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Abstract: In recent decades, multi-robot region coverage has played an important role in the fields of
environmental sensing, target searching, etc., and it has received widespread attention worldwide.
Due to the effectiveness in segmenting nearest regions, Voronoi diagrams have been extensively used
in recent years for multi-robot region coverage. This paper presents a survey of recent research works
on region coverage methods within the framework of the Voronoi diagram, to offer a perspective
for researchers in the multi-robot cooperation domain. First, some basic knowledge of the Voronoi
diagram is introduced. Then, the region coverage issue under the Voronoi diagram is categorized
into sensor coverage and task execution coverage problems, respectively, considering the sensor
range parameter. Furthermore, a detailed analysis of the application of Voronoi diagrams to the
aforementioned two problems is provided. Finally, some conclusions and potential further research
perspectives in this field are given.
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1. Introduction

In recent decades, with the rapid development of multi-robot technology and artificial
intelligence, there have been significant advancements in various fields, transforming
industries and daily life. Among them, some studies have focused on the overall con-
ceptual framework [1]. An in-depth discussion on the relationship between humans and
robots is proposed in [2], in which the relationship is categorized into human-human
teams, human-robot teams, and multi-robot systems (MRSs). In MRSs, a team of robots
can address specific tasks through redundancy and collaboration. Compared to a single
robot, an MRS is more reliable and faster. The main challenge for MRSs lies in devising
appropriate coordination strategies. Overall, MRSs have played an important role as they
can autonomously execute diverse tasks in industries [3], agriculture [4], search and rescue
operations [5], environmental monitoring [6], traffic management [7], and so on.

Depending on the working environment, MRSs can be classified into systems such
as multi-unmanned aerial vehicle systems (MUAVs) in aerospace, multi-automatic guided
vehicle systems (MAGVs) in industrial settings, multi-unmanned surface vessel systems
(MUSVs) in maritime contexts, and multi-autonomous underwater vehicle systems (MAUVs)
underwater [8]. In real-world scenarios, cooperation and autonomy are the two most im-
portant properties of MRSs. The cooperative behavior of MRSs is the foundation for stable
operation in various environments, and it has, therefore, attracted widespread attention
from researchers worldwide [9].

Region coverage is considered one of the hottest research topics in the cooperative
behavior of MRSs. It aims to regulate robots to gradually cover an entire area with a certain
service, facility, or resource conveyed by the MRS, thereby facilitating the availability or
accessibility of those services, facilities, or resources within its coverage expanse. This
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involves orchestrating the optimal distribution of the MRS within the region by minimizing
design costs [10]. Region coverage has widespread applications in various fields. For
example, MAUVs are used to complete resource exploration in marine spaces [11]; MUSVs
can work together to spray pesticides and fertilizers over farmland in land spaces [12,13];
MUAVSs can carry out search and rescue missions in disaster areas in aerial spaces [14,15].

So far, a substantial number of results have been published regarding coverage control
research [16-21]. Ref. [18] divided the literature on this topic into three main approaches:
clustering methods, evolutionary methods, and ensemble-based methods. Furthermore,
ref. [19] analyzed the region coverage issue from two aspects: network coverage and net-
work connectivity. Moreover, ref. [19] classified network coverage into three types: blanket
coverage, barrier coverage, and sweep coverage. Ref. [20] presented a comprehensive
review of visual coverage models in camera networks. The authors provided an overview
of the area coverage problem from the perspectives of single-camera sensor planning and
computer vision and also presented coverage overlap models for multi-camera networks.
However, the authors did not delve deeply into configuration techniques related to cover-
age rates. Later, ref. [21] reviewed node placement algorithms for sensor network planning.
These algorithms primarily focus on summarizing sensor deployment problems from an
optimization perspective. These problems are defined as optimization objectives, taking
into account coverage range, power consumption, and network connectivity simultane-
ously. Moreover, four methods are discussed: genetic algorithms, geometric algorithms,
potential field algorithms, and particle swarm algorithms.

Given the above results, the Voronoi diagram is an effective tool for dividing space into
several parts and is suitable for coverage searching. It was originally determined to identify
the set of points closest to a given point set. Essentially, the Voronoi diagram is a spatial
partitioning method that divides a plane or higher-dimensional space into multiple regions,
such that each region contains points closest to a specific point in the given point set. It has
been widely applied in various fields due to its advantages in area partitioning, such as
multi-robot coverage, path planning, and pursuit-evasion problems. These applications
address crucial issues like optimal coverage, shortest path planning, and dominant region
construction [22-25]. However, to the best of our knowledge, few review results have been
achieved on the multi-robot coverage issue based on the Voronoi diagram, which motivates
the work of this paper.

The contributions of this paper are outlined as follows: the region coverage problem is
categorized into sensor coverage and task execution coverage based on sensor parameter
involvement, and a comprehensive overview of these two types of problems is presented,
involving the principles, methodologies, and practical applications.

The structure of this paper is as follows: Section 2 provides essential details about
the Voronoi diagram, including classifications, construction methods, and application
scenarios. Section 3 divides the Voronoi diagram region coverage problem into the task
execution coverage problem and sensor coverage problem and provides a comprehensive
summary and analysis of those two problems. Finally, some conclusions and potential
further research perspectives in this field are given in Section 4.

2. Basic Knowledge of Voronoi Diagram

The theory of Voronoi diagrams was initially proposed by the Russian mathematician
Georgy Voronoy in 1908 [26]. In this theory, the space can be divided into multiple regions
by Voronoi diagrams based on a set of seed points P = (py,-- -, pxn), with each region
containing all points closest to its respective seed point. When the seed points cooperate to
cover the environment, they can communicate through a network, and global consistency
can be analyzed as described in [27]. However, it is important to note that while the seed
points P = (py,-- -, pn) are discrete, the Voronoi region corresponding to each discrete
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point p; is continuous, as shown in Figure 1. The Voronoi diagram associated with seed
point p; can be represented as follows: [22]

Vi={qeR": llg—pill < llg—p;]. Vi #j} W

where i, j € {1,---,n}, ||-|| represents the Euclidean distance.
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Figure 1. Voronoi diagram.

Voronoi neighbors are defined as seed points that share a Voronoi boundary. When
Voronoi diagrams are applied in the field of multi-robot systems, each seed point p; is
typically considered the position of a certain robot.

The construction of Voronoi diagrams is a challenging problem, primarily facing
difficulties such as high computational complexity and challenges in high-dimensional
space. The most commonly used construction methods include the Delaunay triangula-
tion method and hyperplane construction method. In the sequel, these two constructing
methods are introduced in detail.

2.1. Method 1: Delaunay Triangulation Method

In practice, how to construct the boundaries and vertices of the Voronoi regions has
much significance. Delaunay triangle is a special type of triangle where the circumcircle
of any triangle does not contain any other points [28]. It is typically used to generate a
Voronoi diagram because its edges serve as the perpendicular bisectors of the edges of
the Voronoi diagram, the detailed schematic is shown in Figure 2. The circumcenter of
the Delaunay triangle serves as the Voronoi diagram vertex. Algorithm 1 illustrates the
construction progress.

Algorithm 1 Constructing Voronoi diagram with Delaunay triangulation.

: Input: The positions of seed points P = (p1, -+ , pn)-
: Initialize an empty Voronoi diagram.
: for each input point p;,i = (1,--- ,n) do
Compute the Delaunay triangle between p; and all other points.
for The Delaunay triangle do
Calculate the circumcenter and perpendicular bisectors of each edge of the Delau-
nay triangle.
7: Construct a Voronoi region V; based on the circumcenter and the perpendicular
bisectors, where the boundaries are perpendicular bisectors of each edge of the
Delaunay triangle, and the vertex of V; is the circumcenter of the Delaunay triangle.

8: Add V; to the Voronoi diagram.
9: end for
10: end for
11: Output: The Voronoi diagram formed by Voronoi boundaries and vertices.
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Figure 2. Delaunay triangulation construction method.

In a multi-robot collaborative scenario, to construct the Voronoi cells, the robots
considered as seed points only need to know the positions of adjacent robots, while not
requiring the positions of other robots in the environment. Hence, the above strategy is
indeed a distributed method [29].

2.2. Method 2: Hyperplane Construction Method

Calculating the hyperplanes between points is another method for constructing
Voronoi diagrams [30], which is more suitable for constructing Voronoi regions in high-
dimensional spaces compared to the Delaunay triangulation method, the schematic of this
strategy is depicted as shown in Figure 3. In this method, the Voronoi boundary can be
calculated as follows:

I = {q:a}}q:b,’j} 2)

ag(PH-P]')

P and bjj = ————— are hyperplane parameters used to calculate

[1Pi—p
the Voronoi boundary, as shown in Figure 3b. Voronoi regions based on hyperplane
construction can be represented as follows:
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Figure 3. Voronoi diagram construction method using hyperplanes.

In recent decades, with the advancement in technology, the Voronoi diagram theory
has achieved fruitful research results. Figure 4 illustrates the technical development process
of the Voronoi diagram. Among the existing results, four types of Voronoi diagrams are
widely applied in the field of multi-robotics, namely the buffered Voronoi diagram [31],
weighted generalized Voronoi diagram [32], uncertainty generalized Voronoi diagram [29],
and discrete Voronoi diagram [33]. A detailed introduction to these types of Voronoi
diagrams is given in the following:
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Figure 4. Schematic diagram of the development of the Voronoi diagram.

I.  Buffered Voronoi diagram.

The buffered Voronoi diagram introduces the concept of a buffer zone to the traditional
Voronoi diagram. It was first proposed to ensure a safe distance between robots to achieve
collision avoidance.

Definition 1 (Buffered Voronoi diagram). The buffered Voronoi region of a robot can be defined
as follows [31]:

V= {qERziagqébﬁ—ﬁ?/]’#i} (4)

where B} is the safety radius coefficient.

The buffered Voronoi diagram ensures collision avoidance by shrinking a safety radius
around the perimeter of each robot’s Voronoi cell.

II.  Weighted generalized Voronoi diagram

In Equation (1), the basic Voronoi diagram divides the robot regions based solely on
distance. However, in practical applications, robots may differ in their capabilities due
to factors such as heterogeneity and energy capacity. Therefore, it is necessary to assign
weights to robots when partitioning regions.

Definition 2 (Weighted generalized Voronoi diagram). Given the weight of robot i as w; and
the weight of robot j as wj, the multiplication-weighted Voronoi region can be defined as follows [32]:

v — g erd: lg —pill Hq_pj",Vi;«éj 5

The boundaries of the partitioned regions are influenced by both weight and distance.
The larger the weight w; is associated with robot i, the larger its Voronoi region. In real-
world scenarios, the weight w; is determined based on different factors such as the ability
of robots to perform tasks.

II.  Uncertainty generalized Voronoi diagram.

In real applications, due to the measurement noise or other unknown disturbances,
it is difficult to obtain the accuracy position information; therefore, we cannot calculate
the accuracy Voronoi region for each robot. To deal with this problem, the uncertainty-
generating Voronoi diagram is proposed.
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Definition 3 (Uncertainty generalized Voronoi diagram). Given two robots i and j, each with
its own shape or uncertain region, R; and R;, the set of points that are closer to region R; than to
region R; can be defined as follows [29]:

il = {g e B gyl < g~ 2l Yy € Ryz € Ry) ©

For robot i, considering the shape or uncertain region of the robot, the generalized
Voronoi diagram can be defined as follows:

vi=NH )
#i

The boundary of the generalized Voronoi diagram of region R; relative to region R; is
given by the following:

j _ d. — mi
Br—{q€R~ggﬂq—yW—$gﬂw—d@ ®)

When obstacles exist in the environment or robots have characteristic shapes or uncer-
tain regions, the generalized Voronoi diagram with uncertainty is of great significance.

IV. Discrete Voronoi diagram

In large-scale or three-dimensional environments, constructing the basic Voronoi
diagram in Equation (1) may lead to computational challenges and difficulties. It is feasible
to initially partition the environment using a specific graph model, such as a grid model,
and then calculate representative positions, such as centroids, within each grid region.
Subsequently, the Voronoi calculation can be performed on these centroid positions. The
discrete form of the Voronoi diagram is depicted in Figure 5. Due to its discrete nature, this
method is also considered a type of Voronoi clustering [33].

Definition 4 (Discrete Voronoi diagram). The discrete form of the Voronoi diagram can be
represented as follows [33]:

vi={qer?: lg-pill < [lg—pjll. Vi #} ©

where g = {q1,- - - ,qn} represents the centroid positions of each subregion.

Figure 5. Discrete Voronoi diagram.

Other Voronoi diagrams in the field of multi-robotics include the following forms:

*  Dynamic Voronoi diagrams facilitate the dynamic insertion or deletion of points
during runtime, which is valuable in tasks such as robot path planning or base station
optimization [34].
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¢  Topological Voronoi diagrams consider the topological relationships between point
sets based on distance relationships. They can be utilized to analyze network topology
structures or road connections in map data [35].

*  Centroidal generalized Voronoi diagrams are special types in which the centroid of
each Voronoi region is as close as possible to the region’s base point, determined
through iterative calculations. These diagrams have been widely applied in fields
such as multi-robot coverage, numerical computation, computer graphics, and pattern
recognition, among other fields [36].

Generally speaking, the primary roles of various forms of Voronoi diagrams in the
environment can be summarized as region partitioning. However, they serve different
purposes and functions across various practical application scenarios. In the following sec-
tions, this paper will comprehensively summarize the application methods and principles
of Voronoi diagrams across two coverage task scenarios.

3. Coverage Methods Based on Voronoi Diagram

In this section, the problem of Voronoi diagram region coverage is categorized into
two distinct types, based on sensor parameters: the task execution coverage problem and
the sensor coverage problem. Moreover, a comprehensive overview of these two types of
Voronoi diagram-based region coverage problems is presented.

3.1. Task Execution Coverage Problem

The Voronoi diagram-based task execution coverage scenario can be described as
follows: given n robots in an environment Q, let p; and u; € R2,i = (1,---,n) represent
the two-dimensional position coordinates and control inputs of the i-th robot, respectively.
According to [37], in task execution coverage, robots need to move to cover the entire
environment, to meet the requirement of monitoring and rescue. In the multi-robot cooper-
ative coverage issue under the Voronoi theory, each robot corresponds to a coverage area
represented by its Voronoi region V;. It requires moving to suitable positions within the
Voronoi regions to minimize the coverage cost. Figure 6 illustrates the entire process of the
task execution coverage problem. In this scenario, the task execution coverage problem
based on the Voronoi diagram can be described into the following two problems [38]:

¢  Problem1: Compute the optimal positions for the robots to minimize the coverage
cost in the current scenario.

e Problem 2: Design an appropriate controller to ensure that the robot can move to the
desired positions.

target position « Eventtriggering *—  contraints

1
: Input : Voronoi diagram construction Optimal position solution
| -
! '"’;gg'ﬁrg::t | Delaunay | Hyperplanes Cost equation
[ | fliangulation | - Gparameters il Optimization solution
| — T | - — I
| "
| ! 2 I He)= Y [ - pilPo() dg l
! S a Optimal
' ; ) ima
! | : pi =arg g;gA\\q ~pill*¢(9)dg p(?sition
I ] !
I'_ _________ 1
| Output : Robot controller design
! I Yes Whether the Iteration
| Successful ! stopping criteria are Finding the B del
| coverage met ? gracientimy ~ TR
I I Complex i
! pre
! : System stability +— dynamic model
| ) —
! : Robots move towards its Communication
[
[
! |

Figure 6. Task execution coverage problem.
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3.1.1. Optimal Position Solution

Under the Voronoi diagram framework, considering # robots that need to perform
coverage tasks, the cost function for Problem 1 can be described as follows [38]:

n
=Y. [ lg—pil*dg (10)
i=17Vi

where V; represents the Voronoi region of the i-th robot, g represents all points within the
region. The cost function means the sum of distances between robot p; and all task locations
g within V;. The smaller the value of 7 (P), the fewer resources the covering robots need to
cover all points g, indicating better coverage effectiveness.

When the robot position p; changes, the Voronoi diagram and the corresponding cost
function also vary. To achieve the optimal coverage cost, it is necessary to move the robot to
the optimal positions. Therefore, for the i-th robot, the optimization equation for Problem 1
can be defined as follows:

pi = arg min [ [lg— pildg )

In a large-scale environment, different positions may have different levels of impor-
tance, making it unsuitable to define the cost function only by considering the distance
between robots. Hence, the cost function for Problem 1 can be further described as [38]:

v 2
= [, la-pilPot) da 12)

where ¢(q) represents a weighted function for position g, which is also referred to as a
density function. It defines the importance of g in certain scenarios.

The coverage cost function not only considers the distance coverage function but also
further takes into account the weights of task locations g, which is significant in practical
applications. For instance, in maritime patrol scenarios, certain areas may be designated
as high-priority surveillance zones, requiring more resources to complete patrol tasks in
those areas. In such cases, it is necessary to set an appropriate weight function (density
function) to describe the importance of 4. Then, the optimization solution can be calculated
as follows:

x : . —p:?
pi =arg min | 1~ pilPo(a)dg (13)

Solving optimization problems (13) is challenging. Typically, the optimal solution is
obtained by taking the partial derivative of the optimization equation H with respect to p;.
The differentiation is as follows:

S = [, sl —pilPot) dg
=-2 _/Vi(q —pi)¢(q)dq ”
Jv,99(q) dq
= —Z/Vi¢(q) dg - ( f?}i‘i’(‘?) a7 _Pi>
= 25i(pi — i)
where S; = fv_ ¢(q) dq represents the weighted area of the Voronoi region V;, and
j}; 1014 dg denotes the weighted centroid of the Voronoi region.

Equatlon (14) indicates that this method only calculates the optimal position within the
Voronoi region of p;; thus, it is a local optimization method rather than a global optimization
method. This limitation poses a significant drawback to such methods. Recognizing this
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challenge, ref. [37] tackles this by formulating a dual function based on the cost function
described in Equation (12)

Coo(0,9) = [ #pox)ds+ | pw)pr(v)dy (15)

1

where ¢ and 1 satisfy the following conditions:

Px)+9(y) < 3 llx I

Subsequently, by analyzing the Lyapunov stability conditions of the controlled system,
the optimal solution of the equation is derived. Compared to the traditional form of the
cost function, this approach demonstrates greater capability in overcoming local optima
and achieving superior control effectiveness.

Equation (14) implies that the Voronoi centroid is a local optimal position that min-
imizes the coverage cost function. That means the robot should always move toward
the weighted centroid c; of its Voronoi region to ensure that the coverage cost in (12)
is minimized.

Note that in different practical scenarios, the cost functions #(P) of coverage tasks
may be different. How to construct the density function ¢(g) based on real applications is an
important and challenging issue for the cost function. It has been mentioned in Equation (12)
that the density function determines the importance of task locations. To achieve more
precise coverage within the Voronoi diagram framework, accurately describing the density
equation ¢(q) is crucial [39]. The density equation can generally be divided into functions
related to position and time-varying functions. Ref. [36] explores a function defined
as p(q) = e 10710/ where (x,y) represents the position of point g. Based on this
position-based density function, refs. [38,40] investigate the problem of controlling diffusive
pollution sources within the framework of the Voronoi diagram coverage. This research
treated the density function ¢(g) as the concentration equation of pollutants in real-world
scenarios, proposing a time-varying density function through fractional order partial
differential equations. Additionally, refs. [41,42] suggest that the density function is closely
related to exploration boundaries. Ref. [41] describes the likelihood of missing individuals
within a region as a time-varying density function, assuming that the density function ¢(q)
reaches its maximum value at the environmental boundary and steadily decreases with
increasing distance from the boundary.

Ref. [43] points out that when the density function ¢(g) varies over time, the optimal
position is no longer the centroidal point position described in (14), which means the
optimal positions are typically not unique, making it difficult to find the global minimum
positions. Ref. [44] simplifies the time-varying density function and transforms (14) into a
Lyapunov function. Then, by iteratively minimizing the error, the optimal positions are
determined. This strategy has been successfully applied in dynamically changing coverage
environments, such as search and rescue for trapped individuals, wildlife monitoring,
environmental pollution monitoring, and resource exploration.

Moreover, to deal with the time-varying density functions, ref. [45] derives the optimal
positions by expressing the density function as an equation related to the motion of covering
robots. According to [39], the factors affecting the density function are influenced by
external factors and are unrelated to the coverage robots, making them typically difficult
to obtain. Therefore, when the density function is unknown, some researchers focus on
selecting local minima for computing suboptimal positions. Ref. [46] applied a distributed
interpolation method to iteratively estimate the density function. Similarly, ref. [47] utilized
an online learning approach to acquire the basis functions of the density function, with
demonstrable convergence properties, assuming the density function is within a set of
known functions. Additionally, ref. [48] initially conducted exploration tasks, subsequently
approximating the function through Gaussian networks. These studies demonstrate that
the error between the learned function and the true function remains bounded.
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Note that traditional Voronoi diagrams rely on the Euclidean distance ||g — p;|| be-
tween the robot position p; and other points, g, in the environment. This setting assumes
that robot p; has the same coverage capability for all points g, but this is not realistic in the
real world. Ref. [49] uses the Euclidean distance function to formulate generalized Voronoi
diagrams, as follows:

Vi={qeQlfilla—pill) = fi(lla —p;l).¥i # i} (16)

where f;(r;) = —a;r; — dj, ri = ||g — pil|, &; and d; are integers.

This approach addresses the challenge posed by varying capabilities of covering robots
within the task area. In Euclidean distance space, computing these generalized Voronoi
diagrams is straightforward, but in non-Euclidean distance space, their computations be-
come intricately complex [10]. Inspired by the concept of constructing generalized Voronoi
diagrams using non-Euclidean distances, ref. [50] extended the task coverage method to
environments with obstacles. The authors rigorously demonstrated the convergence of the
coverage control approach. However, this proof is limited to Riemannian manifold spaces,
raising the question of whether this method applies to generalized mappings [10].

Except for the above aspects, communication between robots and workload balance
is important [51-53]. The cost function proposed in [54] integrates coverage range and
communication constraints, aiming to maximize coverage while ensuring compliance with
communication constraints between robots. Additionally, ref. [55] advocated for robots to
maintain specific formations while executing coverage tasks. In this context, “reasonable”
implies that all robots share similar workloads. To achieve this objective, the cost function
is rewritten as follows:

Hi(P) = H(P) + Y| My, — M|’ (17)
i=1

where My, represents the area of the Voronoi workspace for the i-th robot, and M represents
the average area of all Voronoi regions. The additional term accomplishes the tracking task
by minimizing the variance of the area.

Moreover, in some coverage scenarios, due to limitations in coverage capabilities,
robots may also have restricted coverage areas. In certain scenarios, it is crucial to consider
area constraints for each region while minimizing the cost function, a concept known as
the load balancing problem [32]. According to [32,44], by reforming the problem into a
constrained optimization problem, it can be expressed as follows:

argmin  H(p1,-.., P V1,---, V)
s.t. /V $(q)dg =a;,ic{l,...,n}

i

(18)

wherea; =1/n |, 0 ¢(q)dq represents the equal-weighted area of each coverage region.

This paper introduces the Jacobi iterative algorithm to determine the weight distri-
bution of the additive generalized Voronoi, ensuring compliance with area constraints.
Moreover, in [56,57], the issue of river boundary changes is considered a coverage region
boundary change problem.

3.1.2. Coverage Control Method

After obtaining the optimal positions through optimization equations, robots can
move based on Lloyd’s algorithm [39]. The basic steps of Lloyd’s algorithm can be outlined
as shown in Algorithm 2.
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Algorithm 2 Lloyd’s Algorithm for Robot Movement

Input: Initial robot positions or robot positions initialized using other methods;
1: Randomly place a set of robots or initialize robot positions using other methods.
: Construct the Voronoi diagram based on the current robot positions.
: for each Voronoi region do
Calculate its optimal position using the method in Section 3.1.1.
end for
: for each robot do
Move it to its optimal position within its corresponding Voronoi region.
end for
: if stopping criteria are not met then
Repeat steps 2 to 4.
11: end if
Output: Updated robot positions.

—_
=

During the process where robots move to their optimal positions within their re-
spective Voronoi regions, if the robot’s kinematic model follows a point-mass model, the
controller is typically formulated as follows [28]:

up = —a(p; — p;) (19)

where « is a positive constant, and p; represents the target optimal position.

This controller ensures that the robot moves toward the target position. However,
the stability of this controller has not been analyzed. Furthermore, when considering the
position error between the robot and the target, the controller can take a proportional-
derivative form [55], which can be expressed as follows:

ui(t) = kpei(t) +kaé;(t) (20)

where ¢; = p; — p;, and kj and k; are the proportional and derivative coefficients, respectively.

Using the robot’s kinematic model as a point-mass scenario is not suitable for real
applications; therefore, some scholars focus on designing controllers under complex robot
kinematic models. The controller design problem can be divided into two main aspects: a
controller design considering the robot’s kinematic model and a controller design under
communication constraints.

¢  Controller design for robots with a complex dynamic model

In general, the principle of a controller design for robots with complex dynamic models
is that the error between the robot’s position and the target position should converge.
To address the problem of pollutant diffusion, ref. [38] designed a PI fractional-order
controller for robots used in coverage tasks, equipped with fractional-order motion systems.
Simulation experiments demonstrate that this approach converges faster and exhibits
smaller positional errors compared to other methods. Ref. [58] considered quadcopter
drones with complex dynamics, a controller was designed to ensure convergence to optimal
positions while avoiding collisions between robots. This method maintains stability even
in the presence of drone failures or the introduction of new drones.

In [59], an adaptive controller design method for coverage UAVs in a 3D environment
is proposed, leveraging CBF to manage uncertainties in the robot’s input matrix, such
as actuator failure. In contrast, ref. [60] introduced a feedforward action into the system
to address the slow convergence issue encountered during the robot’s movement to the
optimal position. Furthermore, ref. [61] utilized a reinforcement learning framework to
craft controllers for multi-coverage robots. The reduction in coverage quantity, delineated
in (14), serves as the reward function. It is established based on the Lyapunov function of
the coverage robots. Maximizing this reward is attained when robots converge to optimal
positions. This approach proposes a model-free framework using an online actor—critic
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architecture and incorporates a feedforward neural network to approximate the tracking
control action. The results indicate that in highly uncertain and dynamic coverage scenarios,
this model-free adaptive control is preferable.

*  Controller design under communication constraints.

The Voronoi diagram is indeed a distributed construction method, implying that
in the area coverage task, robots require the positional information of their neighboring
robots to delineate their Voronoi task regions and compute the optimal position [62].
In practice, to reduce the communication burden, event-triggered mechanisms have been a
hot topic in multi-robot cooperation. In [63], a control strategy based on an event-triggered
mechanism is proposed under the Voronoi diagram framework, obviating the necessity for
real-time communication among adjacent robots. Instead, it employs an adaptive estimation
parameter to approximate the centroid at the last trigger event. In [64], each robot triggers
a communication update when the error between its state at the last communication trigger
and the centroid of its Voronoi region surpasses a predefined threshold. Furthermore,
ref. [65] delineated communication event-triggered mechanisms into three inquiries: collect
state samples, update control signals, and transmit signals. The efficacy of this method
was validated on a Voronoi diagram coverage model. Additionally, ref. [62] introduced a
fully asynchronous communication approach grounded in an event-triggered mechanism.
Their event-triggered broadcast algorithm determines when robots transmit information
to others in the system without necessitating responses from other robots. Moreover, in
communication-constrained scenarios, devising distributed controllers for robot coverage
scenarios by predicting robot positions based on past information proves to be an effective
approach. In [22], a comprehensive state estimator was developed for robots, leveraging
both currently available information and past data.

In summary, the task execution coverage method based on Voronoi diagrams furnishes
a robust mathematical framework that meticulously characterizes and scrutinizes the
computation of optimal positions and robot movement processes. However, this method
confronts the challenge of being ensnared in local optima, potentially leading to inadequate
coverage in certain regions. Hence, it is imperative to analyze and enhance the method
based on particular practical scenarios.

3.2. Sensor Coverage Problem

The sensor coverage problem involves strategically placing sensors in a specified
area. The goal is to ensure maximum coverage within the sensor’s range, thus achieving
comprehensive monitoring and detection of targets within the area. As depicted in Figure 7,
the commonly used sensor models include sector sensors, circular sensors, and camera
sensors. The sensing capability of sector sensors relies on both the sector angle and sensing
distance, while it is determined by their sensing radius for circular sensors. Meanwhile, the
camera sensors’ sensing capability is influenced by factors such as ground distance, camera
offset angle, and camera resolution. Additionally, the sensing capability of sensors can also
be represented by probability distributions or diminishing functions [66].

(a) Sector Sensor (b) Circular sensor (c) Camera Sensor

Figure 7. Commonly used sensor models.
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In practical applications, the goal of the sensor coverage problem is to achieve maxi-
mum coverage using minimal resources while avoiding coverage blind spots. Thus, the
sensor coverage problem can be summarized into the following two objectives:

*  Objective 1: How to deploy robot positions to minimize the overlap rate of sensor
coverage.

*  Objective 2: How to avoid coverage blind spots (coverage holes) during the deploy-
ment process of robot positions, as shown in Figure 8.
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(a) Low coverage rate (b) High coverage rate (c) High coverage rate
but with voids with no voids
Figure 8. Coverage effectiveness diagram. In scenario (a), although the sensor coverage avoids holes,
the overlap of larger sensor ranges leads to resource wastage. In contrast, scenario (c) maximizes the
monitoring range while avoiding resource wastage by minimizing coverage holes.

To minimize the overlap rate of sensor coverage, it is necessary to design an appro-
priate movement strategy for sensor-carrying robots since the detection range of each
sensor is fixed. As a distributed control method, the virtual force approach calculates the
attractive and repulsive forces between nodes based on the positions of the robots and the
sensor range. This ensures that the distance between robots exceeds a certain threshold,
preventing overlap of sensor coverage. This method serves as an effective control strategy
for sensor-carrying robots, expanding the deployment range of the sensors [67], as shown
in Figure 9.

(a) Construct virtual
forces based on distance (b) Balanced state
and sensing range

Figure 9. Construct virtual forces based on the distance and sensing range.

However, virtual force algorithms operating alone cannot effectively address coverage
holes in coverage scenarios. Some geometric features of computational geometry can be ap-
plied to analyze the geometric characteristics of sensor deployment, such as points, regions,
and lines. The Voronoi diagram is a typical computational geometry method. Currently,
combining the Voronoi diagram with virtual force methods to solve sensor deployment
problems is an effective approach, which can maintain the coverage performance while
avoiding coverage holes [68,69]. Refs. [69-72] defined the intersection of the sensor detec-
tion range and Voronoi regions as effective detection areas, as shown in Figure 10. Under
this definition, ref. [69] proposed a Voronoi-based algorithm (VOR) to eliminate coverage
holes. This algorithm recalculates virtual forces by computing the distance between robots
and the vertices of Voronoi regions to reduce coverage gaps, as shown in Figure 10. Under
the influence of these forces, robots equipped with sensors move to maximize the effective
detection area while avoiding the coverage holes. Additionally, a minimax algorithm is also
proposed in [69]. It is similar to the VOR but takes a more cautious approach, avoiding the
emergence of new coverage gaps resulting from the excessive node relocation observed in
the VOR method. However, this methodology solely addresses scenarios where all sensor
detection ranges are uniform and cannot accommodate sensor heterogeneity.
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(a) Construct virtual forces (b) Expanded effective
based on Voronoi vertices detection area

Figure 10. Voronoi-based algorithm.

Note that the above results rarely consider the heterogeneous sensor scenario, in
which the sensors’ detection ranges are different. For the heterogeneous sensor deployment
problem, refs. [70-72] established an improved generalized weighted Voronoi based on
the proportion of the sensor range. The authors considered the relative proportions of
adjacent sensor ranges. Subsequently, the magnitude and direction of virtual forces for
robot movement were computed based on the vertices and boundaries of the generalized
weighted Voronoi diagram, indicating that it can effectively enhance coverage and mitigate
coverage holes.

In summary, the virtual force-based sensor deployment method is intuitive and highly
scalable in solving sensor coverage problems. However, it faces the risk of being trapped in
local optima. Additionally, the stability of this method has not been thoroughly analyzed,
which may not completely eliminate the occurrence of coverage gaps.

In other types of sensor coverage problems, ref. [73] investigated the coverage of
UAVs carrying camera sensors. Essentially, this problem can be viewed as an optimization
problem. Its optimization objective is to control the position information of the UAVs
(altitude, location) to maximize the coverage range of the sensors. The coverage cost
function related to camera sensors is defined as follows:

H(p) = He(p) — N/ fpig) )dq—,ZN/V_(p)f(pi,qﬁP(q)dq (21)

where ¢(q) represents the importance of location g in Q to be monitored. V( ) =
{a€ Q| f(pia) = f(pj,q) } represents the conic Voronoi diagram [74]. N = {1,--- ,n}
represents the collection of USVs covering the environment Q. V;(p) = {g € Q| f(pi,q) <
F(pj:4)}- f(Pir4) = foers(Pir ) fres(Pir4). foers(Pisq) represents the perspective quality
associated with the camera.

By calculating the gradient of H, the USV controller that minimizes H can be obtained

as follows: 5 af a5 ( )
;[ nor pPi g |
= = dg — / — d 22
apl / apl Pla)dq — [ =5, = #la)dqg (22)

Although the controller in (22) can expand the detection range of the camera sensors,
it cannot prevent coverage gaps. As the dual graph of the Voronoi diagram, Delaunay
triangulation provides complementary information about the spatial distribution of points
for the Voronoi diagram. It has the characteristic that no other points lie within the
circumcircle of each triangle [75]. This property serves as the numerical basis for avoiding
coverage holes. As shown in Figure 11, if sensor nodes are used as vertices to construct
Delaunay triangles, and the circumradius d of a Delaunay triangle is greater than the
sensing radius r of the sensors, the circumcenter of the triangle must lie outside the sensing
range of any sensor. Therefore, a coverage hole exists [76].
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(a) No hole (b) With hole

Figure 11. Delaunay triangulation for detecting coverage holes.

The property of Delaunay triangles provides a numerical analysis foundation for
computing robot motion strategies to avoid coverage holes. Ref. [77] used the Delaunay
graph to develop a distributed gradient descent algorithm, which aims to reduce cover-
age gaps and increase the sensor coverage area. However, in a large-scale environment
with multiple USVs, the aforementioned criteria are complex and demanding. Control
barrier functions (CBFs) offer the forward invariance property to the admissible set of
the robot state space, providing a robust framework for solving complex optimization
problems [78,79]. CBFs have been successfully employed in various applications, ranging
from bipedal robots [80,81] to swarm robots [82,83], and have also seen success in the
context of environmental monitoring [84,85].

In [78], this CBF can be combined with Lyapunov functions in a quadratic program-
ming framework. This approach helps achieve control objectives while maintaining accept-
able system states, with the CBF acting as a constraint on the objective function. Inspired
by the principles in [73,78], the authors constructed CBFs for coverage USVs, which can
achieve hole-free coverage as shown in Figure 11. The optimization equation is formulated
as follows:

nor”Z

u; = argmin|ju; — u;
Ui

(23)
s.t. ¢i,cpr(pi i) = 0
Specifically, the CBF can be expressed as follows:
Ok (pi, Py, Pr)
cicpe(pi i) = —2 5 ,] U +h?jk(Pi/ pj,px) >0 (24)

1

where p;, pj, px are the positions of coverage robots. & is a continuously differentiable
function. ¢; cpr(pi, ;) > 0 denotes the constraint of controller #;, which ensures that no
coverage hole occurs.

In [66], the CBF is extended to a non-smooth version (NCBF) based on [73]. This
extension enables quadcopters to operate in three-dimensional spaces and confirms that
control inputs for quadcopters in this space exist, as long as the NCBEF is satisfied.

In general, the method of constructing CBFs based on the characteristics of Delaunay
triangles to prevent coverage holes exhibits good robustness. It is well-suited for larger
environments or higher-dimensional spaces, showing strong scalability. However, the
method may struggle to adapt to highly irregular or non-convex environments, where
Delaunay triangulation might not accurately represent the space.

Concerning other camera sensors’ coverage methods under the framework of the
Voronoi diagram, the cost function construction in [86] differs from the sensor model in
Equation (21), as it considers the uncertainty of the sensor model during the coverage
process. It is assumed that the UAV’s estimations of ground position and altitude entail
distinct levels of uncertainty. As illustrated in Figure 12, the visual sensor’s perceptual
range C; is denoted by the following;:
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CXyp) = {7e0:lg-gl <z}, wewn) @5)

The region of uncertainty in the UAV’s position LI? due to measurement errors from
ground-based stations is represented by the following:

ul(q:,77) = {g e B llg —qill <7} (26)

The conservative perceptual range C;g considering these uncertainty regions is signi-
fied by the following:

Ct(Xorlrip) = {a € R s g - aill < R} @)

Utilizing the uncertainties inherent in UAV localization and the variability in its
perceptual range, researchers have employed an additive generalized Voronoi diagram to
partition coverage areas for UAVs. Furthermore, similar to Equation (22), a control strategy
for UAVs is designed in the presence of localization uncertainty, ensuring a continual
expansion of coverage area while concurrently averting collisions among UAVs.

Figure 12. Perception range of the camera considering localization uncertainty.

In sensor coverage problems, the evaluation metrics for coverage networks depend not
only on maximizing coverage range but also on considering sensor energy consumption.
In scenarios involving heterogeneous sensor coverage, sensors with larger detection ranges
may deplete energy faster than other sensors, thereby reducing the monitoring perfor-
mance of the sensor network. To address this issue, ref. [87] proposed a Voronoi-Laguerre
technique; a specific Laguerre distance was defined for each sensor to determine the size
of its responsible sensing region. To preserve energy, each sensor could adjust its sensing
radius based on the size of its perceptual region. However, this method does not take
into account the remaining energy of each sensor. To overcome this constraint, ref. [88]
employed weighted Voronoi diagrams to construct sensing regions for heterogeneous
sensors. In this approach, the sensing radius of sensors is adjustable. It aims to reduce
overlapping detection areas while achieving energy savings. Additionally, sensors with the
least remaining energy can further adjust their sensing radius with neighboring sensors,
thereby maximizing the operational time of the sensor network.

Regarding the sensor energy consumption issue, ref. [89] also introduced a central-
ized immune-Voronoi deployment algorithm method, which relies on a binary probability
model. It utilizes the characteristics of Voronoi diagrams to achieve a balance between
coverage range and energy consumption. Similarly, ref. [90] proposed a coverage opti-
mization technique that integrates firefly optimization, K-means algorithm, and Voronoi
diagram techniques. This method optimizes the sensing radius to achieve maximum cov-
erage with minimal sensor deployment. It combines multi-hop data transmission and
circadian rhythm to reduce the energy consumption of deployed sensor nodes, thereby
improving the network’s operational time. Ref. [91] developed an enhanced competitive
swarm optimization algorithm to optimize sensor deployment, aiming to determine the
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optimal positions of sensor nodes to maximize coverage range. It then adjusts the sensing
radius of each sensor based on the properties of the Voronoi diagram to achieve the best
sensing radius configuration while minimizing energy consumption.

In conclusion, the sensor coverage method using Voronoi diagrams demonstrates
strong generalization and scalability. It can adapt to various shapes and sizes of monitoring
areas and integrates well with other methods, making it suitable for various coverage
scenarios. Moreover, this method effectively reduces overlap and avoids coverage gaps,
ensuring the effectiveness of coverage tasks. However, it has the drawback of increased
computational complexity in large-scale sensor networks. Therefore, in practical appli-
cations, it is crucial to comprehensively assess the advantages and disadvantages of this
method in specific environments and combine it with complementary methods for im-
provement.

4. Summary and Prospects

This paper presents a comprehensive overview of area coverage methods under the
Voronoi diagram framework. The problem is categorized into task execution coverage and
sensor coverage based on the involvement of sensor parameters, with detailed summaries
and generalizations provided on model settings and solution methods tailored to practical
scenarios. This paper aims to extract the key insights from existing literature and suggest
potential avenues for future research.

Although the detailed summary above reveals significant progress in Voronoi-based
region coverage methods, challenges still exist in some aspects. Therefore, this paper
summarizes possible future directions in this field:

*  Modeling coverage problems based on Voronoi diagram: Existing literature often
collectively categorizes coverage problems as sensor coverage issues, lacking a unified
and specific modeling framework. A model should comprehensively incorporate
factors such as sensor perception models, communication conditions, obstacle models,
and coverage cost/benefit functions.

*  Communication failures and delays: In multi-robot cooperative coverage tasks, com-
munication failures and communication delays are crucial factors that significantly
impact the effectiveness of coverage tasks. However, to the best knowledge of the
authors, in the framework of the Voronoi diagram, little attention has been paid to
this issue. Therefore, designing effective coverage controllers for the MRS under
communication failures or delays may be a future research direction.

*  Robustness of coverage systems: Employing an MRS for environmental coverage
offers distinct advantages over single robot coverage. However, in the MRS, devising
effective robot coverage control strategies in the event of one or more robots failing
presents another challenge for such methodologies.

¢ Local minimum problem in distributed methods: Voronoi diagrams are typically
regarded as distributed methods. Each robot needs to utilize locally available informa-
tion for coverage without access to global information. Most distributed algorithms
confront the challenge of converging to local minimum solutions, which are subop-
timal from a global perspective. Addressing the local optimum problem in Voronoi-
based region coverage methods emerges as one of the future research directions.

¢ 3D region coverage: The issue of Voronoi region coverage in two-dimensional environ-
ments has received extensive attention. However, three-dimensional Voronoi region
coverage poses considerably greater complexity compared to its two-dimensional
counterpart. Existing two-dimensional coverage methods cannot be directly extrapo-
lated to three-dimensional settings. Hence, the development of Voronoi-based region
coverage methods suited for three-dimensional environments presents a challenging
task for future research.
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