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Abstract: By mimicking the hierarchical structure of human brain, deep spiking neural networks
(DSNN ) can extract features from a lower level to a higher level gradually, and improve the perfor-
mance for the processing of spatio-temporal information. Due to the complex hierarchical structure
and implicit nonlinear mechanism, the formulation of spike train level supervised learning methods
for DSNNs remains an important problem in this research area. Based on the definition of kernel
function and spike trains inner product (STIP) as well as the idea of error backpropagation (BP), this
paper firstly proposes a deep supervised learning algorithm for DSNNs named BP-STIP. Furthermore,
in order to alleviate the intrinsic weight transport problem of the BP mechanism, feedback alignment
(FA) and broadcast alignment (BA) mechanisms are utilized to optimize the error feedback mode
of BP-STIP, and two deep supervised learning algorithms named FA-STIP and BA-STIP are also
proposed. In the experiments, the effectiveness of the proposed three DSNN algorithms is verified
on the MNIST digital image benchmark dataset, and the influence of different kernel functions on
the learning performance of DSNNs with different network scales is analyzed. Experimental results
show that the FA-STIP and BP-STIP algorithms can achieve 94.73% and 95.65% classification accuracy,
which apparently possess better learning performance and stability compared with the benchmark
algorithm BP-STIP.

Keywords: spiking neural networks; deep learning; spike train inner product; feedback alignment
mechanism

1. Introduction

The biological brain has a complex structure and function, and carries out information
transmission, transformation, and learning under the synaptic plasticity mechanism. Artifi-
cial neural networks (ANNs) are abstractions and simulations of the structure and function
of biological nervous system, and play an extremely crucial role in signal processing and
pattern recognition [1,2]. Spiking neural networks (SNNs) are the new generation of neu-
ral computing models, which are composed of more realistic biological spiking neuron
models as the basic units [3]. The spike train is the carrier of information representation
and processing, and this type of neural encoding method (temporal encoding) integrates
multiple aspects of neural information (time, frequency, phase, etc.) [4]. Compared with
the traditional ANNs based on frequency encoding, SNNs are more capable of impressive
computing power and eminently suitable for complicated spatio-temporal pattern process-
ing. The biological brain with multilayer structures can transform and extract signals layer
by layer. According to this idea, researchers have proposed different ANNs with deep
structures and their deep learning methods [5-7]. Deep learning has led to major advances
in image understanding, target detection, speech recognition, natural language processing
and other fields, which provides an efficient computational mode for complex pattern
recognition problems [8,9]. According to the event-driven network simulation process, the
spike-based learning methods of SNNs are considered to be more biologically plausible.
It will be a very challenging task in machine learning research to construct the widely
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applicable supervised learning methods for deep spiking neural networks (DSNNs) com-
bining the spike-based computational mode of SNNs with the signal deep transformation
process [10].

The success of traditional deep neural networks is mainly attributed to the applica-
tion of the well-known error backpropagation (BP) algorithm. However, spiking neurons
encode and process information through precisely timed spike trains, and the inherent
non-differentiability of DSNN5s causes great difficulties in directly using the BP algorithm,
which hinders the rapid development and wide application of DSNN learning algorithms.
For the design of supervised learning algorithms of DSNNSs, some researchers are com-
mitted to the exploration and extension of the BP algorithm [11,12]. However, in the
BP algorithm, there is a well-known weight transport problem that network connection
weights are used to compute both node activations and error gradients for synapses of
hidden units [13]. In other words, in the process of error backpropagation, the error signal
feedback pathway should be completely consistent with the forward transmission pathway
of the network, which is biologically implausible. For that, Lillicrap et al. [14] proposed
a feedback alignment (FA) mechanism to alleviate the weight transport problem. Unlike
the BP mechanism, FA can transmit teaching signals layer-wise by multiplying the errors
with the fixed random synaptic weights. Thus, copies of the synaptic weight matrices in
the network are avoided. Moreover, on the basis of FA, Ngkland et al. [15] proposed a
simplified error feedback mechanism, called the direct feedback alignment mechanism,
also known as broadcast alignment (BA). Using the BA mechanism, the error signals from
the output layer are fed back directly to the target layers through the direct-connected
random synaptic weight matrices. In this way, even if the network is quite deep, it can
propagate the teaching signal nicely, and can effectively avoid the problems of gradient
disappearance or gradient explosion that often occur in deep networks [16].

In this study, the spike train will be accurately converted into a continuous function
through a given kernel function, which can be interpreted as a specific neurophysiologi-
cal signal, such as the postsynaptic potential of neurons or the density function of spike
emission [17,18]. By using the definition of kernel function and spike train inner prod-
uct (STIP), the discrete spike signals are mapped into differentiable mathematical space
while preserving complete and accurate spiking time information, which satisfies the pre-
condition of derivations of the gradient-based DSNN algorithms. According to different
error propagation mechanisms, three algorithms are constructed for DSNNs in this paper:
(1) backpropagation based on spike train inner product (BP-STIP), (2) feedback alignment
based on spike train inner product (FA-STIP), and (3) broadcast alignment based on spike
train inner product (BA-STIP). By constructing a novel error function of spike trains, the
BP-STIP learning algorithm is deduced using the mechanism of error backpropagation.
The FA-STIP and BA-STIP algorithms are further proposed to realize the avoidance of the
weight transport problem through the random feedback pathway, and enhance the stability
of learning process as well as improve the learning accuracy of DSNNs.

The rest of this paper is organized as follows. In Section 2, we provide a brief descrip-
tion of the related works, which includes the different supervised learning algorithms for
DSNN:Ss. In Section 3, we introduce the definition of the inner product of spike trains, and
construct the error function of the network. Section 4 deduces the supervised learning rules
based on STIP with the different error signal feedback pathways. Section 5 demonstrates
the performance of DSNNSs trained with the proposed learning algorithms on the MNIST
dataset, and the experimental results are also analyzed and discussed. The conclusion is
presented in Section 6.

2. Related Works

Spike trains are used to encode and process information in SNNs, and internal state
variables of neurons and error functions of the network no longer meet the condition
of continuous differentiability. In recent years, more supervised learning algorithms for
shallow networks have been proposed [19,20]. However, constructing effective learning
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algorithms of DSNNs is more important for complex pattern recognition problems, and
has attracted more and more attention from researchers. According to the different ideas of
learning rules of synaptic weights, the supervised learning algorithms of DSNNs can be
divided into three categories [10,21].

2.1. Learning Algorithms Based on Network Conversion

The core of ANN-to-SNN conversion approaches is to fully utilize the BP algorithm to
accomplish training on conventional deep networks, and then convert the synaptic weights
of the fine-trained ANNSs to the DSNN computing platforms [22]. Due to the discrepancy in
the way of information processing between the two different neural computing platforms,
the key point of this type of research is determining how to convert all analog neurons in
traditional deep networks into spiking ones in DSNNSs. For the conversion from analog
neurons without a notion of time to spike-driven ones, the goal is that the DSNN obtains
the consistent input-output mapping with the original deep neural network. So far, various
ANN-to-SNN conversion approaches have been proposed and achieved good results in the
static image classification field.

Diehl et al. [23] analyzed the effects of converting deep ANNSs into SNNs, and pro-
posed a conversion method based on weight and threshold balancing. By optimizing the
parameters of fully connected DSNNS, the proposed method could minimize performance
loss in the conversion process, and was tested on the MNIST dataset. Recently, Kherad-
pisheh et al. [24] proposed an agent-based DSNN training method and tested it on the
Fashion-MNIST and CIFAR-10 datasets. Using the idea of network conversion, researchers
converted the training results of traditional convolutional neural networks to convolutional
DSNNs, which were more applied to the field of image processing according to their
structural characteristics [25,26]. In addition, O’Connor et al. [27] constructed a learning
method for spiking deep belief networks (SDBNs) based on the traditional contrastive
divergence algorithm. The Siegert approximation for leaky integrate-and-fire (LIF) neurons
was used to map an offline-trained deep belief network onto an efficient event-driven
SNN. However, the ANN-to-SNN conversion method could not accurately express the
temporality of neural information and asynchronous spike transmission, which makes it
difficult for DSNNs to learn effectively.

2.2. Learning Algorithms Based on Synaptic Plasticity

For SNNs based on temporal encoding, spike trains not only lead to the continuous
changes of synapses, but also obey to the spike-timing-dependent plasticity (STDP) mecha-
nism [28]. STDP is a typical unsupervised learning rule, which is also considered to be a
crucial mechanism for brain learning and information storage. Using the STDP mechanism
to design the supervised learning algorithm of DSNNss is a kind of more biologically plausi-
ble learning method. It is an important research direction to apply STDP to the supervised
training process of deep network structure.

Lee et al. [29] proposed a convolutional DSNN that is populated with LIF neurons
interconnected by shared synaptic weight kernels, and trained convolutional kernels in
a layer-wise STDP unsupervised manner. In [30], the convolutional DSNN is trained in
two phases. The convolutional kernels are first pre-trained in a layer-wise STDP manner,
and the fully-connected layers are then fine-tuned by a spike-based supervised BP method.
Bengio et al. [31] introduced a deep learning method using forward and backward neural
activity propagation. The learning rules in the DSNN are approximate backpropagation
learning based on STDP. By analyzing the approximation between the integrated-and-
fire (IF) neuron model and the ReLU activation function, Tavanaei and Maida [32] pro-
posed an approximate BP learning algorithm based on STDP, named BP-STDP. In addition,
Liu et al. [33] applied the event-driven continuous STDP learning rule with an adaptive
threshold to train DSNNs, and achieved 95~100% classification accuracy in different exper-
imental environments on the video-based face database (MakeFace DB).



Brain Sci. 2023, 13, 168

4 0f 20

2.3. Learning Algorithms Based on Gradient Descent

By analyzing the inherent nonlinear mechanism of DSNNs, researchers have devel-
oped many deep learning algorithms using the traditional gradient descent method. In the
early work, O’Connor and Welling [34] constructed a spiking multilayer perceptron, and
designed a BP algorithm using presynaptic and postsynaptic spikes. Lee et al. [35] regarded
the membrane potential of spiking neurons as differential signals and discontinuous spike
events as noise, and proposed a spike-based BP rule to train DSNN. However, in the
calculation of the error function, this method mainly considers the spike frequency fired
by neurons. For the feedforward SNNs with a temporal encoding scheme, a supervised
learning method based on gradient descent was proposed [36]. The method applies spikes
directly to the training of the SNN, which can be used to process spike patterns with com-
plex temporal information. In addition, using the backpropagation through time method
of recurrent neural networks, Neftci et al. [37] proposed a surrogate gradient learning
algorithm that can effectively train DSNNs.

In the calculation of traditional error backpropagation, the weight adjustment is
represented by the feedforward connections of the neural network, while another possible
error backpropagation is the FA mechanism. In FA, the feedback pathways are replaced
by a group of random connections, that is, the error gradient calculation of each layer
depends on the random generated paths. An event-driven random backpropagation (eRBP)
algorithm based on a simplified backpropagation pathway was proposed [38]. The learning
rule uses error-modulated synaptic plasticity for learning deep representations. Using the
BA mechanism, Samadi et al. [39] introduced a supervised learning algorithm in DSNN
with fixed feedback weights, in which the learning rules can approximate dynamic input-
output relations with piecewise-smooth functions. However, the output layer of DSNN
applies one-hot encoding method, and the neurons only have two states of firing or resting,
which does not realize the spatio-temporal pattern learning of spike trains. Recently,
Shi et al. [40] proposed the DeepTempo method by extending the single-layer Tempotron
learning rule to the DSNN. The output errors of each hidden layer are directly computed
via the fixed random feedback matrices.

3. Definition of STIP and Error Function

Using the specific kernel functions, spike trains can be mapped to the corresponding
reproducing kernel Hilbert spaces, in which the inner product operation should be defined.
To realize gradient descent calculation, constructing an error function specific to the spike
trains is needed, that is, reasonably measure the similarity between the actual output
spike trains and the desired spike trains for a DSNN. According to the definition of the
error function and the inner product of the spike trains, the learning rules for DSNNs
can be deduced.

3.1. Kernel Function and STIP Representation

For DSNNs, the spike train s = {ti e€l:i=1,...,N} is composed of a set of discrete
spike times fired by neurons in the simulation interval I'= [0, T], which can be formally
described as [19]:

o(t—t) )

M=

Il
MR

s(t) =

where t is the firing time of the i-th spike, N is the number of spikes in the simulation
interval, and 4(-) represents the Dirac delta function. However, when the network error is
minimized by gradient descent, it is difficult to define a suitable error between the spike
trains using the Dirac delta function. To solve this dilemma, we apply an approach called
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spike train convolution. Using a specific smoothing function ¢, each spike train can be
uniquely convoluted into a time function [18]:

p(t—t') ©)

[l
™M=

s(t) * o(t) 1

where ¢ is a finite energy impulse response of a linear filter over time. The resulting
transformed spike train is a function in Hilbert space.

To facilitate the subsequent algorithm derivation, the vector h,(t) is defined to repre-
sent the mapping of the spike trains generated by the neurons in layer p on the continuous
time functions:

Ny .
Loo(t—t)
slggt% x q)gt; v
sy (f) * @(t P f
() =| : = Elq)( ) ®)
' 090 |
X o(t—t)
i=1
where s’%, (t) represents the spike train fired by the i-th neuron in layer p, N;, represents the

total number of spikes of s;(t) during the simulation interval, and Hy, is the number of
neurons in layer p of the DSNN.

The STIP is composed of the inner products of two spike times, which needs to
be defined first. Using positive-definite, symmetric and shift-invariant kernel function «
(commonly chosen Gaussian function, Laplacian function, etc.), the inner product operation
between spike times t" and t" is defined as:

k(" 1) = /r(p(t —)g(t — M)t @)

Thus, the inner product operation between the spike trains fired by the i-th neuron in
layer p and the j-th neuron in layer g of the network can be defined as [16]:

NN N Nj
Flspsp) = ) Z/F(P(t—fm)qv(t—t”)dt: )IDIRIGAD 5)
m=1n=1 m=1n=1

In other words, the STIP between spike trains s;, and sé is the accumulation form of

spike time pairs with order O(N;, N,;) In the simulation interval I', the inner product matrix
between the spike train vector s, generated by the neurons in layer p and the spike train
vector s; generated by the neurons in layer g can be represented as:

H,
F(sp,s5) == F(spsg")
F(sp,5,) = /r Iy (£ (1)t = : : ©)
H H, H
F(Spp,S;) F(Spplsq q)

where h,(t)T represents the transpose of a vector, and F(sy,s,) is a H, x H, dimension
matrix. Each element in the matrix in Equation (6) represents the inner product operation
result of the two corresponding spike trains, as shown in Equation (5).

3.2. Spike Train Relationship and Error Function

Spike trains are used to encode neural information and external stimulus signals, so
the input and output of spiking neuron are expressed in the form of discrete spike trains.
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The spiking activity of the postsynaptic neuron is defined by accumulating the spike trains
of the presynaptic neurons. The relationship between spike trains of neurons in adjacent
layers of the DSNN can be simplified to a linear combination [41]:

hi(t) = Wihy_(t) ()

where W, € RHHi-1 is the synaptic weight matrix between two adjacent layers in the
DSNN. As shown in Equation (3), h;(t) and h;_(t) represent the continuous functions
corresponding to the spike trains generated by the neurons in adjacent layers, respectively.
In fact, after the discrete spike train is converted into a continuous function by a specific
kernel function, the continuous function of spike strain fired by postsynaptic neuron can be
expressed as the linear combination of the continuous functions of spike trains inputted by
presynaptic neurons [42].

A crucial step of constructing supervised learning algorithms of DSNNSs is to make
the reasonable definition of the error function of spike trains, and the least square error is
used to measure the similarity of spike trains in this paper. The instantaneous error at time
t for the network can be expressed as:

1 a d 2

E(t) = 5 [[m5(t) = h5 (1) ®)

where ||h%(t) — k¥ (t)|| is the vector module, k% (t) is the continuous functions corresponding

to the actual spike trains s(t) generated by the output neurons, and h?(t) represents the

continuous functions corresponding to the target spike trains s? (t). The overall error of the
network is the integral of E(t) in the simulation interval I':

E— /TE(t)dt )

Using this error function, the synaptic weight adjustment rules of an arbitrary layer
can be derived, so that the error BP mechanism can be utilized under the superiority of
preserving the spatio-temporal information of all spike trains.

4. DSNN Supervised Learning Algorithms

In this paper, the DSNN adopts a feedforward architecture, where the neurons between
the adjacent layers are fully connected. The network includes an input layer, multiple
hidden layers, and an output layer. The layers of the network are numbered from the
input layer forward, that is, the input layer is numbered as layer 0, the hidden layers are
sequentially numbered from layer 1 to L — 1, and the output layer is numbered as layer
L, as shown in Figure 1. Consequently, W; € RH>Hi-1 is the synaptic weight matrix in
adjacent layers, and each neuron in layer [ is postsynaptic to all presynaptic neurons in
layer ! — 1.

In the BP mechanism, the error signal feedback pathway must be strictly equal to
the connection weights in the corresponding forward pathway. That is, the dual use
of the same connection weights constitutes a bidirectional flow of information through
synapses in the network. From a biological point of view, the realization of such a precise
neural circuit in the brain is implausible and extremely difficult. Concerning this issue,
the effective FA mechanism replaces the feedforward weight matrices in the error signal
backpropagation with fixed random weight matrices [14,15]. Figure 1 illustrates the error
signal backpropagation mode of FA and BA mechanisms, and the error signal is the result
of similarity measurement between the actual spike trains fired by the output neurons and
the desired spike trains encoded from the labels. In FA error backpropagation, the forward
connection weights are replaced by random synaptic weights, and the error gradient of
each layer is computed by accumulative multiplication, as shown in the yellow feedback
pathway in Figure 1. The BA is a simpler feedback mechanism, the teaching signal is
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directly fed back to the target layer through a fixed random feedback matrix (red feedback
pathway in Figure 1).

Label Error signal

L] Backpropagation
(@@ @0 ™
ey

Output layer
Layer L

Q 000 Q
i\

Hidden layer 6 (5 éb
(Y1) = - -
Layer L -1 1
[}
f : Teaching signal &
L 1
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A
1
1
Hidden layer P,
Layer 1

Input layer (5 65 000 ?.)
Layer 0

Figure 1. The DSNN architecture and error backpropagation pathway.
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4.1. Backpropagation Learning Rule Based on STIP

Similar to the derivation of the BP algorithm of traditional ANNSs, our learning al-
gorithm requires to calculate the gradient of the error function to each weight to obtain
the synaptic weight adjustment increment. Using the generalized delta update rule, the
synaptic weight adjustment rule is expressed as follows:

AW = —yVE (10)

where 7 represents the learning rate of the neural network. For weight updating of each
layer in the DSNN, the gradient matrix of synaptic weights could be represented as the
integration of derivative of the instantaneous error function E(t) with respect to the weight
matrix W in the simulation interval I', which can be written as:

[OE(t) [ OE(t) k()
VE_/r ow ~ Joan) aw o ()

In order to simplify the derivation of learning rules, the partial derivative 0E(t)/oh(t)
is marked as §, which represents the error signal transmitted layer by layer.

Because DSNN is updated by the BP mechanism, the weights are updated from back
to front, so the weights of the output layer are updated first. For the gradient calculation of
the weight matrix W between neurons in the output layer and the last hidden layer, the
derivative of E(t) to Wy, can be derived by the chain rule:

OE(t)  OE(t) ohgy(t)

OW, — 9Hi(1) aW, (12)




Brain Sci. 2023, 13, 168 8 of 20

According to Equation (8), the error signal in layer L of the DSNN can be computed as:

a(L|ma(t) — ()]
- ;}Z((tt)) it o) ). g () — I () (13)

oL
Using the linear combination relationship of spike trains in Equation (7), the second

partial derivative term of the right-hand part of Equation (12) is computed as:

ohy(t)  OWphp_q(t)
W, oW,

=h(1)" (14)

By combining Equations (13) and (14), the derivative of the error function E(t) at time
t can be obtained. Using Equation (6), the error gradient VE[, for adjusting the weight
matrix Wy, in the simulation interval I' can be calculated as:

“E(t)

VEL:.F oW,

dt = /r {hg(t) — hg(t)}hL—l(t)Tdt = F(s§,s.1) — F(s3,s.-1)  (15)

where sy _1 (t) represents the spike strains fired by the last hidden layer neurons. The weight
adjustment rule between the output layer and the last hidden layer can be expressed as:

AWL = —ﬂVEL = -7 [F(Sg,SLfl) —F(SZ,SLfl)} (16)

As seen in Equation (16), the synaptic weight adjustments can be represented in the
form of STIP.
Similarly, the error gradient for adjusting the synaptic weights in hidden layer
I(1 <1 < L—1)can be deduced by the chain rule. The derivative of the instantaneous
error E(t) to the weight matrix W, between the postsynaptic layer / and the presynaptic
layer I — 1 is computed as:
OE(t)  OE(t) ohy(t)
aW; N oh;(t) oW,
The first partial derivative term of the right-hand part of Equation (17) is the error

signal in the layer J, it can be computed using the error signal §; 1 = 90E(t)/0h;1(t) in
layer [ +1:

(17)

_ OE(t) _ T
o = W = W1 0141 (18)
where Wy 11 = 9l (t)/hy(t) is obtained using Equation (7). The second partial derivative
term of the right-hand part of Equation (17) can be computed as:

ohy(t)  o(Wih_y(t))

B T
oW, = oW, =h;_1(t) (19)

By combining Equations (18) and (19), the instantaneous partial derivative for W; can

be calculated as:
JE(t)

oW,
It can be iteratively solved for Equation (20) using error signals from layer [ + 1 to
layer L, Equation (20) is rewritten as:

= Wi " ()" (20)

L — Wy TW T wLT[[hzm i <t>}] (1) o

= (WL Wi Wig) " [RE(E) — B (E) [y (1)
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The total weight adjustment can be calculated by the integration of the above equation
in the simulation interval, the error gradient for adjusting the synaptic weights in layer [ is
computed as:

VE, = [p aaEvE;tl)df = (WL WioWig) ' [ [hg(t) - hg(t)}hl—l(t)Tdt

(22)
= (W WioWig)' [F(ngszq) — F(s?, 51—1)]
where s;_(t) is the spike trains fired by the neurons in layer | — 1. Therefore, the synaptic
weight update rule between layer / and layer | — 1 is:

AW, = =Wy Wi aWis)' [F(st,s101) = F(sds1-1)] 23)

The BP-STIP learning rules are given in Equations (16) and (23) for updating the
synaptic weights in the different layers of DSNN, which make full use of the spike trains
fired by neurons in the network. The STIP in Equations (16) and (23) can be represented as
the accumulation form of the inner product of spike time pairs using Equation (5). However,
the synaptic update rules of the BP-STIP algorithm depend heavily on the weight matrices
that are used to forward propagate information in the network, which can be observed
from Equation (23).

4.2. Feedback Alignment Learning Rule Based on STIP

In the BP-STIP algorithm, the error signal is fed back to the target layer (layer /) through
the transposition of the feedforward weight matrix W, so as to adjust the connection weights
between neurons in the DSNN. The layer-wise feedback pathway of the BP-STIP learning
algorithm could be represented as:

path (1) =(Wr - - Wi oWy i)' (24)

The error signal and pathway information jointly determine the teaching signal J§
transported to each layer. The teaching signal of the BP mechanism can be expressed as:

pp(l) = (W - W ,Wiq)'E (25)

where E = I’ (t) — h%(t) is an error vector for all output neurons in the network.

FA mechanism indicates that accurate feedback pathway is not a necessary condition
in the learning process. The yellow dotted arrows in Figure 1 illustrate the propagation
pathway of error signal of the FA mechanism. In this way, the error signal can be propagated
through the randomly layer-wise pathway, and the teaching signal transported to the layer
I'in the DSNN can be expressed as:

Ora(l) = (B -+ Bi12B1.1)"E (26)

where B) € RH>*Hi-1 represents the feedback matrix randomly generated between adjacent
layers, and its dimension is consistent with W;. The error signal feedback pathway in the
FA mechanism is separated from the forward pathway.

According to the error backpropagation pathway given in Equation (26), the FA-STIP
learning algorithm of DSNNs can be constructed. The adjustment of synaptic weights
between the output layer and the last hidden layer is calculated according to Equation (16),
and the adjustment rule of other layers can be modified as:

AW, = —5(Br -+ By 2B1y1)" {F(sg’sl*) ~ F(sp, 51’1)] @)

In the FA-STIP algorithm, the adjustment of synaptic weights of each layer is no
longer affected by the forward pathway of the DSNN, but determined by the error signal
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calculated at the output layer and the randomly generated feedback matrix of each layer,
which can effectively improve the stability and flexibility of network training.

4.3. Broadcast Alignment Learning Rule Based on STIP

Compared with the BP-STIP learning algorithm, the FA-STIP error feedback mecha-
nism no longer strictly depends on the forward pathway of the network, but the error signal
still needs to be fed back layer-wise, which still lacks a reasonable explanation in biology.
The researchers further simplified the FA mechanism and proposed a BA mechanism that
eliminates the limitation of layer-wise error signal transmission [15]. As shown by the red
dotted arrows in Figure 1, the error signal is broadcast directly to the neurons of the target
layer. The error signal feedback mode of the BA mechanism is only determined by the
information of the target layer and has the local learning characteristics of synaptic weight
adjustment. The teaching signal of the BA mechanism can be represented as:

Ssall) = (B)'E (28)

where B] € RHL*Hi represents the randomly generated feedback matrix between the output
layer and the target layer, and Hj is the number of neurons in the output layer, and H; is
the number of neurons in layer /.

FA-STIP is further extended by using the BA feedback mechanism, so that the error
signal can remove the bondage of layer-wise propagation. Similarly, the adjustment of the
synaptic weights between the output layer and the last hidden layer is calculated based
on Equation (16). According to the error broadcast pathway in Equation (28), the synaptic
weight adjustment rules of other layers can be expressed as:

AW, = —5(B))" {F(ngsl—l) — F(si, Sl—l)} (29)

In the BA-STIP algorithm, the adjustment of synaptic weights in each layer only
depends on the local spiking activity information of the output layer and presynaptic
neurons, as well as the global feedback signal. The BA learning rule is also known as the
three-factor synaptic plasticity rule [43]. In this way, even if the DSNN structure is very
deep, the error signal can be propagated quickly and effectively, and it is more in line with
the local signal driven learning mechanism of the biological brain.

FA-STIP and BA-STIP learning algorithms based on the FA mechanism and its ex-
tension offer a good solution for the weight transport problem, and are more biologically
plausible than the error backpropagation process of the BP-STIP algorithm. According to
experimental results, it is found that the learning algorithms based on FA and BA mech-
anisms have better learning stability and can effectively avoid the problem of gradient
explosion and disappearance during the DSNN training process.

5. Experimental Results and Discussion
5.1. Deep Learning Framework and Parameter Settings

In order to verify the learning performance of BP-STIP, FA-STIP and BA-STIP deep
learning algorithms in a practical pattern classification problem, this paper selects the
MNIST handwritten digital image dataset, which is a benchmark dataset that widely used
in the field of machine learning. The MNIST dataset includes 70,000 digital handwritten
grey-scale images with 28 x 28 pixels, in which the image is labelled from 0 to 9. In the ex-
periment, 60,000 items are randomly picked out for training and the remaining for testing.

Figure 2 illustrates the process of MNIST classification based on the DSNN with
temporal encoding. Unlike traditional deep neural networks, spike trains are used to
encode and process information. This classification framework can be divided into five
submodules:

1. Spike train encoding of grey-scale images. The first step is to flatten the two-dimensional
matrix of image data into a one-dimensional vector with 784 pixels, and normalize
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elements of the vector to [0,1]. Then, 784 spike trains are generated from the pixel
vector of the sample image using the Poisson encoding method [44]. Subsequently,
these spike trains are inputted into the input layer of DSNN.

2. DSNN simulation. The clock-driven strategy is applied to simulate the DSNN with
multiple hidden layers, and the spike trains fired by neurons are used for synaptic
weight learning and sample classification.

3. Decoding and sample classification. According to the number of categories of MNIST
problems, the output layer of the network contains 10 neurons, and the spike trains of
output neurons are used for decoding and classification. Similar to the calculation
method of Softmax, the category is divided according to the similarity between the
spike trains of output neurons and the target spike trains.

4.  Target spike train generation based on labels. The DSNN takes spike trains as the
carrier of information processing and propagation, so labels from 0 to 9 need to be
encoded into corresponding target spike trains, which are important information for
sample classification and error signal calculation.

5. Error backpropagation and deep learning. According to the actual spike trains of the
output layer neurons, combined with the target spike trains, the error of DSNN is
calculated. Based on the different feedback pathways of error signal backpropagation,
the proposed deep learning algorithm, such as BP-STIP, FA-STIP or BA-STIP, is applied
to adjust the synaptic weights of the network.

Image encoding [0]o0Jo.0941 0] ... |09882|08706|
EELF k F
(0606 -- qm

i 4 4 ‘
[OOOO"'OOOO]SOO

DSNN simulation 5 ‘ ‘ ‘ > Deep learning

| (0000++:0000 o

Decoding and
classification

A

Error back
propagation

Target spike train
generation

<

Figure 2. The MNIST classification computing framework based on DSNNs.

In the experiment, each label corresponds to one target neuron in the output layer
of the DSNN. Under the ideal condition, when the input sample corresponding to the
assigned label is inputted in the network, the target neuron is activated and emits spikes
evenly, while other neurons in the output layer remain rest during the simulation interval.
Therefore, the target spike trains are generated through the linear encoding method [45],
and the detailed label encoding process is shown in Figure 3. Label data are first processed
by the one-hot encoder, and the encoded data are then laterally extended to target spike
trains of 10 neurons in the output layer over the simulation interval.



Brain Sci. 2023, 13, 168

12 of 20

0000000000 )
0000000000

1111111111
0000000000
0000000000
0000000000
0000000000
0000000000
0000000000
0000000000

0000000000
J

Label: 1 /

A 4

{OOOOOOOOHO}

N

.
~

Y Y

One-hot encoding Lateral extention

Figure 3. Target spike train generation process using image labels.

In this paper, a four-layer feedforward network is used in the image classification,
which includes an input layer composed of 784 neurons, two hidden layers, and an output
layer composed of 10 neurons. A LIF neuron model is chosen as the basic computing unit,
the parameters of all LIF neurons in the network are set as follows: the time decay constant
of postsynaptic potential is 5.0 ms, the threshold of spike firing is 5.0, and the resting and
reset potential is set to 0. Additionally, the simulation interval of the network is set to
10 ms, and the initial matrices W of synaptic weights as well as the feedback matrices B
and B’ in the backpropagation process are randomly generated, and satisfy the normal
distribution of N(0,1). In the learning stage, the DSNN is trained with 150 iterations for
each experiment, the batch size is fixed to 64, and the learning rate is set to 0.00008. Each
experimental result was recorded as the average of 10 trials. The parameter settings in
the experiment are summarized in Table 1. The MNIST digital image classification system
was implemented in a Python environment using the open-source deep learning SNN
framework Spikingjelly based on PyTorch. All experiments were carried out on an Intel(R)
Xeon(R) Gold 5218 CPU and a NVIDIA Quadro RTX 6000 GPU.

Table 1. Parameter settings.

Type Parameter Value
Number of input neurons 784
N K Number of output neurons 10
etwor Number of hidden layers 2
Weight initialization distribution N(0,1)
Time constant of membrane potential 5.0ms
LIF neuron Threshold voltage of spike firing 5.0
Reset voltage of membrane potential 0.0
Random feedback path distribution N(0,1)
. Batch size 64
Algorithm Learning rate 0.00008
Epochs 150

5.2. Learning Process Analysis of the Algorithms

In order to compare and analyze the learning performance of BP-STIP, FA-STIP, and
BA-STIP learning algorithms in DSNNs, the first group of experiments adopts the network
structure with 784-800-800-10. The STIP in synaptic weight learning rules is calculated by
the Gaussian kernel function, and the network is adjusted according to the updated weight
values. On the MNIST dataset, after 150 iterations of learning of an experiment, the trend
of classification accuracy of DSNN on the training set and testing set is shown in Figure 4.
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Figure 4. Change curve of classification accuracy of three deep learning algorithms. (a) BP-STIP
learning algorithm; (b) FA-STIP learning algorithm; (c) BA-STIP learning algorithm.

Figure 4a shows the learning performance of the BP-STIP algorithm. After four
iterations, the classification accuracy of DSNN reaches 90.82% on the training set and 91.48%
on the testing set. When the number of iterations is between 5 and 75, the classification
accuracy of the algorithm fluctuates greatly during training. From the 75th iteration to the
150th iteration, we note that the classification accuracy increases slowly, and then tends
to be gradually stable. The BP-STIP learning algorithm depends heavily on the synaptic
weight information of the forward pathway, thus the algorithm is characterized by high
instability during the learning process. Accordingly, the trained DSNN has extremely
weak classification performance. Applying the FA-STIP algorithm with the same network
parameter settings, the learning performance trend of the network is shown in Figure 4b.
The classification accuracy increases rapidly when the number of iterations is less than 25,
and after that, although the training accuracy of DSNN is still increasing slowly, the testing
accuracy is no longer significantly changed. After 150 iterations, the classification accuracy
reaches 94.13% for the training set and 93.02% for the testing set. Compared with BP-STIP,
the FA-STIP learning algorithm possesses high stability in the learning process due to the
replacement of the weight matrices W by the randomly generated feedback matrices B in
the synaptic weight adjustment rules. Under the same conditions, the classification accuracy
of the BA-STIP algorithm can be obtained and shown in Figure 4c. After 150 iterations of
DSNN, the accuracy of the training set is 91.85%, and the highest accuracy of the testing set
reaches 92.37%.

As can be seen from the learning process in Figure 4, FA-STIP and BA-STIP, two
learning algorithms based on the feedback alignment mechanism, have better convergence
ability for the MNIST dataset than the BP-STIP algorithm based on the traditional BP
mechanism. Using the randomly generated feedback matrices to update synaptic weights,
FA-STIP and BA-STIP algorithms can be independent of the feedforward propagation
pathway of DSNNSs. Therefore, the two algorithms reduce the violent fluctuation of
classification accuracy during the learning process, and effectively avoid the gradient
explosion and disappearance problem. Moreover, the BA-STIP algorithm propagates the
error signal through a direct feedback pathway, which accelerates the convergence speed
of the network to a certain extent.

5.3. Comparison and Analysis of Different Kernel Functions

The second group of experiments is used to test the classification effect of three
learning algorithms on the MNIST dataset under the four-layer DSNN structure with
different kernel functions and different scales. Using different kernel functions, discrete
spike trains can be mapped to different reproducing kernel Hilbert spaces [17]. To verify
the influence of different kernel functions on the learning performance of our algorithms,
the Gaussian, Laplacian, Inverse multiquadratic, and o-kernel functions are chosen for
the STIP calculation in the learning rules. The parameters of different kernel functions
are adjusted through the learning performance of the algorithms, and the resulting kernel
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parameter settings are listed in Table 2. In addition, the number of neurons in the hidden
layers increases from 400 to 1000 with an interval of 200, while other parameter settings of
the network remain the same.

Table 2. Different kernel functions for STIP calculation.

Kernel Function Expression Parameter
. 2
Gaussian k(x,y) = exp (7 \xzagl ) 40
Laplacian k(x, y) =exp (— \x;y\ ) 80
Inverse multiquadratic k(x,y) = ——1— 30
=y +e?
a-function k(x,y) = @ exp(f Ix;y\) 5

The BP-STIP, FA-STIP, and BA-STIP algorithms using the Gaussian kernel function
are trained through 150 iterations, and the trend of classification accuracy of DSNN with
increasing number of hidden layer neurons is shown in Figure 5. For the Gaussian kernel-
based BP-STIP algorithm, the classification accuracy increases first and then decreases with
the increase of the number of hidden layer neurons. When the network structure is set to
784-800-800-10, the classification accuracy reaches 90.82% for the training set and 91.48% for
the testing set. For the FA-STIP algorithm with Gaussian kernel, the classification accuracy
shows an obvious upward trend as the number of hidden layer neurons increases. When the
DSNN scale is 784-1000-1000-10, the classification accuracy reaches the highest, with 94.02%
on the training set and 94.73% on the testing set. Moreover, the Gaussian kernel-based
BA-STIP algorithm achieves its optimum classification result when the number of hidden
layer neurons is 400, with a training accuracy of 91.62%, and a testing accuracy of 92.71%,
and then exhibits a declining trend in accuracy as the number of hidden layer neurons
increases. Using the Gaussian kernel to calculate STIP, the learning effect of the FA-STIP
algorithm is better than BP-STIP and BP-STIP algorithms on the MNIST classification task.
Despite the classification accuracy of the BA-STIP learning algorithm is inferior to the
FA-STIP algorithm, its iteration number to reach the convergence state is less than that
of the FA-STIP algorithm, and the time required for one iteration training is also shorter
than that of the FA-STIP algorithm. Therefore, the Gaussian kernel-based BA-STIP learning
algorithm can realize rapid learning of image classification problems.

100.0 100.0
I BP-STIP I BP-STIP
97.5 1 EER FA-STIP 97.5 1 EER FA-STIP
Bl BA-STIP EEl BA-ST
95.0 95.0 ATl
§ 92.5 ;\; 92.5 4
B =
g 900 A 2 90.0
< 875 4 < 8754
85.0 85.0
82.5 82.5 A
80.0 - 80.0 -
400 600 800 1000 400 600 800 1000
Number of hidden neurons Number of hidden neurons
(a) (b)

Figure 5. Comparison of learning performance for three STIP-based algorithms with Gaussian kernel
function. (a) The accuracy of the training set; (b) the accuracy of the testing set.

The average classification accuracy obtained after 150 iterative training of BP-STIP,
FA-STIP and BA-STIP algorithms with the Laplacian kernel function is shown in Figure 6.
When the network scale increases, the BP-STIP algorithm based on the Laplacian kernel has
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no obvious change trend in the classification accuracy of DSNN on the MNIST dataset. The
structure of DSNNs is 784-800-800-10, and the best classification accuracy on the training
set and the testing set reaches 90.13% and 91.56%, respectively. The learning capacity of the
FA-STIP algorithm increases with the expansion of the network scale. When the number
of hidden layer neurons is set to 1000, the learning performance reaches the highest, with
an accuracy of 94.33% on the training set and 94.75% on the testing set. Conversely, the
classification accuracy of the BA-STIP learning algorithm decreases as the number of hidden
layer neurons gradually increases. When the DSNN scale is set to 784-400-400-10, the BA-
STIP algorithm has better learning performance, the accuracy of the training set is 94.52%,
and the accuracy of the testing set is 94.69%. Therefore, the BA-STIP learning algorithm
based on the Laplacian kernel function is more suitable for small-scale neural networks.

100.0 100.0
I BP-STIP Il BP-STIP
97.5 = FA-STIP 97.5 E= FA-STIP
Il BA-STIP Il BA-STIP
95.0 4 95.0 4
;\; 92.5 § 92.5 4
B B
g 90.0 1 g 90.0 4
< 875 < 875 4
85.0 4 85.0
82.5 4 82.5 4
80.0 - 80.0 -
400 600 800 1000 400 600 800 1000
Number of hidden neurons Number of hidden neurons
(a) (b)

Figure 6. Comparison of learning performance for three STIP-based algorithms with Laplacian kernel
function. (a) The accuracy of the training set; (b) the accuracy of the testing set.

Through the experiments, it is found that the BP-STIP learning algorithm constructed
by using the inverse multiquadratic kernel function is incapable of processing and analyzing
information, and cannot complete feature learning on MNIST dataset, but the FA-STIP
and BA-STIP learning algorithms based on this kernel function exhibit learning ability.
After 150 iterations of FA-STIP or BA-STIP algorithms based on inverse multiquadratic
kernel function, the network classification performance is shown in Figure 7. With the
increasing of the number of hidden layer neurons in the DSNN, the learning effect of both
learning algorithms shows an upward trend. In addition, the classification accuracy of
the FA-STIP algorithm is better than that of the BA-STIP algorithm when the network
scale is relatively large. When the number of hidden layer neurons is set to 400 and 600,
the learning performance of the BA-STIP algorithm is better than the FA-STIP algorithm.
When the number of hidden layer neurons is 800 and 1000, the learning accuracy of the
FA-STIP algorithm is higher. In general, the FA-STIP and BA-STIP algorithms based
on inverse multiquadratic kernel have learning ability on complex datasets, but their
learning performance is poor compared with those algorithms based on Gaussian kernel
and Laplacian kernel functions.
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Figure 7. Comparison of learning performance for three STIP-based algorithms with inverse multi-
quadratic kernel function. (a) The accuracy of the training set; (b) the accuracy of the testing set.

Similarly, using the BP-STIP algorithm based on the a-kernel function to classify the
MNIST dataset, the experiment found that it is unable to complete the effective learning
and classification of this task. While the corresponding FA-STIP and BA-STIP algorithms
can learn the features of the MNIST dataset and complete classification, and the accuracy
under different network scales is shown in Figure 8. Based on the a-kernel function, the
learning performance of the BA-STIP algorithm is significantly better than the FA-STIP
algorithm. However, with the increment of the number of hidden layer neurons in DSNN,
the classification accuracy of the FA-STIP algorithm still maintains the trend of growth,
and that of the BA-STIP algorithm shows a constantly decreasing trend. The FA-STIP
algorithm achieves the highest classification accuracy under the network structure of
784-1000-1000-10, with 94.07% on the training set and 94.16% on the testing set. When the
network scale is 784-400-400-10, the classification accuracy of the BA-STIP algorithm is
95.80% for the training set, and 95.65% for the testing set. The BA-STIP algorithm based on
the a-kernel function achieves good learning ability under the current network settings.
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Figure 8. Comparison of learning performance for three STIP-based algorithms with «-kernel
function. (a) The accuracy of the training set; (b) the accuracy of the testing set.

Through the pattern classification experiment on the MNIST dataset, the processing
ability of the proposed three STIP-based deep learning algorithms for practical complex
problems is verified, and the influence of different kernel functions and different network
scales on learning performance is analyzed. The experimental results show that the BP-
STIP algorithm, which depends on the forward pathway of the network, has poor stability
during the learning process, and even fails to realize the feature learning and classification
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on the MNIST dataset under the inverse multiquadratic kernel and a-kernel functions.
While the FA-STIP and BA-STIP algorithms propagate error signals through randomly
generated feedback matrices, which have good learning stability, as well as solving ability
for complex problems. Overall, the FA-STIP algorithm shows better learning ability in large-
scale networks with more hidden layer neurons, while the BA-STIP algorithm shows more
prominent learning ability in small-scale networks. Furthermore, the BA-STIP learning rule
is simpler than the BP-STIP and FA-STIP algorithms, and the calculation time consumed in
the weight adjustment of DSNN is less.

5.4. Comparison of Different Deep Learning Algorithms

Based on STIP operation, this paper proposes three DSNN learning algorithms with
different error feedback mechanisms, the experimental classification accuracies obtained
are compared against several other deep learning algorithms. Table 3 shows the comparison
results of classification accuracies of different methods on the MNIST dataset. When the
network scale is 784-800-800-10, the BP-STIP learning algorithm with the Laplacian kernel
function achieves the best classification accuracy of 91.56% on the testing set. For the two
DSNN learning algorithms based on the feedback alignment mechanism, when the network
scale is 784-1000-1000-10 and the Gaussian kernel function is adopted, the classification
accuracy of the FA-STIP algorithm on the MNIST dataset is 94.73%; when the network scale
is 784-400-400-10 and the a-kernel function is used, the classification accuracy of BA-STIP
algorithm on MNIST dataset achieves 95.65%.

Table 3. Comparison of classification accuracy of different deep learning algorithms on MNIST

dataset.

Algorithm DSNN Structure Neuron Model Encoding Method Accuracy (%)
ANN-to-SNN [23] 784-1200-1200-10 IF frequency 98.68
ANN-to-SNN [25] 784-32C-32C-P-64C-64C-P-512-10 IF frequency 99.44
ANN-to-SNN [26] 784-12C-P-64C-P-10 IF frequency 99.09

SDBN [27] 784-500-500-10 LIF temporal 94.09

Layer-wise STDP [29] 784-16C-16C-P-10 LIF frequency 91.10
STDP-based Pretraining +
BP [30] 784-20C-P-50C-P-200-10 LIF frequency 99.28
BP-STDP [32] 784-500-150-10 IF frequency 97.20
SNN-BP [35] 784-500-500-10 LIF frequency 98.70
SNN-BP [36] 784-400-400-10 LIF temporal 96.92
eRBP [38] 784-500-500-10 LIF frequency 97.64
SNN-BA [39] 784-630-370-10 LIF frequency 97.05
DeepTempo [40] 784-400-400-10 LIF temporal 95.10
BP-STIP (Laplacian kernel) 784-800-800-10 LIF temporal 91.56
FA-STIP (Gaussian kernel) 784-1000-1000-10 LIF temporal 94.73
BA-STIP (x-kernel) 784-400-400-10 LIF temporal 95.65

The highest classification accuracy of the algorithms compared on the MNIST dataset is marked in bold.

The DSNNs trained by ANN-to-SNN conversion methods can achieve relatively
higher classification accuracy on the MNIST dataset [23,25,26]. However, more networks
use deep convolutional structures based on the IF neuron model, and xC represents the
convolutional layer containing x channels, and P represents the pooling layer in Table 3.
This kind of learning algorithm uses frequency encoding, which cannot accurately express
the temporality and asynchronous transmission of spikes, nor can it directly train DSNNs.
In addition, the learning algorithm of the SDBN based on the spike event-driven mode
achieves 94.09% classification accuracy on the MNIST dataset [27]. Using the STDP mech-
anism to train DSNNs, the unsupervised layer-wise STDP learning method achieved a
classification accuracy of 91.1% on the MNIST dataset for convolutional DSNNs [29], and
further work has considered the supervised BP fine-tuning process [30]. When the network
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structure is 784-500-150-10, the classification accuracy of the BP-STDP algorithm with spike
frequency encoding is 97.2% [32]. More works have employed the end-to-end BP method
to train DSNNs directly [35,36]. Although these BP-based methods achieved relatively
high classification accuracy, the derivation of learning algorithms depends on the change
process of membrane potential of specific spiking neurons, such as the LIF neuron model,
and could not be adapted to networks with arbitrary spiking neuron models. In [38—40],
the BA mechanism was applied to construct the supervised learning algorithm of DSNNs,
the training time of the networks can be effectively reduced through the direct feedback of
error signal. On the premise that the temporal encoding is used in DSNNs, the FA-STIP and
BA-STIP learning algorithms proposed in this paper are comparable with the DeepTempo
method for classification accuracy on the MNIST dataset. When the network structure
of DSNN is 784-400-400-10, the classification accuracy of BA-STIP is 95.65%, and that of
DeepTempo is 95.1%.

Furthermore, it can be summarized that: (1) the learning methods based on frequency
encoding achieve high classification accuracy on the MNIST dataset, mainly including
ANN-to-SNN conversion methods, and BP methods by approximating or restricting the
spiking neuron models. (2) The classification accuracy of convolutional DSNNSs is higher
than that of feedforward connected networks, because the network structure with convolu-
tional and pooling layers is more suitable for learning from image datasets. (3) Although
the learning methods based on temporal encoding are more biologically plausible, such
methods have lower classification accuracy than the learning methods based on spike
frequency encoding. One of the reasons is the lack of effective spike encoding methods for
the data of practical problems. The learning algorithms we built also suffer from the loss of
accuracy caused by the encoding problem. Therefore, for the improvement of the learning
performance of spike-driven DSNNS5, an in-depth study from the aspects of efficient deep
learning construction and the spike train encoding method is required.

6. Conclusions

Spiking neurons encode information through precisely timed spike trains. Using the
network error represented by the kernel function of spike trains, the error backpropagation
algorithm BP-STIP of DSNNS is derived. In addition, in order to solve the weight transport
problem existing in the error backpropagation process, the feedback alignment algorithm
FA-STIP and broadcast alignment algorithm BA-STIP of DSNNs are subsequently con-
structed. The performance of the three algorithms is tested on the digital image MNIST
dataset. The experiment results demonstrate that the two deep learning algorithms based
on the feedback alignment mechanism possess better learning ability and stability. More-
over, the influence of different kernel functions and network scales on the learning accuracy
of algorithms constructed by different feedback mechanisms is analyzed.

The advantages of the algorithms proposed in this paper are as follows: (1) the pro-
posed deep learning algorithms with temporal encoding achieve a comparable classification
accuracy on the MNIST dataset, and can be applied to neurons firing multiple spikes in
all layers, which have biological plausibility. (2) The synaptic weight adjustment rules
only depend on the spike train and its inner product operation, and do not depend on
the specific dynamic of neuron models, which can be applied to DSNN with any spiking
neuron models. (3) The BA-STIP learning algorithm adopts the random feedback matrices
to directly propagate error signal, and can effectively reduce the consumption of comput-
ing resources during DSNN training, which is a local three-factor learning method. The
main limitation of the proposed algorithms is that the learning accuracy is relatively low
compared with the frequency encoding based algorithms. One principal reason is the lack
of effective encoding algorithms to transform images into reasonable spike trains at this
stage, which is in need of urgent in-depth research in the future.
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