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Abstract

To achieve precise trajectory tracking for surface vessels subject to unknown dynamics,
strict physical limitations, and external disturbances, this paper proposes an Adaptive
Fixed-Time Control Framework that ensures a deterministic response under full constraints.
First, navigation safety is guaranteed by employing a Barrier Lyapunov Function (BLF)
to strictly confine vessel position states, enabling constrained position tracking without
requiring prior knowledge of the desired trajectory. Second, addressing the input constraint
aspect of the “full constraints” problem, a fixed-time auxiliary system is introduced to
compensate for nonlinearities induced by actuator saturation, thereby maintaining control
feasibility. Central to this framework is the realization of a deterministic response; by incor-
porating fixed-time convergence theory, the controller guarantees that velocity tracking
errors converge within a predefined time bound independent of initial conditions. Further-
more, an RBF neural network combined with adaptive techniques is utilized to estimate
unknown dynamics and external disturbance bounds online, enhancing robustness and
safety in realistic marine environments.

Keywords: vessel trajectory tracking; input constraints; global fixed-time convergence;
adaptive sliding mode control

1. Introduction

With the continuous increase in maritime traffic density, vessels are exposed to signifi-
cantly elevated safety risks during navigation. Achieving safe and stable trajectory tracking
for vessels operating in complex marine environments has therefore become an important
research topic in the field of marine motion control [1,2]. In practical navigation scenarios,
vessel systems commonly suffer from issues such as the unavailability of predefined desired
trajectories, control input constraints imposed by actuator physical limitations, and the
coexistence of external disturbances and model uncertainties. These factors severely restrict
the improvement of trajectory tracking performance. Therefore, it is of great engineering
significance and practical value to design a vessel trajectory tracking control method with
fast convergence characteristics while simultaneously considering state constraints, input
saturation, and uncertain disturbances.

Precise and efficient tracking control is a key step in achieving autonomous navigation.
Although the technology has been continuously advancing and improving under the re-
search of scholars, vessel trajectory tracking control still faces multiple technical challenges.
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On the one hand, during navigation, vessels need to avoid obstacles and comply with the
boundary restrictions of navigation areas, with actual position states subject to physical
constraints [3]. Moreover, in some scenarios, the desired trajectory is difficult to obtain
precisely in advance, limiting the application of traditional preset performance control
methods [4]. On the other hand, the vessel’s dynamic system is characterized by strong non-
linearity, parameter uncertainty, and is subject to time-varying external disturbances such
as wind, waves, and currents. Additionally, actuators such as propellers and rudders [5]
have input saturation characteristics, making it difficult for conventional control methods
to balance error convergence speed and control stability [6,7]. Furthermore, the real-time
response requirements for vessels in marine tasks are increasing. How to achieve rapid
convergence of speed tracking errors under complex constraints has become the key to im-
proving trajectory tracking performance [8,9]. However, the introduction of BLF typically
leads to a significant increase in control gain when errors approach the boundary, which
may easily drive the control command beyond actuator physical limits, thus inducing
input saturation. Most existing BLF-based methods lack simultaneous compensation for
saturation, potentially degrading practical control performance.

Motivated by the aforementioned challenges, ensuring navigation safety has become
a primary concern, prompting research efforts to concentrate on the effective handling of
state constraint problems for vessels operating in complex waterways when the desired
trajectory cannot be obtained in advance [10-12]. In this direction, preset performance
control, as an innovative method for addressing transient performance issues in nonlinear
systems [13], employs a core logic of limiting the tracking error within a preset range by
designing performance functions and error transformations [14]. However, this method is
limited in scenarios where the desired trajectory cannot be obtained in advance, making it
difficult to ensure navigation safety. To address this, refs. [15-17] proposed the use of BLF
to ensure that the preset performance boundaries are not exceeded by transforming the
error, effectively compensating for this deficiency. Ref. [18] further introduced the general
BLF into underactuated vessel control, solving the output constraint problem in narrow
waterway navigation for the first time. However, while the introduction of state constraints
via BLF enhances safety, it inherently introduces a critical side effect: the control gain tends
to increase sharply as the tracking error approaches the constraint boundary. This high-gain
characteristic directly amplifies the control command, making it more likely to reach or
exceed actuator physical limits, thereby inducing input saturation. Input saturation not
only degrades tracking performance but may also violate the conditions required for Lya-
punov stability analysis. This coupling effect between BLF and input saturation has been
observed in several recent vessel control studies. For instance, ref. [19] noted that BLF-based
controllers often demand excessive control efforts near constraints, yet their work primarily
focused on fault-tolerant performance rather than saturation analysis. Ref. [20] combined
BLF with auxiliary systems to mitigate saturation, but the root cause, BLF-induced gain
amplification, was not systematically examined. Ref. [21] employed robust neural adaptive
control to handle saturation under state constraints, treating saturation as an external
disturbance rather than a consequence of the BLF structure. Therefore, within constrained
control frameworks that employ BLE, addressing actuator saturation is not merely an
additional requirement but a necessary condition for ensuring closed-loop stability and
feasibility. Consequently, how to simultaneously enforce state constraints and prevent
input saturation while preserving fixed-time convergence becomes an unresolved challenge
that motivates this work. To address this challenge, related solutions have evolved from
single constraint compensation to multi-layer cooperative control [22,23]. For fixed-time
tracking scenarios, ref. [21] compensated for the amplitude deviation between the control
command and the actuator output through auxiliary variables, simplifying the computa-
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tional complexity. However, it only focused on amplitude constraints and did not address
the causes of saturation under multi-source disturbances. For distributed multi-agent
cooperative scenarios, ref. [24] designed a fast adaptive compensation law to compensate
for the deviation between the actuator output and the command within a predetermined
time, ensuring that the command does not exceed the actuator output limit. For scenarios
where model uncertainties and external disturbances coexist, ref. [25] introduced a robust
neural adaptive scheme to directly handle saturation through fixed-time auxiliary vari-
ables, combining RBF neural networks to approximate unmodeled dynamics and using
robust damping terms to suppress disturbances. This approach reduces saturation risks
from both saturation compensation and disturbance suppression dimensions, significantly
enhancing practicality. Ref. [26] optimizes the error convergence characteristics by using
the performance function of the predetermined time, constrains the filter to limit the input
amplitude, and eliminates the saturation deviation through the adaptive law, achieving
high-precision control under complex working conditions.

On the basis of ensuring navigation safety and the realizability of control inputs, fast
convergence of trajectory tracking errors has become a core objective for further improving
control performance [27,28]. Ref. [29] proposes a one-way global terminal sliding mode
algorithm, combined with an adaptive approach law to achieve command tracking and
accelerate the convergence process. Although it has a fast response, its application scenarios
are relatively limited. Ref. [30] adopts backstepping sliding mode and a new sliding mode
control, using a double-power convergence law to accelerate the error convergence in stages.
The structure is simple, but the robustness of the design is slightly weak. Ref. [31] designs
an adaptive integral terminal sliding mode control, integrating the backstepping idea and
dead zone technology, and uses a new saturation function to suppress chattering, achieving
rapid convergence even under complex trajectories such as spirals. Ref. [32] proposes a
second-order fast adaptive nonsingular integral terminal sliding mode controller, combined
with an unscented Kalman filter optimized through singular value decomposition and
a charging system search algorithm, to dynamically estimate the disturbance boundary
and eliminate chattering, achieving rapid error convergence under complex disturbances.
The method integrates multiple technologies and has strong robustness. Moreover, related
research has found that the fixed-time control theory further optimizes the convergence
characteristics [33,34], with global consistent rapid convergence performance. For instance,
ref. [35] achieves fixed-time convergence through high-order filters, but it relies on the
boundedness assumption of disturbances, limiting global consistency. Ref. [36] covers the
entire state with a double-power sliding surface, uses a Taylor predictor to compensate
for initial delays in advance, and achieves global consistent rapid convergence under con-
straint optimization. Ref. [37] incorporates attitude constraints into the fixed-time sliding
surface, uses a potential function to ensure global compliance, and employs an adaptive
law to compensate for uncertainties, ensuring that the convergence speed and time are
globally consistent while considering constraints and robustness. However, when apply-
ing fixed-time control to underactuated vessels, the coupling effect of state constraints
and input saturation has largely been overlooked [38,39]. Although some recent works
have addressed either fixed-time control with input saturation [40,41] or fixed-time control
with state constraints [42,43], the simultaneous consideration of both constraints remains
largely unexplored. The interaction between BLF-induced high gain and actuator satu-
ration becomes particularly critical under fixed-time convergence requirements, where
aggressive control actions are inherently demanded. To date, a unified framework that
rigorously handles this coupling while preserving fixed-time stability guarantees has not
been established for underactuated vessel trajectory tracking. Beyond the coupling issue
between constraints and saturation, another critical gap lies in the handling of unknown
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dynamics and external disturbances. Although neural networks have been widely used to
approximate model uncertainties [44,45] and disturbance observers have been developed
to estimate external disturbances [46,47], these methods are typically designed separately.
This separate treatment ignores the fact that model uncertainties and external disturbances
coexist and interact in complex marine environments, forming compound disturbances.
More importantly, existing studies mostly deal with model uncertainties [48] or external
disturbances [49] separately, lacking an adaptive estimation and compensation mechanism
for the upper bound of compound disturbances, making it difficult to handle the superposi-
tion of multiple disturbances in complex marine environments. Therefore, how to draw on
the optimization strategies of sliding mode control from multiple fields to achieve global
fixed-time convergence of errors under multiple constraints has become an important
research direction in the current field of vessel trajectory tracking control.

In response to the above research deficiencies, this paper proposes a fixed-time vessel
trajectory tracking control method considering state constraints. By using a BLF to constrain
the actual position of the vessels, the navigation safety problem is solved in scenarios where
the expected trajectory is unknown; a fixed-time auxiliary system is designed to handle
the input saturation nonlinear term, combined with a fixed-time sliding surface to achieve
global fixed-time convergence of the speed tracking error; an RBF neural network is used
to approximate the model uncertainty term, and an adaptive technique is employed to
estimate the upper bound of compound disturbances, enhancing the system'’s disturbance
resistance. The main contributions of this paper are as follows:

*  Departing from asymptotic approaches, an RBF neural network is embedded within a
fixed-time architecture to estimate unknown dynamics. This ensures model uncertain-
ties are compensated for within a strict, initial-state-independent time window, thereby
providing the fast adaptation necessary for the system’s deterministic response.

* A dual-constraint mechanism is developed to ensure strict adherence to full con-
straints. By employing a symmetric Barrier Lyapunov Function (BLF), the framework
establishes a “virtual safety corridor” that strictly confines position errors, guarantee-
ing navigation safety without prior trajectory knowledge. Concurrently, a fixed-time
auxiliary system compensates for actuator saturation, ensuring control inputs remain
feasible even when system demands exceed physical limits.

*  The proposed controller guarantees a deterministic response for the closed-loop sys-
tem. Leveraging fixed-time stability theory, tracking errors are proven to converge
to a small neighborhood of the origin within a predefined time bound. This settling
time depends solely on design parameters and is independent of initial states, offering
predictable, time-guaranteed performance for time-critical marine missions.

The subsequent chapters of this paper are arranged as follows: In Section 2, a math-
ematical model of underactuated vessels considering input saturation and compound
disturbances is established; in Section 3, the trajectory tracking controller and adaptive law
are designed in detail, and the stability of the system is verified through Lyapunov theory;
in Section 4, the stability is analyzed; in Section 5, the effectiveness of the proposed control
method is verified through simulation experiments; in Section 6, the paper is summarized.

2. Problem Formulation and Preliminaries
2.1. Problem Formulation

With the increase in maritime traffic volume, the risk of navigation safety also rises.
When the expected trajectory cannot be obtained in advance, the application of preset
performance control will be subject to certain limitations and cannot ensure safety during
navigation. Secondly, the acceleration of the error convergence rate will inevitably be
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accompanied by an increase in control input. However, due to the characteristics of the
actuator, there is a certain limit to the control input. Therefore, how to achieve a faster
convergence speed under the condition that the control input has a limit is also a technical
challenge. In addition to the above issues that need to be considered, vessels navigating at
sea will inevitably face the interference of external wind and waves, and the mathematical
model of the vessel cannot be precisely obtained. Therefore, the research of this paper is of
great significance. This paper aims to design a fixed-time vessel trajectory tracking control
method considering state constraints. Figure 1 shows the control system framework:

W, a;
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Figure 1. Control system framework.

After considering the input saturation, the mathematical model of the underactuated
vessel can be expressed as follows:

% = ucos(yp) — vsin(yp)

y = usin(y) +vcos(y)
=
_ (mpv —dyju— Afy) +sat(ty) + Twu
U= o 1)
11
5 (—my1u — dpov — Afy) + Two
mpp
P (m1q — mp)uv — dazr — Afy +sat(t) + Twr
msaz

where x, y and ¢ denote the surge displacement, sway displacement and yaw angle of
the vessel, respectively; 1, v and r are the surge velocity, sway velocity and yaw angular
velocity in the body-fixed frame. sat(7;) represents the saturated surge control force and
yaw control torque, as defined in Equation (2). 111, mpp and m33 are the inertial parameters,
while dq1, dy and d33 are the hydrodynamic damping coefficients. Af,, Af, and Af;
represent the model uncertainties of the vessel. Tyy, Two and T, denote the unknown
external marine disturbances.
Among

Timax lf T > Timax’

sat(t) = { 7

if, <7<w,., ({=ur) (2)
Timin lf Ti < Timin

where T; max and T; min represent the upper and lower bounds of the control input, respec-

tively; 7; is the actual control input.
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2.2. Preliminaries
2.2.1. Lemma
Lemma 1. For any e > 0, the following inequality holds:
0<|s| —stanh(%) < 0.2785¢ 3)

In the formula, s is an arbitrary variable, and ¢ is an arbitrary number.

Lemma 2. For any continuous and smooth function f(x) defined on a compact set 0 C R",
we have
f(x) =Wrh(x)+0, VxeQ (4)

where o denotes the approximation error. For all x € (), there exists a vector 0* > 0 such that
lo| < o*; W is the weight vector under ideal conditions, which is usually not easily obtainable and
treated as an unknown variable, so it needs to be estimated. W' is the transpose of W. h(x) is a
Gaussian function, whose expression is given in Equation (5):

2
h(x) = exp <—|Xme]|> (5)

]

where j = 1,2,3,...,n is the number of network nodes; m; is the input center vector; b]- is the
standard deviation of the Gaussian function.

Lemma 3. Consider a dynamic system x = f(x),x(0) = xo, where x € R" is the state of the
system and xq is the equilibrium point of the system. If there exists a Lyapunov function V(x)
satisfying Equation (6), then the system is practically fixed-time stable, and the settling time T,
satisfies Tr < Tygx = 1 + 1 ),wherexl>0,)(2>0,j>1,0<q<1,v>0,

= xxa(-1) " xx2(l—q
0<x<LlL

V(x) < —xaVI(x) = x2VI(x) + V (6)

Lemmad4. If{,® € R, 6 >0,m >1,n> 1, and (m—1)(n—1) = 1, then the following
inequality holds:
1

M m
b < —

@ )

2.2.2. Assumption

Assumption 1. The external disturbances Ty, and T, acting on the vessel are time-varying and
bounded with unknown bounds, and possess first-order derivatives.

Assumption 1 requires that the external disturbances be bounded. In practical marine
environments, impulsive disturbances such as sudden wind gusts or wave impacts may
temporarily generate large disturbance peaks. Nevertheless, these disturbances remain
physically bounded due to the limitations of environmental energy and vessel dynamics.
Therefore, Assumption 1 remains valid even under impulsive disturbances.

The proposed adaptive neural approximation mechanism together with the fixed-time
robust compensation term can effectively attenuate such disturbance peaks. Although tran-
sient control effort may increase during severe disturbances, the auxiliary saturation com-
pensation system prevents excessive actuator commands and ensures that the overall
control effort does not become excessive, thereby preserving closed-loop stability.

Assumption 2. The desired trajectory (xz,y,) of the vessel is smooth, and its first-order and
second-order derivatives exist.

https://doi.org/10.3390 /jmse14131150
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3. Controller Design
3.1. Position Constraints Based on Barrier Lyapunov Function

The actual positions x and y of the vessels are constrained using BLF 7, and 7,
and their specific expressions are given in Equation (8):
fx = In(X — Xmin) — In(Xmax — X) ®)
My = 1n<]/ - ymin) - ln(ymax - ]/)

In the formula, 77, and 7, denote the longitudinal and lateral positions of the vessel af-
ter being constrained by the BLE. xi, and xmax are the minimum and maximum allowable
longitudinal positions of the vessel, while yin and ymax are the minimum and maximum
allowable lateral positions.

Define 77,4 and 77,4 as shown in Equation (9):

Nxd = ll’l(xd — xmin) — ln(xmax — xd) (9)
Myd = In(Y4 — Ymin) — IN(Ymax — Ya)

where 77,4 and 17,4 denote the longitudinal and lateral desired positions of the vessel after
being constrained by the BLFE.
Define the tracking errors 17ye and 77, as shown in Equation (10):

Hxe = Mx — Yxd (10)
Mye = My — Yyd

3.2. Design of Desired Velocity

Next, we will design the longitudinal desired velocity u; and lateral desired velocity
v, that can drive the tracking errors 17y, and 77, to converge. If 77y, and 7y, converge, then
fxe and 1ye must be bounded, and thus the constraints on the actual positions x and y of
the vessel can be satisfied, as shown in Equation (11):

Xmin < X < Xmax (11)
Ymin < Y < Ymax
Taking the derivative of Equation (10) yields the following:
— (xmax - xmirI)x - xmin(xmax - x) - xmax(-x - xmin) .
Nxe = . — — Nxd
(x xmm) (xmax x) (12)
e = (Ymax — Ymin)Y — Ymin (Ymax = ¥) — Ymax(¥ — Ymin) fvd
. =
!y (¥ = Ymin) (Ymax — ¥) v
where the expressions of 7,4 and 7},4 are given in Equation (13):
. (xmax - xmin)xd - xmin(xmax - xd) — Xmax (xd — xmin)
Nxd = — - —
(%4 — Xmin) (Xmax — Xg) (13)
fvd = (ymax - ymjn)yd — Ymin (ymax - yd) — Ymax (yd - ymin)
i =

(Ya — Ymin) (Ymax — Ya)
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Based on Equation (12), to drive 7y and 17y to converge, X and y can be designed

as follows:
xmin(xmax - x) + J.Cmelx(x - xmin) + (x - xmin)(xmax - X) .

X = Nxd
Xmax — Xmin Xmax — Xmin

7

k Uxe(x - xmin) (xmax - x)
— Rl

Xmax — Xmin

(14)

j= Ymin (Ymax = Y) + Ymax (¥ — Ymin) n (¥ — Ymin) (Ymax — )

Ymax — Ymin Ymax — Ymin Ty

k ’7y6(y ~ Ymin) (Ymax — )
—ky )

Ymax — Ymin

where ki and k; are positive parameters to be designed. Combining Equations (1) and (14),
we obtain the following:
- xmin(xmax - X) + J.Cmax(x - xmin) (x - xmin)(xmax - x) .
x= + Mxd
Xmax — ¥min Xmax — ¥min
Cky 1xe (X — Xmin) (Xmax — X)

Xmax — Xmin

=ucosy —usiny,

(15)
y = ymin(]/max — ]/) + Ymax (]/ _ ymin) (y - ]/min) (}/max - ]/) .
y= . + L Myd
Ymax — Ymin Ymax — Ymin
. k2 Mye (]/ - ]/min)(]/max — ]/)
Ymax — Ymin
=usiny +vcosy.
For convenience of description, define z, and zy as shown in Equation (16):
= Xmin (¥max — %) + ¥max(* — ¥min) | (¥ = ¥min) (¥max — X)
B = + Nxd
Xmax — Xmin Xmax — Xmin
—k UXE(x - xmin) (xmax - x)
Xmax — X¥min ’
(16)
— ymin(]/max _ ]/) + Ymax (]/ _ ]/min) (]/ - ymin) (]/max - ]/) .
Ymax — Ymin Ymax — Ymin
—k Mye (]/ - ]/min)(]/max — ]/)
Ymax — Ymin

Based on Equation (15), the desired longitudinal velocity #; and desired lateral velocity

v, can be designed as follows:
ug = zy cos(ip) + z, sin(y) 17)
vg = zx(—sin(y)) + zy cos(¢)

When u approaches u; and v approaches v;, Equation (12) can be simplified to
the following:

Nxe = *klﬂxe (18)
77ye = _k277ye

https://doi.org/10.3390 /jmse14131150
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Define the Lyapunov function V; as shown in Equation (19):
1 1
Vi = Enie + Eﬂﬁe (19)
Taking the derivative of Equation (19) and substituting Equation (18) into it, we get
the following:
Vl = Nxellxe + ﬂyeﬁye
=~k — karpye (20)
< —aW
where
C1 = mil’l(Zkl,Zkz) (21)

From Equation (20), when u converges to u; and v converges to vy, #7x. and 77, can
converge, which in turn enables the constraints on the actual positions x and y of the vessel
to be satisfied.

Next, considering the input saturation, we will design the longitudinal control force
7, and yaw control torque T, to drive the actual velocity of the vessel to approach the
desired velocity.

Taking the derivative of Equation (17) and simplifying it, we obtain the following:

lig = 104 + Zy cos() + Z, sin()

(22)
Vg = —1Uy + Zy(—sin(y)) + z, cos(¢p)

where Z, and Z; are the first-order derivatives of z, and z,, respectively.

3.3. Sliding Mode Control Design

To avoid unconstrained input 7, during the controller design process, a fixed-time
auxiliary variable 7 is introduced into the velocity tracking error u,. The specific expression
of u, is given in Equation (23):

Ue=U—1Ug— T (23)

The fixed-time sliding surface s; is defined as in (24).

t t
5 = ue+)\1/ uedt—H»z/ tanh (i) dt
o 0 (24)
+ A / ! Utanh(uf) dt.
0

where A1, A; and A3 are positive parameters to be designed, and 6 > 1.
Taking the derivative of Equation (24) and combining it with Equations (1) and (23),
we obtain the following:
G = mpor — dyju — Afy +sat(tu) + Twou P
miq (25)
+ A (u — ug — 71) + A tanh(ue) + Azu8 ! tanh (uf)

Let
sat(Ty,) — Ty

mi (26)

91 = —A17y1 — ky tanh(y1) +

https://doi.org/10.3390 /jmse14131150
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By transforming Equation (25) using the fixed-time auxiliary variable 71, Equation (25)
can be rewritten as Equation (27):

_ mpur —dypu — Afy + Ty + T
miy (27)
— g+ A1 (u — ug) + Ay tanh(u,) 4+ Azud ! tanh(uf)

$1

3.4. RBF-Based Adaptive Law Design

Since RBF neural networks have the universal approximation capability for any smooth
function, we use the neural network to estimate Af,. According to Lemma 2, the neural
network output expression of the unknown term Af,, is given in Equation (28):

Afu=Wihy(x) + 01 (28)

where W, is the weight matrix of Afy,, h,(x) is the Gaussian function used to estimate Af,,
and o0, is the estimation error of Af;,.

Combining Equation (28), the control input 7, can be designed as shown in
Equation (29):

Ty = —Mur +dyju + Wghu(x) — iy tanh(sy /e1) + myqity
—mp A (u—ug) —mq (/\2 tanh (1ze) + Azuf ™! tanh(uf)) (29)
— mypky tanh(y1) — c3s7 — cysign(sy)
where c3, ¢4 and €7 are positive design parameters. ¢; = —01 + Ty, Y1 is the upper bound
of ¢1, and f11 is the estimate of yi;. The adaptive laws for parameters W, and fi; are given
in Equation (30):
A ~ 3 ~
Wu=m <_Slhu(x) —nW, — Uzwu)

| , (30)
fi1 = 12 (sq tanh(s1/€1) — 03] — oufhq)
where 11, 12, 01, 02, 03 and 0y are positive design parameters.
Let ,
Ve =0 — 0y — / Yodt (31)
0
Define the sliding surface sp as shown in Equation (32):
$2 = Ve 4+ A4ve + A5 tanh(ve) + A0S~ ! tanh(v0) (32)
where A4, A5 and Ag are positive design parameters.
For the convenience of subsequent notation, let
f = zx(—sin(y)) + Zy cos(y) (33)
Then v; = —ruy + f, and its derivative is given in Equation (34):
Vg = —tug —rig+ f (34)

To avoid the “differential explosion” problem caused by directly differentiating f,
a dynamic surface will be designed to replace the differentiation process of f, and its
expression is as follows:

Tofr + fr = f, f+(0) = £(0) (35)

where T, > 0 is a design parameter.

https://doi.org/10.3390 /jmse14131150
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Taking the derivative of Equation (32) and combining it with Equations (1), (31) and (34),
we obtain the following:

$p = Ve + AyUe + A5 (1 — ’cemhz(vg)>z}fz

+ g ((9 —1)o!2 tanh(e?) + of 1 (1 - tanh2(v§)>903_1>z>g

36
_ MopUlg — MU ((m11 — mzz)‘m’ — d331’ — Afr + sat(‘r,) + Twr) ( )
mpp msa3
— Y2 — M2+ A
where
— 1 — doot — Af .
A= miu 220 fv + Two t iy — fr
mpp
+ As(0— 0g) + As (1 - tanh2(ve)) (0 — 04) (37)

+26((0 = 1)0f > tanh(of) + 281 (1 - tank(of) ) 608 o,

The fixed-time auxiliary variable 7, is used to transform Equation (36), so that the
unconstrained yaw control torque 7, can be introduced.
Let

’5/2 = —/\4’)’2 — )LS (1 — tanhz(vg)>r)/2 - k2 tanh('ﬁ)

n (mzzud = mnu) sat(Ty) — T (38)

mpp msa3

The RBF neural network is used to estimate the unknown term Af;, and its specific
expression is as follows:
Afy = Wihy(x) + 0 (39)

where W, is the weight matrix of Af;, h,(x) is the Gaussian function used to estimate Af;,
and o3 is the estimation error of Af;.

Based on the fixed-time convergence theory and Equation (36), the control input 7
can be designed as shown in Equation (40):

T = (11122 - mll)uv + dszr + W,Th,(x) ) tanh(sz /82)

mgazky tanh maz A . 4
B S (r2) _ 33 — c555 — cesign(s) (40)
() (o)
o) mp2
where c5, ¢ and ¢; are positive design parameters. ¢p = —0 + Twr, H2 is the upper bound

of ¢, and i is the estimate of ji,. The adaptive laws for parameters W, and 1, are given
in Equation (41):

map

Wr = 173(— (ud — m“”)szhr(x) — 0’5W? — J@Wr) ( )
41
‘ﬁZ = 174(<ud — %)Sz tanh(sz/ez) — 0’7;1?[% — O’Sﬁz)

where 13, 4, 05, 06, 07 and o3 are positive design parameters.

4. Stability Analysis

Theorem 1 (Main Result). Consider the fully constrained underactuated vessel system described
by Equation (1), subject to unknown dynamics, external disturbances (Assumption 1), and input
saturation. Suppose the desired trajectory satisfies Assumption 2. By applying the designed virtual
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control laws (17), the fixed-time sliding surfaces (24) and (32), the adaptive updating laws (30) and
(41), and the final actual control inputs (29) and (40), the following properties are guaranteed for
the closed-loop system:

1. Practical Fixed-Time Stability: All signals in the closed-loop system are practically fixed-time
stable. The velocity tracking errors converge to a small neighborhood of the origin within a
predefined settling time Ty

2. Deterministic Response: The upper bound of the settling time T,y is independent of the
initial states of the vessel and can be pre-assigned by tuning the control parameters.

3. Full Constraint Satisfaction: The actual positions of the vessel strictly remain within the
predefined safe boundaries (i.e., Xpin < X < Xpax ANd Ypin < Y < Ymax) forall t > 0,
and the control inputs never exceed the actuator physical limits.

Proof of Theorem 1. We construct a comprehensive Lyapunov candidate function V, that
incorporates the sliding surfaces and the parameter estimation errors:

1 1 1 T
V, = *111115% + *ﬂ’l33$% + 7W,7;Wu
2 2 21
(42)
vl YwTw, o Lz
2172 1 2173 r 2174
where Wu = Wu - Wy, Wr = Wr — Wy, ji1 = fl1 — p, fia = fia — yo.
Taking the derivative of both sides of Equation (42), we obtain the following:
. . . 1 7 1 . 1 7% 1 _ .
Vo = my1s181 + mazspsy + — W, Wy + —jijin + — W, Wy + —fipjis (43)
n 2 UE 14

For the first term m115151 in Equation (43), combining Equations (27) and (29), we get
the following:

movr — dyjqu — Afu + Ty + Twu
mi

mM115151 = M1151 ( — g+ A (1 —uy) + Ap tanh(u,)

+Azul ! tanh(uﬁ)) (44)
=5 (—WLTlhu(x) + WLTlhu(x) + pp — fip tanh(s1/¢€1) — C:J,S% — 04sign(sl)>

T .
= —c351 — cals| + 51 (Wuhu(x) +pu = tc’ﬁmh(f?l/&))

For the second term ms335,3; in Equation (43), combining Equations (36) to (40), it can
be transformed into the following form:

Mg —mynu (Mg — mp)uv — dazr — Afy + T + Tur

M33S28p = M338)

M2 m33
MyUy — MU AT ~ 52
=35y —2nd T TIE (W,Th,(x) + W, hy(x) + pp — 2 tanh()
Mo &
—C555 — 6 sign(sz)) (45)
MUy — MU MUy — MU
— —¢s- 22U4 11 .5421_%. 2U4 11 5o
M2 Mmoo
Mooy — MU T A 52
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Combining Equations (44) and (45), Equation (43) can be transformed into the form
shown in Equation (46):

Myplg — m11”54 cs MmppUg — mi U \52\
) g

. 4
Vy = —c387 — c4ls1| —c5-
moo Wow)

S T ~ T ~
+ 51 <y1 — tanh<81>> — alwfwu — azwfwu
1

_a . Moolly — 11U . s
— agyly“;’ — oyfi1fl; + 52 - T220d — A <y2 —fl2 tanh(é))

Mmoo

(46)

T on ~ T A ~ A
—osW, W, —osW, W, — (77#2143 — Ugl2/2

According to Lemma 4, the term —03ji1 /23 in Equation (46) can be transformed into
the following:

—os3fafi = —osfi (ji1 + p1)?
< —o3fif — 3oapipn — o3 i

(47)
9 4 1 . 3 3 4
< —03 1—17(531_7@ #%4“73 T‘f‘z}k:z a[*
4k, 4k
Consider the following inequality:

1 1\* 1, 1 1 1, 1 1
< | =l|x|l—- = —x°— - — ——x < —= — 4
0< (2|x| 4> g = P <l (48)

Combining Young's inequality and Equation (47), the term —o» WZ W, in Equation (46)
can be transformed into the following:

~ T~ ~ T, .~
—0’2Wu W, = —UzWu (Wu + Wu)
~ T~
o oW, W, + nWIw,
- 2
~ T~
— oW, W, 03, o 02 0
< 20 Tu 2 0gy 2,22
- 4 g Wl 3513
Combining Equations (47) and (49), Lemmas 1 and 4, Equation (46) can be transformed

(49)

wliw,

into the following:

4
. 4 mppUlg — MU 4 mppUlg — MU
V2 S —C351 — C4|S1| — C5( 52 —Cg| ———88 |52|

moo mpp
9 4 1 <4 3 3 3 4
— 0 1k31>||wu|| +0'1<+k32>||wu||
< 47 ght k4
02, 02 | = (% %]
_Z”W"HZ_ZHW”HZ—FE—FEW”TW”
9 4 1 4 3 3 4 4
— 03<1 - Zkgl - 4ng)}ll + 03<4kf§1 + 4k§2>7/‘1
_ V4o Cap 04 04 o
g gt gt om
4
Mpllg — M1l \" 4 9.3 Lo\ 14
< —egst oo == T ) A 1— 23, — W,
oot - o ML) g 1< £k~ g 17l

94 1\, 94 1 Y 2,
"3<1 £ 41«;2)”1 ”5<1 g )
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9 4 1 MUy — My U
—U7<1 kn - 4k%2>142 cqls1] _Cé( |s2]
2 0O4_p 0Op 2 08 .2
||Wu|| 2 Z”WrH 1
3.3, . 3 34\,
JF(7'1< T T 2>||Wu| +U3< 4 Jrk332>ﬂl
4k e 4k T a
3 s 3 34\,
T o4 o T @ 2, 02+ 04+ 06+ 03
+2WWu+2]/l+2WWr+2]/l2+ 16
1 1
<z vf 4 60
where
Y1 = min 4%, 4%("122”[1—"111”),
myp Mz m22
1
4;7%ol< kfl TN >+4;7203< k3 — ) (51)
12
9 4 1 9 H
4nos (1 ——k2 ) —0-417407( ))
400 4yl 17 4K,
o = min (cxy [, o) T o "
N2, FN/ 213, 18\/274)
3 3 3 4
pr=0c ( + k )IWu|4+as<+k§2)lml4
4k} 4kt 4
3 3 4 3 3 4
B 7 w 4 2 4 23 4
+‘75<4k;§1 "3 52)” 'l +‘77<4k‘;1 T3 72)'“' (53)
1o 0. oy 0
+ S WiWu + 505+ 5 W Wy + i
0y + 04+ 0g + 03
+ 16

Based on the derived inequality V < —x1V? — x» Vi B1, and invoking Lemma 3,
we can conclude that the closed-loop system is practically fixed-time stable. The set-
tling time Ty is strictly bounded by Ty < Tpax = o (2171) + X2(1170.5) = % + % This
proves that the convergence time T,y is entirely determined by the design parameters

(x1,x2) and is completely independent of the initial conditions, thereby guaranteeing a
deterministic response.

Furthermore, because the velocity tracking errors s; and sy converge within Tyay,
the actual velocities u and v track the virtual control laws u; and v;. According to the Barrier
Lyapunov Function (BLF) analysis in Equation (20), the convergence of velocities ensures
that the position tracking errors 77y and 7, remain bounded. Consequently, the actual
vessel positions x and y never violate the predefined safety constraints x,,;;, < X < Xyax
and Yy < ¥ < Ymax. The input saturation is effectively compensated by the fixed-time
auxiliary variables q and <y,. This completes the proof. O

5. Simulation Experiments

To verify the effectiveness of the control scheme designed in this paper, a computer
simulation experiment is conducted using a patrol vessel named BAY CLASS (owned by
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Singapore Customs) as the simulation object. The vessel is 38 m long. The hydrodynamic
coefficients, model uncertainty terms, and external disturbances are defined as follows.
The external time-varying disturbance is given by the following:

Towu = 10*[sin(0.2¢) + cos(0.5¢)]
Ty = 102[sin(0.1¢) + cos(0.4t)] (54)
Tor = 10°[sin(0.5t) + cos(0.3t)]

All key control and simulation parameters are systematically listed in Table 1, grouped
by their respective functional modules. The parameters are tuned sequentially to ensure
stable and satisfactory system performance. Most of the remaining parameters have little
influence on system performance. For the dominant control parameters, they can be
determined by tuning their values while observing the simulation response. An excessively
large or small parameter value will lead to unsatisfactory performance, such as overshoot,
slow response, or divergence. Therefore, it is not difficult to narrow down the reasonable
range of candidate values and obtain the optimal control parameters. The parameters
can be divided into four categories: BLF parameters, fixed-time convergence parameters,
adaptive and RBF parameters, and auxiliary system parameters. In practice, the parameters
are tuned sequentially: first the constraint boundaries, then the fixed-time parameters,
followed by the adaptive parameters, and finally the auxiliary system parameters.

Table 1. Control parameters (Part 1): BLF, fixed-time, adaptive RBFNN and auxiliary system.

Category Symbol Value

Xmin, Xmax —315,315

Ymins Ymax t—3,t+3
BLF parameters gl g'4

&1 0.1

€ 0.05

(05) 20

c3 1.2 x 10°
Fixed-time convergence parameters 4 7 x 107

cs 2 x 10%

Ce 7 X 103

A, A, A3 10, 4, 2

A4, As, A 8,3,05

1,12 7 x10°,7 x 10°

13,14 1.3 x 10°,3.3 x 107
Adaptive and RBFNN parameters 71,02 1.4 x 10741}5’ 14 x 1(122

03,04 1.4x107%,14 x 10

05, 0% 1.3x10717,13

07,08 1x107%2,1.3 x 1074

b1, by 18,10

m 1.18 x 10° kg

mi 1.2 x 10° kg

Mo 1.779 x 10° kg
Vessel model parameters Ma3 6.36 x 10” kg

di 2.15 x 10* kg/s

d22 1.47 x 105 kg/S

ds3 8.02 x 10° kg/s
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Table 1. Cont.
Category Symbol Value
Tu,max, —Tu,min 6.3 x 10° N
Tr,max, — Tr,min 4 x 10° N-m
Input and trajectory parameters X4 300sin(0.03t)
Ya t
(x0, Yo, o, uo, vo, 70)  (20,0,0,0,1.0,0)
Auxiliary system parameters T, 0.1
Afu 0.2d1qu? 4 0.1d1qu3
Model uncertainty terms Afy 0.2dp20? 4 0.1d2p0°3
Afr O.2d331’2 + 0.2d331’3

Remark 1. To evaluate the robustness of the proposed control framework with respect to parameter
variations, four representative parameters associated with the BLF transformation, fixed-time
controller, adaptive learning law, and auxiliary system are varied by +20% around their nominal
values. The corresponding results are summarized in Table 2. As shown in Table 2, moderate
parameter variations mainly influence the transient convergence behavior, while the overall tracking
accuracy remains largely unchanged. These results indicate that the proposed control framework
possesses satisfactory robustness against parameter perturbations.

Table 2. Robustness evaluation under representative parameter perturbations.

Parameter Variation RMSE-x RMSE-y RMSE-y Settling Time
Baseline Nominal 0.051 0.047 0.032 79
A —20% 0.060 0.055 0.038 8.6
! +20% 0.055 0.050 0.034 7.4
c —20% 0.068 0.062 0.041 9.3
3 +20% 0.054 0.049 0.033 7.0
—20% 0.058 0.053 0.036 8.3
n +20% 0.053 0.048 0.033 7.7
T —20% 0.064 0.058 0.039 8.8
’ +20% 0.056 0.051 0.035 7.5

Remark 2. The robustness of the proposed BLF-based constraint mechanism is mainly challenged
when the system operates close to the prescribed boundaries in the presence of uncertainties and
external disturbances. In the adopted simulation, the reference trajectory amplitude reaches 300 m,
while the admissible position boundary is limited to 315 m, leaving only a 15 m safety margin.
Consequently, the vessel repeatedly evolves in the vicinity of the constraint boundaries, where the
BLF exhibits its strongest corrective action. Meanwhile, the controller must simultaneously com-
pensate for initial tracking errors, unknown nonlinear dynamics, and environmental disturbances.
The simulation results in Figures 2—6 show that all constrained states remain strictly within the
predefined safe set and satisfactory tracking performance is maintained throughout the maneuver-
ing process. These results indicate that the proposed BLF-based control framework preserves both
constraint satisfaction and tracking accuracy under boundary-adjacent and uncertainty-affected
operating conditions, thereby demonstrating its robustness under critical operating scenarios.
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Figure 2. X-Y plane trajectory tracking comparison. The comparative scheme is proposed by Guo and
Zhang X [50]: Adaptive path following control for autonomous surface vehicles towed by a single
tugboat with output constraints.
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Figure 4. Lateral position and safety boundary comparison.
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Figure 6. Velocity response comparison.

To comprehensively evaluate the superiority and practical necessity of the proposed
control framework, a comparative simulation is conducted against the adaptive fixed-time
path following control scheme proposed by Guo and Zhang (2025) [50], which employs a
Barrier Lyapunov Function and RBF neural networks but lacks any compensation mecha-
nism for actuator saturation. All simulations are carried out under identical initial condi-
tions, time-varying ocean disturbances, model uncertainties, and actuator saturation limits.

Figure 2 presents the trajectory tracking performance in the X-Y plane. It can be
observed that the proposed method accurately tracks the desired trajectory with smooth
response and full compliance with the predefined position constraints. In contrast, the com-
parative method, which adopts an adaptive fixed-time path following control scheme based
on the Barrier Lyapunov Function and RBF neural networks, exhibits notable tracking
deviations and poor constraint satisfaction under the same conditions, leading to degraded
practical performance. To quantitatively evaluate the tracking performance, the root mean
square errors (RMSEs) of position and heading are summarized in Table 3. Compared
with the adaptive fixed-time control scheme Guo & Zhang, 2025 [50], the proposed method
achieves substantially smaller tracking errors, demonstrating superior accuracy. Further-
more, the total variation (TV) of the control inputs is computed to assess control smoothness,
as shown in Table 4. The proposed method yields considerably lower TV values, indicating
smoother control commands with significantly reduced chattering, which is beneficial for
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practical actuator operation. Figures 3 and 4 further illustrate the longitudinal and lateral
position responses. The proposed method strictly confines the vessel position within the
preset safety boundaries throughout the entire navigation process. In contrast, the adaptive
fixed-time controller reported by Guo and Zhang (2025) [50] exhibits noticeable deviations
from the prescribed safety region, particularly in the lateral direction, accompanied by
larger position excursions. These results demonstrate that the incorporation of the sym-
metric BLF effectively guarantees state constraint satisfaction while improving navigation
safety in restricted waterways. The position tracking errors are quantitatively compared
in Figure 5. The proposed method drives both longitudinal and lateral tracking errors to
converge rapidly to a very small neighborhood of zero within the predefined fixed time,
with negligible steady-state errors and minimal oscillations. Meanwhile, the comparative
controller presented by Guo and Zhang (2025) [50] produces relatively larger residual errors
and slower convergence rates. The superior tracking accuracy of the proposed framework
is further confirmed by the RMSE results reported in Table 3. As illustrated in Figure 6,
the velocity responses of the proposed method are stable and rapid, demonstrating strong
dynamic performance and satisfactory disturbance rejection capability. Compared with
the controller of Guo and Zhang (2025) [50], the proposed strategy achieves faster velocity
convergence and smaller transient fluctuations under the same disturbance conditions.
Figure 7 presents the time histories of the control inputs. The control forces and moments
generated by the proposed method remain strictly within the given actuator limits without
noticeable chattering or saturation-induced clipping. By comparison, the controller of
Guo and Zhang (2025) [50] exhibits larger transient control variations and less smooth
control actions during the initial stage. The effectiveness of the fixed-time auxiliary system
in handling input saturation is therefore validated. The oscillations in Figures 6 and 7
within 0-5 s result from the fixed-time convergence mechanism, the initial adaptation of
zero-initialized RBF neural network, and the activation of the input-saturation auxiliary
system (Equations (26) and (38)). According to the Lyapunov stability analysis in Section 4,
all system signals remain bounded and the closed-loop system is stable. The oscillations
decay quickly as adaptive parameters converge. Meanwhile, the vessel positions comply
with BLF safety boundaries (Figures 3 and 4) and control inputs stay within actuator limits
(Figure 7). Since the initial states deviate from the equilibrium, such transient fluctuations
are inevitable. They represent a trade-off between fast fixed-time convergence and control
smoothness, and will not affect the controller’s stability and practical performance. Further-
more, Figure 8 validates that the RBF neural network approximates the unknown vessel
dynamics effectively and smoothly. Figure 9 confirms that the designed adaptive laws
estimate the upper bounds of compound disturbances with satisfactory stability. Finally,
Figure 10 shows that the auxiliary system states converge rapidly within the fixed-time
threshold, confirming that the auxiliary system compensates for saturation nonlinearities
within the predefined time and avoids inducing high-frequency chattering.

Ultimately, these comprehensive results confirm that the integration of BLF, adap-
tive estimation, and fixed-time auxiliary systems is indispensable for safe, deterministic,
and high-precision trajectory tracking of underactuated surface vessels in complex ma-
rine environments.

Table 3. Root mean square error of tracking results.

Control Scheme RMSE-x (m) RMSE-y (m) RMSE-y (Rad)
Proposed Method 0.051 0.047 0.032
Adaptive fixed-time control (Guo & Zhang, 2025 [50]) 0.273 0.254 0.186
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Table 4. Total variation of control inputs.

Control Scheme TV(t,) (N) TV(t,) (N-m)
Proposed Method 63.1 71.5
Adaptive fixed-time control (Guo & Zhang, 2025 [50]) 132.7 168.3
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Figure 7. Control input comparison.
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Figure 8. Neural network approximation performance.

Furthermore, to further evaluate the practical applicability of the proposed control
framework, the computational cost of the controller is quantified and summarized in Table 5.
The average computation time is 0.63 ms, while the maximum computation time is 1.12 ms.
Both values are significantly lower than the adopted sampling interval of 10 ms. These
results indicate that the proposed controller can complete all online computations within a
single sampling period and therefore satisfies the requirements of real-time implementation.
Although the control framework incorporates a symmetric BLF, adaptive RBF neural
networks, and a fixed-time auxiliary system, the resulting computational burden remains
moderate because the controller only involves algebraic calculations and adaptive update
laws, without requiring iterative optimization procedures. Compared with optimization-
based approaches such as model predictive control, the proposed method exhibits lower
computational complexity and is therefore more suitable for real-time autonomous vessel
applications deployed on embedded marine control platforms.
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Figure 9. Adaptive estimation of compound disturbance upper bound.
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Figure 10. Convergence of fixed-time auxiliary system states.

Table 5. Computational cost evaluation.

Item Value
Average computation time 0.63 ms
Maximum computation time 1.12 ms
Sampling period 10 ms

6. Conclusions

This paper presented the development of an adaptive fixed-time trajectory tracking
controller for underactuated surface vessels with unknown dynamics, full state constraints,
and input saturation. Compared with the existing results, the proposed scheme has some
advantages: a deterministic convergence performance independent of initial states and
strict constraint guarantee for both position and control input. The problems of constraint
violation and actuator saturation are circumvented by a fusion of the BLF technique and
fixed-time auxiliary system. The stability of the closed-loop system has been proven
using the Lyapunov theory. Simulation results have been presented to demonstrate the
effectiveness of the novel controller.

However, this work naturally cannot attend to every detail of the control design. We
are working on an extension of our proposed scheme to address the following problems:
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extension to more industrial systems—the proposed method can be further extended
to practical systems such as permanent magnet synchronous motors and autonomous
underwater vehicles, which have similar nonlinear and constrained characteristics; time-
delay compensation—signal delay and input delay widely exist in practical engineering,
which have important practical significance and deserve further in-depth investigation.
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