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Abstract

This paper investigates a formation tracking problem for underactuated surface vessels
(USVs) subject to collision avoidance and input saturation constraints. Many existing APF-
based formation-control approaches formulate collision avoidance using a single reference
point or an inter-center distance, which may provide insufficient geometric information
during close-range maneuvers. To improve navigation safety, an elliptical disk-based
collision avoidance mechanism is developed by introducing safety points at the bow, stern,
port, and starboard sides of each USV, such that multiple characteristic-point distance
constraints can be simultaneously enforced. To address unknown nonlinearities caused
by model uncertainties and external disturbances, a neural network-based observer is
designed to estimate unavailable velocity states and lumped disturbances. Distributed
control laws are synthesized by integrating artificial potential functions (APFs), the ob-
server, and a backstepping technique. Additional controllers are introduced to address
the input saturation and underactuated issues while preserving the collision avoidance
capability. Stability of the closed-loop system is rigorously established via Lyapunov theory.
Simulation results demonstrate that the proposed approach achieves safer close-range
maneuvering performance compared with conventional single-point methods.

Keywords: underactuated surface vessels; formation tracking; elliptical disk-based collision
avoidance; input saturation; artificial potential function

1. Introduction
Over the past two decades, unmanned surface vehicles (USVs) have been increas-

ingly employed in environmental monitoring, hydrographic and oceanographic surveying,
maritime surveillance, and search-and-rescue support owing to their autonomy, opera-
tional flexibility, and ability to perform missions in hazardous marine environments [1].
Formation control aims to coordinate multiple USVs to follow prescribed trajectories
while maintaining desired geometric configurations. Representative formation-control
architectures include behavior-based and virtual-structure methods [2,3], leader–follower
strategies [4,5], and graph-based distributed schemes [6–9]. Among them, distributed
graph-based approaches are particularly attractive because formation objectives can be
achieved using only local interaction information.

Collision avoidance is essential for safe USV operations, especially in confined
waterways, congested ports, and dynamic maritime environments where close-range
maneuvers are frequently required. Existing collision-avoidance schemes for USV
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formations and related multi-agent systems mainly include formation-reconfiguration
methods [10,11], prescribed-performance, error-transformation, or barrier-function-based
methods [8,9,12,13], and artificial-potential-function-based methods [3,14–17]. Formation-
reconfiguration methods avoid collisions by temporarily modifying the desired geometric
configuration or interaction topology [10,11], but their implementation requires an appropri-
ate switching or reconfiguration strategy. Prescribed-performance and error-transformation
methods enforce safety constraints through transformed tracking errors or barrier-type
functions; however, the required control action may increase significantly as the system
states approach the prescribed boundaries [18], which complicates their application to
systems subject to actuator saturation. In contrast, artificial potential function (APF)-
based methods provide a convenient means of incorporating repulsive interactions into
distributed formation controllers.

A common simplification in representative APF-based USV studies is to construct
collision-avoidance terms using vessel reference positions or inter-center distances [3,16].
Although this formulation facilitates controller design, a single reference distance does not
explicitly distinguish the clearances associated with the bow, stern, port, and starboard
regions during close-range encounters. Existing studies have accounted for vehicle dimen-
sions by approximating mobile agents or underactuated ships using elliptical shapes [19,20].
Ship-domain approaches have also introduced direction-dependent fore, aft, port, and
starboard dimensions to describe nonuniform navigational safety margins [21,22]. These
studies demonstrate the importance of incorporating vessel geometry and encounter orien-
tation into collision-risk assessment. Recent studies have continued to advance formation
and collision-avoidance control for multi-USV systems. Yoo and Park investigated dis-
tributed formation control with dynamic obstacle avoidance for uncertain underactuated
surface vehicles under a directed network [23]. Liu et al. developed an adaptive output
feedback event-triggered formation-control scheme with an obstacle-avoidance mechanism
for underactuated ships [24]. In addition, a recent bibliometric study provides an updated
overview of the development and research trends of multi-USV formation control [25].
Nevertheless, the existing studies, including these recent developments, do not jointly
incorporate multiple body-fixed characteristic-point constraints into observer-based for-
mation control of uncertain underactuated USVs subject to unmeasured velocities and
actuator saturation [6,8,9,15,17,26,27].

Motivated by this issue and building on established observer-based output feedback
architectures for uncertain underactuated surface vessels [26,27], this paper develops
a multi-point collision-avoidance measure based on an orientation-dependent virtual
elliptical reference geometry. The ellipse is introduced to characterize the directional
extent of a USV and to locate four representative safety points at the bow, stern, port, and
starboard directions; it is not intended as an exact geometric reconstruction of the physical
vessel hull. For two neighboring USVs, a point-based approximate proximity measure
is defined as the minimum of the 16 pairwise distances generated by their respective
characteristic safety points. This quantity is incorporated into the APFs to account for
orientation-dependent local proximity information instead of relying only on a centroid-
to-centroid distance. The resulting measure is used as a collision-risk indicator and is not
interpreted as the exact Euclidean minimum distance between two elliptical boundaries or
between two physical hulls.

Within the resulting control framework, an RBFNN-based observer is employed to
recover the unmeasured surge, sway, and yaw velocities and approximate the lumped un-
known dynamics arising from model uncertainties and environmental disturbances [26–28].
Distributed control laws are then constructed by combining the multi-point APFs,
observer-based compensation, dynamic-surface filters, and backstepping design. Auxiliary
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hyperbolic-tangent compensation dynamics are introduced to address underactuation and
actuator saturation while preserving the collision-avoidance capability. Lyapunov analysis
establishes the boundedness of all error signals in the resulting closed-loop system.

Figure 1 schematically illustrates the formation-tracking and collision-avoidance prob-
lem considered in this study, where four follower USVs are required to maintain prescribed
formation relationships with respect to a virtual leader while avoiding inter-vessel collisions
and static obstacles.

USV0

USV2USV1

USV3 USV4

Static obstacleStatic obstacle

Leader motion

Prescribed formation relationship

Representative inter-vessel 
collision-avoidance interaction

Figure X. Schematic illustration of the formation-tracking and collision-avoidance problem considered in this study
Figure 1. Schematic illustration of the formation-tracking and collision-avoidance problem considered
in this study.

The main contributions of this paper are summarized as follows.

(1) A multi-point collision-avoidance measure based on an orientation-dependent virtual
elliptical reference geometry is developed for close-range USV formation maneuvers.
Four body-fixed characteristic safety points are assigned to each vessel, and the
minimum of the resulting 16 point-pair distances is employed as a point-based
approximate proximity measure in the APFs. Compared with a single-reference-point
representation, the proposed measure incorporates additional orientation-dependent
proximity information associated with the bow, stern, port, and starboard directions.

(2) The proposed multi-point safety measure is integrated into a distributed observer-
based output feedback formation-control framework. The resulting controller si-
multaneously addresses formation tracking, static-obstacle avoidance, inter-vessel
collision avoidance, unknown dynamics, unmeasured velocities, underactuation,
and actuator saturation.

(3) Lyapunov analysis proves the boundedness of all closed-loop error signals. Compara-
tive simulations conducted under identical initial conditions, disturbances, controller
parameters, and actuator constraints show that the proposed method maintains
the prescribed minimum safety-point distance in close-range encounters where a
conventional centroid-based method may provide insufficient safety-point clearance.
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2. Mathematical Preliminaries and Problem Formulation
2.1. Notation

The mathematical notation used in the subsequent analysis is specified as follows. The
subscript i ∈ {1, . . . , N} is assigned to the individual USVs, with N being the total number
of USVs. The symbols | · | and ∥ · ∥ are used for the absolute value and Euclidean norm,
respectively. For a square matrix, λmin(·) and λmax(·) indicate its minimum and maximum
eigenvalues. The operators max(·) and min(·) give the maximum and minimum values
of a variable, respectively. A diagonal matrix is formed by diag{·}. The notation Rm×n

refers to the m-dimensional Euclidean space with n elements. Finally, In and 0n stand for
the n × n identity matrix and zero matrix, respectively.

2.2. Graph Theory

Graph theory is employed to describe the directed communication topology among
the leader and follower USVs, following standard graph-based distributed formation-
control formulations [2,7–9]. The framework is defined by a directed graph G = {VG , Θ}.
VG = {0, 1, . . . , N} represents the set of all USVs. Θ = {(i, j) ∈ {1, . . . , N} × VG} captures
directional communication links. An edge (i, j) ∈ Θ indicates that the ith USV can access
information from the jth USV. Two USVs are termed neighbors if their spatial proximity
satisfies a predefined threshold. For the ith USV, its neighboring set at time t is denoted as
Ni(t) = {j ∈ VG , (i, j) ∈ Θ}.

The following directed spanning-tree condition is commonly adopted to ensure that
the leader information can be transmitted to all follower USVs through the communication
network [7–9].

Assumption 1. At the initial time t = 0, the directed graph G contains a spanning tree oriented
toward the leader, which serves as the root node.

2.3. USV Model and Control Problem

A formation composed of N underactuated USVs is considered. Figure 2 illustrates
the coordinate frames and motion variables associated with the ith USV. The sensing and
communication hardware layers are not explicitly modeled in this study. The proposed
control framework is formulated in terms of available position–heading measurements,
control inputs, leader/neighbor information, and obstacle information. Therefore, the
controller does not depend on a specific acoustic, ultrasonic, or electromagnetic sensing
frequency. Following the standard three-degree-of-freedom (3-DOF) marine-craft kinematic
and dynamic model presented in [29], the horizontal-plane motion of the ith USV is
described by

η̇i =Ji(ψi)νi

ν̇i =ζi + M−1
i τi, (1)

where xi, yi, and ψi specify the longitudinal position, lateral position, and yaw angle in
the earth-fixed frame XEOEYE, respectively, and these variables form the position vector
ηi = [xi, yi, ψi]

T. In the body-fixed frame XBOBYB, the surge, sway, and yaw angular
velocities are represented by ui, vi, and ri, respectively, which are collected into the veloc-
ity vector νi = [ui, vi, ri]

T. The mass distribution is characterized by the inertial matrix
Mi = diag{mi,11, mi,22, mi,33}, whose diagonal elements mi,11, mi,22 and mi,33 are associated
with the surge, sway, and yaw inertial masses, respectively. The lumped uncertain term
ζi represents the uncertain and unmodeled hydrodynamic dynamics together with time-
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varying environmental disturbances. The control input vector τi = [τi,u, 0, τi,r]
T includes

the surge thrust τi,u and yaw moment τi,r. The rotation matrix Ji(ψi) is given as

Ji(ψi) =

 cos(ψi) −sin(ψi) 0
sin(ψi) cos(ψi) 0

0 0 1

.

Figure 2. Reference frames and motion variables of the ith USV.

Assumption 2. The derivative ν̇i is norm-bounded by an unknown positive constant ν∗i , i.e.,
∥ν̇i∥ ≤ ν∗i .

Assumption 3. The time derivative of Fi is norm-bounded by an unknown positive constant F∗
i ,

i.e., ∥Ḟi∥ ≤ F∗
i .

As illustrated in Figure 3, ρij specifies the relative distance from the ith USV to leader
j. The associated kinematic relations are expressed as:

ρij =
√
(xj − xi − pijc)2 + (yj − yi − pijc)2, (2)

ρ̇ij = −ui cos(ψi − λij) + uj cos(ψj − λij)

+ vi sin(ψi − λij)− vj sin(ψj − λij)

− ṗijc[cos(λij) + sin(λij)], (3)

where pijc is an artificial potential function used for collision avoidance, which will be
defined later.

Figure 3. Leader–follower structure.
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The relative angle λij for the ith USV with respect to leader j is obtained from

λij = atan2(yj − yi, xj − xi) (4)

Differentiating λij with respect to time yields

λ̇ij =
1

ρij
{−ui sin(ψi − λij) + uj sin(ψj − λij)

− vi cos(ψi − λij) + vj cos(ψj − λij)}. (5)

The desired formation behavior requires the ith USV to maintain the prescribed relative
position with respect to leader j, expressed by

lim
t→+∞

|ρij − ρij,d| ≤ c1,

lim
t→+∞

|λij − λij,d| ≤ c2, (6)

where ρij,d and λij,d are desired distance and angle, c1 and c2 are tunable positive constants
that can be set arbitrarily small.

In practical USV systems, both operational velocity limits and actuator constraints
should be considered. Accordingly, the surge, sway, and yaw velocities are assumed to
satisfy the following bounds, whereas the available surge force and yaw moment are subject
to actuator saturation [9,26,30,31].

|ui| ≤ ūi, |vi| ≤ v̄i, |ri| ≤ r̄i

|uj| ≤ ūj, |vj| ≤ v̄j, |rj| ≤ r̄j (7)

where ūi, v̄i, r̄i are the bounds of ui, vi and ri, respectively, while ūj, v̄j, r̄j are the bounds of
uj, vj and rj, respectively.

The command generated by the distributed controller is denoted by τic = [τi,uc, 0, τi,rc]
T,

where τi,uc and τi,rc correspond to the surge force and yaw moment, respectively. The actual
control input after saturation is expressed as τi = [τi,u, 0, τi,r]

T. The effect of actuator satura-
tion is quantified by the mismatch ϖi = [ϖi,u, 0, ϖi,r]

T = τic − τi. Accordingly, the relation
between the commanded and saturated control inputs can be written as τi = τic − ϖi.

Elliptical representations have been employed to account for the non-negligible dimen-
sions and heading-dependent geometry of mobile agents and underactuated ships [19,20].
In the present work, the ellipse is introduced as a virtual orientation-dependent reference
geometry rather than an exact representation of the physical USV hull. Four body-fixed char-
acteristic safety points are placed at the endpoints of the major and minor axes of this virtual
geometry, corresponding to the bow, stern, port, and starboard directions, respectively.

Lemma 1. Let the elliptical disks i and j be represented by bounding ellipses centered at (xi, yi)

and (xj, yj), respectively. Their heading angles are ψi and ψj, while the corresponding semi-axes are
(ai, bi) and (aj, bj). The geometric configuration is illustrated in Figure 4. The generalized distance
ρijc associated with the two elliptical disks is defined as
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ρijc = min



√
(xi − xj + Ai − Aj)2 + (yi − yj + Bi − Bj)2,√
(xi − xj + Ai + Aj)2 + (yi − yj + Bi + Bj)2,√
(xi − xj + Ai − Cj)2 + (yi − yj + Bi − Dj)2,√
(xi − xj + Ai + Cj)2 + (yi − yj + Bi + Dj)2,√
(xi − xj − Ai − Aj)2 + (yi − yj − Bi − Bj)2,√
(xi − xj − Ai + Aj)2 + (yi − yj − Bi + Bj)2,√
(xi − xj − Ai − Cj)2 + (yi − yj − Bi − Dj)2,√
(xi − xj − Ai + Cj)2 + (yi − yj − Bi + Dj)2,√
(xi − xj + Ci − Aj)2 + (yi − yj + Di − Bj)2,√
(xi − xj + Ci + Aj)2 + (yi − yj + Di + Bj)2,√
(xi − xj + Ci − Cj)2 + (yi − yj + Di − Dj)2,√
(xi − xj + Ci + Cj)2 + (yi − yj + Di + Dj)2,√
(xi − xj − Ci − Aj)2 + (yi − yj − Di − Bj)2,√
(xi − xj − Ci + Aj)2 + (yi − yj − Di + Bj)2,√
(xi − xj − Ci − Cj)2 + (yi − yj − Di − Dj)2,√
(xi − xj − Ci + Cj)2 + (yi − yj − Di + Dj)2



,

where Ai = ai cos(ψi), Bi = ai sin(ψi), Ci = −bi sin(ψi), Di = −bi cos(ψi), Aj = aj cos(ψj),
Bj = aj sin(ψj), Cj = −bj sin(ψj) and Dj = −bj cos(ψj).

Figure 4. The generalized distance.

2.4. Obstacle Avoidance

Artificial potential functions (APFs) are widely used to incorporate obstacle avoidance
into motion and formation control. Following common APF-based formulations [3,32],
the kth static obstacle is modeled as a circular object surrounded by a repulsive potential
field. The repulsive potential remains inactive when the ith USV is sufficiently far from the
obstacle and increases as the USV approaches the prescribed safety boundary. Accordingly,
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the repulsive potential function between the ith USV and the kth static obstacle is defined
as follows:

po
ik =


αo(p2

ikv− p̄ikv)
2

2(p2
ikv−p

ikv
)2 , if pikv ≤ R̄c

0, otherwise
(8)

where αo is a positive constant, and R̄o specifies the collision range associated with the
obstacles. The relative-position vector between the ith USV and the kth obstacle is expressed
as pik = pi − pok, while its norm pikv = ∥pik∥ (k = 1, . . . No) measures the corresponding
separation distance.

2.5. Collision Avoidance

APF-based repulsive interactions have been widely used in distributed USV formation
and swarm control to maintain inter-vessel separation [3,9,14,16,27]. In this paper, the inter-
vessel repulsive potential is constructed using the proposed multi-point safety measure
and is defined as follows:

pc
ij =


αc(p2

ijv− p̄ijv)
2

2(p2
ijv−p

ijv
)2 , if pijv ≤ R̄c

0, otherwise
(9)

where the relative-position vector is expressed as pij = pi − pj, and pijv = ∥pij∥ gives the
corresponding separation between the ith USV and the jth USV. The parameter R̄c specifies
the collision radius associated with the jth USV, whereas αc is a positive constant.

2.6. Integrated Collision and Obstacle Avoidance Coordination

The control laws for the ith USV are constructed using a synthesized reference trajec-
tory obtained by jointly considering the target position and the integrated potential fields
for collision and obstacle avoidance. A coordination strategy is embedded in the resulting
composite potential fields, whose mathematical form is given by

ps
ik =

[
∑N

j=1 cx
ij p

c
ij + ∑No

k=1 ox
ik po

ik

∑N
j=1 cy

ij p
c
ij + ∑No

k=1 oy
ik po

ik

]
. (10)

where cx
ik, cy

ik, ox
ik and oy

ik specify the coordination directions adopted for collision and
obstacle avoidance, with their expressions given by

cx
ij = sign(∂pc

ik/∂xi)

cy
ij = sign(∂pc

ij/∂yi)

ox
ik = sign(∂po

ik/∂xi)

oy
ik = sign(∂po

ik/∂yi)

(11)

At each control update, the relative information of neighboring USVs and static ob-
stacles is first used to evaluate the corresponding proximity measures. When a proximity
measure enters its prescribed activation range, the associated repulsive potential is acti-
vated; otherwise, the corresponding potential term remains zero. The directional terms
in Equation (11) determine the repulsive directions along the earth-fixed coordinates, and
all active collision- and obstacle-avoidance terms are combined through Equation (10).
The resulting avoidance term is then incorporated into the formation-error dynamics and
subsequently affects the virtual and actual control inputs.
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Incorporating the total potential fields into the formation task leads to the following
control objective:

lim
t→+∞

∥pi − pj − pij,d − ps
ik∥ < c0, (12)

where c0 ∈ R is selected as a small positive constant.
For pikv ≥ R̄o, the APF remains inactive and the USV continues to maintain the

prescribed formation pij,d, as indicated in Figure 2. The parameter oik, however, determines
the encounter direction between the USV and obstacles.

3. Distributed Output Feedback Control Design
The overall procedure of the proposed distributed output feedback control method is

summarized in Figure 5. The measured position–heading signals and control inputs are
first processed by the RBFNN-based observer to estimate the unavailable velocity states
and lumped unknown dynamics. Meanwhile, the inter-vessel and obstacle information is
used to construct the collision- and obstacle-avoidance potential terms. These quantities
are then incorporated into the formation-error dynamics and the recursive backstepping
design. Dynamic-surface filters and auxiliary compensation dynamics are employed to
avoid repeated differentiation and to address underactuation and actuator saturation,
respectively. Finally, the surge force and yaw moment are generated and applied to each
follower USV.

Underactuated USV system

Distributed control inputs
Surge force and yaw moment

Dynamic-surface filtering and auxiliary compensation
Underactuation and input-saturation handling

Formation-error and virtual-control design

RBFNN-based observer
Velocity and unknown-dynamics estimation

Collision and obstacle avoidance evaluation
Multi-point safety measure and APFs

Measurements and interaction information
Position-heading measurements, control input, leader/neighbor information, and obstacle information

Figure X. Flowchart of the proposed distributed output-feedback control method.

Feedback

Figure 5. Flowchart of the proposed distributed output feedback formation-control method.

3.1. RBFNN-Based Observer Construction

Accurate modeling and output feedback control of underactuated USVs are often
complicated by model uncertainties, unmodeled nonlinear dynamics, environmental distur-
bances, and unavailable velocity information [33,34]. Moreover, the relative configurations
between neighboring vessels continuously vary during formation maneuvers, which fur-
ther complicates an exact description of close-range interactions. In the present work, these
uncertain single-vessel dynamic effects are treated as lumped unknown dynamics and are
estimated by the proposed observer. Detailed near-field hydrodynamic coupling between
neighboring vessel hulls is not explicitly modeled and is beyond the scope of this study.
For observer design, the USV model in Equation (1) is rewritten as

https://doi.org/10.3390/jmse14161557
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η̇i = Ji(ψi)νi,
Mi ν̇i = τi − ζi,

(13)

where the vectors are specified by ηi = [xi, yi, ψi]
T and νi = [ui, vi, ri]

T. The model
uncertainties and environmental disturbances are represented by fi = [ fi,1, fi,2, fi,3]

T

and di = [di,1, di,2, di,3]
T, respectively, and their combined effect is expressed through

ζi = [ζi,1, ζi,2, ζi,3]
T = − fi − di. The inertia properties of the ith USV are characterized by

Mi = diag{mi,11, mi,22, mi,33} ∈ R3×3. The rotation matrix Ji(ψi) takes the form

Ji(ψi) =

 cos(ψi) −sin(ψi) 0
sin(ψi) cos(ψi) 0

0 0 1

.

The universal approximation property of RBF neural networks over compact sets [28]
enables the lumped unknown dynamics ζi to be approximated by a radial basis function
neural network (RBFNN). Following the recorded input–output-data construction in [27,35],
the control input τi and the current and delayed output signals of ηi are used as inputs to
the RBFNN. Specifically,

ζi = WT
i hij(ςi) + εi(ςi), (14)

where the RBFNN input vector is constructed as ςi = [ηT
i , ηT

i (t − td), ηT
i (t − 2td), τT

i ]
T, with

td > 0. The basis-function vector satisfies hij(ςi) ∈ Rm, where j = 1, . . . , m indexes the
hidden-layer neurons. The weight matrix belongs to Wi ∈ Rm×3. The approximation error
is bounded according to ∥εi(ςi)∥ ≤ ε̄i, where ε̄i is a positive constant.

Motivated by neural network-based output feedback observer designs for underactu-
ated surface vessels [26,27], the RBFNN-based state observer is designed as follows:

˙̂ηi = Ji(ψi)ν̂i − Koi1η̃i, (15)

Mi ˙̂νi = τi − ŴT
i hij(ςi)− Koi2 JT

i (ψi)η̃i, (16)

where Koi1, Koi2 ∈ R3×3 are selected as positive definite observer gain matrices. The state
estimation error is expressed as η̃i = η̂i − ηi, where the estimated state and velocity vectors
are collected as η̂i = [x̂i, ŷi, ψ̂i]

T and ν̂i = [ûi, v̂i, r̂i]
T, corresponding to the estimates of ηi

and νi, respectively. The estimate associated with Wi is denoted by Ŵi, whose adaptation
rule is specified by

˙̂Wi = γihij(ςi)η̃
T
i Ji(ψi)− ρi,wŴi, (17)

where ρi,w, γi ∈ R are chosen as positive constants.
For clarity, the implementation procedure of the RBFNN-based observer is summa-

rized in Algorithm 1. At each sampling instant, the measured position–heading signals,
current observer estimates, and applied control input are used to construct the RBFNN
input vector. The position–heading estimation error and RBF activation vectors are then
evaluated to obtain the estimate of the lumped unknown dynamics. Subsequently, the
position–heading estimates, velocity estimates, and adaptive neural-network weights are
updated according to (15)–(17).
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Algorithm 1 RBFNN-Based Observer for the ith USV

1: Input: measured position–heading ηi and applied control input τi
2: Initialization: η̂i(0) = ηi(0), ν̂i(0) = 0, and Ŵi,q(0) = 0, q = 1, 2, 3
3: for each sampling instant tk do
4: Calculate the position–heading estimation error η̃i = η̂i − ηi
5: Construct the RBFNN input vector ςi = [ηT

i , η̂T
i , ν̂T

i , τT
i ]

T

6: Calculate the body-fixed estimation-error signal ∆i = JT
i (ψi)η̃i

7: for q = 1, 2, 3 do
8: for j = 1, . . . , m do

9: Evaluate the RBF activation hi,j,q(ςi) = exp
(
− ∥ςi−ci,j,q1∥2

b2
i,q

)
10: end for
11: Define hi,q = [hi,1,q, . . . , hi,m,q]

T

12: Estimate the qth component of the lumped unknown dynamics ζ̂i,q = ŴT
i,qhi,q

13: Calculate the adaptive weight derivative ˙̂Wi,q = γi,qhi,q∆i,q − ρi,qŴi,q

14: Update Ŵi,q(tk+1) = Ŵi,q(tk) + Ts
˙̂Wi,q(tk)

15: end for
16: Construct ζ̂i = [ζ̂i,1, ζ̂i,2, ζ̂i,3]

T

17: Update η̂i according to Equation (15)
18: Update ν̂i according to Equation (16)
19: Provide ν̂i and ζ̂i to the distributed controller
20: end for

For the subsequent control construction, the component forms of the relevant quan-
tities are introduced as Ŵi = [Ŵ1,i, Ŵ2,i, Ŵ3,i]

T, hij(ςi) = [h1,ij(ςi), h2,ij(ςi), h3,ij(ςi)]
T, and

Koi2 = diag{K1,oi2, K2,oi2, K3,oi2}. Accordingly, (16) can be written componentwise as

˙̂ui =
1

mi,11
(τi,u − Ŵ1,ih1,ij(ςi)− K1,oi2∆1,i), (18)

˙̂vi =
1

mi,22
(−Ŵ2,ih2,ij(ςi)− K2,oi2∆2,i), (19)

˙̂ri =
1

mi,33
(τi,r − Ŵ3,ih3,ij(ςi)− K3,oi2∆3,i), (20)

where the auxiliary terms are ∆1,i = cos(ψi)x̃i + sin(ψi)ỹi, ∆2,i = −sin(ψi)x̃i + cos(ψi)ỹi

and ∆3,i = ψ̃i.
Using (15), (16), and (13) together yields the following observer error equations:

˙̃ηi = Ji(ψi)ν̃i − Koi1η̃i, (21)

Mi ˙̃νi = −W̃T
i hij(ςi) + εi(ςi)− Koi2 JT

i (ψi)η̃i, (22)

where the velocity estimation error is expressed as ν̃i = ν̂i − νi.
For a compact representation, the observer errors are stacked into Xi = [η̃T

i , ν̃T
i ]

T.
Accordingly, (21) and (22) are written in matrix form as

Ẋi = AiXi + Bi(−W̃T
i hij(ςi) + εi(ςi)), (23)

η̃i = CoiXi, (24)
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where

Ai =

[
−Koi1 Ji(ψi)

−M−1
i Koi2 JT

i (ψi) 03

]
, Bi =

[
03

M−1
i

]
,

Coi =
[

I3 03

]
.

Because Ai depends nonlinearly on Ji(ψi), a direct stability analysis of the observer
is difficult. Therefore, a change in coordinates is adopted according to χi = TiXi, with
Ti = diag{JT

i (ψi), I3}, yielding

χ̇i = (Ai0 + riST)χi + Bi(−W̃T
i hij(ςi) + εi(ςi)), (25)

where

Ai0 =

[
−Koi1 I3

−M−1
i Koi2 03

]
,

and ST = diag{S1, I3} with

S1 =

 0 1 0
−1 0 0
0 0 0

.

Lemma 2. If ρi
2γi

−
h̄2

ij
2 > 0 and symmetric positive definite matrices Qi, Pi ∈ R6×6 can be found

such that the inequalities below are satisfied, then the observer estimation error Xi is bounded:

AT
i0Pi + Pi Ai0 + PiBiBT

i Pi + Qi

+ FiFT
i + r̄i(ST

T Pi + PiST) ≤ 0, (26)

AT
i0Pi + Pi Ai0 + PiBiBT

i Pi + Qi

+ FiFT
i − r̄i(ST

T Pi + PiST) ≤ 0, (27)

where Fi = CT
oi − PiBi, while r̄i ∈ R specifies an upper bound for ri.

Proof. The analysis is carried out using the Lyapunov function:

Vio =
1
2

χT
i Piχi +

1
2γi

tr(W̃T
i W̃i). (28)

Taking the time derivative of Vio gives

V̇io =
1
2

χT
i (Pi Ai0 + AT

i0Pi + riPiST + riST
T Pi)χi

+ χT
i PiBi(−W̃T

i hij(ςi) + εi(ςi)))

+
1
γi

tr(W̃T
i

˙̃Wi)

≤1
2

χT
i [Pi Ai0 + AT

i0Pi + riPiST + riST
T Pi]χi

+ χT
i FiW̃T

i hij(ςi) + χT
i PiBiεi(ςi)

− ρi
γi

tr(W̃T
i Ŵi). (29)

Observe that −tr(W̃T
i Ŵi) ≤ − 1

2∥W̃i∥2
F + 1

2∥Wi∥2
F, −χT

i FiW̃T
i hij(ςi) ≤ 1

2 χT
i FiFT

i χi +
1
2 W̃T

i hij(ςi)hT
ij(ςi)W̃i, and χT

i PiBiεi(ςi) ≤ 1
2 χT

i PiBiBT
i Piχi +

1
2 ε2

i (ςi), which yields
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V̇io ≤− λmin(Qi)

2
∥χi∥2 − (

ρi
2γi

−
h̄2

ij

2
)∥W̃i∥2

F

+
ρi

2γi
∥Wi∥2

F +
1
2

ε2
i (ςi)

≤− ci2Vio + ci1, (30)

where ci1 = ρi
2γi

∥Wi∥2
F +

1
2∥ε̄i(ςi)∥2, ci2 = min{ λmin(Qi)

λmax(Pi)
, ρi − γi h̄2

ij}. Inequality (30) implies

that the state χi remains bounded. Given that TT
i = T−1

i and Xi = TT
i χi, the boundedness

of the estimation error signal Xi is ensured.

3.2. Controller Design

The subsequent control development employs the following representation of the
kinematic model for the ith USV:

ṗi = Rizi, (31)

ψ̇i = ri, (32)

where

Ri =

[
cos(ψi) −sin(ψi)

sin(ψi) cos(ψi)

]
,

zi = [ui, vi]
T.

The distributed formation controller is developed recursively using the backstepping
methodology [36]. A stepwise design procedure is presented below.

Step 1: Based on the kinematics (31) and (32), modified error functions incorporating
neighbors and obstacles information are defined as

pi,e = [pi,e1, pi,e2]
T

= RT
i [

n

∑
j=0

aij(pi − pj − pij,d − p̄s
ik)]. (33)

where aij = 1 indicates that the ith USV has access to the position information of the jth
USV; in the absence of such information, aij = 0.

Differentiating pi,e and using (31) yields

ṗi,e =− riSpi,e + as,izi − RT
i as,iRjzj

− RT
i as,i( ṗij,d + ˙̄ps

ik), (34)

where as,i = ∑n
j=0 aij,

S =

[
0 1
−1 0

]
.

The vector βi = [βi,1, βi,2]
T is introduced as the virtual input associated with (34).

Accordingly, βi is selected at the kinematic level according to

βi =[−Ki,1 pi,e + RT
i as,iRj ẑj + RT

i as,i( ṗij,d + ˙̄ps
ik)]/as,i, (35)

with Ki,1 ∈ R2×2 chosen to be diagonal.
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Introduce p̃ik = ṗ f
ik − ṗs

ik. Since Ri, as,i and p̃ik are bounded, a positive constant µ1 can
be selected such that ∑n

i=1 ∥RT
i as,i p̃ik∥ ≤ µ1.

Step 2: The next error variable is introduced as

ψi,e = ψi − ψi,a, (36)

The line-of-sight (LOS) guidance law [27,37,38] is employed to determine the desired
heading angle ψi,a as

ψi,a = ψj − f , (37)

f = atan(v̂i/ûj)− atan(pie2/∆), (38)

where ∆ > 0 denotes the LOS look-ahead parameter. In the numerical implementation,
follower-dependent look-ahead parameters are adopted, and their values are summarized
in Table 1.

Table 1. Main settings of the simulation environment.

Item Setting

Simulation platform MATLAB R2022b
Simulation horizon 300 s
Numerical step 0.01 s
Integration method for USV dynamics Classical fourth-order Runge–Kutta (RK4)
Formation system One virtual leader and four follower USVs
Vessel model CyberShip II
Observer gains Koi1 = Koi2 = 30I3
RBFNN hidden nodes 9
RBFNN adaptation gain 1000
RBFNN leakage coefficient 0.1
Initial RBFNN weights Ŵi(0) = 09×3

Controller gains Ki,1 = diag{4, 4}, ki,2 = 4, ki,3 = 20, ki,4 = 0.5,
ki,5 = 12

Auxiliary-compensation parameters Tu = 10, Tr = 20, γ1 = 20
Dynamic-surface-filter constants li,1 = li,2 = li,3 = 0.1
External disturbance Bounded deterministic sinusoidal disturbance

Disturbance bounds |di,u| ≤ 0.48 N, |di,v| ≤ 0.44 N,
|di,r| ≤ 0.491 N·m

Surge-force constraint [−2, 2] N
Yaw-moment constraint [−1.5, 1.5] N·m
Static-obstacle centers [20, 3]T m and [20,−3]T m
Static-obstacle radius 2 m
Ellipse semi-major axis 0.75 m
Ellipse semi-minor axis 0.35 m
RBFNN basis-function widths bi,1 = bi,2 = bi,3 = 30

LOS look-ahead parameters
∆1 = 1 m, ∆2 = 0.3 m, ∆3 = 0.5 m;
∆4 = 0.2 m for t ≤ 150 s and ∆4 = 0.5 m for
t > 150 s

Differentiating ψi,e and using (32) yields

ψ̇i,e =ri − ψ̇i,a. (39)

For the controller design, the stabilizing function βi,3 is selected in the following form:

βi,3 = −ki,2ψi,e + ẑj + ḟ , (40)

Here, ki,2 represents a positive constant.
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Step 3: Introduce the velocity errors as

ui,e = ûi − β̄i,1 − γ1tanh(αi,1), (41)

vi,e = v̂i − β̄i,2 − tanh(αi,2), (42)

ri,e = r̂i − β̄i,3 − γ1tanh(αi,3), (43)

where γ1 is a positive constant, and αi,h (h = 1, 2, 3) denotes an auxiliary control term
introduced to address the underactuated nature and input saturation. To avoid the repeated
differentiation of virtual control laws in the backstepping procedure, a first-order dynamic-
surface filter [39] is introduced: li,h ˙̄βi,h + β̄i,h = βi,h, h = 1, 2, 3, where li,h is set to a positive
filter constant.

Differentiating (41)–(43) and substituting (18)–(20) yields

u̇i,e =
1

mi,11
[τi,uc − ϖi,u − Ŵ1,ih1,ij(ςi)− K1,oi2∆1,i]

− ˙̄βi,1 − γ1
α̇i,1

cosh2(αi,1)
, (44)

v̇i,e =
1

mi,22
[−Ŵ2,ih2,ij(ςi)− K2,oi2∆2,i]− ˙̄βi,2

− α̇i,2

cosh2(αi,2)
, (45)

ṙi,e =
1

mi,33
[τi,rc − ϖi,r − Ŵ3,ih3,ij(ςi)− K3,oi2∆3,i]

− ˙̄βi,3 − γ1
α̇i,3

cosh2(αi,3)
. (46)

Following the auxiliary compensation structure in [27], the update laws used to
address underactuation and actuator saturation are given by

α̇i,1 = cosh2(αi,1)(−Tuαi,1 − ϖi,u/mi,11)/γ1, (47)

α̇i,2 = cosh2(αi,2){−Ŵ2,ih2,ij(ςi)/mi,22 + ki,4vi,e

+ as,i pi,e2 − ˙̄βi,2}, (48)

α̇i,3 = cosh2(αi,3)(−Trαi,3 − ϖi,r/mi,33)/γ1, (49)

The parameters ki,4, Tu and Tr are chosen as positive constants.
Step 4: The kinetic control laws for stabilizing the system are formulated as

τi,uc = mi,11(−ki,3ui,e − Tuαi,1 +
˙̄βi,1 − as,i pi,e1)

+ Ŵ1,ih1,ij(ςi), (50)
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τi,rc = mi,33(−ki,5ri,e +
˙̄βi,3 − Trαi,3 − ψi,e)

+ Ŵ3,ih3,ij(ςi). (51)

Theorem 1. For a system of N USVs affected by input saturation, suppose that the distributed
control laws (50) and (51), the observer described by (15) and (16), and the auxiliary control terms
(47)–(49) are implemented. With the proposed output feedback control scheme, every error signal of
the resulting closed-loop system is bounded.

Proof. A composite Lyapunov function is selected to simultaneously characterize the
formation-position error, heading error, velocity errors, dynamic-surface-filter errors, ob-
server estimation error, and the collision/obstacle-avoidance potential term. This structure
is consistent with the recursive backstepping and observer-based design and facilitates the
treatment of the coupling and cross terms among the corresponding subsystems. Accord-
ingly, the Lyapunov function is defined as follows:

V =
n

∑
i=1

(
1
2

pT
i,e pi,e +

1
2

ψ2
i,e +

1
2

u2
i,e +

1
2

v2
i,e +

1
2

r2
i,e

+
3

∑
h=1

ω2
i,h + Vio + pik) (52)

For h = 1, 2, 3, ωi,h represents the discrepancy between β̄i,h and βi,h and is written as:

ωi,1 = β̄i,1 − βi,1, (53)

ωi,2 = β̄i,2 − βi,2, (54)

ωi,3 = β̄i,3 − βi,3. (55)

Differentiating V along (30), (34), (39), and (44)–(46) generates

V̇ =
n

∑
i=1

(
pT

i,e[as,i(zi,e + βi + ωi + ᾱ − z̃i)− RT
i as,iRjzj

− RT
i as,i( ṗij,d + p̄c

ik)] + ψi,e(ri − ψ̇i,a)

+ ui,e{
1

mi,11
[τi,uc − ϖi,u − Ŵ1,ih1,ij(ςi)

− K1,oi2∆1,i]− ˙̄βi,1 − γ1
α̇i,1

cosh2(αi,1)
}

+ vi,e{
1

mi,22
[−Ŵ2,ih2,ij(ςi)− K2,oi2∆2,i]− ˙̄βi,2

− α̇i,2

cosh2(αi,2)
}+ ri,e{

1
mi,33

[τi,rc − ϖi,r

− Ŵ3,ih3,ij(ςi)− K3,oi2∆3,i]− ˙̄βi,3

− γ1
α̇i,3

cosh2(αi,3)
}+

3

∑
h=1

ωi,h(
˙̄βi,h − β̇i,h)

− λmin(Qi)∥χi∥2 − (
ρi

2γi
−

h̄2
ij

2
)∥W̃i∥2

F + ci1 + ṗik
)
. (56)
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Moreover, substituting the virtual controls (35), (40), update laws for the auxiliary
controls (47)–(49), and control laws (50) and (51) into (56), we obtain

V̇ ≤
n

∑
i=1

{−λmin(Ki,1)pT
i,e pi,e − ki,2ψ2

i,e

+ pT
i,eas,i(ωi + ᾱ − z̃i) + pT

i,eRias,iRT
j z̃j + ψi,e(ωi,3 + r̃j − r̃i)

− ki,3u2
i,e − ki,4v2

i,e − ki,5r2
i,e −

K1,oi2

mi,11
∆1,iui,e

− K2,oi2

mi,22
∆2,ivi,e −

K3,oi2

mi,33
∆3,iri,e

−
3

∑
h=1

ωi,h(
ωi,h

li,h
+ β̇i,h)− λmin(Qi)∥χi∥2

− (
ρi

2γi
−

h̄2
ij

2
)∥W̃i∥2

F + ci1 + ṗik} (57)

Here, ẑi = [ûi, v̂i]
T, while z̃i = ẑi − zi and r̃i = r̂i − ri. From li,h ˙̄βi,h + β̄i,h = βi,h, it follows

that ˙̄βi,h − β̇i,h =
βi,h−β̄i,h

li,h
− β̇i,h = −ωi,h

li,h
− β̇i,h. In addition, ωi,h(

ωi,h
li,h

+ β̇i,h) can be absorbed

into pT
i,eas,iωi and ψi,eωi,3,

V̇ ≤
n

∑
i=1

{−λmin(Ki,1)pT
i,e pi,e − ki,2ψ2

i,e

+ pT
i,eas,i(ᾱ − z̃i) + pT

i,eRias,iRT
j z̃j + ψi,e(r̃j − r̃i)

− ki,3u2
i,e − ki,4v2

i,e − ki,5r2
i,e −

K1,oi2

mi,11
∆1,iui,e

− K2,oi2

mi,22
∆2,ivi,e −

K3,oi2

mi,33
∆3,iri,e

−
3

∑
h=1

(
ω2

i,h

li,h
−

ω2
i,hΩ2

i,h

2ϱi
)− λmin(Qi)∥χi∥2

− (
ρi

2γi
−

h̄2
ij

2
)∥W̃i∥2

F +
3ϱi
2

+ ci1 + ṗik} (58)

For subsequent analysis, introduce Ωi,1 = as,i pi,e1 − β̇i,1, Ωi,2 = as,i pi,e2 − β̇i,2 and
Ωi,3 = ψi,e + β̇i,3. Applying Young’s inequality gives, for any ϱi > 0, ωi,hΩi,h ≤

1
2ϱi

ω2
i,hΩ2

i,h + ϱi
2 . Next, consider the sets ∏i := {∑i

j=1 pT
j,e pj,e +ψ2

j,e + u2
j,e + v2

j,e + r2
j,e +

∑3
h=1 ω2

j,h + X̃T
j X̃j +

1
γi

tr(W̃T
i W̃i) ≤ 2ρρ} and Oo := {ηT

0 η0 + η̇T
0 η̇0 ≤ η∗

0}, where ρρ and

η∗
0 denote positive constants. Since ∏i ×Oo is compact in R18i+6, a positive constant si,h can

be selected such that |Ωi,h| ≤ si,h throughout this set.
To simplify the subsequent design, define K̄1o =

K1,oi2
mi,11

, K̄2o =
K2,oi2
mi,22

, K̄3o =
K3,oi2
mi,33

and

µ1 = ∑n
i=1(ci1 +

3ϱi
2 + ṗik). By Young’s inequality, it holds that

pT
i,eas,i(ᾱ − z̃i) ≤as,i(pT

i,e pi,e +
1
2
+

1
2

z̃T
i z̃i), (59)

pT
i,eRias,iRT

j z̃j ≤
as,i

2
(pT

i,e pi,e + z̃T
j z̃j), (60)

ψi,e(r̃j − r̃i) ≤ψ2
i,e +

1
2

r̃2
i +

1
2

r̃2
j , (61)
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K̄1o∆1,iuie ≤K̄1ouie(|x̃i|+ |ỹi|)

≤ K̄1o
2

x̃2
i +

K̄1o
2

ỹ2
i + K̄1ou2

ie (62)

K̄2o∆2,ivie ≤K̄2ovie(|x̃i|+ |ỹi|)

≤ K̄2o

2
x̃2

i +
K̄2o

2
ỹ2

i + K̄2ov2
ie (63)

K̄3o∆3,irie =K̄3oψ̃irie

≤ K̄3o

2
ψ̃2

i + K̄3or2
ie. (64)

Substituting (59)–(64) and Xi = TT
i χi into (58), we obtain

V̇ ≤
n

∑
i=1

{−[λmin(Ki,1)−
3as,i

2
]pT

i,e pi,e − (ki,2 − 1)ψ2
i,e

− (ki,3 − K̄1o)u2
i,e − (ki,4 − K̄2o)v2

i,e

− (ki,5 − K̄3o)r2
i,e −

3

∑
h=1

(
ω2

i,h

li,h
−

ω2
i,hΩ2

i,h

2ϱi
)

− [λmin(Qi)− λko]∥χi∥2 − (
ρi

2γi
−

h̄2
ij

2
)∥W̃i∥2

F

+
as,i

2
}+ µ1, (65)

where λko = max{ K̄1o+K̄2o
2 , K̄3o

2 , as,i, 1}.
By selecting 1/li,h = s2

i,h/(2ϱi) + l∗i,h, where l∗i,h is a positive constant, the following
result is obtained:

V̇ ≤
n

∑
i=1

{−[λmin(Ki,1)−
3as,i

2
]pT

i,e pi,e − (ki,2 − 1)ψ2
i,e

− (ki,3 − K̄1o)u2
i,e − (ki,4 − K̄2o)v2

i,e − (ki,5 − K̄3o)r2
i,e

−
3

∑
h=1

l∗i,hω2
i,h −

3

∑
h=1

(1 −
Ω2

i,h

s2
i,h

)
ω2

i,hs2
i,h

2ϱi

− [λmin(Qi)− λko]∥χi∥2 − (
ρi

2γi
−

h̄2
ij

2
)∥W̃i∥2

F}

+ µ2, (66)

where µ2 = µ1 + ∑n
i=1

as,i
2 .

Substituting the bound |Ωi,h| ≤ si,h into (66) yields

V̇ ≤ −µ0V + µ2, (67)

where µ0 = min{2[λmin(K1,i) −
3as,i

2 ], 2(ki,2 − 1), 2(ki,3 − K̄1o), 2(ki,4 − K̄2o), 2(ki,5 − K̄3o),
2l∗i,h, 2[λmin(Qi)− λko], (

ρi
γi
− h̄2

ij)}.
Hence,

V(t) ≤ (V(0)− µ2

µ0
)e−µ0t +

µ2

µ0
. (68)
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The definition of V implies the boundedness of every error signal in the closed-loop
system.

4. Simulation Results
4.1. Simulation Environment and Setup

All numerical simulations were implemented in MATLAB R2022b with a fixed numer-
ical step of 0.01 s over a simulation horizon of 300 s. The kinematic and dynamic equations
of the USVs were numerically integrated using the classical fourth-order Runge–Kutta
(RK4) method, while the controller and observer states were updated at the same sampling
interval. A formation system consisting of one virtual leader and four follower USVs was
considered to evaluate the proposed control strategy. Under the directed spanning-tree
condition in Assumption 1, a single rooted leader is sufficient to propagate the reference
information to all follower USVs [7–9]. Introducing multiple leaders would instead lead
to a multi-leader or containment-control formulation [33], which is beyond the formation-
tracking objective considered in this study.

The vessel model and its principal parameters were based on the CyberShip II model
ship developed at the Norwegian University of Science and Technology [40]. CyberShip II
is adopted as a benchmark model because its dynamic parameters are well documented and
have been widely used in marine-control studies, which facilitates reproducible controller
evaluation and comparison with related work. The proposed control framework is not
restricted to this specific platform and can be applied to other underactuated USV models
satisfying the stated assumptions after replacing the corresponding vessel parameters. The
simulation configuration, including the initial positions of the virtual leader and follower
USVs, the locations of the two static obstacles, and the leader-motion direction, is illustrated
in Figure 6. The main simulation settings are summarized in Table 1.

USV0

USV1

USV2

USV4

USV3 Static obstacle 2, r = 2m

Static obstacle 1, r = 2m

0

−5

5

0 5 10 15 20 25 30 x[m]

y[m]

Leader motion

(Virtual leader)

Scenario 2 Scenario 3

USV0

USV2

USV4

USV3

USV1

Scenario 1

USV0

USV2

USV4

USV3

USV1

USV0

USV2

USV4

USV3

USV1

Figure 6. Initial simulation configuration of the case study.

Neural network-based observer schemes have been employed to compensate for
uncertain dynamics in underactuated surface vessels [26,27,34]. In the present work, the
RBFNN is used specifically as an online function approximator within the state observer
to estimate the lumped unknown dynamics, rather than as an independent high-level
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decision-making controller. Its principal implementation parameters are summarized in
Table 1.

The inertia and damping matrices used for all follower USVs are

Mi = diag{23.8, 33.8, 2.764}, Di =

2 0 0
0 7 0.1
0 0.1 0.5

.

The virtual leader starts from η0(0) = [2.6 m, 0 m, 0 rad]T and moves with con-
stant velocities u0 = 0.1 m/s, v0 = 0 m/s, and r0 = 0 rad/s throughout the simulation.
Accordingly, its reference trajectory over the considered 300-s simulation interval is

x0(t) = 2.6 + 0.1t, y0(t) = 0, ψ0(t) = 0.

The initial position and heading vectors of the follower USVs are selected as

η1(0) = [1 m, 1 m, 0 rad]T , η2(0) = [1 m, −1 m, 0 rad]T ,

η3(0) = [−2 m, 4 m, 0 rad]T , η4(0) = [−2 m, −4 m, 0 rad]T .

The initial velocities of all follower USVs are set to zero, i.e., νi(0) = 03, i = 1, . . . , 4. The
initial position–heading estimates are set equal to the corresponding actual states, while
the initial estimated velocities and RBFNN weights are selected as

η̂i(0) = ηi(0), ν̂i(0) = 03, Ŵi(0) = 09×3, i = 1, . . . , 4.

The observer, RBFNN, controller, auxiliary-compensation, dynamic-surface-filter, and
LOS-guidance parameters are summarized in Table 1. Unless otherwise specified, the same
parameter values are used for all four follower USVs and throughout the three simulation
scenarios. The follower-dependent LOS look-ahead parameters are explicitly listed in
Table 1.

To evaluate the robustness of the observer and controller, bounded deterministic
time-varying disturbances are applied to all follower USVs. The disturbance vector is
selected as

di(t) =

 −0.13 − 0.20 sin(0.12t)− 0.15 sin(0.06t)
0.09 − 0.20 sin(0.08t − π/6)− 0.15 sin(0.06t)

0.10 sin(0.09 + π/3) + 0.40 sin(0.05t)

, i = 1, . . . , 4,

where the first two components represent generalized disturbance forces in N, whereas
the third component represents a disturbance yaw moment in N·m. Accordingly, the
disturbance components satisfy the conservative bounds

|di,u(t)| ≤ 0.48 N, |di,v(t)| ≤ 0.44 N, |di,r(t)| ≤ 0.491 N · m.

The same disturbance signals are applied to all follower USVs and are used consistently in
the proposed and comparative simulations.

The surge forces and yaw moments are constrained by |τi,u| ≤ 2 N and |τi,r| ≤ 1.5 N·m,
respectively.

Two circular static obstacles, each with a radius of 2 m, are centered at [20 m, 3 m]T

and [20 m, −3 m]T . For the proposed multi-point safety measure, the same virtual elliptical
reference geometry is assigned to all follower USVs, with the semi-major and semi-minor
axes selected as

ai = 0.75 m, bi = 0.35 m, i = 1, . . . , 4.

These parameters are used to determine the locations of the four characteristic safety points
and are not intended to provide an exact geometric reconstruction of the CyberShip II hull.

https://doi.org/10.3390/jmse14161557

https://doi.org/10.3390/jmse14161557


J. Mar. Sci. Eng. 2026, 14, 1557 21 of 32

The initial simulation configuration considered in the case study is illustrated in
Figure 6. The figure shows the initial positions and headings of the virtual leader and four
follower USVs, the locations and sizes of the two static obstacles, and the motion direction
of the virtual leader. This configuration is used as the common initial environment for the
comparative simulation scenarios considered below.

Six simulations are conducted under three desired formation geometries. In Scenario 1,
the desired relative-position offsets are

p10,d = [0 m,−4 m]T, p20,d = [0 m, 4 m]T,

p31,d = [0 m,−4 m]T, p42,d = [0 m, 4 m]T.

In Scenario 2, the desired relative-position offsets are

p10,d = [−2 m,−4 m]T, p20,d = [2 m, 4 m]T,

p31,d = [−2 m,−4 m]T, p42,d = [2 m, 4 m]T.

In Scenario 3, the desired relative-position offsets are

p10,d = [−3 m,−4 m]T, p20,d = [3 m, 4 m]T,

p31,d = [−3 m,−4 m]T, p42,d = [3 m, 4 m]T.

4.2. Comparison and Analysis

For each scenario, the proposed multi-point collision-avoidance method is compared
with a conventional centroid-based single-point method. In Figures 7–12, panels (a) and (b)
correspond to Scenario 1, panels (c) and (d) correspond to Scenario 2, and panels (e) and (f)
correspond to Scenario 3. Panels (a), (c), and (e) show the results obtained with the proposed
method, while panels (b), (d), and (f) show those obtained with the conventional method.

For a fair comparison, the two methods are evaluated under the same nominal
vessel model, initial states, virtual-leader motion, external disturbances, obstacle con-
figuration, observer and controller parameters, actuator constraints, and numerical set-
tings. The principal difference between the two methods lies in the inter-vessel prox-
imity measure used in the collision-avoidance APF. Specifically, the proposed method
employs the minimum of the 16 pairwise distances generated by the bow, stern, port,
and starboard characteristic points of two neighboring USVs, whereas the conventional
method employs the centroid-to-centroid distance. Therefore, the comparison evaluates
the effect of incorporating orientation-dependent characteristic-point information into the
collision-avoidance mechanism.

To provide a consistent comparative assessment, the two methods are evaluated in
terms of inter-vessel separation, formation-tracking error, control-input behavior, and
collision occurrence. The corresponding inter-vessel distance responses, tracking errors,
and control inputs are presented comparatively in Figures 8, 9 and 12, respectively, while
the quantitative tracking-error indices and collision status are summarized in Table 2.

The proposed method constructs the inter-vessel repulsive potential terms using
the point-based approximate proximity measure, i.e., the minimum of the 16 pairwise
distances generated by the bow, stern, port, and starboard characteristic safety points of
two neighboring USVs. The conventional method instead evaluates inter-vessel proximity
using the centroid-to-centroid distance. Therefore, the comparison evaluates the benefit
of incorporating additional orientation-dependent characteristic-point information into
collision-risk assessment. The proposed measure is not interpreted as the exact hull-to-hull
or ellipse-to-ellipse minimum distance.
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Table 2. Quantitative comparison of formation tracking performance under the three simulation
scenarios.

Scenario Method Error Max. Error Mean Error Steady-State Error Collision

1

Proposed method

e10 3.59 1.04 0.93 No
e20 2.53 0.78 0.69 No
e31 3.34 1.01 0.90 No
e42 2.13 0.82 0.77 No

Comparative method

e10 2.02 N/A N/A Yes
e20 2.97 N/A N/A Yes
e31 2.05 1.86 1.96 Yes
e42 2.38 N/A N/A Yes

2

Proposed method

e10 3.45 0.93 0.88 No
e20 1.82 0.35 0.27 No
e31 3.38 0.95 0.82 No
e42 3.24 0.40 0.16 No

Comparative method

e10 2.49 N/A N/A Yes
e20 3.74 N/A N/A Yes
e31 2.71 2.04 2.09 Yes
e42 2.93 N/A N/A Yes

3

Proposed method

e10 4.03 1.14 1.18 No
e20 1.42 0.58 0.62 No
e31 3.90 1.23 1.16 No
e42 3.14 0.67 0.46 No

Comparative method

e10 3.01 N/A N/A Yes
e20 4.03 N/A N/A Yes
e31 3.31 2.30 2.37 Yes
e42 3.41 N/A N/A Yes

Note: N/A indicates that the corresponding mean and steady-state tracking errors cannot be meaningfully
evaluated because collision occurrence causes the associated tracking errors to diverge. Here, e10, e20, e31, and
e42 denote the formation-tracking errors associated with the desired relative-position relationships between
USV 1–USV 0, USV 2–USV 0, USV 3–USV 1, and USV 4–USV 2, respectively.

-20

-15

-10

-5

0

5

10

15

20

y[
m

]

0 5 10 15 20 25 30
x[m]

USV0
USV1
USV2
USV3
USV4

(a)

-20

-15

-10

-5

0

5

10

15

20

y[
m

]

0 5 10 15 20 25 30
x[m]

USV0
USV1
USV2
USV3
USV4

(b)

Figure 7. Cont.

https://doi.org/10.3390/jmse14161557

https://doi.org/10.3390/jmse14161557


J. Mar. Sci. Eng. 2026, 14, 1557 23 of 32

-20

-15

-10

-5

0

5

10

15

20

y[
m

]

0 10 20 30
x[m]

USV0
USV1
USV2
USV3
USV4

(c)

-20

-15

-10

-5

0

5

10

15

20

y[
m

]

0 5 10 15 20 25 30
x[m]

USV0
USV1
USV2
USV3
USV4

(d)

-25

-20

-15

-10

-5

0

5

10

15

20

25

y[
m

]

0 10 20 30
x[m]

USV0
USV1
USV2
USV3
USV4

(e)

-20

-15

-10

-5

0

5

10

15

20

y[
m

]

5 10 15 20 25 30
x[m]

USV0
USV1
USV2
USV3
USV4

(f)

Figure 7. Formation trajectories with collision avoidance. (a) Formation control with Proposed
method, Scenario 1. (b) Formation control with a conventional single-point collision avoidance
method, Scenario 1. (c) Formation control with Proposed method, Scenario 2. (d) Formation control
with a conventional single-point collision avoidance method, Scenario 2. (e) Formation control
with Proposed method, Scenario 3. (f) Formation control with a conventional single-point collision
avoidance method, Scenario 3.
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Figure 8. Inter-vessel proximity responses. (a) Formation control with Proposed method, Scenario 1.
(b) Formation control with a conventional single-point collision avoidance method, Scenario 1.
(c) Formation control with Proposed method, Scenario 2. (d) Formation control with a conventional
single-point collision avoidance method, Scenario 2. (e) Formation control with Proposed method,
Scenario 3. (f) Formation control with a conventional single-point collision avoidance method,
Scenario 3.

To further complement the comparative evaluation with quantitative performance
indices, the maximum, mean, and steady-state values of the formation tracking errors
e10, e20, e31, and e42 are summarized for the three simulation scenarios. In addition to the
tracking-error indices, the collision status is also reported because collision avoidance con-
stitutes a primary performance requirement of the considered formation control problem.
The quantitative results are presented in Table 2.

As shown in Table 2, the proposed method maintains collision-free formation motion
in all three scenarios, and all four formation tracking errors remain bounded throughout
the simulations. In contrast, collisions occur when the comparative method is employed.
After the collision, the tracking errors e10, e20, and e42 diverge, and therefore their mean and
steady-state values cannot be meaningfully evaluated and are denoted by N/A in Table 2.
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Figure 9. Formation tracking errors. (a) Formation control with Proposed method, Scenario 1.
(b) Formation control with a conventional single-point collision avoidance method, Scenario 1.
(c) Formation control with Proposed method, Scenario 2. (d) Formation control with a conventional
single-point collision avoidance method, Scenario 2. (e) Formation control with Proposed method,
Scenario 3. (f) Formation control with a conventional single-point collision avoidance method,
Scenario 3.

For the tracking error e31, for which the mean and steady-state values remain available
for both methods, the proposed method yields mean errors of 1.01, 0.95, and 1.23 in
Scenarios 1–3, respectively, compared with 1.86, 2.04, and 2.30 for the comparative method.
Similarly, the corresponding steady-state errors obtained with the proposed method are
0.90, 0.82, and 1.16, whereas those of the comparative method are 1.96, 2.09, and 2.37.
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Although the comparative method exhibits smaller maximum values of e31 in the three
scenarios, these transient values do not imply successful formation operation because
collisions subsequently occur. The results therefore demonstrate that the proposed method
achieves a more favorable balance between collision avoidance and formation tracking,
allowing temporary formation deviations when necessary while preserving collision-free
and bounded formation motion.

Figure 7 presents the formation trajectories under the three desired formation geome-
tries. As shown in panels (a), (c) and (e), the proposed method enables the follower USVs
to complete the prescribed maneuvers while passing the two static obstacles and main-
taining inter-vessel separation. During close-range encounters, the formations temporarily
deform because the repulsive potential terms modify the nominal formation references.
After the obstacle region has been passed, the followers gradually recover the desired
relative configurations.

In contrast, the conventional-method trajectories in panels (b), (d) and (f) do not
complete the prescribed maneuvers in the presented simulations. This behavior is consis-
tent with the limitation of using only a centroid-based distance to represent close-range
geometric separation. Ship-domain studies have emphasized the importance of direction-
dependent navigational safety margins associated with different regions around a ves-
sel [22,41]. In the present comparison, the centroid-to-centroid distance does not explicitly
encode vessel-heading information or distinguish the local clearances associated with
the bow, stern, port, and starboard regions. Therefore, the centroid distance may remain
relatively large even when a pair of representative vessel extremities is already close during
turning or crossing maneuvers. The corresponding repulsive action may consequently be
activated later than that generated from the minimum safety-point distance. By evaluating
all 16 safety-point pairs, the proposed measure responds to the closest pair among the
selected bow, stern, port, and starboard characteristic points, rather than relying only on
the distance between the two vessel centers.

Figure 8 presents the inter-vessel proximity responses. Panels (a), (c), and (e) show
the minimum characteristic-point pairwise distances employed by the proposed method,
whereas panels (b), (d), and (f) show the centroid-to-centroid distances used by the con-
ventional method. During approximately the first 40 s, the vessels undergo an initial
formation-adjustment transient. During this interval, the collision-avoidance terms tem-
porarily have a higher priority than the formation-tracking objective, leading to evident
variations in some distance responses. The collision-avoidance action is governed by the
inter-vessel proximity measure defined in Section 2.5 together with the activation condition
of the repulsive APF in Equation (9). When the corresponding proximity measure enters the
prescribed activation range, i.e., pijv ≤ R̄c, the inter-vessel repulsive potential is activated;
otherwise, the corresponding potential term remains inactive.

During approximately 120–230 s, the follower USVs pass through the obstacle region
and perform evident avoidance maneuvers. The distance variations during this interval
are consistent with the temporary formation deformation observed in Figure 7. Since the
left and right panels of Figure 8 use different distance definitions, their numerical values
should not be compared directly. In particular, a centroid-to-centroid distance does not
directly quantify the local clearances associated with the bow, stern, port, and starboard
regions. Therefore, satisfaction of a centroid-distance condition alone does not necessarily
indicate that all representative local vessel clearances are sufficiently large.

https://doi.org/10.3390/jmse14161557

https://doi.org/10.3390/jmse14161557


J. Mar. Sci. Eng. 2026, 14, 1557 27 of 32

0 50 100 150 200 250 300
t[s]

0

0.2

0.4

u 1[m
/s

]
0 50 100 150 200 250 300

t[s]

-0.05

0

0.05

v 1[m
/s

]

0 50 100 150 200 250 300
t[s]

-0.6

-0.4

-0.2

0

r 1[r
ad

/s
]

(a)

0 50 100 150
t[s]

0

0.2

0.4

0.6

u 1[m
/s

]

0 50 100 150
t[s]

-0.04

-0.02

0

0.02

v 1[m
/s

]

0 50 100 150
t[s]

-0.6

-0.4

-0.2

0

r 1[r
ad

/s
]

(b)

0 50 100 150 200 250 300
t[s]

0

0.2

0.4

u 1[m
/s

]

0 50 100 150 200 250 300
t[s]

-0.05

0

0.05

v 1[m
/s

]

0 50 100 150 200 250 300
t[s]

-0.6

-0.4

-0.2

0

r 1[r
ad

/s
]

(c)

0 20 40 60 80 100 120 140 160 180
t[s]

0

0.2

0.4

0.6

u 1[m
/s

]

0 20 40 60 80 100 120 140 160 180
t[s]

-0.04

-0.02

0

0.02

v 1[m
/s

]

0 20 40 60 80 100 120 140 160 180
t[s]

-0.6

-0.4

-0.2

0

r 1[r
ad

/s
]

(d)

0 50 100 150 200 250 300
t[s]

0

0.2

0.4

u 1[m
/s

]

0 50 100 150 200 250 300
t[s]

-0.05

0

0.05

v 1[m
/s

]

0 50 100 150 200 250 300
t[s]

-0.6

-0.4

-0.2

0

r 1[r
ad

/s
]

(e)

0 20 40 60 80 100 120 140 160 180
t[s]

0

0.2

0.4

0.6

u 1[m
/s

]

0 20 40 60 80 100 120 140 160 180
t[s]

-0.04

-0.02

0

0.02

v 1[m
/s

]

0 20 40 60 80 100 120 140 160 180
t[s]

-0.6

-0.4

-0.2

0

r 1[r
ad

/s
]

(f)

Figure 10. Velocity recovery performance of USV 1.(a) Formation control with Proposed method,
Scenario 1. (b) Formation control with a conventional single-point collision avoidance method,
Scenario 1. (c) Formation control with Proposed method, Scenario 2. (d) Formation control with
a conventional single-point collision avoidance method, Scenario 2. (e) Formation control with
Proposed method, Scenario 3. (f) Formation control with a conventional single-point collision
avoidance method, Scenario 3.

The corresponding formation-tracking errors are shown in Figure 9. For the proposed
method, the errors decrease after the initial formation adjustment and temporarily increase
during the close-range avoidance interval. This increase occurs because collision and
obstacle avoidance are assigned priority over formation tracking while the vessels pass the
obstacle region. During approximately 230–300 s, the avoidance effects gradually decrease,
and the formation-tracking errors approach small neighborhoods of zero.
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Figure 11. Unknown dynamics estimation performance of USV 1. (a) Formation control with Pro-
posed method, Scenario 1. (b) Formation control with a conventional single-point collision avoidance
method, Scenario 1. (c) Formation control with Proposed method, Scenario 2. (d) Formation control
with a conventional single-point collision avoidance method, Scenario 2. (e) Formation control
with Proposed method, Scenario 3. (f) Formation control with a conventional single-point collision
avoidance method, Scenario 3.

For the conventional method, several response curves terminate before the prescribed
simulation interval is completed, while the remaining formation-tracking errors do not
approach zero. The combined results in Figures 7–9 indicate that the proposed method can
complete the avoidance maneuvers and subsequently recover the desired formation under
all three relative-position configurations.
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Figure 12. Control inputs. (a) Formation control with Proposed method, Scenario 1. (b) Formation
control with a conventional single-point collision avoidance method, Scenario 1. (c) Formation control
with Proposed method, Scenario 2. (d) Formation control with a conventional single-point collision
avoidance method, Scenario 2. (e) Formation control with Proposed method, Scenario 3. (f) Formation
control with a conventional single-point collision avoidance method, Scenario 3.

Figure 10 presents the velocity-estimation performance for USV 1. The estimated
surge, sway, and yaw velocities closely follow their corresponding actual signals over
the available simulation intervals. Small transient deviations appear during the initial
formation adjustment and the obstacle-avoidance maneuvers, but the estimated signals
remain bounded and rapidly approach the actual velocity responses. These results support
the effectiveness of the proposed observer in recovering the unavailable velocity states
from position–heading measurements.
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Figure 11 presents the unknown dynamics estimation performance for USV 1. The
estimated signals closely follow the corresponding actual lumped unknown dynamics
signals, including during the initial transient and the close-range avoidance maneuvers.
This indicates that the RBFNN-based observer can approximate the lumped effects of model
uncertainties and external disturbances within the considered simulations.

Figure 12 presents the surge forces and yaw moments of the follower USVs. Relatively
large control-input variations and temporary saturation occur mainly during the initial
formation adjustment and the close-range avoidance maneuvers, when greater control effort
is required to modify the vessel trajectories. Nevertheless, the applied surge forces and
yaw moments remain within the prescribed actuator limits. The corresponding panels also
provide a direct comparison of the control-input behavior of the proposed and conventional
methods under the same actuator constraints.

Overall, the simulation results show that the proposed controller can complete the
formation maneuvers in all three scenarios while simultaneously accounting for formation
tracking, static-obstacle avoidance, inter-vessel separation, unavailable velocities, unknown
dynamics, and actuator saturation. Compared with a centroid-only representation, the pro-
posed multi-point measure provides additional information about orientation-dependent
local vessel clearances during close-range formation maneuvers.

5. Conclusions
This paper has investigated the formation tracking control problem for underactuated

USVs subject to unknown dynamics, external disturbances, inter-vessel collision risks,
and input saturation. To improve the orientation-dependent geometric information avail-
able during close-range formation maneuvers, an elliptical disk-based collision-avoidance
strategy has been developed by introducing a virtual elliptical reference geometry and
four characteristic safety points corresponding to the bow, stern, port, and starboard direc-
tions of each vessel. Based on these characteristic points, APFs were constructed using the
minimum of the corresponding point-pair distances as an approximate proximity measure,
rather than relying only on centroid-to-centroid distances.

An observer-based distributed output feedback control scheme has been proposed
by integrating a neural network-based observer, APFs, backstepping design, and auxil-
iary compensation terms. The observer was employed to recover unavailable velocity
information and estimate lumped unknown dynamics using position–heading measure-
ments only. Meanwhile, the auxiliary compensation terms were introduced to handle input
saturation and underactuated dynamics without compromising the collision avoidance
capability. The boundedness of all closed-loop error signals was rigorously established
through Lyapunov analysis.

Comparative simulation results have demonstrated that the proposed controller can
achieve formation tracking, obstacle avoidance, inter-vessel collision avoidance, and input
saturation handling simultaneously. More importantly, compared with the conventional
single-point collision-avoidance method, the proposed elliptical disk-based strategy main-
tains the prescribed characteristic point-based proximity threshold during the simulated
close-range maneuvers, while no collision is observed in the considered simulations under
the adopted characteristic point-based collision-avoidance criterion. This indicates that
incorporating the bow, stern, port, and starboard characteristic-point information enables
the controller to respond to orientation-dependent close-range collision risks that may not
be adequately reflected by a centroid-based distance measure. Future work will focus on
extending the proposed framework to dynamic obstacles, COLREGs-compliant encounter
scenarios, and experimental validation on real USV platforms.
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