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Abstract: We focus on a quasi-one-dimensional Poisson-Nernst-Planck model with small perma-
nent charges for ionic flows of two oppositely charged ion species through an ion channel. Of
particular interest is to examine the dynamics of ionic flows in terms of I-V (current-voltage)
relations with boundary layers due to the relaxation of neutral conditions on boundary concentra-
tions. This is achieved by employing the regular perturbation analysis on the solutions established
through geometric singular perturbation analysis. Rich dynamics are observed, particularly, the
nonlinear interplays among different physical parameters are characterized. Critical potentials
are identified, which play critical roles in the study of ionic flows and can be estimated experi-
mentally. Numerical simulations are performed to further illustrate and provide more intuitive
understandings of our analytical results.

Keywords: PNP; permanent charges; I-V relations; critical potentials; boundary layers

MSC: 34A26; 34B16; 34D15; 37D10; 92C35

1. Introduction

Ion channels are pore-forming membrane proteins allowing charged particles to
pass through the channel pore. Ion channels are embedded in cell membranes, which
provide a major medium for cells to communicate with each other and with outside en-
vironment ([1-3]). In this way, ion channels control a wide range of biological functions,
in particular, many varied functions are necessary for life (see [2] for more discussion).
Clinically, malfunctioning channels cause cystic fibrosis, cholera, neuronal disorders,
and many other diseases ([4]). Therefore, it is significant to explore the mechanism of
ion channels.

The study of ion channels generally consists of two related major topics: structures of
ion channels and ionic flow properties. The physical structure of ion channels is defined by
the channel shape and the spacial distribution of permanent charges and the polarity of
these charges. For open channels with given structures, the main interest is in the study
of its electrodiffusion property. The most challenging part in examining the properties of
ionic flows through membrane channels is the characterization of the nonlinear interplays
among specific physical parameters involved in the system, particularly, the boundary
concentrations and membrane potential, permanent charge distribution within the channel,
channel geometry and diffusion coefficients. On the other hand, all present experimental
measurements about ionic flow are of input-output type ([1]); that is, the internal dynamics
within the channel cannot be measured with the current technology. Therefore, it is
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extremely difficult to extract coherent properties or to formulate specific characteristic
quantities from the experimental measurements.

Mathematical analysis plays important and unique roles for generalizing
and understanding the principles that allow control of electrodiffusion, explaining
the mechanics of observed biological phenomena and for discovering new ones, under
the assumption that a more or less explicit solution of the associated mathematical model
can be obtained. Recently, there have been some successes in mathematical analysis
of Poisson-Nernst-Planck (PNP) models for ionic flows through membrane
channels ([5-26] etc.). Particularly, for those that were studied under the dynamical system
framework of geometric singular perturbation analysis, interesting phenomena of ionic
flows were observed for relatively simple setups. However, for all the works mentioned
here, the so-called electroneutrality boundary conditions are reinforced, and the boundary
layers, which play critical roles in the study of ion channel problems, disappear.

To further understand the correlations/interactions among ions, we consider a
PNP model with nonzero but small permanent charges under relaxed electroneutrality
boundary concentration conditions. Of particular interest is the effect on the I-V relations
from boundary layers, which can be mathematically extracted from solutions of the PNP
system. Our study will take great advantage of the work conducted in [11]. To be specific,
in [11], the authors treat the nonzero permanent charge as a small parameter, and employ
the regular perturbation analysis to the solutions, from which they obtain the zeroth-
order and first-order individual fluxes under electroneutrality boundary conditions.
This will be our starting point. More precisely, the individual fluxes obtained in [11]
allow us to define the current-voltage (I-V) relations directly (see (15) in Section 2.2).
To examine the boundary layer effects on the I-V relations, we relax the electroneutrality
boundary conditions by introducing two positive parameters, o and p close to but not
simultaneously equal to 1 (see our discussion in Section 1.3). We next employ the regular
perturbation analysis to these two parameters, in other words, we expand our I-V
relations at (c,p) = (1,1) up to the first order and neglect higher order terms. Our
main interest is then in the first-order terms, the leading terms that contain boundary
layer effects.

1.1. One-Dimensional Poisson—Nernst—Planck Models

PNP system is a basic macroscopic model for electrodiffusion of charges through ion
channels ([27-36], etc.) Under various reasonable conditions, the PNP system can be de-
rived as a reduced model from molecular dynamics, Boltzmann equations, and variational
principles ([37-40]).

Based on the fact that the channel is narrow and one can effectively view it as a one-
dimensional channel [0, /], where I (with unit nm) is the length of the channel together with
the baths that the channel links. A quasi-one-dimensional steady-state PNP model for a
mixtures of n ion species though a single channel reads (first proposed in [41])

1 d AP n
———— (e (x)eoh(x) 5=~ ) = —e( ¥ zscs + Q(x) ),
Zf;) " ( j ) ) (S_ld ) g

where x € [0,1] is the coordinate along the axis of the channel that is normalized to [0, 1],
h(x) is the area of cross-section of the channel over the location x.

For system (1), we have the following boundary conditions (see [8] for a reasoning),
fork=1,2,...,n,

CD(O) =V, Ck(O) =Ly >0; q)(l) =0, Ck(l) =Ry >0, k=1,2,...,n, (2)

where
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e e~ 1.60 x 1071 (C = coulomb) is the elementary charge;
e kg~ 1.38x 1072 JK1) is the Boltzmann constant;
*  Tisthe absolute temperature (unit K (kelvin)), itis T = 273.16 (K);
e ®(x) is the electric potential with the unit V = Volt = JC~;
e Q(x) is the permanent charge density of the channel (with unit 1/m?3);
(x) is the local dielectric coefficient (with unit Fm~1);
(x) is the relative dielectric coefficient (with unit 1);
e h(x) represents the area of the cross-section over the point x (with unit m?);
* 1 is the number of distinct types of ion species (with unit 1);
*  for the jth ion species;

[ ) 80

. &

- ¢jis the number density (with unit 1/ md);

- zjis the valence (the number of charges per particle with unit 1);

- Hjis the electrochemical potential (with unit ] = CV);

- Jjis the number flux density (with unit 1/s) — the number of particles across each
cross-section per unit time;

- Dj(x) is the diffusion coefficient (with unit m?/s).

1.2. Permanent Charges

It is known that the spatial distribution of side chains in a specific channel defines
the permanent charge of the channel. Although some information could be obtained
without considering the permanent charge and by focusing on the effects of other sys-
tem parameters, such as boundary conditions, ion valences, ion sizes, etc., we believe
that different channel types differ mainly in the distribution of permanent charge ([2]).
To better understand the dependence of ionic flows on permanent charges, we demon-
strate that the role of permanent charges in membrane channels is similar to the role
of doping profiles in semiconductor devices. Semiconductor devices are similar to
membrane channels in the way that they both use atomic-scale structures to control
macroscopic flows from one reservoir to another. Ions move a lot like quasi-particles
move in semiconductors. Roughly, holes and electrons are the cations and anions of
semiconductors. Semiconductor technology depends on the control of migration and
diffusion of quasi-particles of charge in transistors and integrated circuits. Doping is
the process of adding impurities into intrinsic semiconductors to modulate its electrical,
optical, and structural properties ([42,43]). Roughly speaking, one may understand in
the following sense, doping provides the charges that acid and basic side chains provide
in a protein channel. There is no doubt that, for both ion channels and semiconductors,
permanent charges add an additional component—probably the most important one—to
their rich behavior. In general, the permanent charge Q(x) is modeled by a piecewise
constant function, that is, we assume, for a partition xg =0 < xy < -+ < xXp_1 < xp =1
of [0,1] into m subintervals, Q(x) = Q; for x € (xj_1,x;) where Q;’s are constants with
Q1 = Qm = 0 (the intervals [xo, x1] and [x,,,_1, x;| are viewed as the reservoirs where
there is no permanent charge).

In [8], under the framework of geometric singular perturbation theory, the existence
and uniqueness (local) was established for the boundary value problem (1) and (2) with
one cation and one anion and the permanent charge function modeled by

Q(x)=0if0<x<a Qx)=Qifa<x<b Q(x)=0ifb<x<]1, 3)

where Qp is some nonzero constant. Due to the challenge in obtaining explicit expressions
of the I-V relation with nonzero permanent charges, in [11], the author studied the case
with Qo in (3) being small and employed regular perturbation analysis (viewing Qg as a
small perturbation to the solutions of the system (1) and (2)) to further study the effects
on ionic flows from the permanent charges. The analysis in [11] (Proposition 4.11 and its
following discussion) indicates that to optimize the effect of the permanent charge, a short
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and narrow neck within which the permanent charge is confined, is expected. This indicates
the critical role that the permanent charge plays in the study of ionic flow properties
of interest.

1.3. Relaxed Electroneutrality Boundary Conditions

To describe the actual behavior of channels or useful transistors, macroscopic reser-
voirs linked by ion channels must be included ([30,31,44,45]). Macroscopic boundary
conditions that describe such reservoirs introduce boundary layers of concentration and
charge. If those boundary layers reach into the part of the device that performs atomic
control, they prominently influence its behavior. Particularly, boundary layers of charge
are probably to produce artifacts over long distances because the electric field spreads a
long way:.

The boundary layer should be handled more carefully in the study of such problems,
particularly for ion channel problems. In [8,13,26], the boundary layer is characterized
partially, mainly in establishing the existence and local uniqueness result of the PNP system.
However, the effects from the boundary layers on ionic flows, which in general carry more
rich information, are not analyzed. This is because, very often, when examine the qualitative
properties of ionic flows through ion channels, electroneutrality boundary conditions are
naturally enforced at both ends of the channel (see, e.g., [5,6,11,12,20,21,46-51]). They are
defined as

n

f zsLs = ) _ z;Rs = 0. 4)

s=1 s=1

However, under the condition (4), the two boundary layers disappear (see [52] for
more detailed discussion).

To better understand the mechanism of ionic flows through membrane channels,
the boundary layer effects should be carefully considered during the study. Meanwhile,
due to the sensitivity of electric potentials on boundary layers, a first but natural step is
to study the state that is not neutral but close to. More precisely, one may assume (taking
n = 2 in (4), for example)

—z5L —z7R
2l _ g T%Re
z1L4 z1Rq

2 ©)

where ¢ and p are some positive constants close to but not equal to 1 simultaneously
(c =1 = pin (5) implies neutral state). Following this idea, some recent works (see [22,52,53]
for examples) have shown that more rich qualitative properties of ionic flows were observed
while boundary layers are involved. Particularly, the authors in [52] analyzed the bound-
ary layer effects on individual fluxes via PNP system with nonzero but small permanent
charges. All the works indicate the importance of the role played by the boundary layer in
the study of ionic flow properties of interest.

1.4. Problem Set-Up

In this work, we take the same setting as that in [11] but without assuming electroneu-
trality boundary conditions (4) for n = 2, which includes:
(A1).We consider two charged particles (n = 2) with z; > 0 and z, < 0;
(A2).The PNP model only includes the ideal component ygd(X) of the electrochemical
potential defined by
() — cx(x)
pi (x) = ze®(x) + kpTIn oo (6)

where ¢ is some characteristic number density.
(A3).€r(X) = & and ’DI(X) = Di‘
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We will assume (A1)—-(A3) from now on. We first make the following dimensionless
rescaling ([11]). Let

e e gre0kpT T
=P V=— 2_ = YK
(P kBT ! kBTv’ ¢ e2 ! ]k C()Dk’

Correspondingly, the boundary value problem (1) and (2) becomes

2
h?x);ic (h(x);xq>> = —z101 — 2202 — Q(x),

@)
dcy d¢ _ dJy o o
h(x)a +Zkh(x)cka = —Ji, o 0,k=1,2
with the boundary conditions
$(0) =V, cx(0) =Lg; ¢(1) =0, cx(1) =Ry, k=1,2. 8)

2. Methods

We take the advantage of the work done in [11], and further employ regular perturba-
tion analysis on the parameters ¢ and p introduced in (5).

2.1. Previous Results

To get started, we first recall some results from [11], which are fundamental for our
following discussion. Treating the nonzero permanent charge |Qp| small compared to the
boundary concentrations Li’s and Ry’s, the authors in [11] expanded the individual flux

Jk(V;Qo) along Qo = 0:
Te(V; Qo) = Tro(V) + Ta (V) Qo + 0(Qo), )
where J;, = DyJi. It follows that Ji,g = Dy Jio and Jx1 = Dy Jx1, where

(ck —c®)(z;V +InLy —InRy) (& —c§)(z2V +InLy — InRy)

Jo = H(1)(Inck —Inck) Jo = HO(ne —Incf) "
A(z2(1-B)A+1) A(z1(1-B)A+1)
= z1A+1), = oA +1),
Ji1 (Zl —ZZ)H(l) ( 1 ) J21 (Zz —Zl)H(l) ( 2 )
with
I _ (cf — ) (e — cfo)
Inck —Inck’ c?ycty(Inck —Inck)’ a1
:lnc% —Incj, (Inck —Inck)(Inchy — In C%O)c’foc%.
A (cf — ) (clo — cfo)
Here,
1 —zpL 2 A
L 2L2 L L = &
— _ 1 — — L 2Z1 —2 _ L Z1—2
=V -z "zl . 9 226 = (z1L1) 7172 (=22Lg) 172,
9 = Tz iZQ o _z?LIj2 z1f = —2cf = (R) 7% (~22Re) 2, (12)
cfo = cf +a(cf —cf), iy =cf +B(ef — ),
where, with H(x) = [ ﬁds,
H H
_H@) g g HO )

H(1) H(1)
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We define the following function, which will be used often in our analysis. For ¢ > 0, set

_ tlnt—t+1 1

y(t) = G—T)int for t 21 and (1) = 5 (14)

One establishes easily that
Lemma 1. For t > 0, one has

0<v(t) <1, 9/ (t) >0, limy(t) = 0and lim y(t) = 1.
t—0 t—o0

2.2. Main Interest and Regular Perturbation Analysis

The most basic function of membrane channels is to regulate the permeability of
membranes for a given species of ions and to select the types of ions and to facilitate
and modulate the diffusion of ions across cell membranes. Currently, the permeation
and selectivity properties of ion channels are usually characterized by the I-V relations
measured experimentally [27,54]. Our main interest is to analyze the qualitative properties
of the I-V relations and characterize the nonlinear interplays between physical parameters.
More precisely, we consider

Z(V;e,Qo) = Zo(V) + Z1(V;A)Qo + 0(Qo), (15)
where
Ty =z1D1]10 + 22D2)20
_21D1 (C% — Cf) (Zlv +1In L1 — lan) i ZzDz (C% - C?) (ZzV +1In Lz — lnRz)
B H(1)(Inck —Inck) H(1)(Inck — Inck)
Ty =z1D1J11 + 22D2)21

A(z(1— B)A +1)
(z1 —22)H(1)

7

A(z1(1— B)A +1)

(@ mH1) 2D

(Zl)\ + 1) + zoDp

=z1D4

Note that the assumption (5) implies that, for fixed L; and R,

L _A R _A L Zl _A R 21 _A
] =012 L1, ] =piR Ry, ¢y = —;021*22 L1, 0 = —;p21*22 R,
2 2

(11’10' — lnp) A( ) (lX _ :B) (0-2123‘22 Ll _ pzlilzz Rl)Z
o,0) =
= 60, p)w (o, 0)w(w o, p)
Inw(B;0,p) —Inw(a;0,p)
| | 2
(w—B) (05172 Ly — p7 -2 Ry)

V-1
Ao, p) = &l gz’(a m) ,

B(c,p) =0(0,p)w(B; 0, p)w(a;0,p)

7

where
A 1
w(x;0,p) =(1—x)c172L1 +xp71 2Ry,
21 (16)
0(c,p) = (Inc —Inp) +InL; — InR;.
Z1 — 2p
For convenience, we define five functions Pyy = Py(o,p), Pn = Poi(o,p),

Pyg = Pio(0,p), P11 = P11(0,p) and Py = Pi5(0,p) by
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( LL LR )
- Z1 o 1 —‘021*22 1 _ _ _ B
PO() = H(l)@(ﬂ',p) ((D1 Dz)(h’lLl h’lRl) Dz(ll‘lU’ h’lp)),
P — Z](Z]Dl — ZzDz) (UﬁLl — PﬁRl)
. H(1)6(c, p) '
Pl = A l:lez(ZlDl — ZzDz)(l — B)(h’lO’ — h‘lp)z
°T (a1 —z)H(1) (z1 — 22)20%(0, p)
D; — D;)(1—B) + 22D — z3D,) (Ino — 1
_ (z122(D1 — Do) ( ) +2:Dy — 23D5) (Ino —Inp) 42Dy — 2D, |, (17)
(z1 —22)0(0, p)
Pll _ A |:_ 22122(21D1 — ZzDz)(l — B)(h’lO’ — ll"lp)
(z1 — 20)H(1) (21 — 22)0%(0, p)
z122(D1 — Dy)(1 — B) + 22Dy — 23D,
0(c,p) '
Pl = 2122(z1D1 — z2D;)(1 — B)A
(z1 — 22)H(1)B%(0, p)
Then, Zy and 77 can be rewritten as
Zo(V;0,p) =Poo(c,p) + Por(o,p)V, a8)

I,(V;0,p) =Pyo(0,p) + P11 (0,p)V + Prp(0,p) V2.

Recall that our main interest in this work is to examine the qualitative properties of the
I-V relations close to the state of electroneutrality, more precisely, based on our set-ups, it is
the case as (0, p) — (1,1). We now employ the regular perturbation analysis and expand
Zy(V;o,p) for k = 0,1 at (%, p*) = (1,1) up to the first order and neglect higher orders.
Careful calculations give

ap, aP,
To(V;,p) =Poo(1,1) + =2 (1,1) (e 1) + a—f(l,n(p— 1)+ {Pm(l,l)
9P _ 1) 4 9P _
+ 5 (L)@ —1)+ 3 LDe-1|V,
aP aP
T1(V;0,p) =Pio(1,1) +6T:0(1,1)(a—1) +a—;°(1,1)(p—1)+ {Pn(l,l) (19)
+ BB A=+ FR0 -]V [Pa)
dPip B oPp _ 2
+E20 -1+ F2ane-1|v?
where
Dy —D
Poo(1,1) = Zl(Hl(l)”(Ll ~Ry),
9P __z1(z1D1 —z2D») ~ z1(Dy = Dy)
?(1/1) - (Zl — Zz)H(l) fO(Lerl) ZlDl _22[)2 ’
9Py _ z1(z1D1 — 22D3)

(1,1) = (fo(LllRl) - 2Ry

dp (z1 — 22)H(1)
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z1(z1D1 — 22D3)

Po1(1,1) = H(D) fo(L1, Ry),
9Py (1,1) = Z%(ZlDl —2D5)(fo(L1,R1) — L)
k2 (z1 —2z2)H(1)(InL; —InRy)
@(1 1) = z3(z1D1 — 22D2) (fo(L1,Ry) — Ry)
ap (z1 —22)H(1)(InLy —InRy)
(z1D1 — ZzDz) (L1)
Pip(1,1 ,
10( ) (Zl — Zz) )
@(1,1) _ ~ 2122(D1 — Dp)(1 = B(1,1)) +2{D; — Z%DZA(l,l)
oo (z1 — zz (z1 —2z2)(InLy —InRy)
+(z1D1 — ZzDz )
apj(l,l) _ <2122 Dy — Dy)(1—B(1,1)) + 22Dy _Z%DZA(l,l)
ap 21 —Zz Zl —Zz)(lnLl —lan)
+ (21D1 722D2 (1 1 )
zlzz(Dl D2 )(1—B(1,1)) + 23Dy — 23D,
Pi(1,1 A(1,1),
) = T A (n Ly — nRy) b
oPy; 1 z122(D1 — D7) (1 — B(1,1)) + 22Dy — 23D 0A
(1,1) = =—(1,1)
80' (21 — Zz)H(l) In Ll —1In R1 aO'
. z(1 = B(1,1))(z1(Dy — D2) + 2(z1D1 — 22D5)) + 23Dy — 23D;
' (z1 —z2)(InLy — InRy)?
Zz(Dl Dz) 0B
+ InL; —InR; 90 (1L1) ) A1),
0Py 1 z122(Dy — Dp)(1 — B(1,1)) + 22D — 23D, 0A
(1,1) = (1,1)
ap (21 — Zz)H(l) In L1 —In Rl ap

s z(1—B(1,1))(z1(Dy — D2) +2(z1D1 — 22D5)) + 23Dy — 23D,
' (z1 —z2)(InLy — InRy)?

. Zz(Dl Dz) 0B
InL;{ —InRq ap(l ) JAL)

z122(z1D1 — z2D7)(1 — B(1,1))A(1,1)

Pl = e HM) (Il — R
3&(1 1= 2122(21D1 — 2oD5) {(1 —B(1,1))%4(1,1) — 98(1,1)A(1,1)
oo ! (21 —Zz)H(l) (lnLl —11’1R1)2

25(1- B(L1)A(L1) ]

(z1 —z2)(InLy —InRy)3
E)Pi(l 1= z122(z1D1 — 22D5) {(1 B(1,1))%5(1,1) - (L 1)A(L1)
ap (z1 —2z2)H(1) (InLy — 1nR1)2

221(1— B(1,1))A(1,1) ]

(z1 —z2)(InLy —InRy)3
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Here

ol Re) = s ALY = PR R,

w(
Inw(B;1,1) —Inw(a;1,1)
(¢ = B)(L1 — Ry)fo(L1, Ry)’

0A _ z1(a — B) fo(L1, Rq)
30 0 T Gt T (2~ b )

B(1,1) =w(B;1,1)w(a;1,1)

_A=powl D)+ (A -0l g Rl)}'

w1, Nw(B1,1)
JA _ z1(a — B) fo(L1, Rq)
3 0 T ot T | 2l )
Bw(a;1,1) +aw(B;1,1)

T w1, Dw(B1,1) Rl _Rl)}’
JB 1.1) = 1 Zl<tx—ﬁ>L1R1A(1,l>
Pra )_A2(1,1) {(zl —z)w(a;1,1)w(B;1,1

— (Inw(p;1,1) — Inw(w;1,1)) BAg;,p) (1,1)},
JB 1.1) = 1 Zl(ﬂé—ﬁ)LlR]A(l,l)
5( A) == A2(1,1) {(z1 —z)w(;1,)w(B;1,1)

+ (Inw(B;1,1) — Inw(w1,1)) aAg’p’p) (1,1)},

where w(w;1,1) = (1 —a)L; + @Ry and w(B;1,1) = (1 — B)L1 + BR;.

3. Results

In this section, based on the regular perturbation analysis provided in Section 2.2, we
further examine the qualitative properties of ionic flows with boundary layers. To pro-
vide more intuitive illustrations of the analytical results obtained in Sections 3.1 and 3.2,
numerical simulations under different set-ups are performed in Section 3.3.

To examine the effects on the I-V relations from the boundary layers, we consider

Tog :=To(V;0,0) —Zp(V;1,1) and Iy, := I (V;0,p) — 11 (V;1,1), (20)

respectively. Correspondingly, one has

Zs = Tog + QL1q +0(Q). (21)
From (19), one has
oP, oP, oP,
To =2 (1, 1)(e = 1) + FA D= 1)+ | FE0 D 1)
+ 2=,
’ 22)
oP oP oP
T =2 (1,1 =) + -1+ | S e 1)
oP P, Py, 2
—l—ap(l,l)(p—l)}V—l— [80(1,1)((7—1)—|—ap(1,1)(p—1) Ve

3.1. Analysis on Ly,

Note that Z; is a linear function in the potential V. The sign of the slope is of particular
interest for us, and the following result can be established.
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Fort = Ly /Ry, direct computation gives

oP, oP,
Tgl(l,l)(ﬁ— 1)+ aT(;l(Ll)(P -1

_ z3(z1D1 — 22D;)Ry
(z1 —22)H(1) In? ¢

h(t),
where h(t) = (0 —1)tInt + (1 —p)Int + (p — o) (t — 1). For the function k(t), one has

Lemma 2. Assume (c,p) — (1,1) witho > pand t = L1 /Ry > 1. One has

Q) h(t)>0ifo+p>2uwitho > 1;

(i) h(t) <O0ifoc+p<2withe <1;

(iii) There exists a unique t* > 1 such that for (o,p) — (17,17) with o + p < 2, one has
h(t) <0ifl1 <t < t*andh(t) > 0if t > t*. In particular, t* is the root of h(t) = 0.

Proof. The proof is straightforward, and we omit it here. [

It follows from Lemma 2 that

Theorem 1. Assume (c,p) — (1,1) witho > pand t = L1 /Ry > 1. One has

(i) Zog is increasing in the potential V if one of the following conditions holds
(i) o+p>2witho > 1;
(i2) t>t*witho+p <2and o > 1.
Furthermore, there exists a unique zero V3 of Zog(V; 0, 0) = 0 such that
Zoa(V;0,p) > 0 (respectively, Tog(V;o,p) < 0)if V. > V& (respectively, V. < V§),
equivalently, the effect from boundary layers enhances (respectively, reduces) Ly for V > Vgl
(respectively, V < V).

(ii) Zog is decreasing in the potential V if one of the following conditions holds
(iil) o +p <2witho < 1;
(ii2) t < t*witho+p <2and o > 1.
Furthermore, there exists a unique zero V(‘)i2 of Zo4(V; 0, p0) = 0 such that
Toa(V;0,p) > 0 (respectively, Tog(V;o,p) < 0)if V. < Vg (respectively, V. > V),
equivalently, the effect from boundary layers enhances (respectively, reduces) Iy for V < V§,
(respectively, V > V).

3.2. Analysis of T14
We first consider the sign of the coefficient of V2 in Z;4(V). For convenience, we define
g(B) = %(1,1)(0 —-1)+ a5%(1,1)(;) —1). For t = L1/R;, one has

21222 (Zl D1 — ZzDz)

8= (z1 — 22)2w1 (a; 1, 1)ewr (B;1,1)H(1) In® 51 ).
where
= ' , w1 (B;1,1)
1(8) = 2e1(w51, Der(511,1) (0~ p) 1 ALY
+(a — B) {t(p—a)lnt+ (t—l)(Zt(U—l) —2(p—1) + W
- Lo (e DI Ber(w1, 1)+ (1 = a)en (851, )

(o - Dlpan(a1,1) +awl<ﬁ;1,1>1))],
(@L1) = (1- )t +a, w(BL1) = (1-p)+p.
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Lemma 3. Assume (0,p) — (1,1) witho > pand t = L1 /Ry > 1. Let a1 = tt%‘{?, one has

(i) Ifae (0,a3), then g(B) > 0;

(i) Ifa € [as,a1), then g(B) < 0;

(iti) Ifa € [aq,a4), then there exists a unique By > « such that g(B) < 0 for p € (a,py) and
2(B) > 0for B € (Br,1);

(iv) Ifa € [y, 1), then g(B) > 0.

Here, a3 and g are two roots of g2 () = 0 with

() =(1-1t) (Ztlnt +3(1 —tHwy(a;1, 1)) + tw (a;1,1)In% £ — 2(t — 1)w?(a;1,1)Int.

They are given by
- —3(1—t)2 —tIn®t+4t(t — 1) Int — \/p(t)
T 4(t—1)2Int ’
Lo 30— )2 —tIn®t+4t(t — 1) Int + /p(t)
T 4(t—1)2Int ’

where p(t) = 9(t —1)* + 2In*t — 10£(t — 1)2In .
Proof. It is clear that g(B) has the opposite sign as that of g1(). Note that

. _ . ! _ o—p . " 72(‘7_9)0_1)2
élg; g1(B) =0, ggr; g1(B) = @@L it 1J)lnfgz(vc), élill g1(B) = T RwL1) g3(a),

where g3(a) = w?(a;1,1) — t.

For t > 1, g3(«) is a quadratic function in &, and concave upward, it follows that
g3(a) = 0 has two roots given by a1 and ap = t:%f > 1. For (¢,p0) — (1,1), ¢ > p and
t = Li/Ry > 1,if « € (0,a1], then g3(a) > 0 and ;im g/ (B) > 0;if a € (ny,1), then

-

g3(x) < 0and lim g7/(B) < 0.
B—u

For t > 1, g»(«) is a quadratic function in &, and concave downward, it follows that
g2(a) = 0 has two roots given by a3 and a4. For (0,p) — (1,1),0 > pandt =L;/R; > 1,
ifa € (0,a3) U [ag, 1), then gp(a) < 0and éim 81(B) <0 if a € (w3, a4), then g»(a) > 0 and

— N

lim 51() > 0.

Direct computation gives 0 < a3 < a3 < ag < 1, for (0,0) — (1,1), ¢ > p and
t = L1/R; > 1. Since éim 21(B) = 0, one has
— N

(i) Ifa € (0,a3), then ﬁl{im g7 (B) > 0and éim 21(B) < 0. We can easily get g1(1) < 0,
—N — K

and hence g1(B) < 0;
(i) Ifa € [ag, a1), then éim g7 (B) > 0and éim g1(B) >0, hence g1(B) > 0;
— —u

(iii) Ifa € [ag,aq), then éim g7(B) < 0and éim g1(B) > 0. We can easily get g1(1) < 0,
— X — K

and hence, there exists a unique f; > a such that g;(B) > 0 for § € («,B1) and

81(B) < Ofor p e (B1,1);
(iv) Ifw € [ay,1), then éim g7 (B) <0and éim g1(B) <0, hence g1(B) < 0.
— —

This completes the proof. [

Form Lemma 3, the following result can be established.

Theorem 2. Assume (0,p) — (1,1) with o > pand t = L1/Ry > 1. There exists a unique
critical potential V{ such that
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(i) For « € (0,a3), one has T14(V) increases (respectively, decreases) in the potential V if
V' > V{ (respectively, V < V[);

(i) For a € [a3, 1), one has T14;(V) increases (respectively, decreases) in the potential V if
V < V¥ (respectively, V > V),

(iii) Forwa € [aq,ay), then there exists a unique By > « such that Z14(V) decreases in the potential
V for B € (a, B1) and increases in 'V for p € (B1,1);

(iv) Forw € [ag,1), Z14(V) increases in the potential V.

We now turn to the sign of Z;,;(V'). We first consider the sign of ¢4(«), which will be
used in the proof of Theorem 3. Here, g4(«) is defined by

Q) = (4t21n2 t—8t(t — V) (a;1,1) Int +3(t — 1)%w? (a; 1, 1)) {(Z%Dl — 23D,)?
+z122(0 — (1)) (82122D1D2 —2(2{Dy +23D2) (D1 + D2)>1nt
+ 2223(Dy — D7) (a — y(t))?In? t} + (t—1)%w?(a;1,1) <z%D1 — 23D,
2
+23(22pD7 — z21D7 — 21 D7) (a — 7y (¢))In t) + 2z (tInt — (t — 1wy (a;1,1))Int
X ((Z%Dl — Z%Dz)(le1 +z1Dp — 2ZZD2) — Z%Z2(D1 — Dz)z(ﬂc — ’)/(t))ll’l t) (U%(OC; 1, 1)

For the function g4(«), the following result can be established.

Lemma 4. Assume t = L1/Ry € (1,2) and y(t) be as in (14). For the function gs(«), there
exists a unique zero o™ such that g4(a) > 0 for « < a*, and g4(x) < 0 for & > a*.

Proof. The discussion is then straightforward, and we omit it here. [

Remark 1. The function g4(«) defined above is very complicated to analyze. The number of zeros
depends on the parameter t sensitively. In this work, we just consider the simplest case.

If g(B) # 0, then Z;; = 0 is a quadratic equation in V, whose discriminant is

Aq

A =
(z1 —22)?H?(1)(InLy — InRy)?’

where A1 = A9 + A1 + A2 + A1z + Agg with
Ajg = {zlzz(l — B(1,1)) <82122D1D2 —2(24Dy + 23D5)(Dy + D2)>
+ (22Dy — 23D5)* + 2323(Dy — Dp)*(1 — B(1,1))2}

x (aa‘;‘<1,1><a—1>+@‘2(1&)@—1))

x (%‘(1,1)(0— 1)+ %2(1,1)@ “1)+

_ (e —p)A%(L1)
(z1 —22)*(InLy —InRy)

2z1(p — 0)A(1,1) )
(z1 —2z2)(InLy — InRy)

2 2
2 (ZlDl - ZzDZ

2
—I—Zz(l — B(l,l))(ZZZDz —z1D1 —ZlDz)) ,
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z1(a — B)(c —p)L1R1A(1,1)
(z1 —zp)w(a;1,1)w(B;1,1)

. 2
~(Grane-n+ane-)n ]

A1y = 2375(Dy — D)2 [

_ 2z125(p — )
Az = (z1 — zzl)énLl —InRy) <_ Z%ZZ(Dl - Dz) (1-B(1,1))

1@ —p)(v—p) LR A(1,1)
(21 = 22)w(a;1, 1w (B;1,1)
0A

_<%?GJX0—U+ap“JMP_”)I Ef?g}

+ (Z%D1 — Z%Dz)(lel +z1Dp — 222D2)> |:

Ay = jﬁzi) (2(21D1 — 2,D,) — 212(Dy — Dy)2(1 — B(1,1))
(01 DD - W) [Zéz(f“ e Bt
—<%ﬂ1n( —y+ 2 )ngii}

x (gA(l 1)(o—1)+ )

Theorem 3. Assume (o,p) — (1,1) witho > pandt = L1 /Ry € (1,2). With0 < a3 < a* <
1 < ag < 1, 0ne has
() Ifa € (0,a3), then A > 0, and there exist two critical potentials V{, and V2, (assuming
Vi < Vi, for convenience) such that
(i) IfV=V{ orV = Vg, thenT;4(V) = 0;
(2) IfV € (VR,V4), then T1,(V) < 0;
(i3) IfV ¢ (VR, V), then Ty, (V) > 0;
(i) Ifa € (az,a%), then A > 0, and there exist two critical potentials V% and Vi, (assuming
Vldg < Vl‘a for convenience) such that
(i) IfV=ViorV =Vg, thenT;4(V) = 0;
(2) IfV € (VE, Vi), then Ty,(V) > 0;
(i3) IfV ¢ (VL Vi), then T1,(V) < 0;
(iti) Ifa € (a*, o), then A < 0, and hence Z4(V) < 0;
(iv) Ifa € (aq,04), then A < 0, and there exists a unique p1 > « such that Z,4(V) < 0 for
B € (& p1) and T14 (V) > 0 for p € (B1,1);
(v) Ifa € (ag,1), then A <0, and hence Z,4(V) > 0.
Proof. It is clear that A has the same sign as that of A;. For 1 < t < 2, one has

limA; =0, limA] =0,
B—u

B—u
111’1’1 A// — 22%0_1)2(‘7_9)2 84(0‘)‘
Boa (21 — 22)2w8(a;1,1) In* ¢

From Lemma 4, we can easily obtain the sign of éim AY, and hence know the sign
—

of Al' [

Remark 2. In Theorem 3, the result established further depends on the order of some critical values
related to channel geometry, o*, a1, az and ay. We demonstrate that the order is not unique, which
further depends on the nonlinear interaction between other system parameters, particularly, a, b,
the jumping points of the permanent charge, and Ly, Ry, the boundary concentrations. However,
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similar result should be obtained. Moreover, the result stated in Theorem 3 indicates that under
different conditions on the channel geometry, the small positive permanent charge Qo can either
enhance the current Loy (V;0,p) or reduce it. Taking the statement (i) as an example, for a €
(0,a*) with V&, < V&, one has the small permanent charge Qo enhances Ioy(V;0,p) for V €
(—o0, Vi) U (V4 0), while reduces it for V. € (Vf, ViL). Furthermore, the result stated in
Theorem 2 provides an efficient way to adjust the effects from the leading term 1y, that contains
small permanent charge.

3.3. Numerical Simulations

In this part, numerical simulations are performed to provide more intuitive illustra-
tions of some analytical results. To be specific, we numerically identify the critical potentials
V(;il, Vi, Vi and V{, which characterized the effects caused by the appearance of boundary
layers. To further illustrate the boundary layer effects on ionic flows, we also numerically
obtain the zeroth-order (respectively, the first-order) I-V relations in small positive Qg
without and with boundary layers, respectively. Corresponding critical potentials for each
setup are identified, from which one is able to observe the effects on ionic flows from
boundary layers clearly.

To get started, we rewrite the system (7) and (8) as a system of first-order ordinary
differential equations. Upon introducing u = 8%4), one has

d e d
£%¢ =1, mﬂ(h(x)u) = —z101 — 2200 — Q(x),
(23)
sic = —2ziC u—sj—l sic = —2ZpC u—s]—z i] —i] =0
dx 1M h(x), Sdx*  F7? h(x)” dx’' T ax’? T
with boundary conditions
$(0) =V, cx(0) =Lg; ¢(1) =0, cx(1) =Ry, k=1,2. (24)
In our simulations to system (23) and (24), we takezy = —zp =1, L1 =12, Ry = 8§,
e=0.01, Qp=0.008, a =04, b =048, D; =2.032, D, = 1.334,
0, O<x<a, n(—x+ro+a)2, 0<x<a,
Q(x) =4 Qo a<x<b and h(x)=< nri, a<x<b,
0, b<x<l, n(x+r-b)? b<x<l.

We comment that the choice of 11(x) is based on the fact that the ion channel is cylinder-
like, and the variable cross-section area is chosen to reflect the fact that the channel is not
uniform and much narrower in the neck (0.4 < x < 0.48) than other regions ([11]). We
further take g = 0.5 and the function h(x) is then continuous at the jumping points a = 0.4
and b = 0.48. Different models for #(x) may be chosen, and similar numerical results
should be obtained.

Our numerical simulations show that:

(A) The term Zy;(V) is increasing in the potential V, and there exists a unique zero Vé’ll
such that Zy; (V) > 0 for V > V¢ while Zos(V) < 0 for V < V. This is consistent
with the first statement in Theorem 1 (see the left figure in Figure 1);

(B) The term Z14(V), as a quadratic function, under our setup, it is concave up with
two zeroszll and Vldz. At Vf, the critical point, Z;4(V) attains its global minimum.
Furthermore, Z;;(V) > 0 (respectively, Z;4(V) < 0) for V € (—oo0, V&) U (Vi )
(respectively, V € (V&,Vi)); Z,4(V) is increasing for V > V¢ while it is decreasing
for V' < Vf. The numerical results are consistent with the first statement in Theorem 2
and Theorem 3, respectively (see the right figure in Figure 1).

To further illustrate the boundary layer effects on the I-V relations, we also per-
formed numerical simulations to the system with electroneutrality boundary concentra-
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L,=12, R, =8, 0=1.002, p=0.999

tion conditions (no boundary layers, the left figures in both Figures 2 and 3) and relaxed
electroneutrality boundary conditions (appearance of boundary layers, the right figures
in both Figures 2 and 3), respectively. In each setup, the corresponding critical potentials
are identified. To be specific, V(ﬁN , VﬁN and VlEzN are the critical potentials detected
under electroneutrality boundary conditions, while Vé’ld , Vlbld and Vlbzd are the ones with
boundary layers. From the numerical simulations, one observes V()ElN < Vobld, VlElN > Vlbld
and VEN > VI The observation indicates the important role played by the bound-
ary layers. We take Zy(V) as an example. For many studies on PNP type models,
electroneutrality boundary conditions are applied, based on our numerical result, this
means Zy(V;1,1) > 0 for V > VO%N . However, if the boundary layers are considered,
To(V;0,p) < 0for VEN < V < V¥, even for (0, p) — (1,1). The dynamics of ionic flows
are totally different.

103 L1=12; R;=8, 0,=0.008, 0:=1.002, p=0.999

1o(V5o, ) (V51,1)

1,(V;Qq3a,),(V;Qyi1,1)

vj' | =-3.80152228

v‘1’2=5.06831902

L1=12, R1=8, o=1, p=1

Figure 1. Numerical simulations for effects on I-V relations from boundary layers with small positive
permanent charge.

Remark 3. For our numerical simulation, we only considered the case with D1 > Dy. Interested
readers can follow our argument to consider the case with D1 < Ds.

L,=12, R,=8, 0=1.002, p=0.999

8000 ‘ 8000 w
6000 - 6000 - 1
4000 4000 - i
T 2000 2000 ]
S 3
- °c 4 _ _____ . __Zs o ______d
n oF———————— == A ————————— s 0
'>" =)
~5 -2000 EN 1 -2000 - B
= V,; =-0.08405281 Vg$=-0.08286483
-4000 -4000 | |
-6000 1 -6000 - 1
-8000 ' ' ' -8000 ' ' '
-20 -10 0 10 20 -20 -10 0 10 20
\' \"

Figure 2. Numerical simulations of Zy(V), the zeroth-order I-V relations in Qg for two different
setups. The left figure is under electroneutrality boundary conditions, while the right one is with
boundary layers.
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1 (V;Qqs1,1)-1,(V;051,1)

L1=12, R1=8, QO=0'008’ o=1, p=1

L1=12, R1=8, QO=0'008’ 0=1.002, p=0.999

B
°
2
3
L
o
g
Z 02 g bd
| - V2 =-1.59432964 V2,=9.35440504
EN__ EN -04r
|| Vyq =1.59176416 V., =9.38061985
-0.6 -
-15 -10 -5 0 5 10 15 -15 -10 -5 0 5 10 15 20
v v

Figure 3. Numerical simulations of Z;(V), the first-order I-V relations in Qg for two different
setups. The left figure is under electroneutrality boundary conditions, while the right one is with
boundary layers.

4. Concluding Remarks

We study a one-dimensional steady-state Poisson-Nernst-Planck system with two
oppositely charged ion species and small but nonzero permanent charges. The main
purpose is to understand the problem from the mathematical point of view, which should
provide some insights into related studies of ion channel problems. Particularly, we focus
on the qualitative properties of the I-V relations with boundary layers due to the violation
of the electroneutrality boundary conditions, which are studied from two directions:

(i) Boundary layer effects on the zeroth-order (in Qg) I-V relations in terms of the function

Zoa(V;0,p);

(i) Boundary layer effects on the first-order (in Qg) I-V relations in terms of the function

Ti4(V;0,p).

Detailed analysis along each direction is provided, which includes the signs of
Zo4(V;0,p) and Z14(V; 0, p) and their monotonicity. From the study, one can better under-
stand the mechanism of ionic flows through membrane channels, particularly the internal
dynamics of ionic flows, which are non-intuitive and cannot be detected by current technol-
ogy. Critical potentials that balance the small permanent charge effects on the I-V relations
are identified, and their critical roles played in the study of ionic flow properties are charac-
terized. Numerical simulations are performed to provide more intuitive illustrations of the
analytical results, and they are consistent. Among others, we find

(I)  The monotonicity of Zy; depends sensitively on the parameter ¢ defined by L; /R; and
the boundary layers through the parameters ¢ and p;

(I) The sign of Z;; depends sensitively on the interplays among system parameters,
particularly, the parameter ¢ defined by the ratio L;/R;, and the parameter & =
H(a)/H(1) representing the channel geometry, while the monotonicity of 7,4 is only
sensitive on «.

Finally, we comment that the setup in this work is relatively simple, and the study
in this work is the first step in the analysis of more realistic models. The simple model
considered allows us to obtain a more explicit expression of the I-V relations in terms of
physical parameters of the problem so that we are able to extract concrete information of
the effects from boundary layers and small but nonzero permanent charges. Moreover,
the analysis in this simpler setting provides further understanding of the qualitative
properties of the I-V relations through membrane channels, and detailed characterization
of the nonlinear interplay among different system parameters. The critical potentials
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identified in this work are critical for one to observe different ionic flow properties
through membrane channels. More importantly, some of them can be approximated
experimentally.
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