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Abstract: The three-dimensional free surface characteristics of flow around two equal diameter
cylinders in a side-by-side arrangement were studied numerically. The flow fields were simulated
with a three-dimensional finite volume method based on the RNG k-ε model for Reynolds number
Re = 1.0 × 104. The volume-of-fluid method was applied to track air–water interfaces. Computations
were performed for gap ratios of 1.25, 1.5, and 1.75 to examine the influence of the gap between
two cylinders, and for distance to diameter ratios of 8.0 and 1.0 to study the wall proximity effects.
The model was verified by comparing it with the other numerical and experimental results. The results
indicated that the evolution of the free surface was periodic in time scale. A weak hydraulic jump
occurs in the wake flow. Moreover, a significant difference between upstream and downstream
free surface elevations exists in the vicinity of the cylinder. A runup in front of the cylinder and
a ‘depression’ around the side edge were also observed. Computational results showed that the
flow near the two cylinders was pushed outwards, and the flow between the cylinder and the wall
was deflected inwards by the wall. The vortex structures on and near the free surface were closely
correlated with the free surface. The shedding vortex far from the free surface was not affected.
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1. Introduction

The flow around an isolated or group of cylinders is a classical fluid mechanics phenomenon
and has great engineering significance. It widely exists in rivers and marine engineering, including in
bridge piers, marine pipelines, and drilling platforms, etc. Many experimental and numerical studies
on hydraulic characteristics, such as vertex shedding and flow patterns, have been performed [1,2].
The flow around a cylinder becomes more complicated when there is free surface interference. However,
the three-dimensional characteristics of free surface are rarely reported. The purpose of this study is
to explore, by means of numerical experiments, the characteristics of the free surface and flow field
around the two side-by-side cylinders.

Some previous studies of the free surface provide useful references for the present study [3–5].
Chaplin et al. [6] investigated the steady flow past a vertical surface-piercing circular cylinder.
The run-up of the free surface on the front of the cylinder and the depth of the depression at the
back were measured. Reichl et al. [7] numerically investigated two-dimensional flow around a cylinder
close to a free surface at a Reynolds number (Re) of 180 for Froude numbers between 0.0 and 0.7 and
gap ratios between 0.1 and 5.0. These simulations revealed that the surface deformation was minimal
at low Froude numbers of 0.0–0.3 and became substantial at Froude numbers in excess of 0.3–0.4.
Kawamura et al. [8] investigated the flow past a free surface piercing circular cylinder by large eddy
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simulation (LES) to demonstrate the interactions between the surface waves and underlying viscous
wake. They found that structures of the underlying vortex flow were closely related to the free surface,
and the periodic vortex shedding near the free surface at a high Froude number was attenuated.

The studies on the flow around a cylinder also provide an important reference for this present
study. When an isolated cylinder is placed between two parallel fixed walls and the flow is confined
by the walls, vortex shedding from the wall boundary layer and the wake flow behind the cylinder
interfere with each other [9–11]. When the side wall moves, the distance between the wall and the
cylinder changed to further investigate the proximity effect of the wall to a cylinder. James et al. [12]
simulated the flow around the tandem cylinders at Re = 200 when the gap ratio between the moving
wall and the cylinder was 0.5. They observed a parallel double-row of vortices during early transition
from reattachment to co-shedding, which was caused by wake interference and wall proximity effects.
Sanjay et al. [13] performed the flow around a half cylinder at the critical gap between the moving
wall and the cylinder and showed that vorticity of opposite intensity was induced on the wall, and its
intensity depended on the kinematic condition.

When multiple cylinders are arranged in side-by-side (parallel) or tandem manner, the flow
characteristic is susceptible to the influence of the gap flow between two cylinders [14–16]. For example,
Li Chen et al. [17] carried out a (LES to examine turbulent wake flows behind two side-by-side
cylinders for two different gap ratios. The results revealed that there were symmetrical wakes behind
the cylinders for T/D = 3.0 which formed one narrow and one wide wake behind the cylinders for
T/D = 1.7. Williamson et al. [18] used a finite element method with a deforming grid to investigate flow
behind a pair of bluff bodies placed side-by-side in a stream. They found that the vortex shedding
synchronization occurred either in phase or in antiphase above a critical gap size between the bluff
bodies. The shedding frequency on one side of the wake was a multiple of the other, a large-scale
vortex formed downstream, and the flow became asymmetrical below this size. Sumner et al. [19]
further observed three basic flow patterns: single bluff body vortex shedding at a small spacing ratio,
biased flow at an intermediate spacing ratio, and symmetric flow with synchronized vortex shedding
at a larger spacing ratio for two cylinders, in flow around two cylinders arranged in side by side at
center-to-center spacing ratios from T/D = 1.0 to 6.0, with Reynolds numbers from 500 to 3000.

As described above, flow around cylinder in proximity to a wall boundary is affected by the
wall, and the gap flow between multiple cylinders also interferes with the flow field. The aim of this
study was to understand the effect of the cylinder’s wall proximity on the free surface at distance
G/D = 1.0 and 8.0 between the wall and a cylinder, and demonstrate the characteristics of flow around
two side-by-side cylinders at subcritical Re = 1.0 × 104. The main emphasis was to provide a fuller
understanding of the free surface characteristics of multi-cylinder arrays in a cross flow at different gap
ratios between two cylinders. The volume-of-fluid (VOF) method was used to track the free surface as
proposed by Hirt and Nichols [20]. It is the most popular method at present [12,20–22]. In the next
section, we introduce the problem and numerical model. The present model was carefully validated;
the results and discussion are given in Section 3. The conclusions are presented in Section 4.

2. Problem Description and Numerical Scheme

2.1. Problem Description

As shown in Figure 1, two side-by-side cylinders of equal diameter were placed between two
parallel walls. The origin of the Cartesian coordinate system was located at the connection of two
cylindrical centers at the still water level, and the x, y, and z axes were in the longitudinal, transverse
and vertical directions, respectively. The non-dimensional cylindrical diameter is D; T represents the
gap between the two cylindrical centers; the distance between the cylinder and the wall is defined
as G. The computational domain extended 20D upstream and 40D downstream from the center of
the cylinder; this ensured that the boundary had no effect on the flow field [13,23]. The height of the
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cylinder was 7D, and the water depth H was slightly lower than this height, so that the free surface
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Figure 1. Schematics of flow around two side-by-side cylinders.

The fluid is assumed to be incompressible and Newtonian, with density $ and kinematic viscosity
ν, flowing with a uniform inlet velocity U parallel to the channel wall. To investigate the wall proximity
effects on flow field and the free surface characteristics, the distance between the cylinder and the wall
was fixed to G/D = 8.0 for the first time; Meng et al. [24] used the size of G/D = 8.0 to simulate flow
around a smooth circular cylinder for Re = 1.31 × 104, which was sufficient to obtain results unaffected
by the wall. Then, G/D was reduced to 1.0. The influence of gap flow between the two cylinders was
also investigated for the gap-to-diameter ratios T/D = 1.25, 1.5, and 1.75. All cases were carried out at
Re = 1.0 × 104 as shown in Table 1; the non-dimensional parameter of Reynolds number Re is defined
as in Equation (1).

Re =
UD

υ
(1)

Table 1. Simulation cases for flow over two side-by-side cylinders. Re: Reynolds number.

Index G/D T/D Re

Case 1 1.0 1.25 1.0 × 104

Case 2 1.0 1. 50 1.0 × 104

Case 3 1.0 1.75 1.0 × 104

Case 4 8.0 1.25 1.0 × 104

Case 5 8.0 1. 50 1.0 × 104

Case 6 8.0 1.75 1.0 × 104

2.2. Governing Equation and Solution Method

The continuity equation and three-dimensional unsteady Reynolds-averaged Navier–Stokes
(URANS) equations were used as the governing equations.

∂ui
∂xi

= 0 (2)

∂ui
∂t

+ ui
∂ui
∂xi

= − ∂p
∂xi

+
∂

∂xj

[
ν

∂ui
∂xi
− u′iu

′
j

]
(3)

where the operation is ensemble averaging; ui denotes the fluid velocity component in the streamwise
(x) direction; along the centers of the two cylinders (y) and the depth of water (z), respectively.
xi represents the different axes of the Cartesian coordinate system and p here is pressure. ν represents
the kinematic viscosity coefficient.
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The Reynolds stresses 〈u′iu′j〉 in Equation (3) are solved by Boussinesq’s formula (see Equation (4))

− uiuj = νi

(
∂ui
∂xj

+
∂uj

∂xi

)
− 2

3
δijK (4)

where νt and δij denote eddy viscosity and the Kronecker sign, respectively. Turbulence kinetic energy
K and energy dissipation ε were solved by the RNG k-ε model.

The tracking of the free surface was accomplished by the volume-of-fluid method and complies
with the mass conserving method. The volume fraction of the water was obtained from conservation
Equation (5). The function F in Equation (5) is defined so that its value is in unity at any point occupied
by the water and zero otherwise. The average value of F in a cell represents the volume fraction of
water in the cell. In particular, a zero value of F corresponds to a cell with no fluid, and a unit value
indicates that the cell is full of water. The value of F in a cell between zero and one must contain a
portion of the free surface [20]. The isosurface of F = 0.5 is defined as the free surface location.

∂F
∂t

+ ui
∂F
∂xi

= 0 (5)

The spatial discretization of governing equations was based on the finite volume method (FVM),
and all of the flow variables’ value is stored in cell centers. Its solution was obtained using the
semi-implicit method for pressure-linked equations consistent (SIMPLEC), which was implemented
by ANSYS Fluent (version 16.0, ANSYS Inc., Canonsburg, PA, USA). The second-order windward was
used for computing convective flux, and the temporal discretization scheme was second-order implicit.
The geometry reconstruction method was used to reconstruct the air–water interface. The RNG k-ε
turbulence model was adapted to simulate the Reynolds stresses [25,26].

The mesh type and boundary conditions for all cases were the same. The hexahedral grid was
adopted in the whole fluid region, as shown in Figure 2. The turbulent boundary layer region of wall
contains a number of grid nodes, and the dimensionless distance y+ between the first layer of the grid
node and the wall in boundary layer region meets the following requirements:

y+ =
ρuty

ν
, 30 < y+ < 50 (6)

where y is the first cell center distance from the wall; ut denotes friction velocity.

I =

√
u′2x + u′2y + u′2z

u
(7)
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domain, and (b) near the two cylinders.

The boundary conditions were defined as follows: (1) the inlet boundary is defined by a uniform
flow velocity (ux = 0.45, uy = 0, uz = 0); turbulent intensity I is defined as in Equation (7), and was
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set to 0.4%; (2) the outlet boundary adopted a pressure outlet, which ensured the flow in upstream
was not affected by the backflow; (3) the no-slip boundary condition was applied at the wall and the
cylinder surface, respectively, where the pressure gradient is, n is the outward unit normal vector,
and the velocity of flow is; and (4) the symmetrical boundary condition was applied to the top of the
computational domain.

The computational domain was initially filled with water at rest, and then gradually accelerated.
A steady state was achieved at about t = 3, which corresponded to about five vortex-shedding periods.
The computations were continued until t = 200, with the time increment being 0.0005.

3. Results and Discussion

3.1. Validation of Numerical Model

The flow fields are not affected by the channel walls at G/D = 8.0. Thus, the cases where G/D = 8.0
were comparative to study the wall effects, and several numerical cases were carried out to verify the
model at Re = 1.0 × 104 for G = 8.0D, T/D = 1.75. Three types of values were used for comparison with
the experimental and numerical results from the previous studies: (1) streamlines; (2) instantaneous
span-wise vorticity distribution; and (3) the drag coefficient.

Figure 3 compares the streamline distribution obtained from the present model with that from
Zhou’s experiments [27], where data was measured by particle image velocimetry (PIV) technology.
It can be seen that the flow field away from the free surface was not disturbed by the gap flow, and a
pair of vortexes in the wake of the two cylinders was observed, similar to the flow behind a cylinder.
Figure 4 shows the instantaneous span-wise vorticity distribution, which was in accordance with the
experimental results by Zhou et al. [28]. Therefore, the model could accurately simulate flow field
characteristics of flow around two side-by-side circular cylinders.
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In Table 2, the Strouhal number St, and mean drag coefficient CD obtained by the present model
are presented; their dimensionless definitions are given in Equations (8) and (9). The table indicates that
the CD and St values of the present numerical results were in good agreement with the experimental
data by Earman et al. [29] and the numerical results from Jun et al. [30]. Furthermore, the errors of
CD were less than 3% for G/D = 8.0, T/D = 1.5, and the Strouhal number was close to the constant
value 0.2. To the best of our knowledge, no values of CD for T/D = 1.25 and 1.75 were numerically or
experimentally presented in the previous works, and only our values are given.

Table 2. Aerodynamic coefficients compared with other results. St: Strouhal number; CD: drag coefficient.

T/D
Earman et al. (1973, Exp) Liao Jun et al. (2001, Num) G/D = 1.0 G/D = 8.0

CD St CD1 CD2 St1 St2 CD1 CD2 St1 St2 CD1 CD2 St1 St2

1.25 1.42 1.43 0.12 0.12 1.40 1.41 0.18 0.18
1.50 1.29 0.20 1.36 1.32 - - 1.12 1.12 0.19 0.19 1.32 1.34 0.20 0.20
1.75 1.00 0.99 0.20 0.20 1.25 1.27 0.21 0.21

Table 2 also shows the calculated CD and St at G/D = 1.0 for various ratios T/D = 1.25, 1.5, and
1.75. The CD values of cylinder I and II were basically the same, and these values were smaller than at
G/D = 8.0. Figure 5 displays the variation of the drag coefficient, their phases are opposite at distinct
moments, resulting in drag force offset by each other.

CD =
2FTx

ρu2
∞D

(8)

St =
f D
u∞

(9)

where is along the x axis of drag force; is the undisturbed flow velocity; and is vortex
shedding frequency.
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3.2. Free Surface Characteristics

3.2.1. Free Surface Periodicity

Through numerical simulations, it was found that the free surface is periodic in time scale.
The evolution of the free surface in one period for G/D = 1.0 and T/D = 1.5 is discussed as a
representative case; as shown in Figures 6 and 7. Figure 6 is a schematic of the water level, showing the
runup to the waterline in front of cylinders I and II, and the ‘depression’ of the maximum drawdown
at the back of the cylinder. These features were also well observed in Hay’s experiment [31].
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It can be seen from Figure 7 that the width of the flow area was reduced due to the cylinders,
resulting in the difference between the surface elevation in the downstream and the upstream.
The difference ∆H may, as an approximation, be defined as Equation (10).

∆H =
V × B× H

V0 × B0
− H (10)
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where V, B, and H represent the velocity of the flow passing through the section, the width, and water
depth of the channel without the cylinder, respectively; and denote the velocity and the width with the
cylinder, respectively.

The free surface exhibits other variations in the vicinity of either of the two cylinders in Figure 7.
There was also a ‘depression’ around the side edge of the cylinder, accompanied by a significant weak
hydraulic jump. The two shares of weak jump and the gap flow rapidly converged within a short
distance and formed a new single-strand hydraulic jump. The new hydraulic jump was deflected to
the left or right wall within one period.

The characteristics of the free surface were similar within one period. Therefore, for the other
cases, the free surface evolution of any specific time within one period was taken as the research object
in the following section.

3.2.2. Effect of Gap Ratio on Free Surface

Figure 8a–c shows the characteristics of the free surface in the characteristic region for G/D = 8.0 at
different gap ratios. It is clear from Figure 8a that the walls had no significant effect on the free surface.
The following features were observed: there was a water level difference between the upstream and
downstream; a depression was produced downstream, for which the distance from the center line of
two cylinders was roughly equal as seen in Figure 9a; and a single strand weak hydraulic jump at the
rear of a cylinder gradually spread downstream and was pushed outward by the gap flow between
the two cylinders.
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According to the evolution of weak hydraulic jump, the free surface in the wake flow could be
defined in two patterns: in the cases of T/D = 1.25 and 1.5 (cases 4 and 5), the weak hydraulic jump
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independently developed and was deflected outwards by the gap flow, and then converged together
when the jump was far away from the two cylinders; in the case of T/D = 1.75 (case 6), the jump
developed independently.

The walls were then moved closer to the cylinders so that G/D = 1.0 to observe the effects of wall
proximity, as shown in Figure 8d–f. A closer examination of the free surface near the two cylinders
indicated that the flow between the wall and the cylinder was inwards deflected by the wall and
interfered with the weak hydraulic jump in the wake flow. On the other hand, the interference of
the wall and the extrapolation of the gap flow between the two cylinders made the profile of the free
surface at T/D = 1.5 (case 2) different from T/D = 1.25 and 1.75 (cases 1 and 3). As the extrapolation
effect was stronger than the wall effect for cases 1 and 3, the hydraulic jump developed independently,
but the jump soon converged for case 2. In addition, the change in the water line and the depression
behind the cylinder were also different than in the other cases, as seen in Figure 9b. Some common
phenomena were also observed, such as a higher water level upstream, and a depression downstream.
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The foregoing analysis showed that the influences of the gap decreased with increasing gap when
the characteristics of the free surface were not affected by the wall. The gap and the wall influence the
free surface when affected by the wall, depending on which of them was dominant.

3.3. Flow Characteristics

3.3.1. Vortex Shedding along the Water Depth

The variation in the vortex shedding pattern along the water depth is presented in Figure 10
to investigate the influence of the free surface on the vortex shedding from side-by-side cylinders
at G/D = 8.0 and T/D = 1.75. The solution for flow past two side-by-side cylinders at T/D = 1.8 by
Liu et al. [32] is provided for comparison.
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Figure 10. Development of vortex shedding at G/D = 8.0 and T/D = 1.75: (a) on the free surface;
(b) instantaneous vorticity on a free surface of a single cylinder (Kawamura et al., 2002); (c) Z = 0.031;
(d) Z = 0.03; (e) Z = 0.022; and (f) vortex formation of two rigid cylinders for T/D = 1.80 (Liu et al., 2001).

In Figure 10a, an instantaneous vorticity on the free surface was compared to the result of a
single cylinder, which was obtained by Kawamura et al. [8] in a large eddy simulation. It can be seen
that the gap flow suppressed the shedding vortex on the free surface near the cylinder. In addition,
the vortices shed from the inner side of the two cylinders were taken away by the gap flow and
constituted a new large vortex in the downstream. The vortices from the outer side of the cylinders
were deflected outward.

Figure 10c–e show that the instantaneous vortex was affected by the free surface at different
depths. At Z = 0.031 and Z = 0.03, the new large vortex near the gap became weakened, and the
deflection of the gap flow disappeared. Near the bottom at Z = 0.022, the vortex shedding was not
disturbed by the free surface, and a Karman vortex street, as in the flow around a single cylinder,
was observed [17,33].

3.3.2. Flow Structures

It is well known that gap ratios have a significant impact on the flow characteristics. Chen et al. [17]
and Senlin et al. [34] divided the gap ratio between two cylinders into three categories: (1) the small
spacing ratio; (2) the intermediate spacing ratio; and (3) the large spacing ratio. In the present paper,
a similar classification was adopted to describe the relationship between the flow characteristics and
spacing ratios. The spacing ratios used in this paper all belong under small gap ratios.

Combined with the results and discussion of the free surface and vortex shedding above, the flow
pattern was defined into two types at different ratios: (1) the single bluff-body behavior, and (2) the
asymmetric or symmetric biased flow. To discuss the effect of the free surface on vorticity patterns in
the wake flow region, Figure 11 shows the contours of instantaneous spanwise vorticity near the free
surface for G/D = 8.0 and 1.0.
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Figure 11. Vortex shedding at G/D = 8.0 is not affected by the walls for the gap ratios: (a) T/D = 1.25;
(b) T/D = 1.5; and (c) T/D = 1.75. Vortex shedding is affected at G/D=1.0 for the gap ratios:
(d), T/D = 1.25; (e) T/D = 1.5; (f) T/D = 1.75.

We first focused on flow structures at G/D = 8.0 with varying longitudinal separation between the
two cylinders. It can be seen from Figure 10 that the wall had no significant effect on the vorticity field
near the cylinder. The boundary layer began to separate from the upper half of the cylinder, which is
consistent with the boundary layer separation law. The vortex shedding behind the cylinder occurred
in pairs. The wake patterns showed a single bluff body behavior. Due to the gap flow’s interference,
the vortex shedding from the side near the cylindrical wall was pushed outwards at different gap
ratios T/D. At the large ratio T/D = 1.75, the effect of pushing outward was more obvious.

In the case of G/D = 1.0, the vortex shedding from the outer side of the cylinder was strongly
deflected to the other side due to the influence of the wall. Moreover, the outer push of the gap flow
caused the vortex shedding from the side near the cylindrical wall to be suppressed at T/D = 1.25 and
1.5 (cases 1 and 2) and was taken away by the vortex formed by the gap flow. In particular, for the case
T/D = 1.5 (case 2), the phenomenon was more pronounced. However, the deflection of the gap flow
decreased at T/D = 1.75 (case 3); when G/D = 1.0, the vortex shedding pattern also manifested itself as
single bluff body behavior.

4. Conclusions

Turbulent flow around two side-by-side equal diameter cylinders at Re = 1.0 × 104 was
investigated by solving the URANS equations together with the RNG k-ε model and the VOF method
for free surface modeling. Previous research of the free surface has seldom provided three-dimensional
characteristics in two side-by-side cylinder cases. Here, a deeper understanding of the characteristics
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of the free surface and the computational method was proven through a comparison with other
experimental data and numerical results.

The computational results were generally in good agreement with the experimental results of Hay
and Kawamura with respect to the free surface characteristics [8,31]. The shape of the free surface was
characterized by the runup on the upstream side of a cylinder and the water level difference between
the downstream and upstream. There was a ‘depression’ around the side edge and at the back of
the cylinder. On the other hand, the maximum drawdown of the water level was located behind the
cylinder. In addition, the variation of free surface was periodicity. The weak hydraulic jump was
captured in the downstream.

The flow near the two cylinders was pushed outwards and the flow between the cylinder and the
wall was pushed inwards, which affected the evolution of the weak hydraulic jump in the wake flow.
For the cases of G/D = 1.0, the extrapolation effect of the gap flow at T/D = 1.25 and 1.75 was stronger
than the wall proximity effects, resulting in the jump being independently developed. In contrast,
they quickly converged at G/D = 1.0 and T/D = 1.5. However, the flow was not affected by the wall
(G/D = 8.0); the extrapolation effect decreased with the increasing gap.

The computational results also suggested that the vortex structure on and near the free surface
correlated closely with the free surface. The vortex patterns near the free surface would be a variety in
the wake region: (1) single bluff-body behavior; and (2) asymmetric or symmetric biased flow.
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