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Abstract: At present, the International Maritime Organization (IMO) has issued interim guidelines
for the direct stability assessment of surf-riding and broaching for the second-generation intact
stability criteria. Accurately and efficiently predicting surf-riding and broaching remains a key
problem to be solved for the direct stability assessment of surf-riding and broaching. Therefore,
a six-degree-of-freedom(6DOF) coupled mathematical model is established in this paper. Firstly,
the four-degree-of-freedom(4DOF) coupled equations of surge–sway–roll–yaw motions are built
based on the traditional MMG maneuvering mathematical model by considering Froude–Krylov
forces, diffraction forces and restoring forces, and the heave and pitch are approximately calculated
by iteratively solving improved static equilibrium equations in real-time, effectively solving the
divergence problem in direct time-domain seakeeping calculations of high-speed ships in stern-
quartering waves. Secondly, the hydrodynamic lift forces due to the coexistence of wave particle
velocity and ship forward velocity are taken into account in the propeller-thrust and rudder-force
models. In addition, the real-time emersion of twin rudders in waves is considered in the rudder-force
models. At the same time, the free-running model experiments with a ONR tumblehome vessel
are carried out in stern-quartering waves, and the pure loss of stability and broaching motions
are observed. Finally, comparative validations between the calculations and the experiments of
surf-riding and broaching in stern-quartering waves are carried out, and the effects of the ship
speed, the instantaneous wetted surface of the hull, rudder exposure, heave and pitch motions on
predicting surf-riding and broaching motions are investigated. The computation results show that
the established 6DOF mathematical model has enough accuracy to be used for the direct stability
assessment of the surf-riding and broaching failure modes.

Keywords: direct stability assessment; surf-riding; broaching; capsizing

1. Introduction

At present, the International Maritime Organization (IMO) has issued interim guide-
lines and corresponding explanatory notes on the second-generation intact stability criteria,
covering three-tier stability assessment methods and operational guidance for the five
stability failure modes of parametric rolling, pure loss of stability, dead ship condition,
excessive acceleration and surf-riding/broaching [1,2]. Among the five stability failure
modes, surf-riding/broaching is the most complex failure mode, which has a strong nonlin-
ear characteristic and belongs to maneuverability problems in extreme seas. The prediction
of surf-riding and broaching involves the cross-coupling of multiple disciplines, such as
ship maneuverability, seakeeping, stability, resistance and propulsion. How to accurately
and efficiently predict the surf-riding and broaching is a key issue that urgently needs to be
solved in the direct stability assessment methods for surf-riding and broaching.

For the prediction of surf-riding and broaching, Umeda et al. [3] adopted a 4DOF ma-
neuverability model, considering linear wave forces to qualitatively predict the surf-riding
and broaching phenomenon of the ITTC A2 fishing vessels in regular waves. In order to

J. Mar. Sci. Eng. 2024, 12, 1538. https://doi.org/10.3390/jmse12091538 https://www.mdpi.com/journal/jmse

https://doi.org/10.3390/jmse12091538
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/jmse
https://www.mdpi.com
https://orcid.org/0000-0003-0934-3133
https://doi.org/10.3390/jmse12091538
https://www.mdpi.com/journal/jmse
https://www.mdpi.com/article/10.3390/jmse12091538?type=check_update&version=1


J. Mar. Sci. Eng. 2024, 12, 1538 2 of 21

achieve the quantitative prediction of surf-riding and broaching, they successively analyzed
the effects of nine nonlinear factors, including initial conditions, nonlinear maneuvering
coefficients in still water, wave effects on linear maneuvering coefficients, wave effects
on the roll-restoring arm, wave effects on rudder forces, nonlinear incident wave forces,
wave effects on thrust, nonlinear coupling of sway and yaw and hydrodynamic forces
due to large heel in still water and waves [4,5]. They established an “enhanced model”
considering nine nonlinear factors, and the calculation results were in good agreement with
the experimental results [6].

Subsequently, they applied this 4DOF mathematical model to predict the surf-riding
and broaching phenomenon of the unconventional tumblehome ship with twin propellers
and twin rudders, which can better predict the periodic motion region and surf-riding
region. However, there is an obvious difference between the prediction results and experi-
mental results for the broaching region [7]. In order to express the emergence of rudders
and propellers to improve the prediction results for the broaching region, Araki et al. [8,9]
established a 6DOF mathematical model by taking into account the effects of heave and
pitch. Umeda et al. [10] used the 4DOF mathematical model to predict the broaching motion
of the ONR flared ship in regular waves, and combined with the critical wave method to
predict the probability of broaching in irregular waves. To improve the prediction results
of the broaching region for the ONR tumblehome vessel using the 4DOF mathematical
model, Htet et al. [11] modified the theoretical calculation formula based on the experiment
measurement results of wave forces.

Spyrou et al. [12,13] discussed the definition the surf-riding in irregular waves based
on the surge equation and assessed the probability of surf-riding based on two schemes.
Belenky et al. [14] defined a critical distance in the phase plane of surge motion as a standard
for judging the occurrence of surf-riding in irregular waves. Themelis et al. [15] adopted a
4DOF model to simulate the broaching and capsizing in irregular waves, and used a direct
counting method to conduct statistical analysis for high-run, broaching and capsizing.
Yu et al. [16] also adopted the direct counting method to calculate the probability of surf-
riding and broaching based on a 6DOF model.

The accuracy of numerical prediction of surf-riding and broaching is crucial to eval-
uate the probability of surf-riding and broaching in irregular waves. Currently, there
are few mathematical models that can accurately predict surf-riding and broaching. To
provide an accurate and efficient prediction method of the surf-riding and broaching for
the direct stability assessment, the first author and co-workers previously constructed a
4DOF mathematical model of surge–sway–roll–yaw motions considering nonlinear factors
such as the emersion of rudders and propellers in waves, the diffraction effect of surge
wave force, and nonlinear hydrodynamic derivatives, which can accurately predict the
surf-riding of the ONR tumblehome vessel, except broaching [17]. In order to predict the
broaching of this unconventional ship, a 6DOF coupled mathematical model is established
based on the 4DOF MMG equations and improved static equilibrium equations.

2. Mathematical Model
2.1. Coordinate Systems

The following three coordinate systems are used, as shown in Figure 1. A space
coordinate system O − ξ, η, ζ, with the origin O located in the horizontal plane, and the
ζ-axis oriented downward as positive, is defined. This coordinate system is used to describe
waves, which propagate along the positive direction of the ξ-axis, and the wave trough is
located at the origin O at the initial moment. A body system G − x, y, z takes the center of
gravity G of the ship as the origin, with the x-axis in the centerline plane of the ship, parallel
to the base plane, pointing to the bow as positive, and the z-axis downward as positive.
This coordinate system swings with the ship. A reference coordinate system G − x′, y′, z′

has the same origin with the body system [3]. This coordinate system follows the ship
during surge, sway, heave and yaw movements, but does not follow the ship during roll
and pitch.
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As shown in Figure 1, ϕ, θ, δ is the roll angle, pitch angle and rudder angle, respectively.
χC is desired heading angle of the ship, and χ is the instantaneous heading angle of the
ship. ξG and ηG are, respectively, the longitudinal position and lateral position of the center
of gravity G of the ship in the space coordinate system O − ξ, η, ζ.

The conversion relations among the space coordinate system, the body coordinate
system and the reference coordinate system are shown in Equations (1) and (2), respectively. x′
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2.2. 6DOF Motion Equations

The dynamic stability failure model of surf-riding and broaching in waves is a strong
nonlinear phenomena. Broaching due to surf-riding in following and stern-quartering
waves, which is frequently associated with the nonlinear large roll and yaw motions, is
correlated with seakeeping, maneuvering, stability, resistance and propulsion. Currently,
there are few mathematical models that can accurately predict surf-riding and broaching, so
a 6DOF mathematical model based on modified 4DOF MMG equations and modified static
equilibrium equations for predicting surf-riding and broaching is presented as follows.

The 4DOF coupled equations of surge–sway–roll–yaw motions are improved by
adding wave diffraction forces, Froude–Krylov forces and restoring forces to the MMG
standard model, as shown in Equations (3)–(6).

(m + mx)
.
u − (m + my)vr = XH + XR + XP + µXW_FK (3)(

m + my
) .
v + (m + mx)ur = YH + YR + YW_FK + YW_Diff (4)

(Ixx + Jxx)
.
p − mxzHur = KH + KR + KW_FK + KW_Diff + KW_Res + (YW_FK + YW_Diff)

→
OG (5)

(Izz + Jzz)
.
r = NH + NR + NP + NW_FK + NW_Diff (6)

The subscripts H, R, P, W_FK, W_Diff and W_Res represent the hull force, the rudder
force, the propeller thrust, the Froude–Krylov force, the diffraction force and the restoring
force, respectively.
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When a ship sails in following or stern-quartering waves at a high speed and the ratio
of wavelength to length ratio is about one or larger, the ship encounter frequency may be
very low or even zero. However, the calculations of radiation forces in heave and pitch
directions at a low encounter frequency are easy to diverge, which may lead to heave and
pitch motions divergence in the time-domain calculation.

Therefore, in order to obtain the steady heave and pitch of a ship sailing at high
speed in following and stern-quartering waves, the improved static equilibrium equa-
tions are used to approximately calculate the instantaneous heave and pitch, as shown in
Equations (7) and (8).

mg + ZW_FK + ZW_Res = 0 (7)

MW_FK + MW_Res = 0 (8)

In the above static equilibrium equations, it is assumed that the instantaneous equilib-
rium conditions are met: gravity, the instantaneous Froude–Krylov force and the restoring
force are balanced in the heave direction, while the instantaneous Froude–Krylov moment
and restoring moment are balanced in the pitch direction. The wave radiation forces and
diffraction forces are ignored in these two directions, which can effectively solve the di-
vergence problem in direct time-domain seakeeping calculations for the heave and pitch
motions of high speed ships at a low encounter frequencies.

Roll, heave and pitch motions are coupled with each other in this 6DOF mathematical
model because the Froude–Krylov forces and restoring forces in these three directions are
calculated by integrating the pressure around the instantaneous wetted surface of the hull
according to the simultaneous relative position of the ship to waves, which is related to the
6DOF instantaneous attitude of the ship and the instantaneous wave surface.

The PD control is adopted by the automatic control system of rudders to keep course,
as shown in Equation (9).

.
δ = {−δ − KP(χ − χC)− KPTDr}/TE (9)

The longitudinal position ηG and lateral position ξG of the ship in the space-fixed
coordinate system O − ξ, η, ζ are obtained by the following equation.

ξG =
∫ t

0
(u cos χ − v sin χ)dt (10)

ηG =
∫ t

0
(u sin χ + v cos χ)dt (11)

2.3. Hull Forces in Still Water

The hull forces in still water XH, YH, NH and KH are expressed as follows:

XH = −R(u) + Xvvv2 + Xvrvr + Xrrr2 (12)

YH = Yvv + Yrr + Yvvvv3 + Yvvrv2r + Yvrrvr2 + Yrrrr3 (13)

NH = Nvv + Nrr + Nvvvv3 + Nvvrv2r + Nvrrvr2 + Nrrrr3 (14)

KH = −D(p)− YHzH (15)

where R (u) is the ship resistance in still water, which is expressed as follows:

R(u) =
1
2

ρSFu2CT(
u√
gLPP

) (16)

where CT is total resistance coefficient, which is obtained by the resistance model experiment
in still water.
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D(p) is the roll damping moment, which is expressed as follows:

D(p) = (Ixx + Jxx)(α · p + γ · p3) (17)

where α, γ are, respectively, the linear coefficient and the cubic coefficient of roll damping,
which are obtained from the decay test of roll motion.

2.4. Propeller Thrust

In the temporary guidelines for direct stability failure assessment, there is a require-
ment for the surf-riding and broaching, which is that hydrodynamic forces caused by vortex
shedding from a ship should be appropriately modeled. This should contain hydrodynamic
lift forces induced by the coexistence of ship speed and wave particle velocity [1]. Therefore,
the variation of the inflow velocity induced by wave particle velocity around propellers
is considered.

The thrust XP of twin propellers is expressed as follows (S: starboard; P: port):

XP = TP + TS = (1 − tP)ρnP
2D4

P[KT(JPP) + KT(JPS)] (18)

NP = −(TPyPP + TSyPS) = −(1 − tP)ρnP
2D4

P[KT(JPP)yPP + KT(JPS)yPS] (19)

JPP =
(1 − wP)(u − yPPr)− uWPP

nPDP
(20)

JPS =
(1 − wP)(u − yPSr)− uWPS

nPDP
(21)

uWPP = −ζwω cos χ exp(−kzPP) cos[k(ξG + xPP cos χ − yPP sin χ)] (22)

uWPS = −ζwω cos χ exp(−kzPS) cos[k(ξG + xPS cos χ − yPS sin χ)] (23)

2.5. Rudder Forces

Similar to the propeller thrust, the variation of the inflow velocity induced by wave
particle velocity around rudders is considered.

Furthermore, broaching is always accompanied by a large roll, and the significantly
large roll will result in the frequent emersion of the twin rudders in waves. Therefore, the
6DOF mathematical model is modified to take account of the variation of the rudder force
by considering rudders emersion in waves (Figure 2).
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Figure 2. Wave particle velocity around rudders and propellers.

The rudder forces of XR, YR, NR and KR with rudder emersion and wave particle
velocity are rewritten in the Formulas (24)–(40), as referenced in [18] (S: starboard; P: port):

XR = XRP + XRS = −(1 − tR)FNP sin δ − (1 − tR)FNS sin δ (24)
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YR = −(1 + aH)(FNP + FNS) cos δ (25)

NR = −(xR + aHxHR)(FNP + FNS) cos δ − (yRPXRP + yRSXRS) (26)

KR = (zR + aHzHR)(FNP + FNS) cos δ (27)

where
FNP =

1
2

ρARPU2
RP fαP sin αRP, FNS =

1
2

ρARSU2
RS fαS sin αRS (28)

URP =
√

u2
RP + v2

R , URS =
√

u2
RS + v2

R (29)

fαP =
6.13ΛP

2.25 + ΛP
, fαS =

6.13ΛS

2.25 + ΛS
(30)

αRP = δ − vR

uRP
, αRS = δ − vR

uRS
(31)

vR = γRU(β − ↕′Rr′) (32)

uRP = ε
(
1 − wp

)
u

√√√√η

{
1 + κ

(√
1 +

8KT(JPP)

π J2
PP

− 1

)}2

+ 1 − η − uWRP (33)

uRS = ε
(
1 − wp

)
u

√√√√η

{
1 + κ

(√
1 +

8KT(JPS)

π J2
PS

− 1

)}2

+ 1 − η − uWRS (34)

uWRP = −ζwω cos χ exp(−kzRP) cos[k(ξG + xRP cos χ − yRP sin χ)] (35)

uWRS = −ζwω cos χ exp(−kzRS) cos[k(ξG + xRS cos χ − yRS sin χ)] (36)

ARP = AR + (hRP − 0.5
√

ARΛ)

√
AR

Λ
(i f (hRP − 0.5

√
ARΛ) < 0)) (37)

ARS = AR + (hRS − 0.5
√

ARΛ)

√
AR

Λ
(i f (hRS − 0.5

√
ARΛ) < 0)) (38)

Λp = [
√

ARΛ + (hRP − 0.5
√

ARΛ)]/
√

AR/Λ (39)

ΛS = [
√

ARΛ + (hRS − 0.5
√

ARΛ)]/
√

AR/Λ (40)

2.6. Wave Forces

The wave forces, including wave diffraction forces, Froude–Krylov forces and restoring
forces, are rewritten in the Formulas (41)–(49), as referenced in [7].

XW_FK = −µxρgζwk cos χ
∫ FE

AE
C1(x)S(x)e−kd(x)/2 sin k(ξG + x cos χ)dx (41)

YW_FK = ρgζwk sin χ
∫ FE

AE
C1(x)S(x)e−kd(x)/2 sin k(ξG + x cos χ)dx (42)

YW_Diff = ζwωωe sin χ
∫ FE

AE ρSy(x)e−kd(x)/2 sin k(ξG + x cos χ)dx

−ζwωu sin χ
[
ρSy(x)e−kd(x)/2 cos k(ξG + x cos χ)

]FE

AE

(43)

NW_FK = ρgζwk sin χ
∫ FE

AE
C1(x)S(x)e−kd(x)/2x sin k(ξG + x cos χ)dx (44)

NW_Diff = ζwωωe sin χ
∫ FE

AE ρSy(x)e−kd(x)/2x sin k(ξG + x cos χ)dx
+ζwωu sin χ

∫ FE
AE ρSy(x)e−kd(x)/2 cos k(ξG + x cos χ)dx

−ζwωu sin χ
[
ρSy(x)e−kd(x)/2x cos k(ξG + x cos χ)

]FE

AE

(45)

KW_Re = −mgGZ(ϕ) (46)
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KW_FK = ρgζwk sin χ
∫ FE

AE C4(x)
{

B(x)
2

}3

e−kd(x) sin k(ξG + x cos χ)dx

−ρg
ζw

k
sin χ

∫ FE
AE C1(x)B(x)

{
1 − (1 + kd(x))e−kd(x)

}
sin k(ξG + x cos χ)dx

(47)

KW_Diff = −ζwωωe sin χ
∫ FE

AE ρSylη(x)e−kd(x)/2 sin k(ξG + x cos χ)dx

+ζwωu sin χ
[
ρSylη(x)e−kd(x)/2 cos k(ξG + x cos χ)

]FE

AE

(48)

µx = 1.46Cb − 0.05 f or Cm < 0.86
= (5.76 − 5.00Cm)Cb − 0.05 f or 0.86 < Cm < 0.94
= 1.06Cb − 0.05 f or Cm ≥ 0.94

(49)

where S(x) is the submerged area of a ship section in still water, B(x) is the waterline
breadth of a ship section in still water, and d(x) is the draft of a ship section in still water.
µx is a correction coefficient for wave diffraction effect on surge motion, as shown in
Equation (49) [19].

Broaching is frequently accompanied by a large roll, which is a problem related to the
nonlinear variation of wave moments in the roll direction. Therefore, for the prediction
of surf-riding and broaching, the nonlinear wave moment in roll direction is the key to
improving the prediction accuracy for roll motion.

The nonlinear roll Froude–Krylov moments and the nonlinear roll-restoring moment
in waves are calculated by integrating the pressure around the instantaneous wetted surface
of the hull, which is determined according to the 6DOF instantaneous attitude of the ship
and the instantaneous wave surface, as referenced in [20].

KW_Re = −ρg
∫ FE

AE
y(x)A(x)dx (50)

KW_FK = −ρg sin χ
∫ FE

AE
z(x)F(x)A(x) sin k(ξG + x cos χ)dx (51)

F(x) = ζwk
sin(k B(x)

2 sin χ)

k B(x)
2 sin χ

e−kd(x) (52)

where A(x) is the instantaneous submerged area of a ship section in waves, y(x) is the
instantaneous transverse position of a centroid of a ship section in the reference coordinate
system G − x′, y′, z′, and z(x) is the instantaneous vertical position of a centroid of a ship
section in the reference coordinate system G − x′, y′, z′.

2.7. Heave and Pitch Motions

Using linear theory, the coupled static equilibrium equation of heave–pitch motions is
transformed into the following equation:

mg + ZW_FK + ZW_Res = ρg · δζG ·
∫ FE

AE
B(x)dx (53)

MW_FK + MW_Res = ρg · δθ ·
∫ FE

AE
x2B(x)dx (54)

ZW_Res = −ρg
∫ FE

AE
A(x)dx (55)

ZW_FK = −ρg
∫ FE

AE
F(x)A(x) cos k(ξG + x cos χ)dx (56)

MW_Res = ρg
∫ FE

AE
xA(x)dx (57)

MW_FK = ρg
∫ FE

AE
xF(x)A(x) cos k(ξG + x cos χ)dx (58)
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The variations in heave and pitch (δζG, δθ) are solved by using the bisection method,
considering the mutual influence between δζG and δθ. When the conditions of δζG ≤ d/500
and δθ ≤ d/Lpp/500 are met, the loop iteration is terminated, and finally heave and pitch
are obtained.

Similar to the roll direction, the nonlinear Froude–Krylov force/moment and nonlinear
restoring force/moment in the directions of heave and pitch are calculated by integrating
the pressure around the instantaneous wetted hull surface.

3. Experiments

To validate the accuracy of the established 6DOF mathematical model for the numerical
prediction of surf-riding and broaching, a free running model experiment with an ONR
tumblehome vessel was carried out in stern-quartering waves.

The free-running model experiment was conducted in the large seakeeping and ma-
neuvering basin of the China Ship Scientific Research Center. The basin is 170 m long, 47 m
wide and 6 m deep and outfitted with flap wave makers on both vertical sides of the basin.

The ONR tumblehome vessel is a typical unconventional high-speed ship as a standard
model for the second-generation intact stability criteria, which has good performance of
propulsion and seakeeping due to some unique characteristics, such as a tumblehome
superstructure, a wave-piercing bow, twin propellers and twin rudders.

The principal parameters of the ONR tumblehome vessel at full scale and model scale
are shown in Table 1. The scale ratio of the actual ship to the model is 40.526. The whole
model, bow and stern of the ship model are shown in Figure 3. Due to the risk of capsizing
during the model experiment, the ship model must be made watertight. The ship model
has bilge keels and no superstructure.

Table 1. The main parameters of the ONR tumblehome vessel.

Items Full Scale Model Scale

Length (LPP) 154.0 m 3.800 m
Draft (d) 5.494 m 0.136 m

Breadth (B) 18.8 m 0.464 m
Depth (D) 14.5 m 0.358 m

Displacement (W) 8507 ton 0.128 ton
Block coefficient CB 0.535 0.535

Metacentric height GM 2.068 m 0.051 m
Vertical position of the center of gravity KG 7.672 m 0.189 m

Natural roll period Troll 11.14 s 1.75 s
Roll inertia radius Kxx 0.44 B 0.44 B
Pitch inertia radius Kyy 0.25 LPP 0.25 LPP

Rudder area AR 23.74 m2 0.0145 m2

Propeller diameter DP 5.22 m 0.129 m
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Unlike conventional maneuverability experiments, surf-riding and broaching experi-
ments belong to stability experiments, and metacentric height is crucial to the broaching
motion. Therefore, after adjusting the inertia of the ship model, it is necessary to ad-
just the weights positions according to the inclining test method to calibrate the initial
metacentric height.

A free decay test of roll motion in still water was carried out to obtain the nonlinear
damping coefficients. The revolution rates of the propellers corresponding to the nominal
speeds of the ship in still water were obtained by measuring the real-time position of
the ship model with the total station in the free-running experiment, and then the same
revolution rates of the propellers in still water were used to achieve the same nominal
speed of the ship in the free-running experiments in stern-quartering waves. A PD control
system was applied to keep course by yaw velocity and the deflection between real-time
heading angle and the desired heading angle.

The ship model was free running with the desired revolution rate of propellers along
the long side of the basin. The waves were created by the wave makers on both-sides at
a 30-degree angle to the long side, as shown in Figure 4. The yaw, roll and pitch were
measured by a 6DOF optical fiber gyroscope based on MEMS (Micro Electro-Mechanical
System) placed on the ship model. The real-time data of yaw, roll, pitch, rudder angle
and revolution rate of the propellers were recorded by an on-board integrated device
wirelessly. The wave elevation near the starting position of the ship model was measured
by a servo-needle wave height sensor fixed to a steel bridge spanning over the basin. The
real-time speed of the ship model was determined by the real-time position of the ship
model in the free-running experiment, recorded by a total station.
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Figure 4. Wave direction and heading direction of the ship model.

Conditions and results of model experiments are shown in Table 2. The change
process of typical pure loss of stability and broaching motions were observed in the model
experiments, as shown in Figure 5. When the Froude number Fn of the ship model was
equal to 0.3, the typical pure loss of stability occurred, and the maximum roll angle of the
ship model reached about 30 degrees. However, when the Fn of the ship model was equal
to 0.4, the typical broaching occurred, and the maximum roll angle and yaw angle of the
ship model reached about 43.4 degrees and 26.9 degrees, respectively.
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Table 2. Conditions and results of model experiments.

No.
Experiments Conditions Experiments Results

λ/Lpp H/λ Fn Maximum Roll
Angle (Degree)

Maximum Yaw
Angle (Degree) Motion Modes

1 1.25 0.05 0.250 19.6 8.3 Pure loss of stability
2 1.25 0.05 0.300 28.0 11.3 Pure loss of stability
3 1.25 0.05 0.325 32.6 9.5 Pure loss of stability
4 1.25 0.05 0.350 35.3 13.2 Pure loss of stability
5 1.25 0.05 0.400 43.4 26.9 Broaching
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Figure 5. The snapshots of pure loss of stability and broaching (λ/Lpp = 1.25, H/λ = 0.05, χ = −30◦).

4. Simulations and Discussions
4.1. The Effect of Ship Speed

To validate the proposed 6DOF mathematical model, the time-domain calculations
are performed with the wave conditions of λ/Lpp = 1.25, H/λ = 0.05, χ = −30 degrees.
The comparison of time histories of roll, pitch, yaw and rudder angle for the differ-
ent Froude numbers between the calculation results and the experimental results are
shown in Figures 6–9, and the time-domain variation curves of the ratio of surge speed
to wave speed for the different Froude numbers in the calculation results are shown in
Figure 10. The initial conditions of the calculations are set according to the data measured in
the experiments.

The trend of the calculation results and the experimental results with the different
ship speeds is analyzed. At a low ship speed (Fn = 0.25), the calculation results are in good
agreement with the experimental results. From the time history of the roll motion, it can be
observed that the roll period of the ONR tumblehome vessel increases after three cycles.
This is because when the ship approaches the wave crest, the ship speed increases under
the action of wave force, and the relative speed between the ship and the wave decreases.
Therefore, the time for the ship to pass through the wave crest increases, and the entire roll
period also increases. This indicates that pure loss of stability occurs, and the mathematical
model can predict this phenomenon well.

In addition, there is a significant deviation in roll motion, namely, the mean roll angle
is larger than zero, and this phenomenon is also very well captured in the calculation
results. There is also a noticeable deviation in yaw motion, but the yaw deviation in the
calculation results is smaller than that in the experimental results. This phenomenon may
be caused by the wave drift force, which is not considered in the mathematical model. This
issue should be further investigated.
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Figure 6. Comparison of time histories of ship motion with Fn = 0.25 (EXP: the experimental results;
CAL: the calculation results).
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Figure 7. Comparison of time histories of ship motion with Fn = 0.30 (EXP: the experimental results;
CAL: the calculation results).
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Figure 8. Comparison of time histories of ship motion with Fn = 0.35 (EXP: the experimental results;
CAL: the calculation results).
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Figure 9. Comparison of time histories of ship motion with Fn = 0.40 (EXP: the experimental results;
CAL: the calculation results).

As the ship speed increases (Fn = 0.3), the roll amplitude significantly increases, and
the roll period also significantly increases after two roll periods. Under this condition, pure
loss of stability occurs too. The calculation results are also in good agreement with the
experimental results.

As the ship speed continues to increase (Fn = 0.35), the ONR tumblehome vessel still
experiences pure loss of stability, but the time histories of yaw motion and rudder angle
exhibit obvious irregular periodic variations, which are also captured in the calculation.
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Because the ONR tumblehome vessel is in a critical state between pure loss of stability and
surf-riding or broaching, the control of yaw motion becomes unstable.
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Figure 10. The ratio of ship speed to wave speed with different Froude numbers in calculation results.

When the ship speed reaches 30 knots (Fn = 0.4), the ONR tumblehome vessel ex-
periences a large angle yaw in the calculation and the experiment. Even if the rudder
angle is turned to the maximum value (+35 degrees), the heading remains unstable. This
reveals that the ship experiences significant broaching motion. The maximum deflection of
the heading angle is 26.8 degrees in the experiment, and the maximum deflection of the
heading angle is 22 degrees in the calculation.

The maximum roll angle in the experiment reaches 43.4 degrees, while the roll angle
in the calculation gradually increases up to 90 degrees until the ship capsizes. When the
roll angle exceeds 60 degrees, the iterative solutions of the static balance equations cause
large jump points in the heave and pitch motions, which are then truncated and deleted.
However, it is difficult to right the ship when the roll angle is greater than 60 degrees, which
does not affect the judgment of broaching and capsizing.

From the time histories of the surge speeds in Figure 10, it can be seen that the ratio of
ship speed to wave speed is greater than 1 under this condition. The ONR tumblehome
vessel experiences broaching caused by surf-riding, and the ship eventually capsizes in
the calculation. However, the ship model experiences broaching but not capsizing in the
experiment. When broaching occurs, the ship model turns left towards the wave maker,
as shown in Figure 4. To ensure the safety of the wave maker due to the limitation of the
basin width, the broaching motion of the ship model is ended in advance in the experiment.
Therefore, it is not known whether the ship model will capsize in the experiment. To
solve this problem, we can adjust the wave direction to make the ship model turn to the
wave-absorbing shore on the other side of the basin in a future study.

From the above analysis, it can be seen that as the ship speed increases, the ship motion
mode transitions from pure loss of stability to broaching.

4.2. The Effect of the Instantaneous Wetted Surface of the Hull

The effect of the instantaneous wetted surface of the hull on the ship motion mode
is analyzed, and the comparison results of motion time histories with and without con-
sidering the instantaneous wetted surface of the hull are shown in Figures 11–13. GZlin-
ear represents the roll Froude–Krylov moments and the roll-restoring moment in waves,
calculated by integrating the pressure around the calm water surface, as described in
Formulas (46) and (47). In addition, GZnonlinear represents the roll Froude–Krylov mo-
ments and roll-restoring moment in waves, calculated by integrating the pressure around
the instantaneous wet surface of the hull, as described in Formulas (50) and (51).
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Figure 11. Comparison of time histories of roll motion with Fn = 0.25 and Fn = 0.3 (GZlinear (CAL):
the calculation results without considering the instantaneous wetted surface of the hull; GZnonlinear
(CAL): the calculation results considering the instantaneous wetted surface of the hull; EXP: the
experimental results).
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Figure 12. Comparison of time histories of roll motion with Fn = 0.35 and Fn = 0.4 (GZlinear (CAL):
the calculation results without considering the instantaneous wetted surface of the hull; GZnonlinear
(CAL): the calculation results considering the instantaneous wetted surface of the hull; EXP: the
experimental results).
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Figure 13. Comparison of time histories of yaw and pitch motions with Fn = 0.4 (GZlinear (CAL): the
calculation results without considering the instantaneous wetted surface of the hull; GZnonlinear
(CAL): the calculation results considering the instantaneous wetted surface of the hull; EXP: the
experimental results).

Both methods can effectively simulate the periodic variations of roll motions, in
which the time of the ship passing through the wave crest is greater than the time of
the ship passing through the wave trough. At a low ship speed (Fn = 0.25), considering
the nonlinearity of the instantaneous wetted surface of the hull, a steady heel is clearly
simulated, and the calculated roll amplitude is closer to the experimental value. As the
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ship speed increases (Fn = 0.30, 0.35), the nonlinear variation in roll motion becomes more
pronounced. The roll amplitude calculated with instantaneous wetted surface is slightly
larger than that calculated without instantaneous wetted surface, but both are smaller than
the experimental values. At a high ship speed (Fn = 0.4), the amplitudes of roll, yaw and
pitch motions calculated with the instantaneous wetted surface gradually increase until
the ship capsizes. However, the amplitudes of roll, yaw and pitch motions calculated
without the instantaneous wetted surface gradually stabilize to constant values, and the
ship ultimately reaches a stable surf-riding state. This indicates that the nonlinearity of roll
due to the instantaneous wetted surface of the hull has a significant effect on the prediction
of broaching.

4.3. The Effect of Rudder Exposure

The effect of rudder exposure on ship motion modes is analyzed. The comparison
results of time histories of ship motions with and without considering the rudder exposure
in waves are shown in Figures 14 and 15, and the corresponding real-time submerged
areas of twin rudders in waves are shown in the Figure 16. RudderOUT represents the
calculations considering the rudder exposure in waves, and RudderIN represents the
calculations without considering the rudder exposure in waves.
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Figure 14. Comparison of time histories of ship motion with Fn = 0.35 (RudderIN (CAL): the
calculation results without considering the rudder exposure in waves; RudderOUT (CAL): the
calculation results considering the rudder exposure in waves; EXP: the experimental results).
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Figure 15. Comparison of time histories of ship motion with Fn = 0.4 (RudderIN (CAL): the calculation
results without considering the rudder exposure in waves; RudderOUT (CAL): the calculation results
considering the rudder exposure in waves; EXP: the experimental results).
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Figure 16. The time histories of rudder areas with Fn = 0.35 and Fn = 0.4 (RudderIN (CAL): the
calculation results without considering the rudder exposure in waves; RudderOUT (CAL): the
calculation results considering the rudder exposure in waves; EXP: the experimental results).

From Figures 14 and 16a, it can be seen that there is almost no difference in the
ship’s motion mode and motion amplitude between considering rudder exposure and
not considering rudder exposure at the critical speed (Fn = 0.35). However, there is a
small difference in the motion period. As the time goes on, the ship motions calculated
by considering the rudder exposure lag slightly behind the calculation results without
considering the rudder exposure and the experimental results.

From Figures 15 and 16b, considering the rudder exposure at a high speed (Fn = 0.4),
a larger roll can cause the rudders to be out of the water, especially for the port rudder.
Rudder exposure can reduce the rudder performance of the heading control, which can
lead to a large deviation in the yaw direction. Even with the maximum rudder angle, it is
impossible to control the heading, and broaching occurs. At the same time, the roll angle
continues to increase, causing the ship to capsize.
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However, the roll, pitch, yaw and rudder angle calculated without considering the
rudder exposure gradually stabilize to constant values, and surf-riding eventually occurs.
This indicates that the rudder exposure is a crucial factor for the prediction of broaching.

4.4. The Effect of Heave and Pitch Motions

The effect of heave and pitch motions on ship motion modes is analyzed. The compar-
ison results of the time histories of ship motions with and without considering the heave
and pitch motions are shown in Figures 17–19. The 6DOF calculations, which consider
the heave and pitch motions, are written in Formulas (53) and (54). In addition, 4DOF
represents the calculations without considering the heave and pitch motions, which are set
to zero.
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Figure 17. Comparison of time histories of ship motion with Fn = 0.25 (6DOF (CAL): the calcula-
tion results considering the heave and pitch motions; 4DOF (CAL): the calculation results without
considering the heave and pitch motions; EXP: the experimental results).

Without considering heave and pitch, the calculated roll amplitude is larger because the
roll motion is closely related to the heave and pitch motions. After considering the heave and
pitch, the energy is transferred to heave and pitch motions, and the roll amplitude decreases.

The heave and pitch motions have a significant effect on the rudder-force model.
When considering the rudder exposure, the combination of large roll, heave and pitch will
increase the real-time area of the rudders being out of water, which results in broaching.
However, without considering the heave and pitch, the ship ultimately only experiences
stable surf-riding. This indicates that the heave and pitch motions have a significant effect
on the prediction of broaching.
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Figure 18. Comparison of time histories of ship motion with Fn = 0.35 (6DOF (CAL): the calcula-
tion results considering the heave and pitch motions; 4DOF (CAL): the calculation results without
considering the heave and pitch motions; EXP: the experimental results).
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Figure 19. Comparison of time histories of ship motion with Fn = 0.4 (6DOF (CAL): the calcula-
tion results considering the heave and pitch motions; 4DOF (CAL): the calculation results without
considering the heave and pitch motions; EXP: the experimental results).
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5. Conclusions

To provide an accurate and efficient prediction method for the direct stability as-
sessment of the surf-riding and broaching, an improved 6DOF mathematical model was
established in this paper. Calculations and experiments with an ONR tumblehome vessel
were performed in stern-quartering waves and the following remarks can be made:

(1) Through comparing the results of the calculations and experiments, it can be con-
cluded that the recommended 6DOF coupled mathematical model can effectively
predict broaching and pure loss of stability in stern-quartering waves. This prediction
method can be used for the direct stability assessment of broaching and pure loss of
stability. Combined with the criteria of the direct stability assessment, the prediction
method can also be used to evaluate the stability of ships to guide ship design and
evaluate the navigational performance of ships to guide ship maneuvering in waves.

(2) From the experiments and calculations, it can be seen that under the same wave
condition and heading, as the speed increases, the motion mode of the ship transitions
from pure loss of stability to broaching, which indicates that there is cross-coupling
between the speed range of the occurrences of broaching and pure loss of stability.
In addition, the significant roll caused by pure loss of stability can severely expose
one side of the rudder in waves, which can result in a decrease in course-keeping
capability. The significant roll induced by pure loss of stability is a key factor leading
to broaching.

(3) The calculation considering the instantaneous wetted surface of the ship can effectively
simulate the nonlinearity of roll motion, especially the large roll during broaching.
The nonlinearity of roll has a significant effect on the prediction of broaching, which
affects the final motion mode of the ship.

(4) The rudder exposure in waves is one of the key factors in predicting broaching.
(5) The heave and pitch affect the prediction accuracy of roll motion, and are also key

factors affecting rudder exposure, which can reduce the course-keeping capability of
rudders and result in broaching.
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Nomenclature
List of symbols
aH Rudder force increase factor
AE, FE After section and forward section of the hull
FNP, FNS The port and starboard rudders normal forces
fαP, fαS The port and starboard rudders lifting slope coefficients
g Gravitational acceleration
Ixx, Izz Moment of inertia in roll and yaw
JPP, JPS The port and starboard propellers advanced ratios
k Wave number
KP Rudder gain coefficient
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KT Thrust coefficient of the propeller
↕′R Mean correction factor for flow-straightening due to yaw
m Ship mass
mx Ship-added mass in surge direction
my Ship-added mass in sway direction
nP Propeller revolution
p Roll rate
r Yaw rate
SF Wetted hull surface area in still water
tP Thrust deduction factor
tR Steering resistance deduction factor
TE The time constant for the steering gear
TD The time constant for differential control
u, v Surge and sway velocity of the ship hull
uRP, uRS Inflow velocity to the port and starboard rudders in surge direction
vR Inflow velocity to the rudder in sway direction
wP Wake fraction at propeller position
xHR, zHR Longitudinal and vertical positions of additional sway force due to the rud-der
xR, zR Longitudinal and vertical positions of the rudder
αRP, αRS Effective inflow angles to the port and starboard rudders
δ Rudder angle
η The ratio of propeller diameter to rudder span
ε The ratio of wake fraction at the propeller and rudder position
κ Propeller-induced flow velocity factor
λ Wavelength
Λ Ruder aspect ratio
ΛP, ΛS The real-time port and starboard rudders aspect ratio
γR Mean flow-straightening effect coefficient
ρ Water density
ω, ωe Wave frequency and encounter frequency
ζw Wave amplitude
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