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Supplemental Material  
Here we detail how the regression model was combined with a prescriptive optimi-

zation model for vaccine allocation. Given a limited supply of vaccines arriving across 
weeks 1, 2, . . ., T=26, we allocated doses such that the expected number of infections across 
counties 1, 2, . . ., K=115 was minimized. During each week 𝑡, we chose 𝑣௧௞, a number 
between zero and one representing a proportion of the population in county k. Letting 𝑁௞ 
be the population size at county k, we allocated 𝑁௞𝑣௧௞ vaccines to county k during week t. 
We let 𝑑௧ be the number of doses scheduled to arrive at the beginning of week t and as-
sumed leftover inventory of vaccines could be carried from one week to the next. 

The optimization utilized the Poisson model of disease spread to forecast case prev-
alence. We linked decision variables to the regression equation via the function 𝑣௞ሺ𝑡ሻ =∑ 𝑣௧ᇲ௞௧௧ᇲୀଵ , the proportion of the population at location k vaccinated from the beginning of 
the study period through week t. The optimization model utilized the above-described 
covariates and their effects. Let log 𝐸 ሾ𝑌௧௞|𝑥௧௞ሿ = 𝑎௧௞ + β𝑣௞ሺ𝑡ሻ be the Poisson regression 
equation predicting the log of the expected number of cases 𝑌௧௞ during week t in county 
k given covariate vector 𝑥௧௞, where β is the vaccination effect and 𝑎௧௞ represents the fixed 
and random effects associated with the remaining covariates. The predicted number of 
cases was obtained by exponentiation. 

The vaccine allocation problem was modeled as the following math program: 

Minimize: 𝑓ሺ𝑥ሻ = ෍ ෍ exp ቀ𝑎௧௞ + 𝛽𝑣௞ሺ𝑡ሻቁ௄
௞ୀଵ

்
௧ୀଵ  (1) 

Subject To: 2 ෍ ෍ 𝑁௞𝑣௧ᇲ௞ ൑ ෍ 𝑑௧ᇲ௧
௧ᇲୀଵ

௄
௞ୀଵ ,  𝑡 = 1,  2, … , 𝑇௧

௧ᇲୀଵ  (2) 

 𝑣௞ሺ𝑇ሻ ൑ 1, 𝑘 = 1,2, … , 𝐾 (3) 

 𝑣௧௞ ൒ 0, 𝑡 = 1,2, … , 𝑇, 𝑘 = 1,2, … , 𝐾 (4) 

 
The objective function (1) was the expected total number of infections across all 

weeks and locations. Constraints (2) limited vaccine allocation in week t to the total num-
ber of vaccines available in that week, which consisted of new deliveries plus any vaccines 
not allocated during previous weeks. Constraints (2) also required two vaccinations per 
individual to be fully immunized. Constraints (3) limited the vaccines allocated to each 
county to be less than or equal to the county’s population. Constraints (4) required non-
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negative allocations. In practice, when 𝑁௞𝑣௧௞ vaccines is not a whole number, then round-
ing down to the nearest integer resulted in a feasible allocation. 

We solved all instances of problem (1)-(4) with the Knitro solver. Because the math 
program is convex, any locally optimal allocation will also be a globally optimal alloca-
tion, meaning a better allocation does not exist [9]. To show that problem (1)-(4) is a convex 
program, the objective function must be a convex function and the constraints must form 
a convex set. As the constraints are all linear, they trivially form a convex set. We demon-
strate that objective function f is convex by showing that the Hessian matrix, which con-
tains all second partial derivatives of f, is positive definite. We begin with first partial de-
rivatives. The partial derivative of f with respect to 𝑣௧௞ is 𝜕𝑓𝜕𝑣௧௞ =  ෍ 𝛽 𝑒𝑥𝑝்

௧ሚୀ௧ ൫ 𝑎௧ሚ௞ +  𝛽𝑣௞ሺ𝑡̃ሻ൯. 
 

Further differentiating with respect to 𝑣௧̅௞ത  gives 
 𝜕ଶ𝑓𝜕𝑣௧௞𝜕𝑣௧̅௞ത = ൞ ෍ 𝛽ଶ 𝑒𝑥𝑝்

௧ሚୀ୫ୟ୶ሼ௧ሚ,௧ሽ ൫ 𝑎௧ሚ௞ +  𝛽𝑣௞ሺ𝑡̃ሻ൯,  𝑘 = 𝑘,ഥ0, otherwise.

 

 
Note that the second partial derivative is strictly positive if 𝑘 = 𝑘ത, otherwise it is zero. 
When 𝑘 = 𝑘ത, the summation goes from the larger of 𝑡 and 𝑡 ഥup to T. Consequently, the 
Hessian matrix can be constructed as a block diagonal matrix, where each block has spe-
cial structure. For a given k, define the block 
 

𝑃௞ =
⎣⎢⎢
⎢⎢⎢
⎡ డమ௙డ௩భೖడ௩భೖ డమ௙డ௩భೖడ௩మೖ ⋯ డమ௙డ௩భೖడ௩೅ೖడమ௙డ௩మೖడ௩భೖ డమ௙డ௩మೖడ௩మೖ ⋯ డమ௙డ௩మೖడ௩೅ೖ⋮ ⋮ ⋱ ⋮డమ௙డ௩೅ೖడ௩భೖ డమ௙డ௩೅ೖడ௩మೖ ⋯ డమ௙డ௩೅ೖడ௩೅ೖ⎦⎥⎥

⎥⎥⎥
⎤

 . 

 
In the tth row, the first t elements are identical. Then, denoting by 0 the T-by-T matrix of 
zeros, the Hessian is 

𝐻ሺ𝑥ሻ = ൦𝑃ଵ 𝟎 ⋯ 𝟎𝟎 𝑃ଶ ⋯ 𝟎⋮ ⋮ ⋱ ⋮𝟎 𝟎 ⋯ 𝑃௄൪  . 

 
Objective function f is convex if H is positive definite. One way to demonstrate that H is 
positive definite is to show that its pivots are all positive. To do this, use Gaussian elimi-
nation to put H in echelon form by performing the following row operations on each 
block: for each row t except the last row, replace row t with row t less row t+1. In the new 
row, if t ̅>t, all terms cancel, and the result is zero. Otherwise, the result is strictly positive. 
It follows that each block is a lower triangular matrix of strictly positive values, and thus 
the pivots, which constitute the diagonal, are also positive. Thus, the block is positive def-
inite. Performing identical operations on all blocks demonstrates that H is positive defi-
nite, and thus f is convex. 


