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Abstract


The study addresses trajectory tracking control for underactuated vessels with uncertain backlash-type hysteresis. First, an improved practical L1-based guidance strategy is developed by embedding the L1 mechanism into the virtual ship framework to eliminate steering overshoot and yaw angle error accumulation, which can facilitate the smooth turning of ships along waypoint-based paths with large curvature. Next, to mitigate control performance degradation induced by backlash-like hysteresis nonlinearity, an improved quadratic function is utilized to boost the closed-loop system’s convergence capability. Moreover, system model uncertainty-induced perturbations are compensated using the resilient neural damping method, which can simplify the structure and reduce the computation burden of the proposed controller. Utilizing Lyapunov-based approaches and the special Young’s inequality, uniformly ultimately bounded stability over a semi-global domain is established. Finally, numerical simulations are executed to validate the efficacy of the developed control architecture.
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1. Introduction


Over the past few years, many studies have been conducted on nonlinear systems, and a series of successes have been achieved. Underactuated marine vehicles refer to non-fully actuated nonlinear dynamical systems with control deficiency, with respect to system DOFs, which usually arises from non-holonomic systems with unsolvable constraints [1,2,3,4,5,6,7], and such systems are superior to fully-driven systems in terms of energy saving, cost reduction and system efficiency [8,9]. Among them, marine ships are typical representatives of mechanical systems with actuator deficiency [10], while trajectory tracking and stabilization for thrust-deficient marine vessels have attracted accelerated focus in the current technological cycle as a persistent feedback synthesis problem. The dynamical model of underactuated marine vessels violates Brockett’s necessary conditions [11], the error dynamics defy stabilization via classical continuous time-invariant feedback [12]. Consequently, diverse discontinuous and time-variant control strategies have been developed to address underactuation in marine vessels, including, but not limited to, variable structure control, nonlinear control and robust synthesis methods.



To facilitate the ship path following tasks for different routes, a guidance mechanism is usually employed to synthesize dynamic yaw reference signals for autonomous vessels. Among various guidance strategies, the direct visual guidance vector (DVG) technique is widely adopted because of its simplicity and effectiveness. The DVG-based projection algorithm is firstly designed for underactuated ships in [13], which the minimization of cross-track errors to a predefined path is achieved and the command of the heading angle is computed for the ship’s autopilot system. In [14], a new DVG guidance algorithm is developed to transform the heading error by formulating the waypoints reference path as variable acceptable radius, and the model predictive control (MPC) scheme is presented to design robust trajectory tracking controllers for thrust-constrained vessels under model perturbations. To achieve a specified DVG interception angle between the unmanned surface vehicles (USVs) and moving targets, an innovative terminal DVG guidance strategy is proposed for USVs in [15]. Though a diversity of DVG-based guidance algorithms have been applied in marine tasks, the accurate guidance for large curvature reference paths remain unresolved. To facilitate the smooth turning for waypoint-based path, a real-time virtual ship emulator with dynamic virtual ship (DVS) is originally engineered for underactuated ships in [16]; a comparison simulation is benchmarked against the conventional DVG algorithm, and extensive simulations quantitatively demonstrate the proposed method’s enhanced performance in tracking accuracy and computational efficiency. Considering the collision avoidance of multiple static and moving obstacles, an enhanced DVS framework is introduced in [17] to compute live attitude command signals for underactuated marine vessels, where COLREGs adherence is guaranteed by dynamic exclusion zone configuration.



As a typical input nonlinearity, hysteresis exists widely in a variety of mechanical systems [18,19,20,21,22,23,24,25,26], which seriously limits the performance of controllers and may even lead to failure and divergence of the feedback-regulated systems. In recent years, the nonlinear control of mechanical systems considering hysteresis characteristics [27] has gradually become a hot spot for researchers. Various hysteresis models have been proposed; representative hysteresis modeling approaches include the backlash-like hysteresis model [28], the Bouc–Wen differential model [29] and the Duhem model [30]. Among them, backlash-like hysteresis is more adopted because of its accurate description of hysteresis nonlinearity. For the maneuvering and control of underactuated ships, the rudders and propellers also suffer from performance degradation due to actuator hysteresis. Compared to amplitude saturation, dead-zone nonlinearity, and other actuator nonlinearity, backlash-like hysteresis is often neglected in controller design of underactuated ships, resulting in problems of low accuracy, slow response and signal oscillation. To address the aforementioned problems, a novel asynchronous event-triggered control architecture is presented for ship dynamic positioning systems in [31]; the backlash-like hysteresis is utilized to emulate the nonlinearity of the thruster. Considering the hysteresis effect on the ship’s motions, a novel memory feedback shake-reducing strategy is presented to control the pitch-roll motion under stochastic disturbance [32]. To eliminate the hysteresis effect induced by the dynamic stall of ship fins, a constrained model predictive control strategy is proposed in [33] by estimating the effective attack angle. In [26], a nonlinear adaptive fuzzy robust control scheme with disturbance rejection capability was developed for a micro-positioning actuator to eliminate hysteresis effects and modeling uncertainties. However, path following and attitude stabilization for underactuated vessels remain persistent core challenges in maritime control systems. Existing mainstream vessel guidance methods, such as DVG, fail to address precise guidance along high-curvature reference paths. These approaches suffer from steering overshoot and cumulative yaw angle errors, making it difficult to achieve smooth vessel turns along high-curvature waypoint-based paths. With the advancement of autonomous shipping technology, the demand for smooth path following control along waypoint paths—particularly those with high curvature—has become increasingly urgent.



In this paper, a practical L1-norm guidance with a robust neural control strategy is designed for non-fully actuated ship dynamics subject to backlash hysteresis. The key innovations of this study are summarized below:




	(1)

	
To facilitate the ship path following guidance for large curvature reference paths, an improved L1 norm-based guidance principle is designed upon the DVS framework. By predicting the position deviation of the vessel at a future time point, yaw acceleration commands are generated to optimize the ship heading and speed. Consequently, tracking accuracy and stability on high-curvature paths are significantly enhanced, while oscillations are reduced.




	(2)

	
Accounting for the performance deterioration induced by the backlash hysteresis of actuators, the quadratic function is employed to enhance the closed-loop robustness, and a low-frequency path-following controller is developed with the neural damping technique. Compared with conventional strategy [14], the proposed controller features a simplified structure and reduced computational complexity. By optimizing filtering algorithms, it reduces real-time computational load while maintaining accuracy, thereby enhancing suitability for practical engineering applications.









This manuscript is structured in the following manner: Section 2 introduces the mathematical model and problem formulation. Section 3 includes the comprehensive architecture of the L1 norm-based guidance principle. Section 4 details the systematic framework for the controller design, with stability analysis and performance assessment formulated through exact computational Lyapunov approaches. Section 5 presents numerical simulation outcomes verifying the controller’s performance. Section 6 presents the final conclusion.




2. Problem Statement and Preliminary Background


In this paper,   ·   is used to denote the absolute value function applied to a scalar quantity.   ·   stands for the   ℓ 2  -norm (standard Euclidean norm) in vector space.    λ min   ( · )    stands for the matrix’s smallest eigenvalue. The notation     ( · )  ˜  =  ( · )  −   ( · )  ^    is used,    ( · )  ^   being the maximum likelihood estimate of   ( · )  .



2.1. Underactuated Ship Dynamics with Backlash Hysteresis


According to Newton-Euler and Lagrangian formulations of classical mechanics [13], the horizontal-plane dynamics of an underactuated marine vessel is governed by the following 3-DoF equations:


       x ˙       y ˙       ψ ˙      =      cos ψ     − sin ψ    0      sin ψ     cos ψ    0     0   0   1         u     v     r      



(1)






        m u   u ˙         m v   v ˙         m r   r ˙       =       m v  r v       −  m u  r u       (  m u  −  m v  ) u v      +      −  f u        −  f v        −  f r       +      τ u      0      τ r      +      d  w u        d  w v        d  w r        



(2)




where   η =   [ x ,  y ,  ψ ]  ⊤    defines the vessel’s pose in the inertial reference frame, while   υ =   [ u ,  v ,  r ]  ⊤    represents velocity components in the body-attached frame. The control inputs   τ u   and   τ r   actuate the vessel’s surge and yaw dynamics, respectively.   m u  ,   m v  ,   m r   are ship added mass parameters in surge, sway and yaw directions, and the disturbances   d  w u   ,   d  w v    and   d  w r    encapsulate the aggregated effects of waves, wind, and currents. High-order hydrodynamic interactions are modeled via the state-dependent nonlinearities   f u  ,   f v  , and   f r  , mapping velocity v to force/moment perturbations.



Considering the ship servo system comprises the backlash-type hysteretic nonlinearity [34] as described by (3):


        d  δ i    d t    = Λ     d  δ i ∘    d t      ( c  δ i ∘  −  δ i  )  +  B 1     d  δ i ∘    d t    , i = u , r     



(3)




where    δ i  =  τ i   , the parameter c quantifies the gradient of the backlash hysteresis operator’s transition region,   Λ ,  B 1    are model parameters, satisfying   c >  B 1   ,   c > 0  . By referring to [35], the following equation can be derived.


      δ i   ( t )  = c  δ i ∘   ( t )  + d  (  δ i ∘  )      



(4)




with


     d (  δ i ∘  )     =  (  δ  i 0   − c  δ  i 0  ∘  )   e  − Λ  (  δ i ∘  −  δ  i 0  ∘  )  sgn  (   δ i ∘  ˙  )             +  e  − Λ  δ i ∘  sgn  (   δ i ∘  ˙  )     ∫   δ  i 0  ∘    δ i ∘    (  B 1  − c )   e  Λ η sgn (   δ i ∘  ˙  )    d η     



(5)




where   δ  i 0    and   δ  i 0  ∘   serve as initial values for   δ i   and   δ i ∘  .   d (  δ i ∘  )   is bounded and satisfies   d  (  δ i ∘  )  <  d ¯   (  δ i ∘  )   , where    d ¯   (  δ i ∘  )    denotes an unknown parameter [28]. The nonlinearity of hysteresis with backlash characteristics is shown in Figure 1; the system parameters are configured as   Λ = 1  ,    B 1  = 0.346  , with the time-varying reference signal set as    δ i ∘   ( t )  = 3.5 sin  ( 2.3 t )   . The initial state vectors satisfy    δ i ∘   ( 0 )  =  δ  i 0    ( 0 )  = 0  .



Figure 1 is produced based on the hysteretic nonlinear model described in (3) and (4) of the reference text. This diagram visually illustrates the hysteretic nonlinear characteristics of the mechanical servo system, presenting the non-one-to-one mapping relationship between the input and output of the hysteretic model under different gradient parameters c. Each curve corresponds to a set of c values, all exhibiting a typical hysteretic loop shape, reflecting the non-one-to-one input-output mapping characteristic of backlash-type nonlinearity.



Combining the surge and yaw dynamics (4) with the main system model (2) yields


     u ˙     =    m v   m u    v r −  f u  +   1  m u     ( c  δ u ∘   ( t )  + d  (  δ u ∘  )  )  +  d  w u         r ˙     =      m u  −  m v     m r    u v −  f r  +   1  m r     ( c  δ r ∘   ( t )  + d  (  δ r ∘  )  )  +  d  w r   .     



(6)








2.2. Neural Network-Based Function Approximation


Leveraging its universal approximation capability, the Gaussian kernel-based neural architecture serves as a powerful tool for nonlinear function modeling, as demonstrated in [36]. In this section, we will use RBF-NNs to handle the unknown uncertainty of ship dynamics so as to facilitate the controller design for the path-following task.



Lemma 1.

For an arbitrary continuous function   h ( χ )   satisfying   h ( 0 ) = 0   with compact support in    Ω χ  ∈  R m   , the function   h ( χ )   can be universally approximated via Gaussian kernel networks with decoupled continuous operators.


      g  ( χ )  =  O ⊤  R  ( χ )  + e  ( χ )   ,  ∀ χ ∈  Ω χ       



(7)




the ideal weight vector   O =   [  o 1  ,  o 2  , … ,  o l  ]  ⊤    is constant, and the approximation error   e ( χ )   satisfies supremum norm    | e  ( χ )  |  ≤  e ¯   , with   e ¯   a priori unknown.   R  ( χ )  =   [  r 1   ( χ )  ,  r 2   ( χ )  ,  r l   ( χ )  ]  ⊤    is an RBF vector selected as a Gaussian function.


       r j   ( χ )  =   1   2 π  η j      exp  −      χ −  μ j   ⊤   χ −  μ j     2  κ  j  2      , j = 1 , 2 , 3 , … , l      



(8)




where   μ j   is the receptive field center,   κ j   stands for the Gaussian function’s width parameter, l stands for the total number of neurons in the network, j indicates the state vector’s dimension χ.





Lemma 2.

Given   ∀  ( m , n )  ∈  R 2   , the following inequality is satisfied:


      m n ≤    γ r  r     | m |  r  +   1  s  ε s       | n |  s       



(9)




where   γ > 0  ,   s > 1  ,   r > 1  , and   ( s − 1 ) ( r − 1 ) = 1 .  





Lemma 3.

Suppose we need to work with cubic terms of the form   m 3  , and we aim to derive an inequality that bounds   m 3   using higher-order polynomial terms:


       m 3  ≤  a 4  +  b 4  .      



(10)







Utilizing Young’s inequality allows us to obtain this relationship. According to Young’s inequality, given a form of a positive number, for example, set the choices   r = 3   and   s = 4 / 3  .


       m 3  = m n m ≤    m 4   4 / 3    +    n 4  4        



(11)




To do this, we can choose n so as to relate it to some appropriate m, n. Usually, by fixing   n =  k 1  m   (some constant), we can obtain a new inequality. The final approximate form may be:


       m 3  ≤    m 4  4   +     k 1 4   m 4   4        



(12)




after setting   k 1   appropriately, the desired form can be found.



The fact that the cubic form can eventually be expressed as a relationship between two quadratic forms is meant to take advantage of the flexibility of the inequality, and the common result is:


       m 3  ≤    m 4  4   +    m 4  4        








The exact choice and the value of the constants to be judged will vary according to the actual situation.







3. L1 Dynamic Guidance Rate


In this paper, for the ship tracking guidance problem based on the waypoint-generated path, an improved guidance strategy based on a virtual ship model is proposed. That is to say, through the constant change of the DVS distance from the direct distance of the preset path to provide reference signals for the physical vessel, to achieve waypoint-proximate maneuver continuity with minimal-path adjustment.



Consider that the desired path is produced by a simulated vessel model as follows:


         x ˙  d     =  u d   cos   ψ d           y ˙  d     =  u d   sin   ψ d           ψ ˙  d     =  r d         



(13)




where variables carry the same meanings as in (1), and the desired paths   x d  ,   y d   and   ψ d   are uniformly bounded with their first derivatives.



In practical scenarios, the reference path is constructed by interpolating waypoints    W i  =  (  x i  ,  y i  )    through piecewise linear segments and smooth arcs (Figure 2). In the context of straight segments, the path-following task employs the DVS steering law to determine the required course angle, thus enabling the fulfillment of control goals. the simulated vessel travels in the straight line section with a fixed surge velocity   u d  , which is a positive user-defined constant, while   r d   represents an order that changes over time. Along the straight-line paths,    r d  = 0  . Along the smooth curved arcs, it is changing. First, the angle of the segment    W  i − 1    W i    is calculable from


      ϕ  i − 1 → i   = arctan     y i  −  y  i − 1      x i  −  x  i − 1          



(14)







Then, we define   Δ  ϕ i    as the difference between consecutive bearing angles   ϕ  ( i → i + 1 )    and   ϕ  ( i − 1 → i )   .



The changing L1 guidance rate is calculated by calculating the sway deviation of the current position from the desired path and combining it with the   l 1   to generate the desired sway acceleration command to adjust the direction of motion to make the vessel come out of the smooth curve. Since underactuated vessels do not have a sway actuator, it is not possible to generate the sway force directly, but it is possible to indirectly control the sway displacement by adjusting the heading angle and utilizing the sway component of the forward speed. For example, the change in heading angle will deflect the ship’s direction of motion, thus generating an equivalent sway acceleration. The sway acceleration generated by   l 1   can be converted into a heading angle rate command   r d  , which in turn is realized by rudder angle control, and at the same time the command is generated by controller tracking. By providing a reference signal through the position change of the DVS on the ship’s target path and feeding the position information from the DVS to the USV, we can perform ship guidance through the constant change of the distance   l 1   (Figure 3).


      a  c m d   =    2  u d 2    l 1    sin η     



(15)




where   a  c m d    denotes sway acceleration perpendicular to the direction of velocity.   l 1   represents the virtual distance, that is, the vertical distance from the current position of the simulated vessel to the target path.   l 1   is dynamically adjusted and proportional to the speed of the simulated ship.


      l 1  = k  u d      



(16)




where k is the scale factor.



At the same time,   l 1   is related to the vertical distance from the unmanned ship to the target path.


      l 1  =    d 2  + e       



(17)




where d is the vertical distance and e is a constant to avoid   l 1   being too small. At the turning point, the acceleration command calculated through the above equation is made equal to the centripetal acceleration tracking this instantaneous arc, which in turn gives the DVS the correct reference signal to provide to the real ship, and the   r d   derived through    r d  =  a  c m d   /  u d    can be used to control the steering of the DVS, and a similar process is repeated for each waypoint to finalize the route generation. The residual computational error is dynamically recomputed using   l 1   updated data streams, preventing error propagation through iterative refinement.



Assumption 1.

There exist practical bounds    |   d  w u    | ≤   d u ub   ,    |   d  w v    | ≤   d v ub   ,    |   d  w r    | ≤   d r ub   , where superscript ‘ ub ’ denotes unknown upper bounds.





Assumption 2.

It is assumed that the sway velocity exhibits passive boundedness, following [37].





Remark 1.

In Assumption 2, when a vessel navigates in actual marine environments, all environmental disturbances are constrained by physical laws and cannot exhibit infinitely large perturbations. Such environmental disturbances directly manifest as additional perturbations in the vessel’s surge velocity, sway velocity, and yaw velocity. Consequently, the corresponding disturbances must possess objective physical boundaries.
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Figure 3. L1 Dynamic Guidance Rate. 






Figure 3. L1 Dynamic Guidance Rate.
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4. Neural Damping-Based Path-Following Controller Design


Leveraging the DSC and MLP methodologies presented in [38,39], we design an neural damping path following controller of underactuated vessels. Figure 4 depicts the structure of ship control framework.



4.1. Controller Design


Within this part, the dynamic surface control method is integrated into the design workflow. The virtual control function is given to stabilize by choosing the appropriate Lyapunov function, and finally the actual controller is designed.



Step 1: The tracking error dynamics admit the formal representation:


     x ˜     =  x d  − x       y ˜     =  y d  − y       z ˜     =     x ˜  2  +   y ˜  2          ψ ˜     =  ψ R  − ψ     



(18)




where the relative bearing angle   ψ R   is confined to the interval   ( − π , π ]  , representing the orientation from the vessel’s current position to the target waypoint, and distinct from the yaw angle   ψ d   of the simulated vessel.


      ψ R  =   π 2    1 − s g n   x ˜    s g n   y ˜   + arctan     y ˜   x ˜     .     



(19)







It is easy to get the following:


     x ˜     =  z ˜  cos   ψ R         y ˜     =  z ˜  sin   ψ R   .     



(20)







Combining (6), (18), and (20), error variables   z ˜   and   ψ ˜   are differentiated as follows:


      z ˜  ˙     =   x ˙  d  cos   ψ R   +   y ˙  d  sin   ψ R   − u cos   ψ ˜   − v sin   ψ ˜          ψ ˜  ˙     =   ψ ˙  R  − r .     



(21)







Define intermediate control variables   α u   and   α r   to govern the u and r dynamics in the cascaded control structure:


     α u     =      x ˙  d  cos   ψ R   +   y ˙  d  cos   ψ R   − v sin   ψ ˜   +  k  x ˜     x ˜  −  ζ  x y      cos   ψ ˜            α r     =  k  ψ ˜    ψ ˜  +   ψ ˙  R      



(22)




where   k  z ˜    and   k  ψ ˜    denote positive control gains.



By introducing a fresh state variable    β ˙  u   and    β ˙  r  , duplicate differentiation of virtual controllers is avoided. First-order filtering of   α u   and   α r   with time constants   t u   and   t r  ,    β ˙  u   and    β ˙  r   are given by the following:


         t i    β ˙  i  +  β i  =  α i            β  i 0   =  α  i 0   , i = u , r .     



(23)







Define the dynamic surface control tracking errors as follows:


     y i     =  α i  −  β i         β i  ˙     =    y i   t i    .     



(24)







Then, the derivatives of   y u  ,   y r   can be obtained as follows:


       y ˙  u  =       α ˙  u  −   β ˙  u       =    −    y u   t u    +    ∂  α u    ∂   x ˙  d       x ¨  d  +    ∂  α u    ∂   y ˙  d       y ¨  d  +    ∂  α u    ∂  z ˜       z ˜  ˙  +    ∂  α u    ∂  ψ R       ψ ˙  R  +    ∂  α u    ∂  ψ ˜       ψ ˜  ¨         +    ∂  α u    ∂ v     v ˙       =    −    y u   t u    +  B u   ( · )          y ˙  r  =       α ˙  r  −   β ˙  r       =    −    y r   t r    +    ∂  α r    ∂  ψ ˜       ψ ˜  ˙  +    ∂  α r    ∂  ψ R       ψ ¨  R       =    −    y r   t r    +  B r   ( · )      



(25)




where    B u   ( · )   ,    B r   ( · )    are continuous functions.



For (22), the virtual control law   α u   has no definition at    ψ ˜  = ± 0.5 π  , hence, in the control design, we first suppose that    |   ψ ˜   | < 0.5   , and apply the following:


   ψ ˜  =      Θ − π ,     Θ ≥   π 2         Θ ,       π 2   < Θ <   π 2         Θ + π ,     Θ ≤   π 2         



(26)




to ensure the assumption holds.



In (22),   ζ  x y    denotes a small positive constant. The term   (  z ˜  −  ζ  x y   )   incorporated into   α u   ensures that the real ship generally tracks the virtual ship, aiding in satisfying the condition     ψ ˜   < 0.5 π   and ensuring the error variable   z ˜   converges to    lim  t → ∞    z ˜  =  ζ  x y    . We select    ζ  x y   = e x p  − 0.054  z ˜     in Section 5.



Step 2: Kinetic errors are characterized as    u ˜  =  β u  − u   and    r ˜  =  β r  − r  , along with (6) and (24), we obtain the following:


      u ˜  ˙     =   β ˙  u  −    m v   m u    v r +  f u  −   1  m u     c  τ u  + d   τ u    −  d  w u          r ˜  ˙     =   β ˙  r  −     m u  −  m v    m r    u v +  f r  −   1  m r     c  τ r  + d   τ r    −  d  w r   .     



(27)







The unknown dynamics   f i   are approximated via neural network-based function approximators as per (28), with   i = u , r  :


         F u  =  f u  −    m v   m u    v r           F r  =  f r  −     m u  −  m v    m r    u v .     



(28)







Inferences are made using the following two important inequalities:


      i  e  3   F i  ≤    c 2   2  m  i  2      i  e  6   λ i   R i   ( i )   R i    ( i )  ⊤  +    m  i  2   2  c 2     +   3 4    i  e  4  +   1 4    ε  i  4      



(29)




and


      i  e  3  d   τ i   ≤   3 4    i  e  4  +   1 4      D ∗   4  , i = u , r     



(30)







The corresponding control law and parameter adjustment rules are defined as follows:


     τ u     =   λ ^  u   Φ u   ( · )    u ˜  3  +  k  u ˜    u ˜  +   β ˙  u  ,       τ r     =   λ ^  r   Φ r   ( · )    r ˜  3  +  k  r ˜    r ˜  +   β ˙  r  .     



(31)




and


       λ ^  ˙  u     =  Γ u    Φ u   ( · )    u ˜  6  −  ζ u     λ ^  u  −   λ ^   u 0     ,         λ ^  ˙  r     =  Γ r    Φ r   ( · )    r ˜  6  −  ζ r     λ ^  r  −   λ ^   r 0     .     



(32)




where    Φ u   ( · )  = c / 2  m i   R i   ( i )   R i    ( i )  ⊤  , i  =  u , r   and    k  u ˜   ,  k  r ˜   ,  ζ u  ,  ζ r  ,  Γ u  ,  Γ r    are positive constant parameters.    λ ^  i   is the estimated value of   λ i  , where    λ ^   i 0    is the preliminary estimate of    λ ^  i  .




4.2. Stability Analysis


Theorem 1.

Considering the underactuated vessel (1), (2), the virtual controls (22), the adaptive control scheme (31), and the MLP-guided adaptive law (32). All error signals in the underactuated vessel system can be driven to the performance region by adjusting control parameters appropriately, which are SGUUB.





Proof. 

Define the Lyapunov candidate function V with the following energy-like structure (33):


     V =       1 4      z ˜  −  ζ  x y    4  +   1 4     ψ ˜  4  +   1 4    y  u  4  +   1 4    y  r  4  +   1 4     u ˜  4  +   1 4     r ˜  4         −   c  2  m u      Γ  u   − 1     λ ˜   u  2  −   c  2  m r      Γ  r   − 1     λ ˜   r  2  .     



(33)







The derivation process for V yields the result in (34).


      V ˙  =        z ˜  −  ζ  x y    3    z ˜  ˙  +   ψ ˜  3    ψ ˜  ˙  +  y  u  3    y ˙  u  +  y  r  3    y ˙  r  +   u ˜  3    u ˜  ˙  +   r ˜  3    r ˜  ˙         −   c  m u     Γ  u   − 1     λ ˜  u     λ ^  ˙  u  −   c  m r     Γ  r   − 1     λ ˜  r     λ ^  ˙  r  .     



(34)







Combining with (21), (22), (26), (27) and Young’s inequality, it is possible to obtain (35).


        z ˜  −  ζ  x y    3    z ˜  ˙  +  y  u  3    y ˙  u  ≤     −  k  z ˜      z ˜  −  ζ  x y    4   +    3 4      z ˜  −  ζ  x y    4   +    1 4    y  u  4         +  u ˜  c o s   ψ ˜      z ˜  −  ζ  x y    3  +     B  u  2   y  u  2   M  u  2    2 b  M  u  2            +   b 2   −    y  u  4   t u         ≤    −   k  z ˜   −   3 2       z ˜  −  ζ  x y    4  +   1 4    y  u  4  +   1 4     u ˜  4         +     B  u  2   y  u  2   M  u  2    2 b  M  u  2     +   b 2   −    y  u  4   t u    .     










       ψ ˜  3    ψ ˜  ˙  +  y  r  3    y ˙  r  ≤     −  k  ψ ˜     ψ ˜  4   +    3 4     ψ ˜  4   +    1 4    y  r  4  +   ψ ˜  3   r ˜   +      B  r  2   y  r  2   M  r  2    2 b  M  r  2     +   b 2   −    y  r  4   t r         ≤    −   k  ψ ˜    −    3 2      ψ ˜  4  +   1 4    y  r  4  +   1 4     r ˜  4   +      B  r  2   y  r  2   M  r  2    2 b  M  r  2     +   b 2   −    y  r  4   t r    .     



(35)







Substituting (27), (28) into (34) further gives (36).


      V ˙  ≤     −   k  z ˜   −   2 3       z ˜  −  ζ  x y    4  −   k  ψ ˜   −   2 3      ψ ˜  4         −  ∑  i = u , r       y  i  4   t i    −    y  i  4  4   −     B  i  2   y  i  2   M  i  2    2 b  M  i  2     −   b 2    +   1 4     u ˜  4  +   1 4     r ˜  4         +   u ˜  3     β ˙  u  +  θ u  +  f u   ( u )  −   1  m u     c  τ u  + d   τ u            +   r ˜  3     β ˙  r  +  θ r  +  f r   ( r )  −   1  m r      c  τ r  + d   τ r            −   c  m u     Γ  u   − 1     λ ˜  u     λ ^  ˙  u  −   c  m r     Γ  r   − 1     λ ˜  r     λ ^  ˙  r  .     



(36)







Using (29)–(32) and (36), we get (37):


      V ˙  ≤     −   k  z ˜   −   2 3       z ˜  −  ζ  x y    4  −   k  ψ ˜   −   2 3      ψ ˜  4         −  ∑  i = u , r       y  i  4   t i    −    y  i  4  4   −     B  i  2   y  i  2   M  i  2    2 b  M  i  2     −   b 2    +   1 4     u ˜  4  +   1 4     r ˜  4         −  ∑  i = u , r      c  m i      β ˙  i   i  e  3  −   β ˙  i   i  e  3  +  i  e  3   d  w i           +  ∑  i = u , r      c  m i     ζ i    λ ˜  i     λ ^  i  −   λ ^   i 0    +    m  i  2   2  c 2     +   1 4    e  i  4   .     



(37)







According to Young’s inequality we have the following:


       c  m i      β ˙  i   i  e  3  −   β ˙  i   i  e  3      ≤   3 4    i  e  4  +   1 4       β ˙  i     c  m i    − 1   4         =   3 4    i  e  4  +   1 4        y i   t i     4      c  m i    − 1  4         i  e  3   d  w i       ≤   3 4    i  e  4  +   1 4     d ¯   w i  4          λ ˜  i     λ ^  i  −   λ ^   i 0        ≤   1 2     λ ˜   i  2  +   1 2       λ ^  i  −   λ ^   i 0    2  .     



(38)







Substituting (38) into (37) gives (39):


      V ˙  ≤     −   k  z ˜   −   2 3       z ˜  −  ζ  x y    4  −   k  ψ ˜   −   2 3      ψ ˜  4         −  ∑  i = u , r       y  i  4   t i    −    y  i  4  4   −     B  i  2   y  i  2   M  i  2    2 b  M  i  2     −   b 2    +   1 4     u ˜  4  +   1 4     r ˜  4         −  ∑  i = u , r      3 2    i  e  4  +   1 4        y i   t i     4      c  m i    − 1  4   +   1 4     d ¯   w i  4         +  ∑  i = u , r      c  m i     ζ i     1 2     λ ˜   i  2  +   1 2       λ ^  i  −   λ ^   i 0    2   +    m  i  2   2  c 2     +   1 4    e  i  4   .     



(39)







Now that   k  z ˜   ,   k  ψ ˜    are all control design parameters. Now we can chose the following:


         a 0  = min     ζ u   2  Γ  u   − 1      ,    ζ r   2  Γ  r   − 1                  1  t i    =    M i   2 b    +   1 4   +  a  0 i             k  z ˜   =  a  z ˜   +   3 4             k  ψ ˜   =  a  ψ ˜   +   3 4       



(40)




with   a  0 i   ,   a  z ˜   ,   a  ψ ˜    being positive constants.



Substituting (40) into (39) gives (41):


      V ˙  ≤     −   a  z ˜   −   3 4       z ˜  −  ζ  x y    4  −   a  ψ ˜   −   3 4      ψ ˜  4         −  a 0   ∑  i = u , r     y  i  4  +  i  e  4  +   c  m i     Γ  i   − 1     λ ˜   i  2   + σ      ≤    − 2 a V + σ       a =     min {  a  z ˜   −   3 4   ,  a  ψ ˜   −   3 4   ,  a 0  }       σ =     b +   1 4     d ¯   w i  4  +   1 4       c  m i    − 1  4  +   c  2  m i         λ ^  i  −   λ ^   i 0    2         +    m  i  2   2  c 2     +   1 4    e  i  4  .     



(41)







The adaptive neural control design, which generates the key result of this paper, has now been finalized based on the backstepping method. □







5. Simulation


Numerical validation of the proposed controller’s performance is demonstrated through the following simulation studies. To achieve this objective, we adopt the underactuated vessel dynamics model described in [40,41].    m u  = 121 ×  10 3   ,    m v  = 177.5 ×  10 3   , and    m r  = 637 ×  10 5   . The time-varying disturbances in the plant are as follows:


     d  w u      =   11 12    1 + 0.35 sin ( 0.2 t ) + 0.15 cos ( 0.5 t )        d  w v      =   26  17.79     1 + 0.2 sin ( 0.1 t ) + 0.3 cos ( 0.4 t )        d  w r      = −   950 636    1 + 0.1 sin ( 0.5 t ) + 0.3 cos ( 0.3 t )  .     



(42)







The integration time step used in this simulation experiment is 0.01 s. The simulation was conducted in the MATLAB R2025b environment, employing the Euler method as the numerical solver. A virtual ship generates the reference path given by (6) and    u d  = 6.0  m / s  . Initial conditions follow the setup in (30), for controllers with parameter values in the range of (35). Both RBF NNs approximating   f u   and   f r   consist of 25 nodes,   l = 10   with centers uniformly distributed in   [ − 5  m / s , 5  m / s ]   for   f u   and   [ − 1  rad / s , 1  rad / s ]   for   f r   and node widths set to    η j  = 5  ( j = 1 , 2 , ⋯ , l )   .



5.1. Closed-Loop Performance Verification


Simulation outcomes are illustrated in Figure 5, which shows the entire phase, encompassing the turning process characterized by a 2000-m turning diameter. The heading angle is depicted in Figure 6. The corresponding position and heading variations are presented in Figure 7. Figure 8 presents the ship velocities in the surge, sway and yaw directions. Figure 9 presents the changes in control inputs. Figure 10 illustrates the temporal evolution of the adaptive parameter. The results are consistent with ship maneuvering practices.




5.2. Comparison Simulation


First, this subpart verifies the effectiveness of the suggested adaptive neural path tracking control algorithm under hysteresis constraints. Second, its superiority in robustness and control accuracy is demonstrated via simulations; a comparison is made between the proposed concise robust adaptive controller and the findings in [42].


          x  d 0   ,  y  d 0   ,  ψ  d 0    =  [ 0 , 0 , 0 ]             x 0  ,  y 0  ,  ψ 0  ,  u 0  ,  v 0  ,  r 0   =  [ − 70 , 20 , 0 , 0 , 0 , 0 ]      



(43)






         λ  u 0   = 5 ,    λ  r 0   = 5           k  z ˜   = 1.2 ,    k  ψ ˜   = 5 ,    k  u ˜   = 0.86 ×  10 6  ,    k  r ˜   = 1.52 ×  10 9            Γ u  = 0.15 ,    Γ u  = 2 ,    ζ u  = 0.25 ,    ζ r  = 1 .     



(44)







Numerical simulations validate the effectiveness of the proposed approach, with comprehensive performance metrics illustrated in Figure 11. It displays the comparison of path following paths. In the simulation, complex reference paths are generated using waypoints    W 1   ( 0   m , 0   m )   ,    W 2   ( 0   m , − 1000   m )   ,    W 3   ( 2000   m , − 1000   m )   ,    W 4   ( 2000   m , 1000   m )   ,    W 5   ( 0   m , 1000   m )   ,    W 6   ( 0   m , − 1000   m )   ,    W 7   ( 2000   m , 1000   m )   ,    W 8   ( 3000   m , 0   m )   ,    W 9   ( 2000   m , − 1000   m )   , and    W 10   ( 0   m , 1000   m )   . It can be observed that with the proposed algorithm, the underactuated vessel is able to track the reference path from their initial position. Figure 12 shows the position and orientation error plots, with the red line showing the compared control schemes and the blue line showing the proposed algorithm. Comparative velocity profiles are demonstrated in Figure 13, highlighting the transient and steady-state behaviors differentials between the proposed and comparison methods. The control inputs for both control algorithms are given in Figure 14. Upon joint analysis, both control algorithms demonstrate satisfactory path-following performance, with the proposed algorithm displaying enhanced accuracy and stability. With respect to position and orientation errors, the proposed algorithm has a lower error value. In Figure 13 and Figure 14, the proposed algorithm exhibits a much smaller error, and thus the algorithm has a high tracking accuracy and low energy consumption, with smooth energy change.



To conduct a more in-depth quantitative analysis, three practical performance metrics (45) are introduced to evaluate the two algorithms: mean absolute error (MAE) reflects the system’s stability capability, mean absolute control input (MAI) characterizes the controller’s energy consumption properties, and mean total input variation (MTV) describes the controller’s smoothing performance.


        MAE =   1   t end  − 0     ∫  0   t end    e ( t )   d t ,          MAI =   1   t end  − 0     ∫  0   t end    τ ( t )   d t ,          MTV =   1   t end  − 0     ∫  0   t end    τ ( t + 1 ) − τ ( t )   d t     



(45)







Detailed quantitative results are shown in Table 1. The MAE indicates that the vessel surge and sway position error of the proposed algorithm is significantly lower than that of the comparison approach in [42]. Although the value of the   ψ e   term in our algorithm is higher than that in [42], the overall algorithm demonstrates comprehensive advantages in large-curved path following control. The MAI and MTV are evidently lower than the comparison algorithm, which indicates that the proposed algorithm is with lower control input and optimal controller structure.





6. Conclusions


In this paper, the path-following control of the underactuated vessel subject to environmental disturbance and backlash-like hysteresis nonlinearity is addressed. An improved L1-based guidance principle is introduced to eliminate the cumulative error of the yaw movement. Continuous dynamic correction of path-following errors fundamentally prevents the accumulation of yaw angle errors during prolonged vessel navigation. This effectively reduces overshoot during steering maneuvers, enabling smoother course adjustments and significantly enhancing tracking accuracy stability over long distances and complex paths. By fusion of the neural damping technique and quadratic function, the system’s unknown dynamics and the backlash-like hysteresis nonlinearity are compensated simultaneously. Benefiting from the compressed NN weight adaptive mechanism, the structure of the proposed controller is optimized, which facilitates the implementation of the algorithm in practical engineering. Numerical simulation and quantitative comparison are conducted to verify the effectiveness and superiority of the proposed strategy. In the future, the performance of the control method in more severe marine environments should be studied further.
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Figure 1. Hysteresis curves with different parameter c. 
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Figure 2. The diagram of waypoint-based path. 
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Figure 4. The diagram of the controller design. 
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Figure 5. Trajectory of the underactuated vessel. 
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Figure 6. The yaw angle. 
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Figure 7. The path following error. 






Figure 7. The path following error.
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Figure 8. The velocity variables u, v, r. 






Figure 8. The velocity variables u, v, r.



[image: Jmse 14 00402 g008]







[image: Jmse 14 00402 g009] 





Figure 9. Control inputs. 
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Figure 10. Adaptive time-varying parameter. 
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Figure 11. Plane trajectory diagram of ship path following. 
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Figure 12. Position and heading angle errors of ships. 
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Figure 13. The velocity variables u, v, r. 
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Figure 14. Control inputs of ships in surge and yaw DoFs. 
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Table 1. Quantitative outcomes for the proposed approach and the one in [42].
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Indexes

	
Items

	
The Proposed Scheme

	
The Scheme in [42]






	
MAE

	
    x e   ( m )    

	
17.3266

	
48.2604




	
    y e   ( m )    

	
18.7827

	
51.7442




	
    ψ e   ( deg )    

	
1.5408

	
0.9544




	
MAI

	
    τ u   ( N )    

	
   1.9457 ×  10 7    

	
   5.8827 ×  10 7    




	
    τ r   ( N · m )    

	
   3.1123 ×  10 7    

	
   9.7786 ×  10 7    




	
MTV

	
    τ u   ( N )    

	
   2334.2767   

	
   7732.6765   




	
    τ r   ( N · m )    

	
   1.3150 ×  10 5    

	
   1.7026 ×  10 5    
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