted by the Weibull distribution than the Rayleigh plots. However,
both distributions show great agreement at representing lower to middle part of wave height values.
Earlier deviations from normal were evident for Rayleigh distributions than for Weibull plot.
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This trend gradually reduced as we approach the structure Figure 9b,d,e because more non-linearity
patterns are possible by waves transformation caused by the wave-structure interactions. Also as expected,
Rayleigh distribution underpredict higher waveheight values while the Weibull plots are over-predicting
in a way. As observed in all cases, non-linear trends are greatest in the 25 percent swell in Figure 9b and
was gradually reducing as the swell percentages increasing towards the 75 percent swell in Figure 9e,f.
The observed behaviour is similar to the Petrova and Guedes Soares [26], wherein the non-linearities in
the wave height distribution was also decreasing with increasing swell percentages in the bimodal sea
provided there is a great identicality in their initial spectra where they are formed.
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Figure 9. Comparisons of performance of wave height distribution using Weibull and Rayleigh plots for
different swell percentages both away (a,c,e) and near the structure (b,d,f).
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5. Conclusions

This paper has addressed the influence of swell in a bimodal sea states with constant energy content
while varying swell peak periods and percentages. Specified bimodal spectra were converted into time
series using inverse FFT. The time series was used to drive the VOF-model in a numerical domain.
The downcrossing analyses of numerical wave-gauge results sampled from near the wavemaker and the
structure were used to assess the physical non-linearity of the bimodal sea state. There is an increasing
smooth and continuous exponential relationship between the skewness and kurtosis as the swell percentage
and the peak period grows in an energy conserved bimodal sea. The extracted waveheight distribution
on the Weibull and Rayleigh distribution plots to inspect the non-linearity imposed by wave-wave
interactions and through dispersions as they propagate into shallow waters near the structure. The Weibull
distributions produced the best fitness for wave patterns of high swell percentages considered. As the
swell frequency and percentages in a bimodal sea, the relationship between the skewness and the kurtosis
are tending towards a unimodal sea. The distribution of the waveheight on the Rayleigh model shows
that the non-linearity increases with the distance away from the wave maker. This could be caused by
the development of other physical processes like reflection, wave breaking, and other shoaling processes
arising from wave-structure structure. In agreement with previous studies, the unimodal sea states showed
the greatest non-linear bahavior however, non-linearity patterns vary as the swell grows. The Rayleigh
distribution could not properly represent bimodal seas with wider spectral width and also overpredicts
waveheight at low exceedances in these conditions.
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The following abbreviations are used in this manuscript:

ACF Auto-covariance function
FFT Fast Fourier Transform
IHC The Environmental Hydraulics Institute Cantabria
IFFT Inverse Fast Fourier Transform
H Significant wave height
Jonswap Joint North Sea Wave Project
RANS Reynolds-Averaged Navier Stokes (RANS)
Ku Kurtosis
Sk Skewness
SSER Sea-Swell energy ratio
UKCP United kingdom climate projections
VOF Volume of Fluid
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