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Abstract: This study provides a theoretical basis for reinforcement of the soil around multi-wing piles.
Limit analysis was used to determine the ultimate lateral capacity (ULC) of three- and four-wing
piles in Dapeng Bay silty clay. The effects of the pile–soil interaction coefficient α, wing width Bw, and
lateral-load direction β on the ULC of the pile and the shear plastic zone range of the surrounding
soil were analyzed. The normalized ULC of the three-wing pile decreased when the wing–diameter
ratio increased. When Bw was 0.15 m and α was 0.4, the ULC of the four-wing pile was 19% higher
than that of the three-wing pile. As β increased, the normalized ULC of the four-wing pile decreased,
whereas that of the three-wing pile went through a minimum at 30◦. The size of the soil shear
plastic ring did not depend on α for either pile type; it increased around the three-wing (but not
the four-wing) pile with changes in β. However, there was also a double plastic ring of broken soil
around the four-wing pile. The four-wing pile had a more symmetrical influence on the soil around
the pile than the three-wing pile.

Keywords: limit analysis method; multi-wing pile; ultimate lateral capacity; clay; lateral load

1. Introduction

Because piles can bear vertical and lateral loads, they are widely used in the foun-
dation of street-lamp posts, coastal trestle bridges, and offshore wind-power poles [1–5].
The action of typhoon and tide on a bay trestle will cause the trestle to cut and move
sideways. Wings can be added along the pile to improve its ultimate lateral capacity
(ULC) [6]. Different forms of wing piles have been developed [7,8]. Multi-wing piles
with three or four wings at the same angle are especially common. There will be some
saturated clay around such winged piles in a bay trestle. Therefore, it is important to
determine the ULC of the wing piles and the extent of the plastic zone of the surrounding
soil under lateral loading.

Many calculation methods for studying the factors that influence wing–pile ULC
have been proposed. Dührkop and Grabe [9] modified the key parameters of the p–y-
curve procedure to calculate the bearing capacity of the wing pile. Zhou et al. [10,11]
used complex-variable elasticity and the finite-element method to calculate the ULC of
noncircular piles. Nasr [6] determined that wing–pile ULC is affected by the geometry
and position of the wing plate. Moreover, when the wing–plate length is less than
0.4 times the pile length, the lateral bearing capacity of the pile increases with wing–
plate length; however, when it is greater than half the pile length [7], the influence of the
wing–plate length on ULC becomes insignificant. Yaghobi et al. [12] calculated that the
ULC of a wing pile with a diameter of 40 mm was 29% higher than that of a regular pile
with the same diameter. Moreover, three-dimensional finite element analysis shows that
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the length of the wing plate has more effect on ULC than does the width. Increasing the
length of the wing plate improves the bearing capacity and reduces the displacement of
the pile head [13,14].

The response of pile foundations under lateral loads are usually analyzed using the
beam-on-nonlinear-Winkler-foundation (BNWF) model in granular soil [15,16]. Limit–
analysis theory, which considers the plastic deformation of soil, is widely used to study
the ultimate bearing capacity of irregular-section piles and the relationship between the
pile and soil interactions. Randolph and Houlsby [17] accurately calculated the ULC of
circular piles from the plasticity theory. Martin [18,19] proposed that the actual ULC of
circular piles is between the upper- and lower-limit solutions by limit-analysis theory.
Keawsawasvong and Ukritchon [4] found that the upper- and lower-limit solutions from
limit analysis, obtained with the OPTUM G2 software program, allow the ULC of I-shaped
piles in undrained clay to be calculated perfectly; load direction also affected ULC. Zhou
et al. [11] determined that, as the wing plate becomes thinner, it exerts a more significant
effect on the normalized ULC of an XCC pile; load direction again has some effect. Truong
and Lehane [20] noted that, when a pile fails, the displacement vector of the soil around
it changes accordingly. The displacement–vector range of the soil around a concave pile
is larger than that around a rectangular pile with the same section area, and the vector
displacement of the soil around a circular pile is smaller than that around triangular,
concave, and rectangular piles.

Limit-analysis theory can also be used to study the ULC of pile groups. Zhou et al. [21]
proposed a design method for XCC pile groups in undrained clay. For a triangular com-
posite foundation [22], a wide pile spacing can realize the best combination of pile groups,
thus improving ULC. Modifying the single-pile p–y curve was also used in the analysis of
the lateral loading behavior of pile groups [23,24].

The aforementioned studies investigated the ULCs of piles with different cross-
sections (round, square, and h-shaped) in undrained clay and the failure mechanism of
the soil around the piles. However, the ULCs of three-wing and four-wing piles in bay
trestles have not been studied. In particular, the soil plastic-zone range around a wing
pile, which partly determines the soil reinforcement range, has not been investigated.
Hence, this study uses the upper and lower solutions from limit analysis to study the
ULC of rigid multi-wing piles in Dapeng Bay and to determine the range of the silty-clay
plastic zone. Furthermore, the effects of the three main factors (the pile–soil interaction
coefficient, wing–diameter ratio, and lateral-load direction) on the ULC of a multi-wing
pile are analyzed, and the effects of parameter changes on the shear plastic-zone range
of the soil are explored. This provides a basis for the reinforcement of the soil around
multi-wing piles in bay areas.

2. Research Area and Methodology
2.1. Description of the Calculated Section of the Multi-Wing Pile

A sightseeing trestle is planned to be built in the coastal bay area of Dapeng, Yantian
District, Shenzhen, near E114◦23′30”, N22◦26′30”. The bay is trough-shaped with exposed
Quaternary deposits (Qme) and Quaternary alluvial–pluvial sediments (Qal+pl), with binary
or multiple structures. The upper part is silty clay with an average thickness of 2.5 m,
and the lower part is an interlayer of sandy soil and clay soil with an average thickness
of 5 m. The maximum wind speed of typhoons in this area is greater than 40 m/s, the
maximum wind speed under non-typhoon conditions is 10–29 m/s, and the main wind
direction is northeast. In order to resist the horizontal loads caused by typhoons and tides,
the foundation of the sightseeing trestle uses multi-wing piles. The research process for the
design and selection of multi-wing piles is shown in Figure 1. The physical and mechanical
characteristics of the soil around the winged pile are shown in Table 1.
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Figure 1. Flowchart for the research processes.

Table 1. Physical and mechanical properties of Dapeng Bay soil.

Soil
Classification

Average Soil
Depth h (m)

Saturated
Density rsat

(g/cm3)

Compression
Modulus Es

(Mpa)

Shear Strength
Su (kPa)

Liquid Index
Ip

Foundation-
Bearing Capacity

fa (kPa)

Silty clay 2.5 2 30 50 4.4 140
Sand and clay

interlayer 5 2.13 60 - 6 200

2.2. Calculated Section of a Multi-Wing Pile

Two types of multi-wing pile have been selected for the Dapeng Bay trestle foundation
design: three-wing and four-wing. The calculated section of the three-wing pile includes
three wings and one circular pile (Figure 2). The angle between the wings is 120◦, the width
of each wing is Bw, and the diameter of the circular pile is D. The lateral load acts on the
section of the pile head, and the angle between the lateral load direction and the wing is β.
When β = 0, the direction of the lateral load aligns with the wing orientation; when β = 60◦,
the lateral load acts along the angular bisector of two wings. Similarly, the calculated
section of the four-wing pile includes four wings and one circular pile (Figure 3). In the
four-wing pile, the lateral load acts along the angular bisector of two wings when β = 45◦.
Other parameters are the same as for the three-wing pile. The value of the interaction
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coefficient α; between the multi-wing pile and the soil varies from 0 to 1. The soil around
the pile is silty clay with undrained shear strength Su.
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In the calculation, the multi-wing pile will be considered completely rigid. Its normal-
ized ULC (denoted NF) is given by [25]:

NF =
F

SuDe
= f (

De

Bw
, α, β) (1)

where F is the ultimate lateral load of the pile, and De is the equivalent diameter of the
multi-wing–pile cross-section, which is related to the maximum section width of the pile [9].
The equivalent diameter of the three-wing–pile cross-section is

De = D + Bw (1 + cos 60◦); (2)

and that of the four-wing pile cross-section is

De = D + 2Bw (3)

NF is affected by changes in three parameters (wing–diameter ratio De/Bw, the lateral-
load direction β, and the pile–soil interaction coefficient a). F can be calculated by perform-
ing finite-element limit analysis (FELA) using OPTUM G2 software [4,11]. The FEM basis
of OPTUM G2 is to use the upper bound theorem and the lower bound theorem of limit
analysis to solve the ultimate load of the structure [11]; the lower-bound and upper-bound
solutions provide a safe estimate of the real ULC. Thereafter, by substituting Equation (2)
or Equation (3) into Equation (1), the empirical formula for the normalized ultimate bearing
capacity of the multi-wing pile can be obtained through parameter fitting; this is very
convenient for engineering.

2.3. Verifying the Calculation Results for the Pile–Soil Interaction

Randolph and Houlsby [17] used the lower-bound theorem of limit analysis to find
the ULC of a 0.5-m-diameter circular pile in saturated soft clay (Figure 4). In this study, a
numerical model was established to calculate the ultimate bearing capacity of the same
circular pile by conducting FELA in OPTUM G2. The results were compared with those of
Randolph and Houlsby to determine the relevant calculation parameters of the pile–soil
model. When considering the influence of the calculation-model boundary on ULC [26,27],
the established numerical soil model considers a plane circle with diameter 8 m and an
internal circular pile diameter (D) of 0.5 m. The material of the plane circle was saturated
clay, and its strength (Su) was 50 MPa. The pile was made of a rigid material; the plate
material is set on the contact surface around the pile to study the change of the pile–soil
interaction coefficient.

According to the difference and convergence rate of the calculation results of the
calculation model after several trial calculations, the number of model elements was set
to 10,000, and an adaptive grid was selected (shown in Figure 4a). The initial number of
elements was 1000, and the number of adaptive iterations was three. The boundary of
the soil model was fully constrained. When the interaction coefficient between the pile
and soil changed from 0 to 1, two cases of NF were calculated according to the upper-
and lower-bound solutions of the limit analysis; the difference between them was small
(Figure 4b). Randolph and Houlsby ‘s solution fell between the upper- and lower-bound
solutions and was in good agreement with the latter.
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3. Numerical Methods of Analysis
3.1. Three-Wing Pile
3.1.1. Effect of Wing–Diameter Ratio on Normalized Ultimate Lateral Capacity

The width of the wing plate affects the bearing capacity during experimentation on the
wing pile [8]. To study the interaction between the pile ULC and the wing width Bw under
the lateral load, OPTUM G2 was used to calculate the ULC of the three-wing pile. The
calculation model for the three-wing pile is shown in Figure 2. The established numerical
model of the soil was a plane circle with diameter 8 m and internal circular-pile diameter
0.2 m. The thickness of the wing plate was 0.02 m. The direction of the lateral load (β) was
0◦. The material of the plane circle was saturated clay, and its strength (Su) was 50 MPa.
The pile body is made of steel pipe with a thickness of 10 mm, and the wing plate is a steel
plate with a thickness of 8 mm. Compared with silty clay in Dapeng Bay, their strength is
higher than soil, so the pile and three wings were assumed rigid. Wing widths of 0.05 m,
0.1 m, 0.15 m, 0.2 m, 0.25 m, and 0.3 m were considered. According to Equation (2), the
equivalent diameters of the three-wing pile (De) were therefore 0.275 m, 0.35 m, 0.425 m,
0.5 m, 0.575 m, and 0.65 m. Similarly, the wing–diameter ratios (De/Bw) were 5.5, 3.5, 2.8,
2.5, 2.3, and 2.17.

The number of model elements was set to 10,000, and the adaptive grid was selected.
The initial number of elements was 1000, and the number of adaptive iterations was
three. The boundary of the soil model was fully constrained. The relationship between
NF and De/Bw is shown in Figure 5—to observe the influence of the change of the pile–soil
interaction coefficient on the bearing capacity of multi-wing pile and provide a basis for
the design of multi-wing pile under the most dangerous situation. The pile–soil interaction
coefficients changed from 0 to 1, according to the limit analysis.
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Although the pile–soil interaction coefficients are different, the fitted-curve trends
in Figure 5 are identical. When the soil loading interaction coefficient is greater than 0.4,
the different fitting curves overlap. The influence of the wing–diameter ratio on the shear
plastic zone of the soil is shown in Figure 6; the pile–soil interaction coefficient was set to
0.4, according to the upper-bound solution from limit analysis.
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3.1.2. Effect of Pile–Soil Interaction Coefficient on Normalized Ultimate Lateral Capacity

The pile–soil interaction coefficient affects the pile-bearing capacity and the shear
plastic ring of the soil [11]. To study this, the ULC of the three-wing pile was calculated
by OPTUM G2. The calculation model for the three-wing pile is shown in Figure 2. The
other model parameters were the same as those previously described. The relationship
between the pile–soil interaction coefficient (α) and the normalized ultimate lateral capacity
of the three-wing pile (NF) when α changed from 0 to 1, according to the solution of the
limit analysis, is illustrated in Figure 7.

Although the pile–soil interaction coefficients are different, the fitted-curve trends
in Figure 7 are identical. When the wing–diameter ratio was lower than 2.3, the soil had
a double-circular plastic zone (see Figure 6). The influence of the pile–soil interaction
coefficient on the shear plastic zone of the soil when De/Bw was set to 2.3, according to the
upper bound solution of the limit analysis, is shown in Figure 8.
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3.1.3. Effect of the Lateral-Load Direction on Normalized Ultimate Lateral Capacity

Different directions of the load affect the ultimate lateral bearing capacity of piles with
different cross-sections [8]. The ULC of the three-wing pile was calculated by OPTUM
G2 to elucidate the influence of the lateral load direction. The calculation model for the
three-wing pile is shown in Figure 2. The wing width was set to 0.2 m. The lateral-load
angle (β) ranged from 0◦ to 60◦; it can be expressed in radians as β’ = βπ/180◦. The
wing–diameter ratio De/Bw was set to 2.5. The other model parameters were the same as
those previously described. The relationship between β’ and NF as the pile–soil interaction
coefficients changed from 0 to 1, according to limit analysis, is shown in Figure 9.
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Figure 9. Relationship between the normalized ultimate lateral capacity (NF) of the three-wing pile
and the direction of the lateral load (β’) when the wing-to-diameter ratio De/Bw = 2.5. (Top) upper-
bound and (Bottom) lower-bound solutions from limit analysis with different pile–soil interaction
coefficients (adhesion factors).

Although the pile–soil interaction coefficients are different, the fitted curve trends
in Figure 9 are identical. When the soil loading interaction coefficient exceeded 0.4, the
range of the plastic zone of the soil in Figure 8 stopped increasing. De/Bw was 2.5 when the
pile–soil interaction coefficient was 0.4. The influence of the pile–soil interaction coefficient
on the shear plastic zone of the soil, according to the upper bound solution of limit analysis,
is shown in Figure 10.
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3.2. Four-Wing Pile
3.2.1. Effect of Wing–Diameter Ratio on Normalized Ultimate Lateral Capacity

To study the interaction between the four-wing pile and the soil under the lateral load,
the ULC of a four-wing pile was calculated using OPTUM G2. In addition, the influence of
the wing width on ULC was studied. The calculation model for the four-wing pile is shown
in Figure 3. The established numerical model of the soil was a plane circle with diameter
8 m and an internal circular pile with diameter 0.2 m. The thickness of the wing plate was
0.02 m. The lateral load angle (β) was 0◦. The material of the plane circle was saturated
clay with Su = 50 MPa. The pile and four wings were assumed rigid. The wing widths
were set to 0.05 m, 0.1 m, 0.15 m, 0.2 m, 0.25 m, and 0.3 m. According to Equation (3), the
equivalent diameters were 0.3 m, 0.4 m, 0.5 m, 0.6 m, 0.7 m, and 0.8 m, corresponding to
wing–diameter ratios 6, 4, 3.3, 3, 2.8, and 2.7.

The calculation conditions were the same as in the three-wing case above. Figure 11
shows the relationship between De/Bw and NF for the four-wing pile when the pile–soil
interaction coefficients changed from 0 to 1, according to the solutions of the limit analysis.
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Although the pile–soil interaction coefficients were different, the fitted curve trends in
Figure 11 were identical. When the soil loading interaction coefficient was greater than 0.4,
the different fitting curves overlapped. The influence of various wing widths on the shear
plastic zone of the soil around the four-wing pile for a pile–soil interaction coefficient of 0.4,
according to the upper bound solution of the limit analysis, is shown in Figure 12.
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The influence of the pile–soil interaction coefficient on the ULC of the four-wing pile,
(calculated by OPTUM G2) was studied. The calculation model for the four-wing pile
is shown in Figure 3. The other model parameters were the same as those previously
described. The relationship between the pile–soil interaction coefficient (a) and the normal-
ized ultimate lateral capacity of the four-wing pile (NF) as a changed from 0 to 1, according
to limit analysis, is presented in Figure 13.
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pile and the pile–soil interaction coefficient (α) when lateral-load angle β = 0. (Top) Upper-bound
and (Bottom) lower-bound solutions from limit analysis with different wing-to-diameter ratios.
(De: effective diameter; Bw: wing width.).

The changing trends of the fitted curves in Figure 13 are the same under the different
wing–diameter ratios. When the wing width is more than 0.15 m, as shown in Figure 12, the
soil has a double-circular plastic zone. The influence of the pile–soil interaction coefficient
on the shear plastic zone of the soil around the four-wing pile, when Bw is set to 0.15,
according to the upper bound solution of the limit analysis, is shown in Figure 14.
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soil around the four-wing pile when lateral-load angle β = 0 and wing–diameter ratio De/Bw = 3.3.

3.2.3. Effect of Lateral-Load Direction on Normalized Ultimate Lateral Capacity

To study the influence of the direction of the lateral load, OPTUM G2 was used to
calculate the ULC of the four-wing pile. The calculation model for the four-wing pile is
shown in Figure 3. The wing width was set to 0.2 m. The direction of the lateral load (β)
ranged from 0 ◦ to 45 ◦; the wing–diameter ratio (De/Bw) was 3. The other model parameters
were the same as those previously described. The relationship between the direction of
the lateral load (β’) and the normalized ultimate lateral capacity of the four-wing pile (NF)
as the pile–soil interaction coefficients changed from 0 to 1, according to the upper- and
lower-bound solutions of the limit analysis, is shown in Figure 15.
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Figure 15. Relationship between the normalized ultimate lateral capacity (NF) of the four-wing pile
and the direction of the lateral load (β’) when the wing-to-diameter ratio De/Bw = 3. (Top) upper-
bound and (Bottom) lower-bound solutions from limit analysis with different pile–soil interaction
coefficients (adhesion factors).

Despite the different pile–soil interaction coefficients, the changing trends of the fitted
curves in Figure 15 are identical. When the soil loading interaction coefficient was greater
than 0.4, the range of the plastic zone of the soil in Figure 14 no longer increased. By setting
the pile–soil interaction coefficient to 0.4, De/Bw was 3. The influence of the lateral-load
direction on the shear plastic zone of the soil around the four-wing pile according to the
upper-bound solution of the limit analysis is shown in Figure 16.
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4. Results and Discussion
4.1. Three-Wing Pile
4.1.1. Effect of Wing–Plate Width and Pile–Soil Interaction Coefficient on ULC

Figure 5 show that the upper- and lower-bound solutions for NF for the three-wing
pile as De/Bw range from 2.17 to 5.5; it can be observed that NF decreases with an increase
in the wing–diameter ratio. The fitting curves are quadratic, and the correlation coefficient
is greater than 0.99. When the wing–diameter ratio (De/Bw) is 2.5, that is, the width of
the wing plate is 0.2 m, the slope of ULC curve of the three-wing pile becomes slower,
so the recommended wing width of the three-wing pile is 0.2 m; the normalized ULC
of the three-wing pile rises with the pile–soil interaction coefficient (α) in the different
curves. However, when α is greater than 0.4, the curves overlap, and the influence of the
pile–soil interaction coefficient on NF is weakened. The parameter De/Bw, although small,
significantly influences NF for the three-wing pile (see Figure 5). Keawsawasvong and
Ukritchon [27] discovered that, as the side length perpendicular to the direction of the force
becomes smaller, the normalized ULC of an I-section pile decreases, mainly because of the
increased contact area between the wing plate and soil.



J. Mar. Sci. Eng. 2022, 10, 1391 18 of 22

Figure 6 shows that, as De/Bw decreases, the shear plastic ring of the broken soil
gradually expands. When De/Bw is 5.5, the maximum distance (L) from the shear plastic
ring to the three-wing pile center is 0.38 m, which is 1.9 times the pile diameter (D). The
proportion of the soil plastic zone is defined as L/D. When De/Bw was 3.5, 2.8, 2.5, 2.3,
or 2.17, L/D was 2.55, 3.15, 3.8, 4.4, or 5.15, respectively. Fitting this data to a quadratic
equation relates the proportion of soil plastic zone to the wing–diameter ratio as

L
D

= 0.5141
(

De

Bw

)2
− 4.81

De

Bw
+ 12.834 (4)

the correlation coefficient R is 0.96.
The shear plastic ring range of the soil around the three-wing pile is positively related

to the normalized ultimate bearing capacity. As the width of the wing plate increases, the
shear plastic zone of the soil changes from a single ring to multiple rings (see Figure 6).
This shows that increasing the width of the wing plate will increase damage to the soil
around the pile.

Figure 7 show that NF increases as α varies from 0 to 1. The fitting curves are quadratic,
and the correlation coefficient is greater than 0.99. However, when α is greater than 0.6, the
increase in NF is not marked; this is consistent with the change trend in Figure 8, which
represents the range of the shear plastic zone ring of the soil. When a is greater than 0.4, the
maximum distance from the plastic ring to the pile center no longer increases but remains
at 0.88 m, which is more than four times the pile diameter. This is a result of the process
required to ensure all the soil in the plastic ring reaches the maximum strength. Zhou
et al. [11] determined that when the pile–soil interaction coefficient increases, a square
plastic zone of the soil appears around an XCC pile. Keawsawasvong and Ukritchon [4]
investigated ULC of H piles and determined that the area of the soil failure shear zone
increases with the pile–soil interaction coefficient. The soil shear zone changes from an
ellipse to a circle, and the plastic zone inside the ellipse decreases. In addition, the pile–soil
interaction coefficient affects the distribution of the plastic rings on both sides of the three-
wing pile (see Figure 8), which may be affected by the form of the pile section. Because the
cross-section of the pile is different, the range of the load transfer from the pile to the soil is
different as well.

4.1.2. Effect of Lateral-Load Direction on ULC

Figure 9 show that NF of the three-wing pile first decreased and then increased with
β’, following a quadratic relationship, for all α in the range 0 to 1. However, the calculation
results from the lower-bound solutions of XCC piles show that, when the interaction
coefficient is greater than 0.4, the bearing capacity is reduced [11]. This difference is mainly
because the ULC of the three-wing pile is restricted by the pile–soil interaction coefficient
when the load direction changes.

Figure 10 shows that, as the direction of the lateral load changes from 0 to 60◦, the
maximum distance from the shear plastic ring to the pile center first increases and then
decreases. When β is 0◦ or 60◦, the shear plastic ring of the soil appears as a double ring
around the three-wing pile. When β is 30◦, the shear plastic ring of the soil appears as a
single ring; the distance from the plastic ring to the pile center is the largest, and the ULC is
the smallest. Therefore, the size of the shear plastic ring has less influence on the ULC of
the three-wing pile than the number of plastic rings. Ukritchon and Keawsawasvong [28]
determined that, when the load direction of the rectangular pile changes, the extent of the
plastic zone expands towards the direction of the lateral load. However, there is a larger
change in the direction of the farthest point of the shear plastic ring to the center of the
three-wing pile as the load direction changes (Figure 10). This shows that the shear plastic
area of the soil around the three-wing pile changes with the load direction. Therefore, the
soil reinforcement should be from the pile center to the maximum radius of the shear plastic
ring around the pile.
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4.2. Four-Wing Pile
4.2.1. Effect of Wing-Plate Width and Pile–Soil Interaction Coefficient on ULC

Figure 11 show the upper- and lower-bound solutions for NF for the four-wing pile as
De/Bw ranges from 2.67 to 6. NF increases with α for the different curves. When α is greater
than 0.4, NF first increases and then decreases with an increase in the De/Bw; the maximum
occurs when De/Bw is 3.3 (see Figure 11), so the recommended width of the four-wing pile
is 0.15 m. This is different from the three-wing–pile case (see Figure 5), mainly because
ULC and equivalent diameter are changing during the calculation of NF. When the wing
width is equal to 0.15 m and the pile–soil interaction coefficient is equal to 0.4, the ULC of
the four-wing pile is 295.79 kN, whereas that of the three-wing pile is 262.94 kN: the ULC
increased by 19.9% (see Figures 5 and 11). It is recommended to use the four-wing pile if
the engineering cost is sufficient in the foundations of Dapeng Bay. Murphy [29] indicated
that the ULC of two-wing piles increased by 16% and 36% for two different wing lengths,
compared with that of a round pile of the same diameter. This shows that both width of
wing panels and their lengths affect the ULC of the wing pile.

Figure 12 shows that, as Bw of the four-wing pile decreases, the shear plastic ring of
the soil gradually expands. When Bw is greater than 0.2 m, the shear plastic ring of the soil
around the four-wing pile is less than that of the three-wing pile (see Figures 6 and 12).
However, the maximum distance of the plastic ring to the four-wing–pile center is 1 m,
whereas the maximum distance of the plastic ring to the three-wing–pile center is 1.03 m.
The difference is small, which shows that increasing the number of wing plates has little
effect on the range of the soil shear plastic ring. As in the calculation for the three-wing
pile, L/D was fitted to a quadratic in De/Bw:

L
D

= 0.5061
(

De

Bw

)2
− 5.22

De

Bw
+ 15.07 (5)

The correlation coefficient R was 0.96.
Figure 13 show the upper- and lower-bound solutions for NF for the four-wing pile

increase as α varied from 0 to 1. The change trend was similar to that of the three-wing
pile (see Figure 7). However, when α was greater than 0.2, the increase in NF was not
prominent, which is consistent with the range of the plastic ring that belongs to the broken
soil in Figure 14. Comparing three- and four-wing piles, the pile–soil interaction coefficient
has relatively little effect on the maximum distance from the plastic ring to the pile center
(see Figure 14).

4.2.2. Effect of Lateral-Load Direction on ULC

Figure 15 show that the upper- and lower-bound solutions for NF decrease quadrat-
ically as β goes from 0 to 45◦. When α is 0.4, according to the upper-bound solutions, the
maximum NF of the four-wing pile is 11.8179 and the minimum NF is 10.866, a decrease
of 9.9%. Under the same conditions, the maximum NF of the three-wing pile in different
directions is 6.5% lower than its minimum value (see Figure 9). This shows that the
normalized ULC of the four-wing piles is more sensitive to direction changes than that
of three-wing piles. Babu and Viswanadham [7] considered the difference in ULC of the
four-wing pile was 5% in dense sand, as the direction of the lateral load varied between
0 and 45◦ because the influence of direction on wing–pile ULC depends on the type
of soil.

Figure 16 shows that, when β is between 0◦ and 45◦, the maximum distance from the
shear plastic ring of soil to the pile center increases and the shear plastic ring of the soil
appears as a double ring around the four-wing pile. However, the shear plastic ring of the
soil mainly appears as a single ring around the three-wing piles when β is between 15◦ and
45◦ (see Figure 10). Pile-failure tests have revealed that cracks around three-wing piles are
less than those of four-wing piles. This shows that four-wing piles have a more symmetrical
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influence on the surrounding soil than three-wing piles, and that higher reinforcement is
needed for soil around the four-wing pile than around a three-wing pile.

The ULC of piles in undrained clay is also affected by factors such as the pile length,
pile diameter, and soil gravity density [30–33]. The position of the wing plate along the pile
body also affects the plastic zone of the soil on the side of the pile [7]. These issues need
further investigation via three-dimensional limit analysis. The current research should
be applicable to clay, silt, and silty clay strata deposited in still water environments such
as bays, and further research is needed for coarse-grained strata deposited in dynamic
water environments.

5. Conclusions

The ULCs of three- and four-wing piles with different wing widths, pile–soil interac-
tion coefficients, and load directions were investigated in saturated silty clay. The shear
plastic zone of the soil around the pile was studied to find conditions where the multi-wing
pile reached its ultimate lateral capacity. Based on the upper- and lower-limit solutions, the
following conclusions can be drawn:

(1) When the empirical equation of ULC of the three-wing piles that varied with each
parameter was fitted (with a correlation coefficient greater than 0.99), the width of the
wing plate was found to have a significant influence on ULC of the wing pile.

(2) The normalized ULC of the three-wing pile increased with the pile–soil interaction
coefficient. The change trend was similar in the four-wing pile; however, when the
pile–soil interaction coefficient was greater than 0.2, the increase in the normalized
ULC of the four-wing pile was not prominent.

(3) For both three-wing and four-wing piles, the pile–soil interaction coefficient had
relatively little effect on the maximum distance from the shear plastic ring of the soil
to the pile center.

(4) When the wing width was 0.3, the maximum distance from the shear plastic ring of
the soil to the three-wing pile center was 1.03 m, which is more than five times the
pile diameter. However, under the same conditions, the four-wing pile did not show
any increase in the shear plastic zone of the soil around the pile.

(5) There was a double shear plastic ring of soil around the four-wing pile. The four-
wing piles had a more symmetrical influence on the soil around the piles than the
three-wing ones. When both the three-wing pile and the four-wing pile reach their
respective ultimate bearing capacities, the reinforcement needed for the soil around a
four-wing pile will therefore be higher than for that around a three-wing pile.
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