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Abstract: An acoustic experiment to measure the sound field during internal wave activity was con-
ducted in the South China Sea. During the experiment, a train of strong internal solitary waves (ISWs)
moved from the acoustic source to the receiver array along the acoustic path, and the propagation
direction of the ISWs train was almost parallel to the acoustic path. Here, a study of the charac-
teristics and physical mechanisms of the acoustic temporal coherence in this scenario is reported.
The temporal coherence was analyzed by using the simulation results and experimental data. The
results show that the temporal correlation coefficients oscillate quasi-periodically with both time
and time delay, and the predominant oscillation periods are the same as the periods of the ISWs.
The predominant fluctuation frequencies of the sound field correspond to some specific modes and
lead to the periodicity of the temporal correlation coefficients. In the shallow layer, the spectrum
structures of the temporal correlation coefficients are simpler because of the fewer effective modes.

Keywords: acoustic temporal coherence; internal waves; sound propagation; coupled normal mode

1. Introduction

Internal waves are sub-mesoscale motions in the world ocean [1] and play an
important role in the transfer of heat, momentum, and nutrients [2]. Internal waves
generally have an amplitude of 10−1−102 m, a wavelength of 102–105 m, and a period of
minutes to hours [3]. Strong internal solitary waves (ISWs) can cause significant changes
in the spatial structure of the water column (e.g., temperature, salinity, and density)
over a short period of time, which leads to variation in the underwater sound field and
acoustic temporal coherence [4].

Various theoretical and experimental studies have been studied on the sound field
anomalies induced by the internal waves in the past decades. For three-dimensional
acoustic propagation, the sound field is sensitive to the angle between the source–receiver
path and the traveling direction of ISWs [5,6]. In a scenario where the source–receiver
path is almost perpendicular to the ISW front, the acoustic mode coupling is considered
the dominant physical mechanisms for inducing sound field fluctuations in the internal
wave environment [7–10]. In the presence of internal waves, the properties of the water
column become range-dependent, and the energy is transferred between different-order
modes through mode coupling. Because of the stripping effects of the higher-order
modes, the overall energy of the sound field remaining in the waveguide tends to
decrease. When the source–receiver path is almost parallel to the ISW fronts [11–14], the
sound energy can be focused between two ISW troughs and defocused between two ISW
crests on the horizontal plane. The internal waves resemble pipelines for the sound field
on the horizontal plane.
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The dynamics of internal waves can cause significant temporal fluctuations in the
underwater sound field. The predominant frequency of intensity fluctuations can be
observed in the intensity spectrum for broadband signals (i.e., acoustic intensity versus
sound frequencies and fluctuation frequencies) [15] and in the depth-averaged spectrum
curve for narrowband signals [16]. It is established that the predominant frequency is
proportional to the moving velocity of the ISWs train, and inversely proportional to the
interference period of the specific modes or cycle length of the critical rays. For the scenario
where an ISW train is moving along the acoustic path, but is separate from the source
and receiver, a propagation matrix was deduced using coupled normal mode theory to
represent the mode-coupling structure of the ISWs region [17,18]. The propagation matrix
is independent of its absolute position on the acoustic path. By combining propagation
matrix with mode-separation techniques, the physical mechanisms of the mode fluctuation
can be given. The acoustic energy oscillation has been shown to be quasi-periodic and
mainly affected by modes with a high amplitude.

The temporal fluctuations of the sound field lead to variation of the acoustic temporal
coherence. The temporal coherence can be quantitatively described by the correlation coef-
ficient. This is a complex function in an inhomogeneous medium, which makes obtaining
an analytical formula difficult. Hence, the temporal coherence of individual (especially
low-order) acoustic modes in an ISW environment can provide clearer mechanisms. Head-
rick et al. [19] studied the modal temporal coherence for broadband signal fluctuations
by decomposing acoustic data from the SWARM 95 experiment into normal modes. They
found that the mode-decorrelation time was highly variable and sensitive to ISW locations
on the acoustic path. Rouseff et al. [17] performed simulations using the ideal internal
wave environment and the SWARM 95 environment to evaluate the temporal coherence of
acoustic modes. They found that ISWs moving along the acoustic path change the interfer-
ence pattern and cause decorrelation of the signals. The acoustic decorrelation time was
generally shorter at high frequencies than at low frequencies. Yang et al. [20] used the data
from several shallow-water experiments to study the relationship between the coherence
time, signal frequency, source–receiver range, and sound-speed standard deviation, for
which they obtained an empirical formula. The empirical formula has small deviations in
other report [21], which may be attributed to differences in the waveguide and the internal
wave structure. Duda et al. [22] studied the expressions of temporal coherence scales,
derived from simulation in a moving internal wave environment. They found that the
temporal coherence scale is affected by the propagation velocity, direction, and spatial scale
of the internal waves. Lunkov et al. [23] modeled the coherence time of the low-frequency
sound field with a phase correction in the internal wave environment. They established
that the coherence time fluctuates over a wide range and is sensitive to the orientation of
the acoustic path.

The objective of this paper is to investigate the acoustic temporal coherence in the
scenario that the source–receiver path is almost parallel to the propagation direction of
the ISWs train, and there are always ISWs passing the source continuously. We focus on
the periodic characteristics of the temporal coherence and its related physical mechanisms.
The rest of the paper is organized as follows. In Section 2, the methods for acoustic data
processing and temporal correlation coefficient calculation are briefly introduced, and the
acoustic experiment with internal waves are described. The analysis of the simulation
results and experimental data is presented in Section 3. In Section 4, the discussion and
interpretation for the results are provided. The main conclusions are drawn in Section 5.

2. Method and Experiment
2.1. Temporal Coherence Function

A time–domain underwater acoustic signal p(t) that is processed by using pulse
compression techniques can be expressed as

p(t) = s(t) ∗ p′(−t) (1)
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where
s(t) =

∫ ωu

ωl

S(ω)e−iωtdω (2)

p′(t) =
∫ ωu

ωl

p(ω, t)e−iωtdω (3)

S(ω) is the source spectrum in the frequency band [ωl , ωu], and p′(t) is the original
signal received by the hydrophone. In addition, p(ω, t) = S(ω)H(ω, t), where H(ω, t) is a
time-varying function of the acoustic channel and depends on the dynamic environmental
parameters, source and receiver locations, etc.

A dynamic environment leads to temporal variation in the received signal p(t), whose
temporal coherence can be quantified by the correlation coefficient C(t, t + τ) [24,25].

C(t, t + τ) = max
τ

∫ tu
tl

p(t)p(t + τ)dt(∫ tu
tl
|p(t)|2dt

∫ tu
tl
|p(t + τ)|2dt

)1/2 (4)

where p(t) and p(t + τ) are the sound pressure of the same point (or receiver) at times
t and t + τ, respectively. τ is the time delay between two segments of the time–domain
signal [tl , tu] and [tl + τ, tu + τ]. To increase the signal-to-noise ratio of the target signal,
the original signal p′(t) should be processed by using pulse-compression techniques. Then,
the rough position of the target signal in the time–domain is obtained. The time delay τ is
used to find the maximum value of C around the rough position, which should correspond
to the precise position of the target signal.

For simulations of broadband acoustic propagation, the expression for the temporal
correlation coefficient C in Equation (4) is converted to the frequency domain.

C(t, t + τ) = max
∅

Re
(∫ ωu

ωl
p(ω, t)p∗(ω, t + τ)ei∅dω

)
(∫ ωu

ωl
|p(ω, t)|2dω

∫ ωu
ωl
|p(ω, t + τ)|2dω

)1/2 (5)

where p(ω, t) and p(ω, t + τ) are the complex sound pressure of the same frequency ω
at times t and t + τ, respectively. The phase correlation term ei∅ is used to obtain the
maximum value of the temporal correlation coefficient C. “Re” denotes to take the real part,
and the symbol “*” indicates the complex conjugate.

In numerical calculations, discrete frequency points are taken in the frequency band
[ωl , ωu]. Then, Equation (5) can be rewritten as

C(t, t + τ) = max
∅

Re
(

∑N
n=1 p(ωn, t)p∗(ωn, t + τ)ei∅

)
(

∑N
n=1|p(ωn, t)|2 ∑N

n=1|p(ωn, t + τ)|2
)1/2 (6)

where N is the number of frequencies to be calculated. C(t, t + τ) quantifies the similarity
of two vectors with the entries p(ωn, t) and p(ωn, t + τ), respectively. In Equation (6), the
same correlation phase ∅ is used for p(ωn, t) of different frequencies ωn. The time length
is defined as the temporal correlation radius (TCR) when C(t, t + τ) decreases to less than
0.707 for the first time.

In an underwater environment with internal waves, sound waves propagate at a much
faster speed than the internal waves. For one calculation using the acoustic propagation
model, the underwater waveguide (or acoustic channel function) is considered invariant.
The parabolic equation theory model [26] can deal well with a range-dependent environ-
ment and boundary problems with calculation stability and high accuracy, so it was used
for sound-field calculation in this study.
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2.2. Acoustic Experiment Descriptions

On 13–17 September 2015, an acoustic propagation experiment was conducted in a
continental shelf area in the northern South China Sea. The experiment was to measure
the underwater acoustic propagation fluctuations in the internal wave environment. As
shown in Figure 1a (The bathymetric data were obtained from the ETOPO1 Global Relief
Model [27]), the experimental area is located in the shallow water continental shelf, not far
from the continental slope.
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Figure 1. Acoustic experiment: (a) location of the experimental area and bathymetric contours,
(b) geometry for the measurement positions of the deployed instruments (top view), (c) geometry for
the positions of the acoustic source and VLA hydrophones (side view).

Figure 1b presents a top view of the measurement instruments and their locations.
The horizontal distances between S and R, S and H, and R and H were 14.8 km, 14.4 km,
and 6.5 km, respectively. The acoustic source and vertical line array (VLA) receivers were
located at points S and R, respectively. Three VLAs TD sensors were deployed at the
points S, R, and H, one each. The three VLAs TD sensors were all deployed at depths of
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approximately 20 m to 80 m. They were set to record the temperature and depth data
once every 30 s, synchronized with the acoustic recording of the VLA receivers. Using
the data measured by the three VLAs TD sensors, the average propagation direction and
velocity of the internal waves can be obtained. The average horizontal angle θ between
the acoustic path SR and the internal waves propagation direction was about 11.17◦, and
the average propagation speed of the internal waves was about 0.76 m/s. In addition, to
obtain full-depth temperature and salinity profile data, 15 measurements of expendable
conductivity, temperature, and depth (XCTD) were performed along the acoustic path SR
at a horizontal resolution of 1 km.

Figure 1c shows a side view of the bottom bathymetry and the instruments deployed
underwater. The bottom topography of the acoustic path SR was almost flat (the bathymetry
data are from the multi-beam bathymetry system used during the experiment), with water
depths of 110–100 m. The acoustic source and the receiver array were 14.8 km apart. The
acoustic source was moored at point S and located at a depth of 108 m, which was 2 m
from the bottom. The source transmitted linear frequency-modulated signals at a constant
source level with a center frequency of 200 Hz and bandwidth 50 Hz. The signals were
10 s long and were repeated twice every 180 s. The VLA receivers, moored at the point R,
consisted of 18 self-capacitating hydrophones spaced approximately 3 m apart, with the
first and last hydrophones at depths of 22.7 and 76.7 m, respectively.

2.3. Internal Wave Analysis

Internal waves are frequent and ubiquitous in the South China Sea, especially in
the northern continental shelf and slope areas [1,28]. The reasons can be summarized as
the following: (1) the wide shelves and steep slope bathymetry provide conditions for
generation and evolution of internal waves; (2) ocean stratification is intensified seasonally
by the monsoonal climate; and (3) The Luzon Strait and Taiwan Strait are the main sourse
of interal waves. Generally, the internal waves are generated at the continental slope area,
and then propagate toward the continental shelf in the northwest direction [29–31].

During the acoustic experiment, trains of strong ISWs in the experimental area were
recorded by the TD sensors. Figure 2 shows the temperature at time 05:00–18:00 on
14 September 2015, based on the data from the three VLAs TD sensors at similar depths.
It is seen that the internal waves cause large fluctuations in the temperature structure of
the experimental area. The temporal variations of the temperature can be up to 5 ◦C over
several minutes. At point S, the smaller temperature fluctuations were mainly caused by
linear internal waves until about 10:00, after which a train of strong ISWs arrived and
caused large temperature fluctuations.
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Figure 2. Temperature versus time measured at points S (black), R (red), and H (blue).

By comparing the bold part of the curves in Figure 2, it can be found that the fronts
of the ISWs arrive at the point S first and the point R last, which is in consistent with the
propagation direction and average velocity of the internal waves as described in Section 2.2.

The vertical temperature distribution in the experimental area can be characterized
as three layers: the surface mixture layer, thermocline layer, and deep layer. The vertical
variation in the temperature was small in the surface mixture layer and deep layer, but
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the temperature decreases downward rapidly from approximately 29 ◦C to 21.5 ◦C in the
thermocline layer.

Figure 3 shows the filled contour diagrams of temperature versus time and depth at
point S and point R. During linear internal wave activity, the thickness of the surface mixed
layer was about 30 m, while the depth of the thermocline was up to 75 m. The time length
for the ISWs to propagate from the point S to the point R is about 5.48 h. The ISWs caused
large fluctuations in the thermocline layer, resulting in variation in the vertical temperature
structure (Figure 4).
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3. Simulation and Experimental Data Analysis

This section presents the simulation results of acoustic temporal coherence in an ideal
ISWs environment and in the acoustic experiment environment. The same geo-acoustic
parameters and source-receiver configurations are used in the ideal and experimental
environment. The main differences between the two environments are the sound-speed
field and bathymetry.
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3.1. Simulations in an Ideal ISWs Environment

In the ideal ISWs environment, the depth of the upper boundary of the thermocline
ηu(r, t) is time-dependent and has the following form [17]:

ηu(r, t) = ∧sech2
(

r− r0 + vt
∆

)
+ ηu0 (7)

where ∧, r0, v, and ∆ are the amplitude, center range, propagation speed, and width of
the ISWs, respectively. ηu0 is the depth of the upper boundary of the thermocline without
ISWs. The lower boundary of the thermocline is ηl(r, t) = ηu(r, t) + 40 m, where 40 m is
the thickness of the thermocline. The parameters in Equation (7) were set to ∧ = 30 m,
v = 0.75 m/s, ∆ = 200 m, and ηu0 = 20 m. The range-dependent sound-speed profile can be
described as

c(r, z) =


1542, 0 < z ≤ ηu0

1522 + (z− ηu0) ∗ 0.5, ηu0 < z ≤ ηu0 + 40
1522, ηu0 + 40 < z ≤ 110

(8)

where z is the depth. The vertical sound-speed gradient of the thermocline was 0.5 s−1.
Equations (7) and (8) can be combined to obtain the dynamic sound-speed field in the ideal
ISW environment.

The seafloor depth and geo-acoustic parameters were set as range-independent. The
seafloor depth was 110 m. A two-layer seafloor was considered. The thickness, sound speed,
density, and attenuation coefficient of the sediment layer were 30 m, 1595 m/s, 1700, kg/m3

and 0.39 dB/wavelength, respectively. The sound speed, density and attenuation coefficient
of the base layer are 1800 m/s, 2000 kg/m3, and 2.0 dB/wavelength, respectively. The
source depth was 108 m. The horizontal and vertical grids for the sound field calculation
were set to 4 m and 0.4 m, respectively.

The simulated source was located at r = 0 km, z = 108 m. The frequency band was
175–225 Hz, and the frequency interval used for this band was 2.5 Hz. Figure 5 presents
the sound-speed fields at times t = 0 and t = 4.44 h in the ideal ISWs environment. The
interval of the center range r0 between two ISWs ∆r0 was set to 1 km. At time t = 0, the
ISWs were in the range r ≤ 0 km. As the ISWs propagated to the right at a constant speed
of 0.75 m/s, they passed through the range 0 km and began to appear on the acoustic path.
In addition, the shapes of the ISWs were assumed to not change when moving.
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Figure 5. Background sound-speed fields for acoustic simulation at different times: (a) t = 0 and
(b) t = 4.44 h. The sound-speed fields are constructed based on Equations (7) and (8).

Based on the initial range of the ISWs at the time t = 0 and the propagation speed,
the front of the ISW arrived at the range of 14.8 km at the time t = 5.48 h. Figure 6 shows
the temporal correlation coefficients C(t, t + τ) versus time t for three depths (i.e., 12, 48,
and 92 m) at the range of 14.8 km over a period of 4.46 h with time delays τ of 0–12 min.
C(t, t + τ) was calculated by using Equation (6). To highlight the variation characteristics
of the large C values, the minimum value for the color bar in the contour plots was set to 0.7.
The TCR is a few minutes most of the time. C(t, t + τ) does not decrease monotonically with
an increasing time delay τ but oscillated, which is consistent with previous studies [21,25].
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C was compared at different depths, and C was greater at 92 m than at 12 and 31 m. This
implies that fewer acoustic modes contribute to the shallow sound field.
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14.8 km in the ideal ISWs environment at three different depths: (a) 12 m, (b) 31 m, and (c) 92 m.

A characteristic of interest is that the temporal variation of the TCR is quasi-periodical,
which is more obvious at shallow depths (Figure 6a). It is observed that there are 11 TCR
peaks over the 4.44 h period, and the TCR of the peaks can be 12 min or more. The period
of the TCR is about 0.372 h, obtained by calculating the average time interval between TCR
peaks. In the ideal ISWs environment, the range interval ∆r between two adjacent ISWs is
1 km, and their average propagation speed v is 0.75 m/s. Therefore, the period of the ISW
is 0.37 h, which is almost the same as the TCR period.

To show the periodical characteristics of C(t, t + τ) more clearly, the temporal corre-
lation coefficient spectrum QC(τ) with a fixed time delay τ can be obtained by using the
Fourier transform:

QC(τ) =
∫ t2

t1

C(t, t + τ)e−iΩtdt (9)

where Ω is the angular frequency. The depth-averaged spectrum QC(τ) = ∑K
k=1|QC(τ)|/K,

where k = 1, 2, . . . , K. K is the number of depths to be averaged. F = Ω/2π is defined as
the fluctuation frequency.

Figure 7 presents |QC(τ)| and QC(τ) at τ = 2 min and 8 min. The highlighted strips
indicating the predominant fluctuation frequencies of C(t, t + τ) appear in the contour
plots (Figure 7a,c). A comparison of |QC(τ)| at different depths shows that the spectral
structures are simpler in the shallow layer. The predominant fluctuation frequency can be
obtained from the depth-averaged spectra QC(τ) (Figure 7b,d). It was about 2.71 cycles per
hour (cph), which is almost equal to the frequency of the ideal ISWs.

Figure 8 shows the temporal correlation coefficients C(t, t + τ) for three depths at the
range of 14.8 km with a time delay τ of 0–1.2 h. Three strongly correlated zones can be
observed over the 1.2 h time delay, which are marked with rectangles in the contour plots
(Figure 8a,c,e). It is shown that C(t, t + τ) at different time t can reach local maximum
values with roughly the same τ. In addition, the strongly correlated zones are located with
approximately the same τ at different receiver depths.
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left panels show contour plots of the normalized spectra |QC(τ)| versus the depth and fluctuation
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The strongly correlated zones correspond to the inflection points of the time-
averaged correlation coefficient Ct(τ) curves, which are marked with “x” symbols on the
average curves (Figure 8b,d,f). The time-averaged correlation coefficient was calculated

as Ct(τ) =
J

∑
j=1
|QC(τ)|C

(
tj, tj + τ

)
/ J, where j = 1, 2, . . . , J, and J is the number of time

moments to be averaged. One observes that there are three inflection points over the
1.2 h time delay, and τ of the first, second, and third inflection point is about 0.37 h,
0.74 h, and 1.11 h, respectively. Ct(τ) at different inflection points are not the same, and
their overall trends are to decrease with τ.

It is found that the time delay intervals ∆τ between two adjacent inflection points are
0.37 h, and remain approximately the same at different receiver depths. If ∆τ is assumed to
be the oscillation period of the temporal correlation curves, it can be concluded that Ct(τ)
varies quasi-periodically with the time delay τ. Thus, the periods of the Ct(τ) curves and
the ISWs are also the same.

3.2. Simulations in the Experiment Environment and Verification with Experimental Data

The main challenge, to construct the environmental model approximating the real
experimental conditions in the actual ocean, is obtaining the sound-speed field along the
acoustic path. This is because the ISW environment is range-dependent and time-varying.
To construct the experimental environment model for acoustic simulation, the temperature
profiles measured by the VLA TD sensors at point R are the used to provide time-varying
sound-speed field in the water column.
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Figure 8. Simulated correlation coefficients at the range of 14.8 km in the ideal ISWs environment at
three different depths: (a,b) 12 m, (c,d) 31 m, and (e,f) 92 m. The left three panels show contour plots
of correlation coefficients vs. the time and time delay, and the rectangles mark the strongly correlated
zones. The right three panels show curves of correlation coefficients vs. the time delay at different
times. The bold curve is the time-averaged correlation coefficients, and the “x” symbols mark the
inflection points.

An important assumption is that the shape of the ISWs train is invariant as it moves.
Thus, the temperature profiles measured at different times correspond to different ranges
according to the average propagation speed of the ISWs. The salinity profile used to
calculate the sound speed was derived from the XCTD probes. Because the sound speed is
less affected by the salinity in shallow water, the salinity profile is assumed to be range-
independent and time-invariant. Figure 9 shows two snapshots of the sound speed fields at
the times t = 0 and t = 2.75 h. At time t = 0, only linear internal waves with a small amplitude
appear on the acoustic path. After time t = 0, a train of strong ISWs propagates along the
acoustic path through the source (r = 0 km), which leads to sound field fluctuations.
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Figure 10 shows the sound speed c, time gradient of sound speed c’, and depth-
averaged correlation coefficient Cd(t, t + τ) over a period of 2.75 h. The temporal gradient
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Figure 10. Contour plots of the (a) measured sound speed, (b) sound-speed gradient, (c) simulated
depth-averaged (1–20 m) temporal correlation coefficient, and (d) simulated temporal correlation
coefficient at depth 31 m, over a 2.75-h period.

It is seen that there are eight ISWs passing through point R during this time period
(Figure 10a), and the ISWs have irregular shapes that are different from each other. The
ISWs induce significant temporal gradient in the sound-speed fields c′(t) (Figure 10b).
c′(t) can be converted into the horizontal gradient c′(r) based on the average propaga-
tion speed of the ISW train. In a range-dependent environment, c′(r) results in mode
coupling [5,32–34], which is the main physical mechanism causing fluctuations in the
sound field and temporal acoustic coherence. Figure 10c shows the depth-averaged
temporal correlation coefficients for 1 m to 20 m versus time and time delay, because the
spectrum structures in the shallow layer are relatively simpler as noted in Section 3.1.
The TCR is about a few minutes most of the time. In addition, eight small TCR segments
can be observed in the depth-averaged (1–20 m) contour plot corresponding to the eight
ISWs. The variation period of the TCR is generally consistent with that of the ISWs.
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Figure 11 shows the temporal correlation coefficients C(t, t + τ) obtained from the
experimental data of two receivers at depths of 31.4 m and 61.6 m, over a period of 2.75 h,
with time delays τ of 0–12 min. C(t, t + τ) was calculated by using Equation (4). The time
period in Figure 11 is the same as that in Figure 10. As can be seen from Figure 11, TCR
is about a few minutes most of the time, and C(t, t + τ) oscillates significantly with time t
and delay τ.
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Figure 11. Contour plots of correlation coefficients vs. time and time delay measured in the experi-
ment at two different depths: (a) 31.4 m and (b) 61.6 m.

In the real experiment environment, the structures of the dynamic ISWs along the
acoustic path are not perfectly known, as their shapes change with movement. In addi-
tion, the uncertainties in sea-surface motion, geo-acoustic parameters and source-receiver
geometry can also lead to fluctuations in sound field and temporal coherence. There-
fore, C(t, t + τ) from the experimental data (Figure 11a) are not in perfect agreement with
the simulation results (Figures 6b and 10). Figure 12 presents the correlation coefficient
C(t, t + τ) of a fixed time delay τ = 3 min at roughly the same depth of 31 m. One observes
that the general tendency of C(t, t + τ) are similar. However, it is not enough to make an
explicit statement about the oscillation period of C(t, t + τ).
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4. Discussion

The temporal correlation coefficients were derived from the time-varying sound field.
In order to provide an interpretation for the characteristics of the quasi-periodic acoustic
temporal coherence, the temporal fluctuations of the sound field in the ISWs environment
and the associated physical mechanisms need to be analyzed.
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4.1. Quasi-Periodical Sound Field in the ISWs Environment

The complex sound pressure p of the frequency f at point (r, z) can be given in the
form of the product of the amplitude A and phase ∅.

pr,z, f (t) = Ar,z, f (t)e
i∅r,z, f (t) (10)

In a dynamic internal wave environment, p, A, and ∅ are time-varying parameters.
By substituting Equation (10) into Equation (6), the temporal correlation coefficient
C(t, t + τ) becomes

C(t, t + τ) = max
∅0

∑N
n=1 A fn(t)A fn(t + τ)

[
cos∅ fn(t, t + τ)

]
(

∑N
n=1 A2

fn
(t)∑N

n=1 A2
fn
(t + τ)

)1/2 (11)

where
∅ fn(t, t + τ) = ∅ fn(t)−∅ fn(t + τ) +∅0 (12)

The subscripts r and z are dropped for brevity. Re
[
ei∅ fn (t,t+τ)

]
= cos

[
∅ fn(t, t + τ)

]
.

Equation (11) indicates that C(t, t + τ) is mainly affected by the amplitude and the phase.
Let A(t) = [A f1(t), A f2(t), . . . , A fN (t)]. Then, a smaller standard deviation of A(t) results

in a larger C(t, t + τ). Meanwhile, cos
[
∅ fn(t, t + τ)

]
is controlled by the correction term

∅0. A smaller ∅ fn(t, t + τ) (i.e., the smaller difference between ∅ fn(t) and ∅ fn(t + τ) after
phase correlated by ∅0) results in a larger C(t, t + τ).

Figure 13 shows the amplitude A f (t) and the phase ∅ f (t) of the complex sound
pressure at the range of 14.8 km and depth of 12 m in the ideal ISWs environment, cor-
responding to the temporal correlation coefficients shown in Figure 6a. One sees that
the temporal variations of both A f (t) and ∅ f (t) are quasi-periodical, while the temporal
variations of different frequencies are not the same.
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Figure 13. Contour plots of the simulated sound pressure phase and amplitude versus frequency
and time. (a) the phase ∅ f (t) and (b) the amplitude A f (t).

To show the temporal fluctuations of the sound field more clearly, the spectra were
calculated. First, the temporal correlation coefficient C(t, t + τ) in Equation (9) was replaced
with the complex sound pressure p f (t), amplitude A f (t), and phase ∅ f (t) to obtain the
spectra Q f ,p, Q f ,A, and Q f ,∅, respectively. Then, the frequency-averaged spectra Qp,
QA, and Q∅ were obtained by averaging over the frequency band. Finally, the depth-
averaged spectra Qp, QA, and Q∅ are calculated using the frequency-averaged spectra.
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The normalized frequency-averaged spectra and depth-averaged spectra are presented in
Figure 14.
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Figure 14. Spectra of the (a,b) complex sound pressure, (c,d) amplitude, and (e,f) phase. The left
panels show contour plots of the normalized frequency-averaged spectra versus depth and fluctuation
frequency F. The right panels show curves of depth-averaged spectra versus F. The three peaks of
depth-averaged curves Qp is marked with red cross.

The highlight strips in the contour plots (Figure 14a,c,e) indicate the remarkable
fluctuation frequencies of the sound field. The strips correspond to the peaks on the depth-
averaged curves (Figure 14b,d,f). Among the spectra of Qp(Qp), QA(QA), and Q∅(Q∅),
Qp(Qp) is more similar to QA(QA), which indicates that the amplitude is the predominant
factor that affects the fluctuation frequencies of the complex sound field.

The highlight strips in Figure 14a have similar distribution characteristics to those
in Figure 7a,c. There are three remarkable peaks in the depth-averaged curves Qp in
Figure 14b, and the frequencies of the first, second, and third peaks are 1.08 cph, 2.16 cph,
and 2.7 cph, respectively. By comparing to the fluctuation frequencies of the temporal
correlation efficient in Figure 7, it is found that the third peak of Qp corresponds well with
the fluctuation frequencies of the temporal coherence.

4.2. Mechanism Interpretation Using Coupled Normal Mode Theory

In the range-dependent environment shown in Figure 15, a train of ISWs propagate
from the source to the VLA receivers at a constant speed v. The medium is range-dependent
and time-varying within the region 0 < r ≤ rJ , and it is range-independent and time-
invariant within the region rJ < r ≤ rJ+1.
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The range-dependent region 0 < r ≤ rJ is subdivided equally into J segments, and
the medium within each within each segment is assumed to be range-independent. The
range-independent region rJ < r ≤ rJ+1 is treated as one segment. According to the
coupled normal modes theory, the sound pressure received at the (J + 1)th segment can be
expressed as [17].

pJ+1(r, z) =
√

rJ/r ∑M
m=1 aJ+1

m hJ+1
m (r)∅J+1

m (z) (13)

where m = 1, 2, . . . , M and M is the mode number. The local eigenfunction ∅J+1
m (z)

and eigenvalue kJ+1
m can be obtained from the local equation ρ0

[
∂/∂z

(
ρ−1

0 ∂∅J+1
m /∂z

)]
+[

ω2/c2
J+1(z)−

(
kJ+1

m

)2
]
∅J+1

m = 0, where cJ+1(z) is the local sound-speed profile in the

(J + 1)th segment. ρ0 is the density, and ω is the angular frequency. Approximation of
the Hankel functions by asymptotic form yields.

hJ+1
m (r) = exp

[
ikJ+1

m
(
r− rJ

)]
(14)

If a mode coefficient vector a(t) = [aJ+1
1 (t), aJ+1

2 (t), . . . , aJ+1
M (t)] is assumed, and

hJ+1(r) is a M × M diagonal matrix with elements hJ+1
m (r) defined in Equation (14), then

these mode coefficients can be obtained by using those in the preceding segments [18].

aJ+1 =
√

r/rJRa1 (15)

Here, a1 is the initial coefficient vector and R is the transmission matrix:

a1
m =

√
1/k1

m∅1
m(zs) exp

(
ik1

mr1

)
(16)

R = CJhJ(rJ
)
CJ−1hJ−1(rJ−1

)
. . . C1h1(r1) (17)

where R and CJ are M×M propagation and coupling matrices, and their elements are prop-
agation coefficient Rmn and coupling coefficient cJ

mn

(
=
∫ ∞

0 ρ0(z)∅J+1
m (z)∅J

n(z)dz
)

, respec-

tively. In a range-independent environment, R and CJ are diagonal matrices (i.e., Rmn = 0
and cJ

mn = 0 when m 6= n). In a range-dependent environment, Rmn 6= 0 and cJ
mn 6= 0 when

m 6= n.
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In the simulation environment, the range between the source and receiver VLA is a
constant re = 14.8 km (i.e., rJ+1 = 14.8 km). If r1 − r0 = 1 m, then, the sound field at re can
be written as

p(re, z) = ∑M
m=1

√
1/
(

kJ+1
m re

)
hJ+1

m
(
rJ+1

)
∅J+1

m (z)
(
∑M

n=1 Rmna1
n

)
(18)

For the traveling ISWs environment in Figure 15, the three main influences responsible
for the quasi-periodical fluctuations of the sound field are the initial sound field a1

n, the
acoustic propagation factor Rmn, and the phase factor hJ+1

m
(
rJ+1

)
.

As the ideal ISWs train propagates across the range r0 to the acoustic path, the initial
mode amplitudes ∅1

m(zs = 108 m) and mode eigenvalues k1
m vary periodically, which leads

to periodical initial sound field a1
m according to Equation (16). Internal waves are known

to cause acoustic mode coupling and energy transfer between modes [6,8]. As more ISWs
propagate through the source at the range r0 to the acoustic path, the range-dependent range
rJ+1 increases while the range-independent range ∆r0 (= re − rJ) decreases. Therefore, the
propagation matrix R and phase matrix hJ+1(rJ+1

)
are time-dependent functions. Thus,

separating the influences that cause the temporal fluctuations of the sound field shown in
Figure 14b is difficult.

Previous studies [16,17,34] reported that all the ISWs in the train enter the acoustic
path and move along it. The medium at the source and receivers is range-independent and
unaffected by the ISWs. Therefore, the initial modes excited at the source are time-invariant,
and the propagation and phase matrices are independent of the ISW positions on the
acoustic path.

According to Equation (18), the sound field comprises M modes, and the amplitude

of a single mode is given by bm(re) =

√
1/
(

kJ+1
m re

) M
∑

n=1
Rmna1

n. Figure 16 shows the mode

amplitude versus time at the range of 14.8 km. One sees that the mode amplitudes versus
time displays a structure with abundant variations. The mode amplitude decreases with
the mode order, and the first seven modes contribute most of the energy to the sound field
at the range of 14.8 km.
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Replacing the temporal correlation coefficient C(t, t + τ) in Equation (9) with the
mode amplitude bm(re) obtains the spectrum Q(bm), as shown in Figure 17. The fluctuation
frequencies vary greatly with the mode number. Not all the mode fluctuations have
significant predominant frequencies, which indicate that the sound field fluctuations result
from some specific modes. A comparison between the spectra of the sound pressure in
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Figure 14b and the mode amplitude in Figure 17 indicates that the peaks in Figure 14b result
from different modes. The temporal fluctuations of mode 2 and mode 3 are responsible
for the first peak in Figure 14b, while the temporal fluctuations of mode 4 and mode 5 are
responsible for the second and third peaks in Figure 14b. The temporal fluctuations of
the mode amplitudes in the ideal ISWs environments are also caused by the initial sound
field a1

n, the acoustic propagation factor Rmn, and the phase factor hJ+1
m
(
rJ+1

)
. No further

discussions are provided in this paper.
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Figure 17. Spectra of mode amplitudes bm(re) for modes 1–7.

Figure 18 shows the local eigenfunctions ∅m at the range of 14.8 km. The amplitude
of the real part of ∅m in the shallow layer (or the mixture layer above thermocline) is small
for modes 1–3. Therefore, modes 1–3 contribute very little to the shallow layer sound field.
On the other hand, the higher-order modes also contribute little because they attenuate
rapidly with the propagation range. As a result, the sound field interference in the shallow
layer results from fewer modes than in the deep layer, which leads to the simpler spectrum
structures in the shallow layer in Figure 17a,c.
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5. Conclusions

This study focused on the temporal coherence of the low-frequency (175–225 Hz)
sound field in a shallow-water ISW environment characterized by ISWs continuously
passing the acoustic source and approaching receivers along the acoustic path. Broadband
acoustic simulations were performed in an ideal ISW environment, and the results were
compared with those obtained in an experimental environment. The broadband simulation
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results were generally consistent with the experimental data. The Fourier transform
method was used to obtain the temporal fluctuation frequencies of the temporal correlation
coefficients C(t, t + τ) and the sound field, and the related physical mechanisms were
discussed by using the coupled normal mode theory.

Two key features of the acoustic temporal coherence are obtained as follows:
(1) C(t, t + τ) with the same time delay τ that is smaller than the TCR oscillates quasi-
periodically with the time t; (2) C(t, t + τ) with the same t also oscillates quasi-periodically
with the time delay τ. The predominant oscillation periods are equal to the ISW period.
The periodicity of the temporal correlation coefficients results from the quasi-periodic
sound field, which is mainly caused by some specific acoustic modes. There are fewer ef-
fective modes in the shallow layer than in the deep layer, which results in simpler sound
field interference structures and fluctuation spectrum structures in the shallow layer.

In a dynamic ISW environment, two major physical mechanisms are responsible for
the quasi-periodic sound field fluctuations: the initial sound field excited at the source and
the mode coupling. The ISWs continuously passing the acoustic source induce periodic
initial acoustic modes and sound fields. The effects of the mode coupling can be described
by a time-varying acoustic propagation matrix and phase matrix as more ISWs propagate
along the acoustic path over time.

It should be noted that the mode coupling and the temporal variation of mode ampli-
tude in the environment scenario in this study is complex. Therefore, the study was focused
on the predominant fluctuation frequencies of the sound fields and the acoustic modes
without providing the interpretation for the abundant variation structure of the mode
amplitudes. Meanwhile, the ISWs can affect the underwater acoustic communications
because they result in fluctuations in the sound field and acoustic temporal coherence. The
underwater communication performance in the internal wave environment is a signifi-
cant topic.
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