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Abstract: Formation control, which is a core problem in multi-autonomous underwater vehicle (AUV)
systems, plays an important role in realizing safe and accurate cooperation of multi-AUV systems.
This paper provides a study on fault-tolerant formation control for multiple stochastic AUV systems
under Markovian switching topologies. Considering the effect of noise and Markovian switching
communication topology, a novel leader-following group formation control protocol with an actuator
fault for a multi-AUV system is developed under the influence of the two independent stochastic
processes. The designed controller is proved by an infinitesimal generator with Lyapunov stability
theory and can guarantee that the follower AUVs’ states will eventually converge to the leader’s state
in each subgroup while forming the desired sub-formation. Finally, the effectiveness of the theoretical
analysis is verified by a simulation experiment.

Keywords: fault-tolerant; multiple stochastic AUV systems; formation control; markovian switching
topologies; multiple leaders

1. Introduction

In recent years, the formation control of multiple autonomous underwater vehicles
(AUV) has received considerable attention due to various applications in the field of ocean
exploration, deep sea resource development, submarine rescue, trajectory tracking and
other fields of ocean engineering. AUV is a kind of self-propelled submersible vehicle that
is utilized to perform the desired missions with no human control [1]. Compared with
a single AUV, a multi-AUV system can complete the task well in complex applications
such as investigating resources, target detection and task accuracy in harsh ocean environ-
ments. Further, multi-AUV formation cooperation has more advantages in improving work
efficiency and operation scope. The fact that multiple AUVs transmit state information
via the sonars in an acoustic channel ensures the coordination of a multi-AUV system.
In reality, the AUV system is always affected by stochastic ocean noise. In that case, the
multi-AUV system contains uncertain items. In addition, the interaction topology among
AUVs may be dynamic or generate new information chains because of the complex marine
environments. Stochastic noise and random communication always affect the stability of
the multi-AUV system and even lead to the loss of the AUV. Thus, a reliable controller
should be designed to guarantee coordination of the multi-AUVs system in the case of
noise and random communication. It is still a great challenge because of the highly coupled
nonlinearities in the AUV dynamics and the uncertainties in ocean environments.

As the complexity of underwater environment inspection missions increases, forma-
tion of multi-AUV can greatly improve the efficiency of exploration and complete more
tasks in a limited time. The formation control of a multi-AUV system with a single leader
has been investigated in [2-6]. However, in many engineering applications, the strategy
with multiple subgroups and leaders of a multi-agent system has stronger practical sig-
nificance due to the assignment of different geographical locations and tasks [7-9]. At
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the same time, various remarkable results have been dedicated to the formation control
problem, and the study made certain progress. The development of formation controllers
employs the leader—follower method [10-12], consensus method [13-15], Lyapunov’s direct
method [16,17], model predictive control method [18,19] and back-stepping techniques [20],
etc. Among the typical control methods described above, the leader—follower method is
widely used in multi-agent formation control because of its good scalability. As a matter
of fact, it is a significant theoretical formal method that allows all followers to track the
state of leaders. The consensus method is the most basic method in the formation control
problem, which is often applied in combination with the leader—follower method.

It is noteworthy that all the studies mentioned above focused on formation control
problems with a deterministic switching model manner. In practical applications, the multi-
agent systems often suffer from some disturbances, such as communication obstacles under
uncertain environments [21,22]. Stochastic switching models could reflect the changes of
the information structure, which can be governed by the Markovian switching model. There
are many results on multi-agent systems with Markovian switching topologies [23-25].
Note that the multi-AUV systems equipped with actuators are at risk of actuator failure in
each AUV due to encoding or decoding. Thus far, there have been many studies on the
consistency strategy with actuator faults [26-29].

In the past few years, a rich body of results has been made on formation control
for multi-agent systems with stochastic noises. In [30], three formation protocols were
established by using a novel stochastic analysis approach for a nonlinear multi-agent sys-
tems with communication delays and noise disturbance. Considering the time-varying
output and stochastic noise of formation systems, ref. [31] puts forward a fully adaptive
practical time-varying output formation protocol. Further, under both measurement and
communication noises, ref. [32] designed a robust distributed orientation estimate algo-
rithm and formation control law. Ref. [33] dealt with formation control problems with time
delays and multiplicative noises. In [34], a mean-square quasi-composite rotating formation
problem with stochastic communication noises was considered by taking coordinate trans-
formation. Up to now, scholars have developed some theories in the research of formation
control for stochastic agent systems; however, there are few studies on formation control
for multiple stochastic AUV systems with stochastic switching topologies and stochastic
noises, which is proposed in our present investigation for the first time.

In previous studies of heterogeneous multi-agent system formation control prob-
lems, the heterogeneity dynamics can be divided into two cases: one is that there are
different dynamic model equations [35]. For example, the agents’ orders may be first-
order, second-order, or high-order in the same system [36,37]; some cross-dimensional
formation issues [38], such as the cooperation of an unmanned aerial in three-dimension
and surface vehicles in the two-dimensional plane. The other is that each agent has the
same dynamic model but different heterogeneous dynamics because of different types,
external environment disturbances and configurations of the control objects, as illustrated
in [39,40]. Ref. [41] proposed a formation control scheme for multi-AUV systems with
heterogenous nonlinear dynamics. Heterogeneous multi-agent systems can be used to
solve more practical formation control problems and make the controller have high com-
patibility and adaptability. In this paper, the leader AUV is equipped with more sensors
and constructed as a stable time-invariant system, which can steadily send instructions
to the followers. However, the communication topology among all followers is switched
randomly. Moreover, the leaders and the followers have different lengths and weights.
Under these conditions, the paper focuses on solving the influences of the actuator fault,
ocean noise and communication switching on formation control.

Motivated by the above discussions, this paper aims to discuss fault-tolerant formation
control for multiple stochastic AUV systems under Markovian switching topologies with
multiple leaders. Based on previous research, the contributions of the paper are as follows:
(1) the works in [1,3] only considered formation control of a multi-AUV system with a single
leader. The paper provides a discussion of the group formation problem in a multi-AUV
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system with multiple leaders. All the AUVs are divided into multiple subgroups, and each
subgroup is controlled to track the average state of the leader while forming the desired sub-
formation. (2) The previous research in [42] employed switching communication topologies
based on Laplacian matrix theory. In the paper, the fault-tolerant formation control problem
is analyzed for the multiple stochastic AUV system with Markov switching topologies,
which considers the more random case that two independent stochastic processes exist
simultaneously in the system. (3) The communication matrices driven by a Markov process
are no longer of Laplacian type, 4;; is permitted to be negative in accordance with the group
competition and cooperation mechanism. The effect of switching topologies on group
formation is determined by the union of topologies of the Markov process, which is more
suitable for the limited and unreliable communication topology.

The rest of this paper is arranged as follows: Section 2 introduces some important
lemmas, definitions, preliminaries and the AUV model description. Section 3 develops the
formation control structure and controller design and presents the main results. Section 4
verifies the effectiveness of the proposed algorithms by simulation. The conclusion is
offered in Section 5.

Notations: Table 1 lists some notations and their meanings.

Table 1. Notations.

Notations Meanings

E() Mathematical expectation operator
II-1] Euclidean norm

N;(¢) Neighbors set

1, n dimension column vector with elements 1
P>0 Matrix P is positive definite

® Kronecker product

diag{-} Block-diagonal matrix

A= <a ; j) NN The weighted matrix

Amax(+) The largest eigenvalue

Amin (+) The smallest eigenvalue

2. Preliminaries

This section mainly introduces AUV dynamic models and some related concepts,
assumptions and lemmas.

2.1. Problem Formulation

It is well known that the nonlinear characteristics of an AUV are strong when it moves
to resist the ocean current in a deep sea with complex terrain. In this paper, the roll velocity
of the AUV is ignored due to the fact that the roll motion has less influence on the lateral
motion. The AUV is assumed to be under-actuated in the 5-DOF model with the body-fixed
and earth-fixed coordination consisting of the surge, sway, heave, pitch and yaw in this
paper, which is shown in Figure 1. The dynamic equations of AUV are given as [43].

{ 1=7J(n)v, 1)
Mo+ C(v)v+D(v)v+g(y) =T+ @

where the vector § = [, v,z,6,¥]" denotes the states of the position vector; v = [u,v,w,4,7]"
denotes the states of the velocity vector; the matrix J(#) denotes the rotational transforma-
tion matrix; M denotes the inertia matrix including the added mass. The paper provides
an assumption that the AUV has only a yoz plane symmetry structure. C(v) and D(v) are
the Coriolis and centripetal matrix and the damping matrix; g(#) is the vector caused by
the effect of gravity and buoyancy; T denotes the vector of control input; @ represents the
environmental disturbance forces due to ocean current.
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Figure 1. The coordinate system of the AUV.

In order to simplify the model, assume the AUV has zero buoyancy, and the parameters
of the matrices M, C(v),D(v) and g(#) are as follows:

m— Xy 0 0 0 0
0 m— Yy 0 0 0
M = 0 0 m — Zg 0 0 2)
0 0 0 L, — M, 0
0 0 0 0 I, — N;
0 0 0 mw — Zypw  —mo + Ypu
0 0 0 0 mu — Xyu
C(v) = 0 0 0 —mu + Xuu 0 3)
—mw + Zypw 0 mu — Xyu 0 0
mv — Yy —mu + Xyu 0 0 0

D(") = diag{XM/YUI Zuw, MLI'NV} +di’lg{XWlu|u|rYlv\vw‘fZ\w|w|w|rM\q\q|‘7|/N\r\r|r|} 4)

g(y) = [0,0,0,0gVGMy sin6,0]" ®)
where the details of the above parameters are presented in [43].
Let
c=[xv,20¢,u0,w,q4, r]T (6)
N(1,0) = C(v)v + D(v)v-+g(1) %
Tmv =[11(6), £2(6), f3(6), fal6). f5(6))" ®)
M™'N(n,0) = [fs(c), fr(c), fs(c), fole), fro(6))” ©)

the model (1) of the AUV can be represented as [42] :

¢=f(g) +g(g)i (10)
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where
ol Lol
86 = |yt |90 1)

Define the output function p = h(g) = [x,v,2,6, ¢]". By using the differential man-
ifold theory, the property of the Lie derivative, and relative order [44], we construct the
transformation of the new vectors:

p = [h1(¢), ha(g), h3(g), ha(g), hs(g)]" (13)

v = [Lhi(g), Liha(g), Lshs(g), Lsha(g), Lyhs(¢)]" (14)

Then, the control input U and environmental disturbances F in the new coordinate
system satisfy:
U = x(g) + LgLsh(g)it
F=Jma=JmM '@

After the coordinate transformation (13) and (14), u(¢) is used instead of matrix
LgL¢h(g). The dynamical equation of the AUV can be described as follows:

h(g) =
f()
)i+ x (¢

(15)

*h(g) (16)

Ly
L
(g

In the transformed coordinate system, the vector of the control input is U, and F denotes
the environmental disturbance forces; therefore, #i = u~1(¢) (U — x(g)), @ = MJ'(g)F.
Following the above steps, the control framework of the multi-AUV formation system,

which consists of N AUV, is shown in Figure 2. The control input U = [U], U], - - - T}]] T

and the disturbance function F = [F[,Ef,--- Fl] T of the multi-AUV system in the forma-

. . . . 71T .
tion are transformed into the control input u = [ulT , uZT = uIT\J and current disturbance

functionw = [@], @}, @ N] of the original multi-AUV model by inverse coordinate
transformation. # and w are used to satisfy the formation coordination control. The output
state ¢ of the multi-AUV is used as the control input state (p, v) of formation control in the
new coordinates.

In AUV system (16), no simplifications are made on system dynamics and distur-
bances. In this paper, the system (16) is inherently nonlinear and quite consistent with the
actual situation, compared with the simplification of the AUV model in [1], which ignores
the disturbances.
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AUV 1
N Control protocol {7, > | Coordinate
7 Ld ~ .

— transformation

AUV 2 #

_— N 7 y =g (0, -
N Control protocol U, > T ( ? Z) Model .| Coordinate N
4 - — = of AUV 7| transformation

>

AUV N

— Control protocol {7 > . v
N N Coordinate

> .
transformation

Figure 2. The formation control scheme of a multi-AUV system.

2.2. Preliminaries

Consider that a multi-AUV system is comprised of N AUVs and M leaders. In
the multi-AUV system, the leader has no neighbor. Without loss of generality, we use
E={1,2,---,N} to denote the AUV setand O = {N+1,N+2,---,N + M} to denote
the leader set. The matrix between the leader and the AUVs is defined by

Dk = diag{dlk/de/ T /de}/k S {1121' . rM} (17)

where d;; > 0if AUV i can receive information from the leader k; otherwise, d;; = 0. Itis
important to note that an AUV can only follow one leader.

When a multi-AUV formation system performs an ocean survey mission, according
to the different locations of the seafloor survey areas and the actual ocean environment,
the multi-AUVs may need to arrive at the mission area by different paths, and then the
multi-AUV system needs to be divided into several subgroups. In this paper, the multi-
AUV system is decomposed into M sub-formations. Each sub-formation contains one
leader, and the kth sub-formation contains Ny AUVs. The first Ny AUVs belong to the first
sub-formation with the leader N 4 1; the N AUVs belong to the second sub-formation with
the leader N + 2; the rest of the Nj; AUVs belong to the last sub-formation with the leader
N + M. The number of AUVs in each sub-formation has to satisfy the following equation

M
) Ny=N.
k=1

Consider the formation control problem for a multiple stochastic AUV system
with Markovian switching topologies and multiple leaders based on the AUV dynamical
Equation (3), the dynamics of the AUV i are described by

pi = v, i€E

v; = Ui(t) + f(pi,vi,t),i € E 19
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where )
U; = x(g) + n(c);
f(pioit) = F = J)M ™',

pi = [xi,vi,2i, 6, @i T is the position state of the ith AUV, and v; = [i;, 7;, W;, G, T’i]T is the
velocity state after the coordinate transformation, respectively,

fpivit) = [filpivit), -, fs(pioi )]’

is a continuously differentiable nonlinear function.
The dynamics of the leaders can be described by

f’lj = vlj/ ]EO

. . 19
v = f(Plj,vzj, t),] €0 19)

where

f(plj/ vy}, f) = J(n)M; @)
T
is a differentiable nonlinear function. p;; = [xl]-, Yij, 21, 91, gol]} is the position state of the

T
jth leader, v; = [ﬁl i, 01j, @1, qijs T’l]} is the velocity state after the coordinate transforma-
tion of the jth leader,

f(l’ljrvljr f) = [fl (Plj/'vzj, f),~ o f5 (szlvzj, t)] !

It should be pointed out that the trajectories of the leaders are determined by the
actual marine survey mission and the ocean environment, and the motions are assumed to
be independent of that of other follower AUVs.

Next, we have the following definition:

Definition 1. All AUVs in the multiple stochastic AUV system (18) and (19) converge to their
respective leader’s trajectory if there exist fixed consensus gains Ky, Ky such that for any given
initial data p;(to), vi(to), pi(to), vii(to) and initial distribution of 7;;(to) and r(to),

lim E \ pi(t) = py(t) = pi* \2> =0 20
tim E ( [[o(t) - v,]-(t)Hz) —0

forVi € N;, j = N +1i, where p;* is the desired constant relative position vector between each
AUV i and the leader j.

To solve the above formation control problem, we give the following assumptions
and lemmas.

Assumption 1. The union of communication graphs is balanced and contains a directed spanning
tree rooting at each leader.

Assumption 2. For the follower AUV i, the sum of all communication coefficients of the other sub-
formations that can exchange information with the AUV i is zero, i.e., } i, aij = 0,N; represents
the ith AUV’s neighbor set in the other sub-formations.

The below Lipschitz condition [43,45—49] has been widely used to limit the unknown
and bounded nonlinear functions.
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Assumption 3. The nonlinear continuous Lipschitz function f(-,-,t) is assumed to satisfy the
following inequality: ) )
1f (i i t) = f(pjroj, )| < hei — (21)

where f(pi,vi,t) = [ 0 f(pi,v;,t) }T, Iy > 0is a constant.

Lemma 1 ([50]). Let Sy, Sy, S3 be given matrices such that S; > 0. Then

| S S
s_[SZT 83]>0 22)

if and only if S3 — s{s;ls2 > 0.

Lemma 2 ([51]). For M-matrix L, there exists a matrix A = diag{e, e, --- ,en} > 0 satisfying
LTA + AL > 0,and [e1,e5,-- - ,en]T = (LT) 1y

Lemma 3 ([52]). Suppose that f(t) is F— measurable and that E (f(t)d (1{,(t):i})) exists. Then
foranyi € S,

E(F(0d (140 )) = ]21 B (£ d(®)) +od()

Lemma 4 ([53]). Consider a stochastic differential equation

de(t) = f(t,e(t),r(t))dt + g(t, e(t), r())dx(t) (23)

where r(t) obeys a Markov process, and x(t) is the standard Brownian motion, for a positive
definite V (¢, e(t)) satisfies Vi(t,e(t))1,(1)—iy = V (t,€(t)), the infinitesimal differential generator
is defined as

LIEVi(t,e(t))] = E{ [awg;(f)) | Welt)) ¢
2 €
T P I ST o

n
+ .21 i EVi(t)
j:

3. Main Results

In the complicated ocean environment, the AUV’s actuator may malfunction. For the
ith follower AUYV, the actuator fault model is established as follows [27]:

uf (t) = pi(H) Ui (t) (25)

where random variable 0 < p;(t) < 1 represents the unknown efficiency control input of
the ith AUV with E[p;(#)] < @,0 < @ < 1, p(t) = diag{p1(t), p2(t),--- ,pon(t)}. In this
paper, we assume that the leader AUV in each sub-formation is fault-free.

Noting that the AUV propulsion system will be affected by the random ocean noise,
and the position and velocity state information received by the AUV from its neighbors will
be attenuated to a certain extent, it is important to take the impact of noise into account.

Based on the above analysis, the formation control consensus protocol can be de-
signed as
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U;(t)
=k 2 )az-ja)((pi(t) —p1) = (pi) - p}))
JEN(t
+die((pi(t) — p}) — pi())]
—’YK—z jez\%(t) aij(t) (vi(t) — vj(t)) +du(vi(t) — v (t))] 26)
ol T ai () ((piH) = p7) = (i) = ) )
4 ((pi(t) — p7) — p(£))]8(1)

—oa | X ai(t) (vi(t) —vj(t)) +di(vi(t) — o (t))]9(t)

_]€Nj(t)

wherei € E,k € 0,7 > 0,K;, K, € R are gain matrices to be designed, 7 and o»
represent noise intensity, 4;;(t) represents the weight of the noise in the information channel
of the state variable at time f from the information sending AUV i to the information
receiving AUV j,

|
Ny

n
W= ) @ A==, i F
=T

W= [ 4],

similarly, d; denotes the weight of the noise in the information channel of the leader AUV,

D = diag{dy,d,- -+ ,dn}, C = W+ D. 9(t) is the measurement noise satisfying

/(: 9(t)dt = x(t)

k(t) is a one-dimensional Brownian motion defined in total probability space (Q}, F,P).
The communication topology among agents is described by a randomly switching

graph: G = (V,¢(t), A(t)), which is governed by a Markovian chain r(t) with the state

space S = {1,2,- -, n}, the transition probability matrix IT = (71;;) € R"*" is given by:

7T,']’l’l+0(h), i 7&]

. 27
1+7Tiih+0(h), 1=7 ( )

Pt 1) = lr(t) =) = {

where h > 0, 71;; is the transition rate from i to jif i # j, 7t; = — ) 7;; [54].
J#i

This paper considers the Markov process r(t) ergodic, and the invariant distribution is
T
T = (71—1,... ’7-[5)

for all n possible communication graphs G € (g(1>, G2 ... Q(”)) with G() = (V,e(i) (1),

Al (t)) , respectively, N;(t) represents the neighbor’s set of the ith AUV. The union com-
munication graph is defined as

¢=U_,9" = (UL 0. U A0) (28)
and the Laplacian matrix of communication graph G(t) is defined as L(t), we have
L(t) € {L1, Ly, -, L3} (29)

where L; is the Laplacian matrix of communication graph G®. The union of Laplacian

n
matrix is denoted by L = }_ L. The M sub networks of G on V; = {01,02,~ . ~ij} is
k=1

denoted by gj ,j=1,2,---,M, and similar notations will be held for G ].(k).



J. Mar. Sci. Eng. 2023, 11, 159

10 of 23

In this paper, we assume that the stochastic processes r(t) and x(t) are independent
of each other. According to the control protocol (26), the factors affected by noise in
underwater acoustic communication are reflected in the form of state measurement error in
the control protocol, which is beneficial to the effectiveness analysis of formation control.

Set

2(t) = [(m ()~ p)palt) — p3)s (o ()~ )]
{(t) = [o] (1), 0] (6), 0F ()]

gl(t) = [ lN-H(t)’ v ITN+£t P1N+2(t "/PZTN+£t)f
o fP1N+M( )oee 'P1N+N£t }

£ = [ofnad D) oD o a8, ol (),
e B ()]

f(pa(t),o1(),t)

f(le( ) le(t) t)

f(pnia(h), Z’N1+1(,t)/t)
f(pN1+N2(t)r'vN1+N2(t)rt)

f(PNfNMH(t)r'vaNMJrl(t)'t)

i f(pn(t),on(E) 1)
where &'(t) € RN, !(t) e RN, p[ (), i =1
vgNH(t), i=1,---,Min{!(t) is repeated N; times,f(p(t), v(t),t) is repeated N; times too.

The system (18) and (19) can be expressed in a structured form as:

g(t) = ()
4(t) = —((L(t) + D) ® p(t)¥K1)S ()
@ p(t)orls)¢ ()C(Z)(

—(C
E(L(t)+Dk)®P( TK2)6(t)
Dy ®

-, M in g'(t) is repeated N; times, and

)
¢(t) (30)

C®p(t)orls){(t)
+( p(H)K1)E (1) + (Dr ® p(H)K2) ' (£)
+(D ®pt¢7115) ()& (t)
+(D®p(t) (7215) ()2 (t)
+E(p(t),0(t),t

where Dy = diﬂg{dlk,dzk,‘ .- ,de}, k=N+1,---,N+ M.
Let pj;(t) = pi(t) — puc(t) — p;, 01i(t) = v;(t) — o (t), i € E, k € O, and the system
can be written in the following equations associated with the error dynamics:

?Zi(f) = oy;(t),

o;(t) = —p(t)yKy ¥ hypu(t) —p(t)yKe T hioy(t)
jeNi(t) jeNi(t)
—p(t)n0(t) ¥ hiipu(t) —p(t)oad(t) Y hijoy(t) 1)
jeNi(t) jeNi(t)

+F(pi()) = p,0i(0), 1) — £ (1 (0), 030 )

where [hij]NXN = Hk = L(t) + Dk/ [flij]NXN =C=W+ D.
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Set .
e(t) = [l k()]

= |[Pho a0 [l o]

The systems (18) and (19) can be recast in the following compact form:

T

de(t) = [(In® A)e(t) — (Hy @ 7Ky)e(t)

+F(p(t),v(t),t)]dt — (C ® Ka)e(t)dx(t)

| 0s Is _ | 05 Os

A[05 05]'3{05 15}

Lo wb
et ls  p(t)onls

(32)

where

0s
f(py =Pl o) *f<Pl,N+1rUl,N+1rt)
0s
f(”N1 - P}k\llfz’lef) *f<P1,N+1fZ’l,N+1't>
0s
f(PN1+1 - P?\11+1f”N1+1/t) *f<P1,N+2fv1,N+2f t)
: (33)
(0
f(pN1+N2 - val+Nz/vN1+Nz/t> *f(Pz,N+2/U1,N+2/ t)
05
f(prNMJrl - p;f\lfNMJrl'vaNMJrl't) - f(pl,N+M’vl,N+M't)
0s
flpn —pRoont) — f(pl,N+M'vl,N+M't)

By applying the properties of the elementary matrix, the following relationship can
be obtained

P Osn )
EF={( . (34)
( E(p(t),v(t)t)
where
Is 0s 05 05 -+ 05 05 05 05 Os
Os 05 05 Os --- 05 Os Os Is Os
0s Os 0s Os -+ 05 Is Os Os Os
0s 05 05 Os --- Is 05 05 Os Os
Os 05 O5 O --- 05 05 Is 05 Os
0s Os 05 Os --- 05 05 05 05 Is

is an elementary matrix.

Lemma 5. For communication expectation matrix E[L(t) +Dy], there exists a matrix A =
diag{ey, e, -+ ,en} > OsatisfyingE[LT (t) + D] A+ AE[L(t) + Di| > 0,and [e1, €5, - - - N
= (E[L(1)]) '1n.
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Proof. According to literature [55], when Y = [eq,ea,--- ,en]" is the left eigenvector of E[L(t)]
associated with eigenvalue A = 0, the generalized graph Laplacian potential can be defined as follows

V=3 ?
L=, ol a) (35)
= el (E[LT(t)]A+ AE[L(t)])e
From Assumption 1, it is apparent that

A =diag{ey, ez, -+ ,en} >0, (36)

although the matrix E[L(t)] does not satisfy the M-matrix condition. Not all a;; in the adjacency
matrix are greater than zero when i # j, but according to Assumption 2, for element a;j, which

is less than zero, there must exist aj, ag = —aj; in matrix E[L(t)] such that e;a;;(ej — si)z +
eitj (&j — el-)z = 0; this yields that

e (IE [LT(t)}A+AE[L(t)})e >0 (37)

and according to the definition of Dy, we have
el (DA + ADp)e > 0, (38)

thus, we deduce
IE[LT(t) +Dk}A+AE[L(t) + Dy > 0. (39)

Our study is motivated by the M-matrix results in [55], where the M-matrix L satisfies
Lemma 2. While the result in Lemma 5 is similar to the conclusion based on a non-M
matrix, which generalizes the properties of the matrix.

Theorem 1. Consider the multiple stochastic AUV formation system (32) consisting of M leaders
and N followers, the switch topologies are G W g2 ... ¢ Under Assumptions 1, 2 and 3,
the formation control problem of system (32) can achieve consensus if there exists real matrix P,
such that

AP+ PAT +ayP — cgPP —byBBT P
P 17| <0 (40)
€0
N T
where ag — wffzz/\max(c) 20y, bo = co"r)xmm(IE[Hk]A+AE[Hk])/ o > 0.

max(5)
Proof. Fori € S and the Markov process r(t), construct the function candidates
Vi(t) = € (1) (A @ P~ ) e())1r(0) (41)
then the Lyapunov functional candidate is
V() =€ () (Ae P )e(t) (42)

Constructing the Lyapunov expectation equation [56]:
n
E[V(8)] = ) P{r(t) = }[V())[r(t) = i] (43)
i=1

By Lemma 4, the infinitesimal differential generator along (32) is given as
CIEV(H)] = 5 P{r(t) = YE{T (1) (A P~")e(t) + €7 (1) (A @ P)2(t) "
i=1
+Trace [sT(t)(c ®BKy) (A@ P ) (C BKz)e(t)] }

where:
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z(t) = (In® A)e(t) — (He @ vBKy)e(t) + F(p(t), v(t), 1)
and consider:
E [Tmce [eT(t) (C®BKy) (A PY)(C® BKz)e(t)] } 5)
< @03 Amax (C)E[€T (£) (A @ P~ 1) ()]
Let -
5 Us | _ pTp-1
|:Kl KZ}_BP (46)
we can obtain
E{z"(t) (A@ P )e(t) +eT (1) (A® P71)z(t)}
=E{I(t)[A® (P'A+ATP 1+ waZAmax(C)Pfl)}g(t) n
—el () [y (HTA+AHk) @ @(P~1BBTP~1)]e(t) “7)
+2el (1) (A @ P1) E(p(t),o(t), 1)}
According to Assumption 3, when f(-,-,t) satisfies Eq. (21), we have
267 () (A @ PV ) R(R(1),3(1), 1) < 2he (1) (A @ P~ )e(t) (48)
From Lemma 5 and the properties of p(t), we obtain
E e (t)[(H{ A+ AH) @ @(P7'BBTP~1)e(t)]
= oE[e! (t)[y(HI A+ AH) ® (P~1BBTP71)]e(t)] (49)
> DB BT (1) (A o P1BBTP et
max 6]'
From (45), (47), (48) and (49), we obtain
LIEV()] = E{eT(t){A®@}e(t)} (50)

where
O=P A+ ATP ' 4 40P~ —pyP 'BBTP!

@03 Amax(C) + 211 = ay, max(c]
]

@Y Amin (E[H{|A + AE[H,]) _ by

According to Lemma 1, it can be concluded that if matrix inequality (40) is achieved, then

LIEV(H)] <0

(51)

In summary, if the conditions in Theorem 1 hold together, the fault-tolerant multiple stochastic
AUV system under Markovian switching topologies and multiple leaders attains formation control.

The proof is completed.

According to Theorem 1, the design steps for the parameters in the control protocol (26)

are as follows:

Step 1: Determine the structure of switching networks and communication topology prob-

ability transition.

Step 2: According to Lemma 5, solve matrix A = diag{ej,ep,--- ,en} by equation

[61162/ o /eN]T = (]E[L(t)])illN

Step 3: Determine the noise and fault model, and choose the appropriate parameter /;

satisfying || f (pi, vi,t) — f(pj,vj,t) || < hi|lei —¢j-

Step 4: Choose parameters v, ¢o, calculate parameters a, by, solve matrix inequality (40),

and compute the positive matrix P.
Step 5: Compute the feedback matrices Ky, K, by equality (46).
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In the control protocol (26), 7 is an adjustment parameter. In general, the bigger 7 is,
the faster the system (32) converges [57]. The feedback matrices K; and K, depend on the
union matrix L, which represents the global information of the communication. In [49], a
fully distributed protocol was proposed under the directed graph. In the future, we will
try to design a controller that only relies on local communication information to realize
formation control under switching topology.

After comparison with previous references [11,44,47] on formation control in multi-
AUV systems, the innovations of this paper include the following two points. Firstly,
this paper studies a multiple stochastic AUV system, considering the general case that
the dynamic equations of an AUV include a Brownian motion. Secondly, the topology
switching satisfies a stochastic Markov process. Each AUV’s communication topology
can be randomly chosen from several preset possible topological graphs according to the
probability. Therefore, the paper focuses on the formation control problem where two
independent stochastic processes exist in the multi-AUV system. However, there are few
studies on the formation control problem of two stochastic processes coexisting in multi-AUV
systems in previous literature.

Compared with the existing results [1,3,16] on multi-AUV systems, the group forma-
tion and the effects of actuator faults have been considered in this paper. A fault-tolerant
control strategy is presented by designing the union communication topology and selecting
a Lyapunov expectation equation.

It should be mentioned that the Lyapunov function in Theorem 1 is constructed by
taking into account the above two stochastic processes, and the formation control stability
is proved by the Lyapunov expectation equation and infinitesimal generator.

4. Simulation

In this section, the numerical example is given to test the effectiveness of the proposed
algorithm, and the numerical results are compared with those obtained by the control
method proposed in reference [58]. Consider a multi-AUV system with six AUVs and
two leaders divided into two sub-formations. The parameters of the leader AUV model
are adopted from [59], and the parameters of the follower AUVs model refers to [42]. In
addition, we assume that there are 10% uncertainties in the physical parameters of the
AUV, that is, the nominal model parameters are reduced by 10% compared to the real
parameters. Suppose the constant current is 1, = [0.2,0.2,0] m/s, there are no obstacles in
the simulation environment, and the leader AUV in each sub-formation is fault—free.

The initial value of the leader in each sub-formation has been listed in Table 2. The
initial locations of the follower AUVs are randomly distributed in the three-dimensional
space [—200,200] x [—300,200] x [0, 60], and the initial value of velocity is zero. The initial
value of pitch angles of the followers AUVs are set in the interval [—0.4,0.4], yaw angles
are in the interval [0, 4], and the simulation time is 2500 s. In order to simulate the motion
of AUV more practically, the control input of each AUV is restricted. The thrust amplitude
is 1000 N, and the rudder angle amplitude is 35°.

Table 2. The leaders’ initial value.

State Value State Value
x71(0) 150 m up(0) 0.75 m-s~1
y11(0) —250 m v;1(0) Om-s~!
z11(0) 10 m w1 (0) Om-s~!
61(0) —711/36 q1(0) Orad-s!
¥11(0) /2 r11(0) Orad-s~1
x12(0) 20 m u(0) 0.75 m-s~1
y12(0) Om v12(0) Om-s!
z12(0) 8m wp(0) Om-s~!
6,2(0) —1/36 q12(0) Orad-s!
¥12(0) /2 712(0) Orad-s~!
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The interaction topologies randomly switch between G following the Markovian
chain r(t) with the state space S = {1,2,3}, and the topologies are shown in Figure 3.
D7 = Dg = diag{1,1,1,1,1,1}, D = diag{1,0,1,0,1,0}, and the generator are chosen as

2 1 1
m=( o -1 1 (52)
1 0 -1

the initial distribution of the Markov process is given by its invariant distribution 7= =
(1/8,1/2,3/8)", and by calculating E[L()] = §L; + 1L, + 3 L3, it gives

Amin (E {HkT } A + AE[H,]) = 1.7225.
Consider the nonlinear functions:

0.05 tanh(v7) — 0.05 tanh (v )
0.01 cos(p2 — p3) — 0.01cos(p1)
0.015sin(p3 — p3) + 0.2 tanh(v3)

—0.01cos(ps — p;) + 0.01 cos(pr2)

—0.2tanh(vs) + 0.2 tanh(v,)

0.015cos(pe — p¢) — 0.35 tanh(ve)

(53)

Clearly, the function F satisfies Assumption 3.

Figure 3. The network topology graphs.

Set
pi = [0,0,0,0,0]", p5 = [80,—80,0,0,0]"
ps = [80,80,0,0,0]", p; = [~80,-80,0,0,0]"
pi = [-80,80,0,0,0]", pi = [0,0,0,0,0]"
and take

[Ifl]] =L1+L+L; C= L1+L2+L3+D, Iy =0.1225
o1 = 0.0523, 0o = 0.3586, @ = 0.75, a9 = cg = 1.0295, by = 4.8740, v = 1.8.
The actuator fault is considered as follows: the actuator of AUV 1 broke down at
1500 s-2500 s with p; (t) = 0.6 + 0.4 exp(1500 — t), the actuator of AUV 5 broke down with

p2(t) = 0.85+ 0.15exp(t), and the actuators of other AUVs are normal. In view of Theorem
1, the consensus gains are solved as:
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0.039% 0 0 0 0
0 0039 0 0 0
Ky = 0 0 00396 0 0
0 0 0 00396 0
0 0 0 0  0.03% |
08074 0 0 0 0
0 08074 0 0 0
K, = 0 0 08074 0 0
0 0 0 08074 0
L0 0 0 0 08074 |

Table 3 shows that the larger the value of parameter -, the faster the multiple stochastic
AUV system converges, so we select the parameter v = 1.8.

Table 3. The formation convergence time corresponding to different values of parameter 7.

Parameter v K7 and K, The Time of Forming Formations

Formation 1 Formation 2

v=18 K; =0.039615, K, = 0.80741I5 About 3.7 min About 7.8 min
y=12 Ky = 0.06181I5, K, = 0.78871I5 About 4.6 min About 9.6 min
v=06 Ky =0.085715, Ky = 0.836015 About 5.3 min About 12.4 min

The desired paths for the leaders are two helical curves and expressed as:

x17 = 80 cos(0.0027t) +200,0 < t < 2500
Y17 = 80sin(0.0027tt) — 200,0 < ¢ < 2500
z;; = 0.2t 4+ 30,0 < t < 2500

—t+50,0 < t <50

0,50 < t < 200

Y18 = 0 25¢0s(0.00177( — 200)),200 < t < 1950
-25,1950 < t < 2500
t—100,0 < t < 100

yig = { 1.2t —120,100 < t < 200

255in(0.00177( — 200)),200 < £ < 2500
218 = 0.2¢ +30,0 < t < 2500

Figure 4 shows the Markovian states of switching topology. Figures 5 and 6 plot the
stochastic noise, which is a Brownian motion x(t), and the distribution ¢(¢) is normal.
Using the above-mentioned control parameters, Figure 7 presents the position states curves
of a multi-AUV system. It can be observed that the follower AUVs 1, 2 and 3 could track
the position states of leader 1 and asymptotically approach those of leader 1’s desired path.
The follower AUVs 4, 5 and 6 could track the position states of leader 2 and asymptotically
approach those of leader 2’s desired path. Figure 8 describes the trajectories of the multi-
AUV system with two leaders in three-dimensional space, which shows that the AUV in
the same sub-group can reach a consensus with switching topology and stochastic noise
through control protocol (26). In Figure 9, one can obtain that the follower AUVs in the
same sub-group can form and keep an equilateral triangle formation. In addition, the
tracking errors between the leaders and the followers are given in Figures 10 and 11. It
can be seen from Figure 10 that the position tracking errors eventually converge to zero
after about 500 s. In Figure 11, the velocity tracking error curves oscillate strongly before
formation convergence, which is caused by the change in the motion state information. It
is generated by the topological switching process, the influence of the external nonlinear
disturbance, and the effect of random ocean noise.
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Figure 7. The position states of a multiple stochastic AUV system.
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Figure 8. Three-dimensional trajectories of a multiple stochastic AUV system.
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Figure 9. Position trajectories of a multiple stochastic AUV system.
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Figure 10. The position tracking errors of a multiple stochastic AUV system.
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Figure 11. The velocity tracking errors of a multiple stochastic AUV system.

In the study, we compared the proposed control method with the methods proposed
in [58], which studied path tracking control for multi-AUVs considering sampled-data
delays and packet losses, to show its effectiveness in dealing with random ocean noise
and actuator faults. The sampled-data delays and packet losses are omitted, and the noise
and the effect of the actuator fault are added into the path-tracking control method in [58]
in order to facilitate the comparison. All other simulation conditions are kept consistent
with those in this paper. Figure 12 shows the three-dimensional trajectory of the multi-
AUV system. Figures 13 and 14 show the formation errors of follower AUVs. It can be
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seen that there exist large deviations for the formation position and velocity tracking
errors of follower AUVs, which means the leader AUVs of each sub-formation cannot be
tracked well by the follower AUVs. Therefore, the above simulation results bring about
the conclusion that the proposed control protocols in the paper are valid for multi-AUV
system formation control.

AUV L1
AUV L2
> AUVLI
>  AUVL2
» AUV 1
* AUV 2
. [ ] AUV 3
¢ AUV4
* AUV 5
o [ ) AUV 6
200
£ 300
N
400
500
200
600 -
400 B
300 200 100 0 -100 -200 " +

Y/m

Figure 12. Position trajectories of a multiple stochastic AUV system in a contrastsimulation.
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Figure 13. The position tracking errors of a multiple stochastic AUV system in a contrast simulation.
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Figure 14. The velocity tracking errors of a multiple stochastic AUV system in a contrast simulation.

5. Conclusions

This paper provides a study on the fault-tolerant formation control problem for a
multiple stochastic AUV system with Markovian switching topology. Using the theory
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of coordinate transformation and differential manifold, the control input and external
disturbance of the AUV system are transformed, which is more conducive to the design of
the controller and the effectiveness of the formation. In addition, the control protocols with
stochastic items and multiple leaders are proposed. The random processes are dominated
by the communication Markov process and the Brownian motion of noise, which are
independent of each other. The study employed the mathematical expectation function and
infinitesimal generator, which contributes to the establishment of some consistent results
for the formation control of multiple stochastic AUV systems. Finally, the simulation was
performed to verify the effectiveness of the proposed control strategy. Future studies on
the formation control for a semi-Markovian jump multiple stochastic AUV system with
an event-triggering communication strategy will be conducted.
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