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Abstract: This paper presents a novel theoretical and computational methodology for the generation
of an onset turbulent field with prescribed properties in the numerical simulation of an arbitrary
viscous flow. The methodology is based on the definition of a suitable distribution of volume force
terms in the right-hand side of the Navier–Stokes equations. The distribution is represented by
harmonic functions that are randomly variable in time and space. The intensity of the distribution
is controlled by a simple PID strategy in order to obtain that the generated turbulent flow matches
a prescribed turbulence intensity. A further condition is that a homogeneous isotropic flow is es-
tablished downstream of the region where volume force terms are imposed. Although it is general,
the proposed methodology is primarily intended for the computational modelling of hydrokinetic
turbines in turbulent flows representative of tidal or riverine installations. A first numerical applica-
tion is presented by considering the injection of homogeneous and isotropic turbulence with 16%
intensity into a uniform unbounded flow. The analysis of statistical properties as auto-correlation,
power spectral density, probability density functions, demonstrates that the generated flow tends
to achieve satisfactory levels of stationarity and isotropy, whereas the simple control strategy used
determines underestimated turbulent intensity levels.

Keywords: tidal energy; hydrokinetic turbines; synthetic turbulence models; computational fluid
dynamics; Detached Eddy Simulation

1. Introduction

The hydrodynamic interaction between a fluid and a solid body moving through it is
largely affected by the turbulence of the flow incoming to the body. By a simple observation,
the turbulent nature of a flow is revealed by eddies with variable extension (length scale)
and characteristic period (time scale). In terms of flow velocity, the eddies are responsible
for a fluctuating component that can be assumed to perturb an onset smooth (laminar) flow.
In contrast to the laminar flow that has a deterministic behaviour, turbulent fluctuations
have a random nature.

Dealing with marine engineering problems, the impact of onset flow turbulence is
of primary importance in the hydrodynamics of surface and underwater vehicles and
of offshore structures. Typical examples for rotary-wing systems are the propellers that
operate in the turbulent wake shed by the ship hull [1] or hydrokinetic turbines immersed
in a tidal stream [2,3]. In both cases, three main aspects of the interaction between rotating
blades and the onset turbulent flow can be identified. Random fluctuations of the onset
flow provoke the destabilization of the laminar boundary layer on the blade surface,
and trigger the transition to turbulent boundary layer, which results into increased drag.
Next, turbulent eddies with length and time scales compatible with rotor size and rotational
speed, are responsible for the generation of fluctuating loads on rotor blades, with harmful
effects in terms of vibrations and fatigue [4–6]. Not less important, the evolution of the
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wake shed by rotor blades is largely affected by the intensity of the onset turbulent flow,
with direct consequences on the performance of rotors operating in the wake of other rotors,
as in the case of arrays of turbines [7].

Considering energy harvesting systems, an intrinsic problem lies in the difficulty
to characterize the complexity of the turbulent stream in a tidal site [8,9]. A variety
of approaches exist in the literature on the modelling of onset flow turbulence in the
Computational Fluid Dynamics (CFD) analysis of hydrokinetic turbines. Common to these
methodologies is to develop computationally efficient approaches to generate a randomly
fluctuating velocity field that interacts with the rest of the solution. A key difficulty is to
obtain a simulated turbulent field with characteristics that are representative of real-life
tidal flows. A recent review on the subject is proposed in [10]. Computational models for
the generation of onset turbulent flows can be grouped into two main classes, precursor
methods and synthetic methods. In the first case, a turbulent velocity field is injected
into the computational domain by using experimental data or results from separate CFD
modelling, notably by a DNS (Direct Navier–Stokes) solution. In the latter case, a suitable
computational model is integrated into the CFD model in order to generate a flow velocity
perturbation that satisfies statistical properties that are consistent with natural turbulent
flows. The methodology proposed in the present work falls within the broad class of
synthetic methods. The turbulence generation model is intended for integration into a
general purpose Navier–Stokes solver. The production of turbulent eddies is obtained
through a volume force distribution defined as the combination of a harmonic distribution
and a contribution that is randomly variable in time and space. The volume force terms are
distributed in a narrow region of the computational domain, and the generated turbulent
structures are shed downstream by the flow. Volume force modelling applied here grounds
on authors’ experience in the use of this type of methodology in the development of
hybrid viscous/inviscid flow solvers for applications to ship propulsion [11] and tidal
turbines [12,13]. In order to match imposed values of flow turbulence, the intensity of
volume force terms is iteratively updated by a suitable control strategy. The variance of
the flow velocity components are taken as quantities observed by the control algorithm.
In the present study, a simple Proportional-Integral-Derivative (PID) controller has been
implemented. The proposed methodology is applied to a notional case study consisting of
an unbounded uniform flow in which a prescribed level of turbulence intensity has to be
generated. Turbulent flow simulations are performed by using the χnavis Navier–Stokes
solver, developed in-house at CNR-INM, and extensively validated for a variety of marine
engineering problems [14]. Flow field simulations are performed by a Detached Eddy
Simulation (DES) model. The absence of perturbations in the simulated flow except for
turbulence generation, allows to investigate in detail the stationarity, homogeneity, isotropy
properties of the established turbulent flow across the computational domain. This simple
application represents the first step of an ongoing work aimed at the development of a
computational methodology for the study of single turbines and arrays in turbulent flows
representative of real tidal sites.

The manuscript is organized as follows. Main features of existing methodologies for
the modelling of onset flow turbulence in CFD studies of tidal turbines are reviewed in
Section 2. The proposed methodology is presented in Section 3, and details of the PID
control strategy to enforce prescribed levels of turbulence intensity are given. The CFD
model here applied for the analysis of tidal turbine flows is briefly reviewed in Section 4.
The results of a numerical application to the simple case of an unbounded uniform flow
with given onset flow turbulence intensity are presented and discussed in Section 5. Finally,
conclusions and highlights on future work are commented in Section 6.

2. Review on Turbulence Generation Methods

A review of the most popular methods used to generate an imposed turbulence
intensity in the onset flow of a CFD simulation is presented. Turbulence generation
techniques addressed here are classified into precursor methods and synthetic methods.
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The latter include the particular case of synthetic volume forcing methods, in which the
methodology proposed in the present work can be grouped.

2.1. Precursor Methods (PM)

A simple approach to inject turbulence into a computational domain is to impose
a velocity distribution that describes a fully developed turbulent field as inlet condition.
The distribution can be derived from experimental data or generated by an independent
computational analysis. In the latter case, the approach is sometimes referred to as recycling
method as the analysis exploits the results of a preliminary (precursor) simulation. A classi-
cal example is the solution of the turbulent boundary layer on a flat plate. The resulting
velocity profile is used to prescribe a velocity condition at the inlet of the domain or at some
location inside of it (inflow zone). In this case a one-way (weak) coupling exists between
the precursor calculation and the turbulent flow simulation of interest. Examples of weak
coupling PM are presented in [15,16].

An alternative to weak coupling models consists in integrating the turbulence gen-
eration zone into the computational domain and analyzing by a single simulation the
production of turbulent structures and their evolution across the full computational do-
main. This approach is often indicated as strong coupling precursor model, see e.g., [17,18].
Compared with weak coupling models, the strong coupling PM is in general characterized
by a larger model complexity and computational effort.

2.2. Synthetic Methods (SM)

Synthetic Methods (SM) exploit the assumption that a turbulent flow can be considered
as the superposition of a baseline laminar flow u and a randomly fluctuating velocity field
u′ (Reynolds decomposition)

u(x, t) = u(x, t) + u′(x, t). (1)

A typical approach to model the velocity perturbation u′ is to introduce a noise
function defined as the convolution between a random signal r and a suitable filtering
function w. For a one-dimensional (1D) problem, the filter can be written as (see e.g., [19])

u′m =
N

∑
n=−N

wnrn+m (2)

where 2N + 1 is the number of the samples of u.
Following [20], the extension to a three-dimensional (3D) flow problem can be simply

obtained by combining 1D filters defined in each direction, as w(x, y, z) = wx(x)wy(y)wz(z),
for an arbitrary point x with coordinates (x, y, z). In few studies, analytical derivations
have been proposed to determine the filtering coefficients of desired correlation functions.
This technique is referred to as the Synthetic Digital Filtering Method (SDFM).

A more widely used approach consists in projecting the randomly fluctuating velocity
component onto a suitable basis of harmonic functions. A typical example is the following
representation by a truncated Fourier series (Synthetic Random Fourier Method, SRFM).
Applications of the SRFM are described in [10,21,22]. For a given energy spectrum E,
the amplitude of the fluctuating velocity vector in the wave field associated to the vector
kn can be specified. A three-dimensional decomposition of this field can be written as

u′(x, t) = 2
N

∑
n=1

ûn(t) cos (kn · x + ψn(t))γn (3)

where ψn denote random phases associated with the kn vector, γn is the unit vector normal to
kn and N is the number of samples. Following [23], it can be easily shown that the amplitudes
ûn(t) are associated to the turbulent kinetic energy that is introduced into the flow.
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2.3. Synthetic Volume Forcing Methods (SVFM)

Computational approaches based on PM and SM have in common that a turbulent
velocity field is obtained by combining a baseline flow with a velocity perturbation that is
simply injected to the flow (PM approach) or superimposed to it (SM approach). A limita-
tion of these approaches is about the consistency of the resulting flow field as a solution
of the Navier–Stokes equations. In particular, dealing with SM approaches dedicated
modelling is required to ensure that the fluctuating velocity distribution preserves the
divergence-free condition of an incompressible baseline flow. The problem is addressed
and a solution is proposed in [24]. Similarly, the consistency of spatial and temporal corre-
lations in PM and SM solutions with those measured in real turbulent flows is often a point
of concern.

Completely different assumptions are at the basis of the so-called Synthetic Volume
Forcing Methods (SVFM). The idea is that volume force terms can be introduced in selected
regions of the computational domain to generate a flow field perturbation that results into
the development of turbulent structures downstream of the generation region.

The use of the volume force terms is quite general in CFD, with many different ap-
plications. Gravity forces in a free-surface flow problem are an example of volume forces.
The concept can be generalized to represent the effect of a physical obstacle to the sur-
rounding flow. The description of the obstacle as a solid boundary of the fluid domain is
replaced by suitable distributions of volume force terms that reproduce the flow perturba-
tion generated by the obstacle. The intensity of volume force terms is a problem unknown
and computational approaches specific to the problem of interest have been proposed.
Examples of volume force techniques for the computational analysis of the interaction of
screw propellers with the viscous flow around a ship hull are presented, e.g., in [11,25,26].
An application of volume force methods to the hydrodynamic analysis of single hydroki-
netic turbines and arrays is presented in [12]. In [27] a theoretical analysis on volume
force models is presented and alternative approaches are described by assuming linear
anisotropic forcing term distributions. Other applications of SVFM are given in [28,29].

Dealing with the generation of turbulent structures in a baseline flow, volume force
techniques can be used to develop digital models of the so-called turbulence grids used
in the experimental field. A typical approach to generate turbulence in a wind tunnel or
in a water flume consists in the installation of wire grids upstream of the test section area
of interest. For a given onset flow, the wakes shed by grid elements produce turbulent
flows whose intensity and other characteristics depend on grid geometry parameters as
wire section, shape, size and spacing. Rigid (or passive) grids are designed to generate
a given turbulent intensity level. Larger flexibility can be obtained with active grids in
which free or controlled moving objects are integrated in order to stimulate the generation
of eddies with different space and time scales. The application of passive and active grids
is discussed, e.g., in [30]. To some extent, the variability of turbulent scales can be also
achieved by the so-called fractal passive grids characterized by the superposition of a basic
texture element reproduced with different scales. Examples of passive fractal and active
grids are shown in Figure 1.

Compared with PM and SM approaches reviewed above, SVFM has the main ad-
vantage that both velocity and pressure perturbations associated with the turbulence
generation mechanism are fully consistent with the numerical solution describing the flow
field in the computational domain. In particular, an incompressible baseline flow remains
divergence-free also if strong turbulence eddies are generated. However, particular atten-
tion is required to demonstrate the capability of a volume force distribution to generate a
perturbation field with statistical properties in accordance with real turbulent flow metrics.
An interesting study on this subject is presented in [31], where the characteristics of the
turbulent flow generated by a single bar in a grid is investigated in details.
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Figure 1. Examples of a passive fractal grid (left, from [30]) and of an active grid (right, from [30])
used in wind tunnel experiments.

The methodology proposed in the present work falls within the class of SVFM ap-
proaches. The volume force distribution is defined as the combination of a harmonic
distribution and a contribution that is randomly variable in time and space. The intensity
of the volume force terms is iteratively updated by a PID controller in order to match
imposed values of turbulence intensity in selected regions downstream of the turbulence
generation area.

3. Turbulence Production and Control Methodology

The present formulation is derived for an incompressible turbulent viscous flow.
The classical Reynolds decomposition of the velocity field u = u(x, t) into mean u(x, t)
and randomly fluctuating term u′(x, t) is used, see Equation (1). A similar decomposition
holds for the pressure p. In the following, the overbar symbol ( ) will be omitted for mean
quantities unless necessary to avoid confusion.

For the sake of clarity, a 3D-space Cartesian orthogonal frame of reference (Ox1x2x3)
and unit vectors ei(i = 1, 2, 3) are considered. The unperturbed (baseline) flow is uniform
and directed along the x1 axis, that is, u = u∞e1. In the following, x1 will be referred to as
the streamwise direction. Assuming a generic volume force distribution f = f(x, t) exists in
the fluid domain, mass and momentum equations can be written in Cartesian components
and non-dimensional form as{

∂iui = 0

∂tui + ui∂jui = − ∂i p + ∂jTij + fi (i = 1, 2, 3)

where ui = u · ei and fi = f · ei and p is the pressure. A compact notation is used,
with symbols ∂i, ∂t denoting, respectively, derivation with respect to coordinate xi and time
t, whereas repeated indices denote summation. Quantities Tij denote the components of
the stress tensor

Tij =
1

Re
(∂jui + ∂iuj), (4)

where Re is the Reynolds number.
Following the SVFM concept, the forcing terms fi in the right-hand side of the mo-

mentum equation is responsible for the generation of a flow perturbation. In order to have
a fully general volume force distribution, the components of vector f will depend on both
time and space, that is

fi = fi(x1, x2, x3, t) (i = 1, 2, 3) (5)

Recalling the classification of turbulence grids used in the experimental field in Section 2.3,
a definition of quantity f that generalizes in a digital fashion the concept of fractal passive
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and active grids is proposed here. The volume force distribution combines the follow-
ing contributions:

• fH , a spatially harmonic and constant in time deterministic sine distribution, with given
wavelength λ,

• fRH , a randomly fluctuating harmonic distribution obtained by introducing at each
time in fH a random variation of the sine phase, and a spatially random perturbation
of the intensity.

The volume force terms fi are non-zero within a flow region denoted as the gen-
eration volume Vg. This region is represented by a box with edges aligned to the xi
directions.Within this volume, quantities fi are assumed to be constant in the x1 direction,
whereas in the (x2, x3) plane, one has

f H
i (x2, x3) = ∑

k=1,Nk

[sin (2πλkx2) + sin (2πλkx3)] (i = 1, 2, 3) (6)

where Nk is a prescribed number of harmonic terms and λk the wavelengths associated to
each term. A sample f H

i distribution obtained from Equation (6) with Nk = 1 is depicted
in Figure 2. It should be noted that distributions with Nk > 1 can be used to mimic fractal
passive grids, left Figure 1.

 0  0.2  0.4  0.6  0.8  1x2
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 0.4
 0.6
 0.8
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Figure 2. Sample harmonic distribution of volume force terms from Equation (6) (Nk = 1).

Next, denoting by ψ′(t) and ψ′′(t) two independent pseudo random functions, a non-
deterministic phase shift is introduced in the sine terms in Equation (6). A further noise con-
tribution is introduced by summing to f H

i a spatially random perturbation W = W(x2, x3, t).
Quantities ψ′, ψ′′ and W are built from a constant probability density function that gener-
ates pseudo random values in the range [0 : 1]. The obtained values are further scaled to
have ψ′, ψ′′ in the range [−π : π], and W in the range [−1 : 1]. This allows to introduce a
random variability of both position and intensity of the perturbation by the volume forces.

The resulting distribution reads

f RH
i (x2, x3, t) = C1 ∑

k=1,Nk

sin (2πλkx2 + ψ′(t)) + sin (2πλkx3 + ψ′′(t))

+ C2 W(x2, x3, t) (i = 1, 2, 3)
(7)

By definition, W values at distinct points xa, xb or time instants ta, tb have zero correlation.
The constant C1, C2 in Equation (7) is used to normalise the volume force intensity in

the range [−1 : 1]. An example of the distribution obtained by Equation (7) with Nk = 1
is depicted in Figure 3. At different time instants, the intensity and position of crests and
throats changes and a random de-syncronization of flow perturbation sources is achieved.
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Such a volume force distribution can be taken as representative of an active physical grid,
right Figure 1.
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Figure 3. Sample harmonic distribution of volume force terms with phase and intensity random
noise from Equation (7) (Nk = 1).

The variation of f RH
i (x, t) in the direction x1, is given by the attempt to simulate the

thickness of a real grid. Then we introduce the box function (rect function) as Π
x(1)1 ,x(2)1

(x1),

to produce a function that is zero everywhere except to the points where the grid would
be located, thus going to simulate the thickness of the same. We can define this function
as follows:

Π
x(1)1 ,x(2)1

(x1) = H(x1 − x(1)1 )− H(x1 − x(2)1 ) (8)

and more precisely we are going to identify the values like this:

Π
x(1)1 ,x(2)1

(x1) =


0, x1 < x(1)1

1, x(1)1 < x1 < x(2)1

1/2, x1 = x(1)1 , x(2)1

0, x1 > x(2)1

(9)

Now this function can multiply the relationship constructed in Equation (7) to create
f RH
i (x1, x2, x3, t):

f RH
i (x1, x2, x3, t) = Π

x(1)1 ,x(2)1
(x1) f RH

i (x2, x3, t) (10)

With this definition, the volume force distribution is assumed to be constant in the
streamwise direction x1 within a given generation volume Vg and zero outside. The effect
of the streamwise extension of this region on the perturbation generated by the volume
forces has been discussed in [32].

3.1. Turbulent Flow Metrics

For applications to engineering problems, it is fundamental to ensure that the volume
force distribution defined in Equation (7) is able to generate a flow field perturbation whose
statistical properties are representative of prescribed flow conditions. This is the case of
the analysis of hydrokinetic turbine performance in a given deployment site. The high-
fidelity modelling of turbine operation implies that the turbulent intensity and other
characteristics of the onset flow in the site are adequately accounted for in the simulations.
The extraordinary complexity of turbulent flows can be partially characterized through
the definition of a dedicated metrics. A discussion on this aspect can be found e.g., in [33].
A primary characterization of a turbulent flow is achieved by analyzing the correlation
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between fluctuating velocity components. Considering different points at a given time,
the spatial correlation tensor is defined as

Rij(r) = E
[
u′i(x) u′j(x + r)

]
(11)

where the symbol E[ ] denotes the expected value operator as shown in Appendix A, and r
is an arbitrary position vector with origin in x. Similarly, the temporal correlation tensor
at a given point reads Rij(τ) = E[u′i(t) u′j(t + τ)], where τ is and arbitrary positive or
negative time delay from time t. For r = 0 or τ = 0, the quantity Rij(0) equals the Reynolds
stress tensor.

By introducing the variance of the turbulent flow in the i-th direction as σ2
i = E[u′i u′i],

simple manipulations show that a direct relationship exists between the trace of tensor
Rij(0) and the variance

Tr(Rij(0)) = R11(0) + R22(0) + R33(0) =
3

∑
i=1

σ2
i (12)

where the symbol Tr( ) denotes the trace operator.
A definition of the turbulent intensity I∞ is then given as

I∞ =
1

u∞

√√√√ 3

∑
i=1

σ2
i (13)

In particular, under homogeneous isotropic turbulence assumptions, one has σ2
1 =

σ2
2 = σ2

3 . Recalling Equation (13), turbulence intensity and variance σ2 = σ2
i (i = 1, 2, 3) are

mutually dependent parameters

I∞ =
1

u∞

√
3σ2. (14)

3.2. Generated Turbulence Control Strategy

A key feature of the proposed methodology is that the volume force distribution
in Equation (7) can be dynamically modified in order to ensure that the generated turbulent
flow matches imposed conditions of the turbulence intensity. This is obtained by combining
the numerical solution of equations (4) with a control algorithm that updates the intensity
of the volume force term f to enforce the realization of target flow properties. To this
purpose, a simple control strategy based on a standard Proportional-Integral-Derivative
(PID) controller is applied here.

Recalling the direct relationship between turbulence intensity I∞ and variance associ-
ated to the velocity components, σ2

i (i = 1, 2, 3) in Equation (13), the latter quantities are
observed by the control algorithm. Assuming the objective is a homogeneous and isotropic
turbulent flow, the variance is equal in all directions and Equation (14) can be used to
determine a unique relationship between the desired turbulence intensity I∞,des and the
desired variance σ2

des.
For an arbitrary distribution of volume force terms, the flow field solution will de-

termine variance terms σ2
i that do not match the desired conditions. The following error

functions Ei can be defined, where absolute values of standard deviation are used instead
of variance

Ei = (|σdes| − |σi|)/|σdes| (i = 1, 2, 3). (15)

Quantities σdes, σi are evaluated over a suitable portion of the fluid domain down-
stream of the turbulence generation region.
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The minimization of the error functions above is obtained by the PID control with
parameters ki, (i = 1, 2, 3) defined as follows

ki(t) = a1 iEi(t) + a2 i

∫ t

t0

Ei(t)dt + a3 i∂tEi(t) (i = 1, 2, 3) (16)

where t0 < t, and the coefficients a1 i, a2 i, a3 i define, respectively, the proportional, integral
and derivative control parameters for the i-th velocity component.

Quantities ki(t) are used to force variations of the intensity of volume force terms by a
simple proportionality relation. The expression in Equation (7) is recast as

f RH
i (x, t) = ki(t)Π(x1) f RH

i (x2, x3, t) (i = 1, 2, 3) (17)

The PID control interacts with the numerical solution of the Navier–Stokes equations
through an iterative procedure as sketched in the flow chart in Figure 4.

Start

I∞ = 1
u∞

√
∑3

i=1 σ2
i

E = (|σdes| − |σ|)/|σdes|

ki(t)

fi(xn, t)

N-S t ≤ tmax

Stop

Init

Out
Yes

No

Figure 4. Iterative turbulence intensity control procedure.

4. Computational Model

In the present study, the numerical solution of an incompressible viscous flow is
obtained by the Navier–Stokes solver χ–Navis, in-house developed at CNR-INM and
extensively validated for a wide range of applications on hydrodynamics studies of marine
vehicles and offshore structures.

The numerical solution of Equation (4) is obtained by a Detached Eddy Simulation
(DES) approach. A convection–diffusion equation is solved with production and destruc-
tion terms and a forcing function that depends on the distance from solid walls. At large
distance from a solid boundary, the equation reduces to a Large Eddy Simulation (LES)
closure model, see [14] for details.
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The dual time stepping approach that generalizes the pseudo-compressibility method
proposed in [34] to unsteady problems, is used to solve the fully coupled Navier–Stokes
equations. Specifically, the numerical solution of Equation (4) is computed as the asymptotic
solution of an auxiliary unsteady problem with additional terms written as pseudo-time
derivatives to simulate artificial compressibility. At each step of the physical time, a pseudo-
time loop is evaluated to ensure consistent divergence-free velocity and pressure fields.

All spatial operators are approximated by a finite volume technique with pressure and
velocity co-located at cell centers. For the viscous terms a standard second order centered
scheme is adopted, whereas for the inviscid part a fourth order centered scheme is used.
The formal spatial accuracy of this method is second-order (owing to the treatment of the
viscous terms). Nevertheless, the use of a less dissipative scheme for the convective terms
allows to follow the formation and convection of strong gradients for a considerably longer
distance than with the use of a second order-scheme. The convergence ratio for the inner
iteration is accelerated by means of local time stepping, an implicit Euler scheme with ap-
proximate factorization and a multi-grid technique. The computational domain is discretized
by a structured multi-block mesh. Overlapping among grid blocks is made possible by a
Chimera technique [35]. More details on the numerical model can be found in [36].

5. Numerical Application

The capability of the proposed methodology to generate turbulent eddies with im-
posed metrics in an arbitrary onset viscous flow is analyzed here through a simple ap-
plication. The proposed case study deals with the generation of homogeneous isotropic
turbulence with given intensity I∞ into a uniform unbounded flow with constant veloc-
ity u∞, hereafter referred to as the nominal flow speed.First, the computational set-up is
described. Next, the results of the flow field simulation are presented and discussed.

5.1. Computational Set-Up

The computational domain is a cylinder with the two bases representing the inlet and
outlet sections, with the cylinder axis aligned with the direction of the unperturbed flow
(streamwise direction). Denoting by L a reference length, the cylinder has length 26L and
radius 9L. These dimensions are compatible with the set-up for the simulation of the flow
field around an isolated horizontal-axis turbine with diameter D = L.

A parallelepipedal grid block defines the volume where turbulence is generated (gen-
eration block). This block is centred at distance dg = 14L from the inlet section, and is 0.05L
long in the streamwise direction and 1.4L× 1.4L wide in the normal directions. Down-
stream of it, another parallelepipedal grid block defines the flow region where the generated
turbulence is monitored and statistical properties are evaluated (control block). This block
is 2.0L long in the streamwise direction and 1.3L × 1.3L wide in the normal directions.
These two blocks are immersed into a background grid formed by a toroidal block ex-
tended to the external boundary of the computational domain (background block) and
internally limited by a thin cylindrical gap that is filled with two partially overlapping
parallelepipedal blocks extended from the centre of the domain to the inlet and to the outlet
sections (filling blocks).Dimensions and number of cells of each block are given in Table 1.
The discretization refers to the finest grid level, whereas the multi-grid algorithm uses
refinement levels, with the coarser grid obtained by removing every second point from the
finer grid. In the present study, preliminary results with only two grid refinement levels
are presented. A total of five blocks and approximately 2× 106 cells on the finest grid level
is obtained.
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Table 1. Computational grid: main blocks size Li in the i-wise direction (i = 1, 2, 3), and number of
cells on the finest level.

Block L1/L L2/L L3/L Cells

Generation 0.05 1.4 1.4 48× 128× 128
Control 2.0 1.3 1.3 700× 128× 128

Background 26.0 9.0 (radius) – 360× 60× 90

Grid node stretching is applied in background and filling blocks with cells clustering
in the flow region downstream of the turbulence generation area, while no stretch is
applied on both generation and control blocks to avoid local grid refinement effects on the
calculated turbulence metrics. Figure 5 presents views of the overall computational domain
and details of the generation and control blocks. It can be noted that the generation block is
relatively thin in the streamwise direction, whereas the control block covers a large portion
of the flow field.

Figure 5. Layout of the computational domain grid and details of the generation and control blocks
(left). The control block is split into four sub-blocks (right).

A velocity condition u = u∞e1 is imposed at the inlet section. A gradient pressure
condition is imposed at the outlet section and velocity condition is enforced at the exter-
nal boundary.

The numerical solution is performed by distributed and shared memory parallelization,
by using the OpenMP and MPI API. In order to balance the load on all nodes, the control
block is split in the streamwise direction into four sub-blocks with an equal number of
cells, see Figure 5. Using MPI, the solution on each split block is calculated as a separate
process. Once the flow field solution is evaluated, the analysis of statistical properties of
the turbulent flow is performed by rebuilding the solution into a single block.

In the present problem, no solid boundaries in the fluid domain exist. In such a con-
dition, the DES model reduces to a LES throughout the computational domain. A time-
marching solution for unsteady flows is evaluated. The simulation is initialized with a
sudden start. At time t = 0, the volume force distribution in Equation (17) is initialized
with ki(0) = 10−5. At each time step, the intensity is updated by the PID control strategy
in order to achieve imposed values of turbulence in the flow, as described in Section 3.2.

The residuals of velocity components and pressure and the CFL (Courant–Friedrichs–
Lewy) number for the solution on the finest grid level are shown in Figure 6. The iteration
counter is updated at each step of the pseudo-time loops that are evaluated at each physical
time step, see Section 4. In particular, right Figure 6 shows details of 3 full pseudo-time
loops between 900 and 1000 cumulative iterations. Velocity components residuals reach
values in the order of 10−4 at convergence of the pseudo-time loops, whereas the pressure
residual drops to 10−8. Less than 30 steps are necessary to achieve pseudo-time loop
convergence. Figure 6 also shows that acceptable values of CFL below 1 are established.
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Figure 6. Residuals of velocity components and pressure, CFL condition during iteration on physical
time and pseudo-time loops (left). Details of pseudo-time loop iteration (right).

5.2. Flow Field Simulations

The simulation described here deals with a uniform onset flow at Re = 1.25× 106.
The objective is to generate a homogeneous and isotropic turbulent flow regime with 30%
intensity (I∞,des = 0.30) in the fluid region occupied by the grid sub-block 1. Preliminary
calculations have shown that this should correspond to an averaged 16% intensity in the
whole control block, see Figure 5. The Reynolds number is evaluated as Re = Lu∞/ν,
where L = 0.5 m, u∞ = 2.5 m/s and ν = 1.004× 10−6 m2/s. The physical time step used
for the time marching solution is ∆t = 0.001047 s. Recalling the grid block dimensions in
Table 1, about 780 physical time steps are required to cover at nominal flow speed u∞ the
distance between the center of the generation block and the downstream end of the control
block. The convection time from the generation block to the downstream end of the control
block, Tconv = 780 ∆t, is taken as a reference to denote the duration of the initial transient-
flow phase. In the present calculations, 780 physical time steps correspond to about 10,000
cumulative iterations including physical and pseudo-time steps. Recalling residuals plot in
Figure 6, it can be noted that at time Tconv the solution has already achieved convergence.

The results presented in this Section describe the flow field solution in the finest
grid level. The development of turbulent flow as effect of the interaction between the
onset uniform flow and the volume force distribution is illustrated in Figure 7, where the
streamwise component of the flow velocity, u1, and of the vorticity magnitude ζ = ‖∇× u‖
are plotted. Both distributions describe the flow field at a representative time step following
the initial transient-flow phase, at t > Tconv. The onset flow is directed left to right. The
perturbation induced by the volume force distribution over a thin region normal to the
x1 direction is clearly visible on the left side of the computational domain. The sudden
formation of eddies downstream of the generation volume is apparent, whereas outside the
wake shed by the volume force region the flow remains unperturbed, except for a transition
region where mixing between the turbulent stream and the unperturbed flow is observed.
Similarly, snapshots of the velocity components u2, u3 at the same time step are presented
in Figure 8.

Figure 7. Effect of turbulence generation on the flow field downstream of the generation region.
(Left): vorticity magnitude. (Right): u1 velocity component. Representative time step t1 > Tconv.
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Figure 8. Flow velocity components u2 (left) and u3 (right) at representative time step t1 > Tconv.

A three-dimensional visualization of eddies describing the generated turbulent struc-
tures can be obtained by considering the eigenvalues of the tensor A2 + Ω2, where A
and Ω represent, respectively, the symmetric and anti-symmetric parts of the velocity
gradient tensor

A =
1
2

(
∇u + ∇uT

)
, Ω =

1
2

(
∇u − ∇uT

)
. (18)

By ordering the eigenvalues evaluated at each field point such that λ1 ≥ λ2 ≥ λ3,
vortex structures can be identified by connected regions where λ2 is lower than a suitable
negative value that depends on the flow conditions [35].

Figure 9 presents the λ2 iso-surfaces at a representative time step, whereas the col-
ormap on the surface denotes the vorticity magnitude ζ. For the sake of clarity, only
a portion of the computational domain discretized by generation and control blocks is
shown. The inner part of this region is made visible by removing the cells in a quarter of
the control block as illustrated in left Figure 9. The λ2 plot reveals the random fluctuation
of the turbulent structures as effect of the mutual interaction among eddies. The diffusion
and dissipation of structures as the distance from the generation area increases is witnessed
by the vorticity intensity levels associated to the turbulent structures.

Figure 9. Iso-surfaces of the λ2 quantity and colormaps of the vorticity magnitude on the generation
block and on a portion of the control block (right). Sketch of the considered control block portion (left).

The visualization of flow variables such as velocity, vorticity or derived quantities
like the λ2 parameter, provides only a qualitative insight to the generated turbulent flow.
Further analysis is necessary to determine key turbulent metrics quantities, and to verify the
stationarity of the solution at time t > Tconv. In particular, the possibility that homogeneous,
isotropic turbulence conditions are established with desired turbulence intensity levels is
to be investigated.

To this aim, spatial mean values ui and variance σ2
i of the velocity components ui have

been evaluated in the flow region occupied by the control block, see right Figure 5.
In particular, denoting by V an arbitrary fluid volume, the spatial mean reads

ui(x, t) =
1
V

∫
V

ui(ξ + x, t)dξ (i = 1, 2, 3) (19)
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The quantities are evaluated at each time step and further averaged over time steps
tk such that tk > Tconv. The symbol < > is used to denote the arithmetic mean on all
samples at time steps tk. The results are presented in Table 2, where averaged mean velocity
terms < ui > and variance terms < σ2

i > are normalized with respect to the nominal flow
speed u∞.

In order to capture the variability of the flow metrics as the distance from the gen-
eration region increases, quantities < ui > and < σ2

i > evaluated on the whole control
block are compared with the corresponding values obtained for each of the four sub-blocks
in which the main block is split, as shown in right Figure 5. Specifically, the sub-blocks
have identical dimensions and discretization and are numbered 1 to 4 in the streamwise
direction. Each block centre is labelled as point Pi, with i from 1 to 4, see Figure 10.

From Table 2, a first important result is that the mean velocity in the streamwise
direction is lower than the unperturbed flow velocity, with < ui > /u∞ = 0.933 in the
whole control block. The observed 6.67% velocity defect can be explained with the blockage
due to the volume force distribution used to generate turbulent eddies. This phenomenon
is well known with physical grids that are used in laboratories to stimulate turbulence.

Table 2. Non dimensional averaged mean value < ui > /u∞ and variance < σ2
i (ui/u∞) > of the

velocity components ui (i = 1, 2, 3) in the control block and in the 4 sub-blocks.

i = 1 i = 2 i = 3

Control < ui > /u∞ 0.933 −0.0356 −0.0378
block < σ2

i (ui/u∞) > 0.788 × 10−2 0.686 × 10−2 0.681 × 10−2

Sub < ui > /u∞ 0.931 −0.0456 −0.0478
block 1 < σ2

i (ui/u∞) > 0.174 × 10−1 0.146 × 10−1 0.146 × 10−1

Sub < ui > /u∞ 0.931 −0.0359 −0.0379
block 2 < σ2

i (ui/u∞) > 0.696 × 10−2 0.602 × 10−2 0.599 × 10−2

Sub < ui > /u∞ 0.935 −0.0318 −0.0339
block 3 < σ2

i (ui/u∞) > 0.387 × 10−2 0.347 × 10−2 0.342 × 10−2

Sub < ui > /u∞ 0.938 −0.0290 −0.0315
block 4 < σ2

i (ui/u∞) > 0.250 × 10−2 0.228 × 10−2 0.225 × 10−2

Figure 10. Control block split into four sub-blocks in the streamwise direction. Sub-block centers are
denoted as points Pi with i from 1 to 4.

The volume force distribution also determines a deviation of the unperturbed onset
flow, with normalized mean values < u2 > /u∞ = −0.0356,< u3 > /u∞ = −0.0378 of the
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velocity components normal to the nominal streamwise direction x1. Such a flow distortion
can be explained with non zero resultants of the randomly generated volume force terms
in the x2, x3 directions.

If mean velocity values from the sub-blocks are considered, it can be noted that
the velocity defect in the streamwise direction tends to reduce as the distance from the
generation block increases, as effect of diffusion of the wake downstream of the generation
block. In particular, < u1 > /u∞ increases from 0.931 in sub-block 1 to 0.938 in sub-block 4.
Stronger reductions of mean values < u2 > and < u3 > are observed , with the result that
the above mentioned distortion of the flow is partially recovered.

Results in Table 2 for the non-dimensional variance < σ2
i > /u2

∞ highlight a significant
dissipation of turbulent structures in a narrow region downstream of the generation block.
In the nominal streamwise direction, one has < σ2

1 /u2
∞ >= 0.0174 in the first sub-block

and < σ2
1 /u2

∞ >= 0.0025 in the fourth sub-block, whereas the average across the four
sub-blocks is 0.0079. In all sub-blocks, the variance in the x2, x3 directions are almost
identical and slightly smaller than the variance in the streamwise direction.

The variance values < σ2
i > evaluated on the whole control block, correspond to a

turbulence intensity I∞ = 0.1468 by using the definition in Equation (13). This value is in
good agreement with the expected value 0.16 mentioned at the beginning of this section.
However, it is important to recall that the PID control strategy elaborates flow field data
from the sub-block 1 to achieve an imposed turbulence intensity. Recalling the dissipative
trend observed by comparing results from the four sub-blocks, it can be expected that the
turbulence intensity decreases moving from sub-block 1 to 4. Specifically, results for the
four sub-blocks and for the whole control block are given in Table 3.

Table 3. Turbulence intensity by Equation (13) in the control block and in the four sub-blocks.

Control Block Sub-Block 1 Sub-Block 2 Sub-Block 3 Sub-Block 4

14.68% 21.59% 13.77% 10.37% 8.38%

A sound evaluation of the PID control strategy can be made by comparing the turbu-
lence intensity evaluated at the sub-block 1 with the imposed desired value I∞,des = 0.30.
From Table 3, a 28% discrepancy between expected and obtained values is found. The role
played by the PID controller in the achievement of a given turbulence intensity value is
analysed in Figure 11, where the errors Ei evaluated by Equation (15) and referred to the
three velocity components, are plotted as a function of the physical time step. The results
highlight that the PID errors do not reduce to 0 with the iterations. After few time steps, E1
drops to about 0.25, and 0.35 for the other two components. However, these quantities do
not reduce further during the iterative solution and oscillate about the above mentioned
values. This trend is consistent with the discrepancy between expected and evaluated
turbulence intensity at the sub-block 1 observed above. Results in Table 3 and in Figure 11
highlight that the PID controller used in the present study has a limited capability to enforce
a desired amount of turbulence intensity in the flow field.

Once the time-marching solution reaches the fully developed turbulent flow condition,
the stationarity of flow properties should be achieved. However, as shown in Figure 11,
the PID control used to match an imposed turbulence intensity value introduces some
fluctuations in the intensity of the volume force terms that do not extinguish with time.
Hence, the capability of the turbulent flow solution to achieve a stationary condition is a
key aspect to be investigated. To this purpose, the evolution in time of flow field quantities
at selected points is analyzed by considering the points P1 to P4 positioned in the center
of each of the four sub-blocks, see Figure 10. The streamwise distances of points P1 to
P4 from the center of the generation block are, respectively, 0.275L, 0.775L, 1.275L, 1.775L.
These points are taken as virtual probes in the computational domain and the time series of
fluctuating velocity components observed at those locations are processed to determine
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correlations, Fourier transforms, Power Spectral Density (PSD), and Probability Density
Functions (PDF).

First, the flow is analyzed by considering the evolution in time of the time average
of velocity components referred to a time bin TA assumed to be small as compared to the
full computational time. For example, by averaging the streamwise velocity component u1,
this yields

ũ1(x, t) =
1

TA

∫ TA/2

−TA/2
u1(x, t + τ)dτ (20)

with arbitrary t > TA/2. The symbol ˜( ) is used here to distinguish time-bin averaging
from standard average evaluated on the full set of time samples tk < Tconv, denoted by the
symbol < > and used in Table 2 above.
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Figure 11. PID control error for the three velocity components evaluated by Equation (15) and plotted
as a function of time.

Figure 12 shows the time-bin averages evaluated by Equation (20) for the three velocity
components, as the central step t of the time bin increases. In the present analysis, the time-
bin interval TA has been taken equal to 500 time steps.

For comparison, the actual velocity values at each time step are also shown. The results
relative to probe no. 4 demonstrate that in spite of the strong random fluctuations of the
velocity, and of the oscillations of the volume force intensity induced by the PID controller,
the time bin averaged values are almost constant throughout the considered time period.
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Figure 12. Probe no. 4: time series and time-bin average of the velocity components u1 (left),
u2 (center), u3 (right), evaluated by Equation (20).

Non-dimensional mean values and variance evaluated from time series of velocity
components at the four probes Pi and t > Tconv are presented in Table 4.
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Table 4. Non dimensional mean value < ũi > /u∞ and variance < σ2(ũi/u∞) > of velocity
components ui(i = 1, 2, 3) from time series at probes Pj (j = 1 to 4) and t > Tconv.

i = 1 i = 2 i = 3

Probe P1
< ũi > /u∞ 0.986 −0.041 −0.020

< σ2(ũi/u∞) > 0.193 × 10−1 0.156 × 10−1 0.156 × 10−1

Probe P2
< ũi > /u∞ 0.956 −0.029 −0.031

< σ2(ũi/u∞) > 0.810 × 10−2 0.672 × 10−2 0.792 × 10−2

Probe P3
< ũi > /u∞ 0.952 −0.028 −0.027

< σ2(ũi/u∞) > 0.410 × 10−2 0.360 × 10−2 0.372 × 10−2

Probe P4
< ũi > /u∞ 0.949 −0.027 −0.027

< σ2(ũi/u∞) > 0.260 × 10−2 0.292 × 10−2 0.221 × 10−2

The above results, obtained by time averaging data from a single probe, confirm the
key trends observed from spatial averaging on each sub-block in Table 2. A non negligible
velocity defect in the streamwise direction, and a significant reduction of variance terms
σ2

i as the distance from the turbulence generation region increases are found in Table 4.
A quantitative comparison among results from the two tables is presented in Figure 13.
Specifically, non-dimensional mean velocity terms ui/u∞ are compared in the top line
plots. A significant discrepancy is observed between spatial averages on sub-blocks and
corresponding quantities from probe signals at each sub-block center. The differences
tend to rapidly reduce from sub-block 1 to sub-block 4, that is, moving downstream of
the turbulence generation region. Specifically, the discrepancy at probe/sub-block 4 for
quantity u1/u∞ is only 1.2%, whereas larger values equal to 7.4% and 16.7% are found,
respectively, for the u2 and u3 components whose absolute values are very small.

Considering non-dimensional variance terms σ2
i /u2

∞, bottom line plots in Figure 13,
the differences between the two data sets are small on the upstream blocks and tend
to vanish moving further downstream. These results demonstrate that the generated
turbulent flow field tends to spatial homogeneity at some distance downstream of the
generation region, and as the solution evolves, stationarity of mean velocity components is
also established with a good approximation. Except for a narrow region in proximity of the
turbulence generation block, a good agreement between spatial and time averages is found.
It may be concluded that the generated turbulent field has an acceptable level of ergodicity.
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Figure 13. Comparison of non dimensional mean velocity ui/u∞ and variance σ2
i /u2

∞ (i = 1, 2, 3)
for all velocity components by spatial averaging on sub-blocks 1 to 4 (top) and by time averaging at
probes P1 to P4 (bottom).
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For the sake of completeness, time series of the standard deviation of each flow velocity
component are presented in Figure 14. Specifically, time-bin averaged data from single
probes at sub-block centers and spatially averaged data over each sub-block are compared.
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Figure 14. Standard deviation of velocity components from time-bin averaging at sub-block probes
and from spatial averaging over sub-blocks. Top: u(t),< ũ >; bottom: σ2(u(t)),< σ2(ũ) >. Left to
right: velocity components u1, u2, u3.

Figure 15 presents the time auto-correlation Rii(τ) defined in Section 3.1, applied here
to the velocity components at probe P4. As expected, the correlation rapidly drops to very
small values as the correlation time increases. The integral time scale T can be evaluated as

T =
1

Rii(0)

∫ ∞

0
Rii(τ)dτ (i = 1, 2, 3) (21)

Considering as example the probe P1, the following values are obtained: Tu1 = 7.06×
10−3, Tu2 = 1.3× 10−3, Tu3 = 2.98× 10−3.
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Figure 15. Probe no. 4: time auto-correlation Rii(τ) of the velocity components u1 (left), u2 (center),
u3 (right).

The Power Spectral Density (PSD) of the kinetic energy is evaluated as

S( f ) =
1√
2π

∑
n∈Z

e−i2π f nR(n), f ∈ [0, 1] (22)

where R(n) = E[XnX0] is the autocorrelation function of a stationary random process Xn
and n ∈ Z is an arbitrary integer number. Figure 16 presents the PSD calculated at probes
Pi. In all cases, a frequency range where data are aligned with the Kolmogorov −5/3 law
is present. For probes 1 and 2, this range approximately extends between 10 and 100 Hz,
whereas it is narrower for probes 3 and 4.
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Figure 16. Kinetic energy Power Spectral Density (PSD) at probes Pi with i = 1 to 4, left to right, top
to bottom.

In order to estimate the anisotropy of the turbulent flow, the analysis of the correlation
tensor as proposed in [37], is performed. Figure 17 depicts the position of velocity com-
ponent pairs (u1, u2) (left) and (u1, u3) (right) in the corresponding (u1, u2) and (u1, u3)
planes. The results are referred to velocity samples from each cell in the control block.
With few exceptions, all pairs fall within a circle centered in the origin. This provides a
qualitative estimate of the isotropy of the generated flow field. A relative eccentricity of
pairs towards negative u2 and u3 values is observed, as already noted by flow visualizations
in Figure 8.
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Figure 17. Correlation maps between velocity component pairs (u1, u2) (left) and (u1, u3) (right).

Following [33,38], further information can be obtained from the invariants of the tensor
S defines as Sij = Rij(0)− 1/3Rii(0)δij.
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To this purpose, the first three tensor invariants are considered

I = Sii; II =
1
2
[(Sii)

2 − S2
ii]; III = det(S), (23)

In particular, the isotropy of a random signal can be investigated by mapping events
in the (II, III) plane. Two lines departing from the origin (0, 0) delimit the region where
invariant pairs (II, III) for a random signal are expected. A perfectly isotropic signal is
characterized by invariant values II = 0 and III = 0. Figure 18 presents the results for
the generated turbulent flow. Specifically, the events corresponding to 20 representative
time steps at the four virtual probes Pi are considered in separate diagrams. All events are
within the feasible region, and points tend to cluster close to the origin as the distance of
the probe from the generation region increases (top to bottom, left to right in the figure).
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Figure 18. Isotropy diagrams by using Sij tensor invariants (II, III) from Equation (23). Top to
bottom, left to right: Probe 1 to 4.

The results highlight that at some distance downstream from the generation region,
the generated turbulent structures evolve into a nearly isotropic flow.

Further insight to the isotropy in the established turbulent flow can be obtained by
evaluating the Probability Density Function (PDF) of the velocity components at the four
probes Pi and comparing with a normal Gaussian distribution. The results are shown in
Figure 19 for the three velocity components and all probes Pi, with i = 1 to 4. The probes
PDFs are compared with Gaussian distributions with same mean values and variance
as the calculated velocity components, as described in Tables 2 and 4 above. With some
approximation, the evaluated PDFs for all combinations of probe and velocity component
fairly match the corresponding Gaussian distributions. Some deviations with significant
skewness and kurtosis are found in the distributions for cases u1(P1) and u1(P2) (respec-
tively, first and second line from top, left column), u2(P1), u2(P3) and u2(P4) (respectively,
first, third and forth line from top, center column), and u3(P2), u3(P3) (respectively, second
and third line from top, right column). It can be noted that the deviations from the expected
Gaussian distribution do not present a clear trend with the position of the considered probe.
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Figure 19. Probability Density Function (PDF) of velocity components u1 (left), u2 (center), and u3

(right) compared with normal Gaussian distributions. Top to bottom: probes Pi, with i from 1 to 4.

5.3. Discussion

The methodology outlined in Section 3 provides a simple formulation to generate
a random perturbation and simulate onset turbulence in the numerical solution by CFD of
an arbitrary viscous flow. The perturbation originates by an obstacle to the unperturbed
flow that is modelled as a distribution of volume forces. A direct analogy is found with
physical grids used in the experimental field to generate turbulent flows in tunnel test
sections. The modelling of a physical grid as a volume force distribution is computationally
quite efficient as compared with the representation of physical grid elements as solid
boundaries in the computational domain. In addition to that, the volume force distribution
can be dynamically adjusted to modify the flow field perturbation that is generated. In
the present approach, a full variability of the perturbation is obtained by a volume force
distribution that is randomly variable in time and space and whose intensity can be further
scaled through a dedicated control strategy.

The numerical application illustrated in Section 5 has been performed with the ob-
jective to investigate if such a simple and computationally efficient model can generate
flow field perturbations that are representative of real turbulent flows. In spite of its ex-
treme simplicity, the proposed numerical application provides an appealing case study.
The methodology implies that a grid block is dedicated to the volume force distribution.
The turbulent structures generated within this block are shed downstream in a flow region
that gradually expands in the direction normal to the streamwise direction as effect of the
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diffusion of turbulent eddies. A control strategy is applied to dynamically adjust the inten-
sity of volume force terms and establish desired levels of flow turbulence. This implies that
relevant statistical flow properties are evaluated at virtual probes and over control volumes
in suitable positions in the computational domain. In the present numerical application,
a grid block covering a portion of the field downstream of the generation area has been
considered to collect data for the control algorithm (sub-block 1 in Figure 5). In general,
the use of a dedicated control block is not necessary. Nevertheless, the time stepping of
the solution and the spatial discretization of the domain portion used to collect input data
for the control strategy should be adequately sized for the correct evaluation of statisti-
cal properties as mean, variance and correlation of velocity components, power spectral
density, probability density functions. In particular, time stepping and grid refinement are
responsible for the length and time scales of the turbulent structures that can be modelled.
A simple elaboration of data in Table 1 shows that in the present study, eddies with size
larger than approximately 0.02L can be described, assuming that at least a 2× 2 cells square
stencil is necessary to detect a planar eddy.

The results of flow field simulations highlight that the perturbation induced by the
volume force distribution is characterized by a rapid evolution downstream of the gen-
eration region. The dynamics of the turbulent structures is governed by the model used
for the numerical solution of the viscous turbulent flow, as shown in Figures 7–9. A DES
model has been considered in the present study. At some distance downstream of the
turbulence generation area, the flow tends to achieve satisfactory levels of stationarity.
Small fluctuations of the velocity components are largely due to time variations of the
volume force intensity caused by the PID controller that is not able to reduce to zero the
control error (Figure 11). In the downstream region, the flow tends to be ergodic as shown
by the good agreement between time averages and spatial averages of the mean velocity
and variance, as demonstrated in Figure 13. Similarly, flow anisotropy observed close to
the generation region is rapidly reduced moving downstream, Figure 18.

For the particular case considered in the present analysis, it may be concluded that at
some distance downstream of the generation region, a fully developed turbulent flow with
satisfactory stationarity and isotropy characteristics is established. The quantitative com-
parison between requested and obtained mean flow velocity and turbulence intensity can
be also positively evaluated. As expected, a small velocity defect is observed downstream
of the region where volume force terms are imposed, with a 6–7% peak. The unperturbed
mean flow velocity is partially recovered as the distance from the generation region in-
creases. The turbulence intensity evaluated in the control volume considered by the PID
controller (sub-block 1) underestimates by 28% the desired value. A rapid decay of turbu-
lence intensity is observed in a narrow region downstream of the generation area, whereas
uniform values are obtained at larger distance downstream. This result highlights clear
limits of the turbulence intensity control strategy implemented in the present version of
the model. In particular, the control error is largely affected by the definition of the PID
settings, ai coefficients in Equation (16), and ad-hoc tuning is required to minimize the
deviation between calculated and desired turbulence intensity values. The location of the
fluid domain volume monitored by the controller is another aspect to be analyzed. In the
present study, a control volume close to the turbulence generation region has been used, in
order to ensure that a consistent feedback by the controller is provided since the first time
steps of the simulation.

The results obtained in the present study provide only an initial verification of the
proposed methodology. The capability to generate turbulent flows with different intensity
levels and the application to complex configurations with solid bodies immersed into the
flow has to be demonstrated. Similarly, the analysis of grid refinement on the properties
of the generated turbulent structures is also necessary. This is particularly important
to assess the capability of the proposed methodology to generate turbulent flows with
physically-consistent power spectral density properties. Present results in Figure 16 reveal
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deviations of the PSD curves from the expected Kolmogorov −5/3 law that are to be
further investigated.

6. Conclusions

A theoretical and computational methodology for the generation of onset turbulent
flows with prescribed properties in the numerical simulation of an arbitrary viscous flow
has been presented. The proposed technique falls within the class of synthetic volume force
methods, in which turbulent eddies are generated by a suitable distribution of volume force
terms in the right-hand side of the Navier–Stokes equations. In the present formulation,
the distribution is defined as a combination of harmonic functions that are randomly
variable in time and space. A control strategy is used to enforce that the generated turbulent
structures match an imposed turbulence intensity level and a homogeneous isotropic flow
is established. Although the approach is general, the proposed methodology is primarily
intended for the computational modelling of hydrokinetic turbines in a turbulent onset
flow representative of tidal or riverine installations.

A first numerical application has been presented by considering the injection of ho-
mogeneous and isotropic turbulence with 16% intensity into a uniform unbounded flow.
Flow field calculations have been performed by Detached Eddy Simulation, by using a
computational set-up valid for the analysis of model-scale tidal turbine performance in a
real onset turbulent flow. The resulting flow field has been analyzed in terms of flow statis-
tical properties as auto-correlation, power spectral density, probability density functions.
The results demonstrate that at small distance downstream of the turbulence generation
area, the flow tends to achieve satisfactory levels of stationarity and isotropy. A small
velocity defect is observed downstream of the turbulence generation region, whereas the
unperturbed mean flow velocity is partially recovered as the distance increases. The mean
turbulence intensity evaluated over a control volume underestimates by 28% the requested
value, whereas a significant decay of turbulence intensity has been observed at increasing
distance downstream of the generation area.

From this notional numerical application it can be concluded that the proposed
methodology represents a promising approach to simulate onset turbulent flow conditions.
Established flow properties are consistent with the computational analysis of hydrokinetic
turbines operating in tidal and riverine sites. Significant improvements of present results
are expected by introducing advanced volume force control strategies to replace the simple
PID controlled used in these preliminary calculations. The application of the proposed
methodology to the computational analysis of single turbines and arrays of turbines is the
subject of ongoing work.
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Abbreviations

The following abbreviations are used in the manuscript:

CFL Courant-Friedrichs-Lewy
DES Detached eddy simulation
DNS Direct numerical simulation
LES Large eddy simulation
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N-S Navier–Stokes Equation
PM Precursor Methods
PID Proportional Integral Derivative
PSD Power Spectral Density
PDF Probability Density Function
SM Synthetic Method
SDFM Synthetic Digital Filtering Method
SVFM Synthetic Volume forcing Metho
SRFM Synthetic Random Fourier Method

Appendix A. Summary of Statistical Relationships

The analysis of turbulent flows involves the evaluation of statistical functions that are
used to determine quantitative information through an adequate metrics. For the sake of
completeness, a brief summary of main statistical relationships used in the paper is given
here, whereas a comprehensive formulation can be found, e.g., in [39].

The statistical analysis of interest here grounds on the so–called Reynolds decomposi-
tion of an arbitrary fluid-dynamics variable X as a mean value and its fluctuation,

X = E[X] + X′ (A1)

where E[X] denotes the expected value of X

E[X] =
∫ +∞

−∞
x fX(x) dx (A2)

whereas X′ is the fluctuation. In Equation (A2), the function fX(x) represents the probability
density function of the events associated to the variable X. By definition, the fluctuation
has a zero mean value, or E[X′] = 0.

By introducing µ = E[X], and recalling E[ ] is a linear operator, the following relation-
ships for the variance σ2 hold

σ2(X) = E[(X− µ)2] = E[X2] − µ2 (A3)

and hence σ2(X) = E[X2], for the particular case of zero-mean signals.
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