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Abstract: This paper proposes the penetration displacement solutions of large-diameter open-ended
steel pipe piles (LOSPs) with the diameter exceeding 2 m subjected to hammering load. The ultimate
forcing equilibrium relationships between LOSP and soil are analyzed, and the calculated formula
for self-sinking depth is derived. Next, a partial differential equation of pile hammering by single
blow in soft soil is developed based on wave equation incorporating the kinematic method. A
dynamic coefficient of frictional resistance (DCFR) is implemented in the process of derivation, and
then the displacement Fourier analytical expression of LOSP under hammering load is presented.
The parameters sensitivity of the analytical solution is investigated, and the displacement curve is
compared with the numerical result. The new method presented in this paper could be used to assess
the penetration development of driven piles under impact loading to predict the punching through
or hammer refusal during penetration.

Keywords: large-diameter open-ended steel pipe pile (LOSP); hammering penetration; displacement
solution

1. Introduction

Large-diameter open-ended steel pipe piles (LOSPs) with diameter exceeding 1 m are
often used in offshore engineering and are generally installed by the driving hammers. In
terms of driven piles, i.e., LOSP, hammer refusal and punching through may unfortunately
occur during driving, and these may result in accidents or failures during installation [1].
Therefore, drivability analysis is implemented in the design stage, and typical drivability
analysis methods are usually implemented based on one-dimensional wave theory, such as
using the GRLWEAP software [2,3]. During dynamic penetration, the pile generates inertial
forces, and the soil is compressed in a way that produces transverse deformation. The stress
wave generated by the hammering load is transmitted along the shaft to penetrate the pile
into the soil. When it encounters the soil inside the pile, it generates a transverse Poisson
effect on the magnitude of the shear stress between the pile and soil [4]. If the difference in
impedance between the pile and the soil inside the pile is neglected, and the displacement
and deformation compatibility between the pile and the soil are perfectly maintained,
the transverse shear wave can also be completely neglected [5]. Therefore, shear waves
are commonly neglected in studying the hammering penetration of LOSPs. This kind of
ignorance provides an implementable framework for the application of the one-dimensional
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wave equation during drivability analysis for open-ended piles. However, the theoretical
basis of these approaches is the discretisation of the object and the empirical value of the
associated dynamical parameters, which often causes systematic errors and consequently
inaccurate analysis results [6–14]. For open-ended piles, the soil-plugging effect is another
key concern, but it tends to occur relatively infrequently for LOSPs dynamically driven into
the soft soil due to the inertia forces during driving. Therefore, the focus of the drivability
analysis is on the transfer of stress waves along the pile shaft during driving and the
resistance of the soil around the pile which is called soil resistance during driving, while the
displacement behavior of the pile under hammering load is not the main focus of this study.

On the other hand, load transfer method is a common way to analyze the pile subjected
to axial loads [15], which could predict the load-displacement response and ultimate
resistance of the pile [16]. Recently, this method has been improved to determine various
types of pile [17–20]. For instance, the University of Western Australia (UWA) and the
Norwegian Geotechnical Institute (NGI) have compiled a database of high-quality pile
load tests in sandy and clay soils, and it is now known as the “unified” database [21].
Lehane et al. [19,21] used this “unified” load-displacement curve database to calibrate the
relationship of load and settlement based on cone penetration test (CPT), which can be
used to estimate pile displacements under dynamic axial loads. In addition, Xu et al. [20]
indicated a steep decrease in the vertical load-displacement curve in the 1 g model test
while driving an open-ended pile in soft soil. When the vertical load, Pt, is applied on
the pile top at time t, the response resistances of the pile shaft and pile end are Ps and
Pb, respectively [22]. And then, the piles tend to overcome the soil resistance to penetrate
downward. Generally, the penetration displacement of the pile can consist of the shaft
displacement (ws) and pile end displacement (wb), respectively. If pile compression is
not considered under axial load at a given moment, the total displacement of the pile is
wt = wb = ws, where wt is the displacement of the pile top. In this situation, the pile is
assumed to be rigid (no pile shaft compression occurs), and therefore, at any given moment,
the pile tip load Pt is equal to the sum of the loadings transferred to the pile shaft (Ps) and
the pile tip (Pb). However, the load-displacement relationship of LOSPs under hammering
loads has not been thoroughly discussed.

This paper analyses the forcing limit equilibrium relationships for self-sinking and
hammering loads during the installation of the LOSPs. A solution for estimating the
self-sinking is proposed. The inertia forces are then introduced to formulate the ultimate
equilibrium partial differential equation for the LOSPs under hammering loads in the
framework of wave theory. Finally, the Fourier analytic solution for the displacement
of the LOSPs under single hammering blow is solved. For LOSPs, the sensitivity of the
parameters in the solution expression was investigated and discussed. The calculated
displacement curve of LOSP is compared with the result of numerical simulation. This
study provides a simplified approach to determine the penetration to provide a simple
method for estimating hammer refusal and punching through of LOSPs during driving.

2. Self-Sinking Penetration of LOSPs

At the beginning of installation, the driven pile will sink into the soil for a certain
depth due to its own weight until it reaches equilibrium (a process known as self-sinking
equilibration). The accurate assessment of the self-sink depth is critical for safe attachment
of piles and the following driving operations. Assuming this process does not cause soil
plug effect for LOSPs, the force distribution of the pile is shown in Figure 1. When the pile
self-sinks until it comes to a standstill, the pile-soil static ultimate equilibrium relationship
could be expressed as

fs_outerπDhp0 + fs_innerπdhs0 + qtip

(
πD2

4
− πd2

4

)
= γp

(
πD2

4
− πd2

4

)
L (1)

where fs_outer and fs_inner are the shaft frictional resistance of the inside and outside of the
LOSPs, respectively; qtip is the pile tip resistance; γp is the volume weight of the pile; D
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and d are the external and internal diameter of the piles, respectively; hp0 and hs0 are the
heights of the soil inside and outside the pile after it self-sinks, respectively. By solving the
above equation, the self-sinking formula of LOSPs could be obtained as follows:

hp0 =

(
1
4
(
γpL− qtip

)(
D2 − d2

)
− fs_innerdhs0

)
/( fs_outerD) (2)
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Assuming that fs_outer = fs_inner and hp0 = hs0, the above formula could be simplified as

hp0 =

(
1
4
(
γpL− qtip

)(
D2 − d2

))
/( fs_outer(D + d)) (3)

If the wall thickness of the pile is denoted as tc, then D = d + 2tc, which gives

hp0 =
γpL− qtip

2 fs_outer
tc (4)

Hence, the self-sinking depth can be approximated using a few easier-to-obtained
parameters, i.e., wall thickness, pile length, pile volume weight, and the pile tip and shaft
resistances. By ignoring the pile tip resistance, a more simplified formula is given as follows:

hp0 =
γpL

2 fs_outer
tc. (5)

3. Partial Differential Analysis of LOSPs under Hammering Load

When a pile hammer strikes a pile at its top, the stress wave is generated and transmit-
ted longitudinally along the pile body as shown in Figure 2, resulting in the penetration of
the pile to the soil. One-dimensional wave equation is a suitable approach to analyze this
process. Assuming isotropic property of the pile body, the basic wave-governing equation
for a pile subjected to impact loading is listed as follows [23]:
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∂2u
∂t2 = c2∇2u, (6)

where u(x, y, z) is the displacement in the x-, y-, and z-directions; ∇2 = ∂2/∂x2 + ∂2/∂y2 +
∂2/∂z2 is the Laplace operator; c is the wave speed if one-dimensional wave propagation
is assumed, in which c =

√
λ + 2Gp/ρ for the compressional waves and c =

√
Gp/ρ for the

shear waves; Gp is the shear modulus of pile; ρ is the density of pile; λ = µE/(1 + µ)(1− 2µ).
The elastic wave velocity is calculated as c =

√
E/ρ. Thus, the above equation can be

simplified in the framework of one-dimensional wave theory as follows:

∂2u
∂t2 = c2 ∂2u

∂z2 . (7)
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Figure 2. Load transfer of LOSP under hammering load.

The pile tip resistance is disregarded for the open-ended piles [24], and the dy-
namic equilibrium differential equation of the pile under a hammering load is presented
as follows:

ρ
∂v(z, t)

∂t
− ∂σz(z, t)

∂z
= 0 (8)

where v(z, t) is the stress wave velocity along the pile shaft, and σz(z, t) is the axial stress.
According to the elasticity theory,

σz(z, t) = Eεz(z, t) (9)

where εz(z, t) is the axial strain of the pile. Substituting Equation (9) into Equation (8)
results in
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ρ
∂v(z, t)

∂t
− E

∂εz(z, t)
∂z

= 0 (10)

In addition, v(z, t) = ∂u(z, t)/∂t and εz(z, t) = ∂u(z, t)/∂z, respectively. Therefore,
Equation (10) can be expressed as

∂u2(z, t)
∂t2 − E

∂u2(z, t)
∂z2 = 0. (11)

The Dirichlet boundary conditions are u(0, t) = A∆lln(t + 1)/ln(t0 + 1) and
u(L, t) = B∆wln(t + 1)/ln(t0 + 1), where ∆w is the pile penetration; ∆l is the sum of
the pile compression and penetration; t0 = L/c, and A and B are constants. The Neumann
boundary conditions are u(z, 0) = 0 and ∂u(z, 0)/∂t = 0.

When the LOSP is loaded by the hammering loading, the longitudinal waves are
applied in the pile body, and the transverse shear waves and longitudinal constrained
waves exist in the soil inside the LOSP. To build a simplified analytical model, the effect
of transverse shear waves in the soil inside the LOSP is ignored regardless of whether the
soil plug effect occurs, at which point only longitudinal compressional stress waves exist in
both the pile and the soil inside the pile under the hammering load. During hammering
penetration of LOSP with thin wall, the pile tip resistance is a minor contributor to the total
resistance. Thus, the tip resistance was ignored in the process of establishing the wave
equation of LOSP under a single hammering blow. Alternatively, the physical mechanisms
of the LOSP soil under hammering load in the case of no soil plugging and full soil plugging
need to be considered separately in the theoretical analysis. As illustrated in Figure 2, under
the hammering load, stress waves are transferred along the pile body and the inner and
outer sides of the pile are subjected to frictional resistance. The inertial effect of soil could
be considered in a dynamic situation. Thus, an inertial factor ξ = asoil/g was formulated
in this partial differential derivation, where asoil is the acceleration of the soil inside the
pile, and this magnitude increases with soil plugging. When full soil plugging occurs, the
displacement between the pile and the plug is completely coordinated, and now the inertia
factor [25] is ξ = a(t)/g, where a(t) is the acceleration of the pile at moment t. Hence, the
wave equation that accounts for the shaft resistance is

ρ
∂2u(z, t)

∂t2 − E
∂2u(z, t)

∂z2 = ∑n
i=1 ξinneri DCFRinner(i) fs_inner_i

π(D− d)
ApL

hsi+∑n
i=1 ξouter_iDCFR_outer(i) fs_outer_i

πD
ApL

hp_i, (12)

where ξinner_i and ξouter_i are the inertia factors of the i-th soil layer, and the addition of the
character i to the parameter symbols is an indication of the i-th layer of the soil; DCFR is
the dynamic coefficient of frictional resistance; and Ap is the cross-sectional area of the pile.
The right-hand side of the above equation can be calculated as

M =
1
ρ

(
∑n

i=1 ξinner_iDCFR_inner(i) fs_inner_i
π(D− d)hs_i

ApL
+ ∑n

i=1 ξouter_iDCFR_outer(i) fs_outer_i
πDhp_i

ApL

)
. (13)

Then the partial differential equation is simplified as

∂2u(z, t)
∂t2 − c2 ∂2u(z, t)

∂z2 = M (14)

Thus, the problem is transformed into an inhomogeneity linear partial differential
equation with the same boundary conditions as Equation (11). An auxiliary function,
w(z, t) = (B∆wz− A∆l(z− L))ln(t + 1)/(Lln(t0 + 1)), is introduced which satisfies the
Dirichlet boundary conditions.

Introducing the function v(z, t) and letting

u(z, t) = v(z, t) + w(z, t) (15)
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a new format of wave equation can be obtained as

∂2v(z, t)
∂t2 − c2 ∂2v(z, t)

∂z2 = M− A∆l(z− L)− B∆wz
Lln(t0 + 1)

1

(t + 1)2 (16)

For the Dirichlet boundary, v(0, t) = v(L, t) = 0. For the Neumann boundary,
v(z, 0) = 0. Thus,

∂v(z, 0)
∂t

=
A∆l(z− L)− B∆wz

Lln(t0 + 1)
. (17)

The problem is then transformed into a problem of mixed inhomogeneity partial
differential equations with flush boundary. The Fourier series expression for this problem is

u(z, t) =
∞

∑
n=1

(
ϕncos

ncπt
L

+
L

ncπ
ψnsin

ncπt
L

+
1

ncπ

∫ t

0
fn(τ)sin

ncπ(t− τ)

L
dτ

)
sin

nπz
L

(18)

According to the boundary conditions and nonsimultaneous nature of the wave
equation, ϕn = 0. Therefore,

ψn =
2

Lln(t0 + 1)

((
A∆l − A∆l − B∆w

nπ
L
)

cos nπ − A∆l
)

(19)

and

fn(t) =
2

nπ

(
A∆l − B∆w
ln(t0 + 1)

1

(t + 1)2 cos nπ +

(
M +

A∆l
ln(t0 + 1)

1

(t + 1)2

)
(1− cos nπ)

)
(20)

Equations (19) and (20) represent an analytical solution to the displacement of the
open-ended pile stress wave under a hammering load, where A and B are constants.
When the pile is assumed to be a rigid body, ∆l = ∆w. The vertical displacement of
the pile accompanying stress wave propagation in the presence of resistance inside and
outside of the pile can be determined by substituting the corresponding resistance into the
analytical solution.

4. Parameters Sensitivity

Assuming that no soil plugging effect occurs during LOSPs driving and the pile is
a rigid body, and the soil inside and outside the pile are at the same height. The pile
displacement under a hammering load is calculated according to the analytical formula
(Equation (18)). Sensitivity analyses of the parameters in Equation (18) are conducted
based on LOSPs for internal diameters of 2, 4 and 6 m, separately. The specific calculation
parameters are shown in Table 1. The effect of pile compression is not considered during
the hammering process. Therefore, the effect of constant B does not need to be considered
in Equations (19) and (20). The sensitivity analyses of the proposed displacement equation
for LOSPs are shown in Figures 3–5.
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Table 1. Parameters of open-ended piles installed by impact loading.

Elastic modulus of the pile, E
(kPa) 2 × 108 Inner diameter of the pile, d

(m) 2, 4, 6

Density of the pile
(kg/m3) 7.63 × 103 Pile length, L

(m) 10 d

Wave velocity, c (m/s) 5119.7
Ratio between thickness of

pile wall and inner diameter,
t/d

0.015

Maximum number of
summations of Fourier

solutions, n
1000 DCFR 0.1, 0.5, 1.0

Constant A in
Equation (19) 1, 1000, 1,000,000

Shaft friction inside and
outside the pile, fs

(kPa)
40.0

Single hammer penetration
depth, ∆l

(m)
0.01

Average acceleration of soil
inside and outside the pile, a

(m/s2)

1 (Outside the pile), 10 (Inside
the pile)
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Although the type of curve oscillation did not vary, the decrease in the magnitude
of the constant A resulted in a significant jump down in the scale of the displacement
amplitude for LOSP under hammering load (for the case of D = 2 m). The constant A is
an empirical parameter and therefore requires more field data to determine the value. As
illustrated in Figure 4, the analytical solution is insensitive to the DCFR value. With no
soil plugging effect, the value of the DCFR for the LOSP during driving is relatively small
and therefore has less influence on the Fourier solution results. The increasing diameter of
the pile will reduce the penetration and will also change the shape of the vibration curve
under the effect of identical single hammering energy. The other parameters are the same,
indicating that for the identical hammering energy, the larger the pile diameter, the smaller
the penetration.

5. Comparison between Numerical Method and Fourier Solution

A finite element (FE) numerical model in ABAQUS/Standard incorporated with the
remeshing and interpolation technique with a small strain (RITSS) was built [26], which
is carried out on the effective stress analysis for axisymmetric pile impact driven into
saturated soil, as shown in Figure 6. The soil model had a width of 10d and height of 2hp
(where hp being the target penetration depth) to eliminate the boundary effects. The soil
within a distance of 2d longitudinally down from the pile tip and 2d laterally away from
the outside pile was finely meshed, and the element size gradually increased away from
the pile. In the region of penetration, the minimum size of the element was equal to the
wall thickness, and the maximum size was 30 cm. In the far region, the minimum size was
30 cm, and the maximum size was 1.5d. The boundary conditions were free vertically and
constrained laterally on the axisymmetric side and constrained in both directions in the far
boundary of the model. The element type of this numerical model is CAX4P. The essence
of the RITSS technique is to map the variables of the integration points of the deformed
elements into the remesh element in the finite element framework [27,28], thus enabling
a method for high precision analysis of large deformation problems, i.e., the pile-driving
process and spudcan penetration stimulation [29]. The numerical results were compared
to the solution curve calculated using Equation (18). The specific parameters values are
listed in Table 2. The numerical model was used to obtain the last penetration curve. The
comparative analysis is shown in Figure 7, which indicates that the two penetration curves
are similar in magnitude. However, the oscillation of the analytical solution curve is more
significant for two main reasons. (1) The single hammer load in the numerical model is
artificially divided into several steps to achieve convergence. (2) The number of time points
for extracting penetration data in the numerical model is not as high as in the analytical
solution because of computational cost constraints to reduce the cost of the calculation
without affecting the accuracy and overall trend of the displacement curve. In fact, the first
displacement peak of the numerical and theoretical curves is essentially the pile penetration,
as the theoretical results do not take into account the rebound of the stress wave from the
pile bottom and the corresponding resistance of the soil to the pile kickback, which is why
the larger displacement fluctuations of the pile occur after the first displacement peak in
the figure. In general, the theoretical Equation (18) can be used for rigid pile displacement
prediction under one blow. Considering the transmission of stress waves along the pile
body during driving, the curves of the first 2 s in the figure are the focus of interest.
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Table 2. Adopted parameters values for comparison analysis.

Parameters Values

Internal diameter of pile, d (m) 2.0

Wall thickness, tc (m) 0.03

Pile length, L (m) 20.5

Elastic modulus of pile, E (kPa) 2 × 108

Density of pile (kg/m3) 7.63 × 103

Average frictional resistance inside and outside the pile, fs (kPa) 35

Average acceleration of soil inside the pile (m/s2) 17.0

Average acceleration of soil outside the pile (m/s2) 12.1

Pile penetration by single blow, ∆l (m) 1.50

Pile penetration depth, hp (m) 20.02

Shaft resistance dynamic coefficient, DCFR 0.1

Duration of single blow (s) 19.79

Constant A in Equation (18) 65

Maximum number of summations of Fourier solutions, n 1000
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6. Conclusions

The LOSPs are widely used in offshore engineering and their driveability analysis has
been one of the focuses among the academia and industry. This study proposes a simple
approach to calculate the self-sinking depth of LOSPs under self-weight. The concepts of
inertia force and inertia factor are employed based on the one-dimensional wave theory to
develop a partial differential equation considering the shaft resistance. Further, a Fourier
solution for the displacement of the open-ended pile under one blow strike is proposed,
and a parametric sensitivity analysis is carried out for the application of the equation
in LOSPs. The analytical solution is compared with the numerical result to confirm the
validity of the proposed methodology. The results of this study indicate that the simple
calculation approach has the potential for predicting the condition of hammer refusal or
punching through under single hammer blow for LOSPs driven in offshore soft soil. It
should be noted that when LOSP is driven into soft soils, full soil plugging rarely occurs. If
it occurs, the acceleration of the soil within the pile should be aligned with the pile during
the calculation. With the proposed displacement calculation method for LOSP with a single
hammer, the maximum downward displacement in the curve can be considered as the
penetration of the single hammer, and the displacement curve of LOSP during the whole
driving process can be determined by accumulating and iterating the displacements of the
single hammer.
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