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Abstract. This paper formulates sufficiency-type linear-output feedback decentralized closed-loop
stabilization conditions if the continuous-time linear dynamic system can be stabilized under linear
output-feedback centralized stabilization. The provided tests are simple to evaluate, while they are
based on the quantification of the sufficiently smallness of the parametrical error norms between
the control, output, interconnection and open-loop system dynamics matrices and the
corresponding control gains in the decentralized case related to the centralized counterpart. The
tolerance amounts of the various parametrical matrix errors are described by the maximum allowed
tolerance upper-bound of a small positive real parameter that upper-bounds the various
parametrical error norms. Such a tolerance is quantified by considering the first or second powers
of such a small parameter. The results are seen to be directly extendable to quantify the allowed
parametrical errors that guarantee the closed-loop linear output-feedback stabilization of a current
system related to its nominal counterpart. Furthermore, several simulated examples are also
discussed.
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1. Introduction

Control systems are very important in real world applications and, therefore, they have been
investigated exhaustively concerning their properties of stability, stabilization, controllability control
strategies etc.. See, for instance, [1-4] and references therein. Some extra constraints inherent to some
systems, like solution positivity in the case of biological systems or human migrations or the needed
behavior robustness against parametrical changes of disturbance actions add additional complexity
to the related investigations and need the use of additional mathematical or engineering tools for the
research development, [5-7]. A large variety of modeling and design tools have to be invoked and
developed in the analysis depending on the concrete systems under study and their potential
applications as, for instance, the presence of internal and external delays, discretization, dynamics
modeling based on fractional calculus, the existence of complex systems with interconnected
subsystems, [8-13], hybrid coupled continuous/digital tandems, nonlinear systems and optimization
and estimation techniques [14-19] as well as robotic and fuzzy-logic based systems, [20,21]. In
particular, decentralized control is a useful tool for controlling dynamic systems by cutting some
links between the dynamics coupling a set of subsystems integrated in the whole system at hand. It
is claimed to keep the main properties related to the use of centralized control such as stability,
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controllability, observability, etc. In summary, a centralized controller keeps all the information on
the system and coupling links as available to the control designer while decentralized control ignores
some of such information or even cuts on occasions some of coupling signals between the various
subsystems integrated in the whole system at hand. It can be pointed out that the stability studies are
often performed trough Lyapunov theory which requires to find a Lyapunov function (see [20,21]
and some references therein). It turns out that, if the neglected couplings are strong and are not taken
into account by the controller, the stabilization and other properties such as the controllability can
become lost. The use of decentralized stabilization and control tools is of interest when the whole
system has physically separated subsystems that require the implementation of local control
actuators but the control has to be global for the whole system. An ad-hoc example provided in
[2,3,4,19] where decentralized control is of a great design interest is the case of several coupled
cascade hydroelectric power plants allocated in the same river but separated far away from each
other. It has to be pointed out that the term “decentralized control” versus “centralized control” refers
to the eventual cut of links of the shared information between tandems of integrated subsystems, or
coupling signals between them, to be controlled rather than to the physical disposal of the controller.
In other words, if the whole controller keeps and uses all the information on measurable outputs and
control components design to implement the control law, such a control is considered to have a
centralized nature even if its various sub-control stations are not jointly allocated. It is a common
designer’s basic idea in mind for complex control designs to try to minimize the modeling designs
and computational loads without significantly losing the system’s performance and its essential
properties. For instance, in [8], the dynamic characteristic of a discrete-time system is given as an
extended state space description in which state variables and output tracking error are integrated
while they are regulated independently. The proposed robust model predictive control is much
simpler than the traditional versions since the information of the upper and lower bounds of the time-
varying delay are used for design purposes. On the other hand, in [9], a control law might be
synthesized for a hydropower plant with six generation units working in an alternation scheme. To
assess the behavior of the controlled system, a model of such a nonlinear plant is controlled by a
fractional proportional/integral/derivative control device through a linearization of its set points, the
fractional part being relevant in the approach on the controller derivative actions. In addition, a set
of applied complex control problems are studied, for instance, in [10-16] with the aim of giving
different ad hoc simplification tools to deal with the appropriate control methodologies. In particular,
a decentralized control approach is proposed in [16].

In this paper, the decentralized control design versus its decentralized control counterpart,
under eventual output linear feedback, are studied from the point of view of the amount of
information that can be lost or omitted in terms of the total or partial knowledge of the coupled
dynamics between subsystems necessary in the decentralized case to keep the closed-loop stability.
The study is made by using the information on the worst-case deviation, in terms of norms, between
the respective matrices of open-loop dynamics and the respective controller gains under which the
closed-loop stability is kept. This paper is organized as follows. The problem statement is given in
Section 2 while the main stabilization results of the paper are provided in Section 3. The proofs of
some of the results of Section 3, which are technically involved, but conceptually simple, are
distributed in various technical auxiliary that are given in Appendixes A and B. It is claimed to give
a non-complex method to test the feasibility of the implementation of decentralized control and
conditions for its design, which be a fast and simpler stability test compared to Lyapunov stability
theory [20,21], for instance, under a partial removal of information or physical cuts of links of
coupling dynamics between the various subsystems or state, control and output components. Section
4 discusses several examples and, finally, the concluding remarks end the paper.

1.1. Notation

n={1,2,--n},



Appl. Sci. 2019, 9, 1739 30f22

R, ={Z€RIZ>O}; Ry, ={Z€RZZZO},

SAA) and deiA) are the spectrum and determinant of AER™" , respectively. For AERqu,

A” denotes any unspecified norm of 4,

being in general rectangular, 4 ||2 denotes the £ or

spectral norm of a matrix 4, ,O(A) denotes its spectral radius, and ||||0o denotes the Hyx-norm of

a stable real rational transfer matrix or function, I, q denotes the ¢ th identity matrix, and i=+v-1
is the complex imaginary unit.

Let AER™" be symmetric. Then, Ama A) and Amin(A) are, respectively, the maximum and
minimum eigenvalues of 4.

Mg™is the set of Metzler matrices (any off-diagonal entry is non-negative) of 7 th order.

Z™" s the set of Z -matrices (any off-diagonal entry is non-positive) of 7 th order.

M™ is the set of M-matrices (Z -matrices which are stable or critically stable ) of 7 th order.

Assume that 4 = (Al-j ),B = (Bij )E R™" _ Then, the notations A~B , A>Band A>>B, are,
respectively, equivalent to B<A, B<Aand B=<<4, meaning that Aij = Bij, Aij > Bij (and B= A4
) and Aij >B,~j ; Vi, j€m, respectively. In particular, A>_'O, A=0and A>~0 are reworded as A4 is

non-negative, positive and strictly positive, respectively, and A‘_<O , A<0and A4<<0 arereworded

as A is non-positive, negative and strictly negative, respectively.

2. Problem Statement

Consider the following linear and time-invariant system under linear output-feedback
centralized control:

xc(t)=Acxc(t)+Bcuc(t)} xc(0)=xd) (1)
velt)=Cox lt)+ Dot 1) @)
u () =K. lt) ()

where x.(/)ER" is the state vector; u,(t)ER™ is the centralized control vector; y.(t)ER? is the

output; 4., B., C.and D, are the system, control, output and input-output interconnection

matrices, respectively, of orders being compatible with the dimensions of the above vectors; and

K,.ER™P is the control matrix. If the system runs in a decentralized control context, we have:
i ()= A g (0)+ Byug(t) 5 x4(0)= x40 (4)

valt)=Cyxy(t)+ Dguy(e) @)

ug(t)=Kyv4(t) (6)
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where x,(/)ER" is the state vector; uy(1)ER™ is the centralized control vector; y,(t)ERP is the

output; 4;, B;, C;yand D, are the system, control , output and input-output interconnection

matrices, respectively, of orders being compatible with the dimensions of the above vectors; and

K, ER™P is the control matrix.

Basically, the differences between centralized and decentralized controls are as follows:

1) In the centralized control, all control components, or more generally, all subsystems if
subsystems are considered in the model, have a complete information on the output available
for feedback. This means that all control components or block-control inputs are available for
controlling each state component (or each individual substate including several state
components in the case of a more generic decomposition structure). Basically, the matrix X,
has a complete non-diagonal or block non-diagonal structure. In the decentralized control,
the various input components or block-control inputs are not available for controlling each
state component. Thus, K; does not have a complete free design structure of its non-
diagonal part and in some cases (completely decentralized disposal) its diagonal or block
diagonal.

2) In a more general context, some control or output links can be cut in the decentralized case
for the sake of computational simplicity or a more economic control design. In our case, the
decentralized input, output and interconnection matrices B;, C; and D, can be distinct
from the centralized ones and, roughly speaking, to a have a “more diagonal” or “sparser”
structure than their centralized counterparts B., C. and D, .If the parameterization of the
system (or dynamics) matrix is available to the designer, then some off-diagonal block
matrices of 4, could be zeroed or simply re-disposed in a more sparse structure to construct
Ay

3) The only strictly necessary condition for the system to be subject to partially (or, respectively,
fully) decentralized control is that some (or, respectively, all) of the off-diagonal entries of
K, are forced to be zero even if the system, control, output and interconnection matrices
remain identical in Equations (4) and (5) with respect to Equations (1) and (2).

Assumption 1. The system in Equations (1) and (2) is linear output-feedback stabilizable via some
centralized control law (Equation (3)).

Note that Assumption 1 does not hold if the open-loop system in Equations (1) and (2) has
unstable or critically stable fixed modes that cannot be removed via linear feedback.
Proposition 1. If Assumption 1 holds, then there exists a centralized stabilizing controller gain

K.ER™P? such that the matrices (/,, -K.D,) and (/ »- D.K,) are non-singular, thus the closed-

loop centralized control system is solvable and given by:

ielt)= A+ B (1, KoD) K C e t); .(0) = xc0 @)
yel0)=11, - k) Cox ) ®)

and asymptotically stable for any given x.) € R" under the generated control law:
ue(t)= (I - K.De) T K Cox.(0) )

that is, the polynomial p(s) = det(s[ n—Ac.— B, (I m— KD, ) -k CCC) is Hurwitz.
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Proof: The replacement of Equation (3) into Equations (1) and (2) yields Equation (7)—(9). Since the (1)
and (2) is linear output stabilizable, a stabilizing controller gain K,.E€R"™? has to exist such that

(7)—(9) are solvable and the closed-loop dynamics is stable.o
Assumption 2. The system in Equations (4) and (5) is linear output-feedback stabilizable via some
decentralized control law (Equation (6)).
In the same way as Proposition 1, we get the following result:
Proposition 2. If Assumption 2 holds, then there exists a decentralized stabilizing controller gain

Ky ER™P such that the matrices (I,,-K,;D,) and (I » -Dy4K,) are non-singular, thus the

closed-loop decentralized control system is solvable and given by:

iy (t)= (Ad +By (1, -KyDy) 'K yCy )xd (6); x4(0)=x40 (10)
yd(l)=(1p -Dde)_ICdxd(f) (11)

and asymptotically stable for any given x;9 € R" under the control law:
g (6)= (1 - K 4Dy ) " KqCyxyt) (12)

that is, the polynomial p(s) = det (sln -Ay; -By (Im -K; Dy ) _leCd) is Hurwitz. o

Proposition 3. Assume that 4, =4., B;=B., C;=C,and D, =D,, and that the system in
Equations (1) and (2) is not linear output-feedback stabilizable via some centralized control law
(Equation (3)). Then, it is not stabilizable under any linear output-feedback decentralized control
(Equation (6)) either.

Proof: Obviously, if there is no completely free-design matrix K, that stabilizes Equations (1) and
(2), then thereisno K, with at least a forced zero off-diagonal entry that stabilizes it since K, has
extra design constraints related to K. O

It can be pointed out that decentralized control has also been proved to be useful in applications.
For instance, an integral-based event-triggered asymptotic stabilization of a continuous-time linear
system is studied in [17] by considering actuator saturation and observer-based output feedback are
considered. In the proposed scheme, the sensors and actuators are implemented in a decentralized
manner and a type of Zeno-free decentralized integral-based event condition is designed to
guarantee the asymptotic stability of the closed-loop systems. On the other hand, two decentralized
fuzzy logic-based control schemes with a high-penetration non-storage wind-diesel system are
studied in [18] for small power system with high-penetration wind farms. In addition, several
examples concerning decentralized control are described in [4] to illustrate the theoretical design
analysis. A typical described case is that of tandems of electrical power system with a tandem
disposal on the same river which are not physically nearly allocated. The next section discusses some
simple sufficiency-type conditions which ensure that, provided that the system is stabilizable under
linear output-feedback centralized control, it is also stabilizable under decentralized control in two
cases: (a) the system matrix remains identical but the other parameterization matrices can eventually
vary; and (b) the system matrix can vary as well in the decentralized case with respect to the
centralized one. A result elated to the maintenance of the stability of a matrix under an additive
matrix perturbation is summarized through a set of sufficiency-type conditions simple to test in
Theorem Al. Theorem A2 proves sufficiency-type for the stability of the matrix function
Alr)= 4o + A(t) with 4, stableand A(r) being time-varying. Appendix B includes calculations and

auxiliary results to quantify the tolerance to cut some dynamics links between subsystems, state
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components or control centers or components while keeping the closed-loop stability of the whole
coupled system. The results of Appendices A and B are used in the proofs of the main results in the
next section.

3. Main Results

The first set of technical results which follow are concerned with centralized and decentralized
control stabilizability.
Assertion 1. A necessary and sufficient condition for the system to be linear state-stabilizable via
some centralized control law is that rank [sl n—A4. B, ] =n forall Res=0.

Proof: Assume that rank[s[n -4, Bc]=”1 <n for some Res=0 . Then, there is some Laplace

transform [ch(s),ﬁT(s)]T =Lap[xT(t),uT(t)]T =0 such that [s n— A Bc][ch(s),dT(s)]T =0 for

c

In 9! nxn ol .
some Re s =0 and [s[n -A. B, ]{K }x(s)= 0 for any K.€ER and some x(s) =0 withRes=0

c c

. Il’l . Il’l .
since  rank [sln -4, Bc] K < min rank[s]n -4, Bc],mnk X < min (nl ,n)s ny<n for some

Re s = 0 .Therefore, the closed-loop system has some unstable or critically stable solution for any
given (centralized) control gain. This proves the necessary part. Sufficiency follows since, if
rank|sl, - A. B.]=n, then (s)=0 for all Res=0 and some K,ER™" which can be found so

that min [mnk[sln -4, Bc],rank|:11<n D = min (nn) =n. o
c
Assertion 1 is a particular adapted ad-hoc test for stabilizability of the celebrated Popov—Belevitch—
Hautus rank controllability test [6]. Note that, if there exist unstable or critically stable fixed modes
(i-e., those present in the open-loop system that cannot be removed via feedback control), then neither
centralized nor decentralized stabilizing control laws can be synthesized. Note that the stabilizability
rank test of Assumption 1 can only be evaluated for the critically and unstable eigenvalues of A,
instead for all the open right-hand complex plane. In all the remaining points of such a plane, the test
always gives a full rank of the tested matrix. The parallel controllability test should always be applied
in the same matrix to any eigenvalues of 4, .
Assertion 2. A necessary condition for the system to be linear state-stabilizable via some partially or
totally decentralized control is that it be stabilizable via centralized control (i.e., Assertion 1 holds).
Proof: It is obvious from Assertion 1 since any gain K, used for centralized or decentralized is sparser
than a centralized gain counterpart so that the proof follows from Assertion 1. m
Assertion 3. A necessary condition for the system to be linear output-stabilizable via some partially
or totally decentralized control is that it be stabilizable via centralized control (i.e., that Assertion 1
holds).

Proof: it is obvious from Assertions 1 and 2 that, when replacing K, — (1, —KCDC)_IKCCC and
K; — (Im —KdDd)_leCd (see Equations (9) and (12)), the second replacement happens under

sparser parameterizations.
o

Now, consider the closed-loop system matrices from Equations (7) and (10) for the case
A=A, =4;.

-1 -1
Acc=A+Bc(Im_Kch) K.Ce; Adc=A+Bd(Im_KdDd) KaCy
with its parametrical error being:

ch = Acc _Adc = Bc (Im _KCDC)_lKCCC _Bd (Im _KdDd)_leCd
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A first main technical result follows:

Theorem 1. If Assumption 1 holds, assume also that K. € R"? is a centralized linear output-feedback

stabilizing controller gain such that the resulting closed-loop system matrix 4..€ER™" has a
stability abscissa (- Pec ) < 0. Then, the following properties hold:

(i) A4z €ER™" is a closed-loop stability matrix under a linear output-feedback stabilizing controller

gain K; €ER™ P if any of the subsequent sufficiency-type conditions holds:

<1,
foo]

1) The H,-norm of (sln - Aee ) -1 Ay satisfies “(s]n - A4..) -1 Ay

2) “ch

<1/ sup (ia)ln—Acc)_l“ .
2 @SRy, 2

Other alternative sufficiency-type conditions to Conditions 1 and 2 for the stability of 4,. are:
3 o)<,

-1~
4) Acc Aa’c

<1,

2

5 ) “ch Ac_c1

5 <1/ 2! that is, )Lmax (Zchch )< /lmin (ACTCACC )’

in the following particular cases:

a)A4.. <0 and Ay > A,..;and

b A - ( Acc,-j) eMp” and Ay = A, ) fulfills 4., < Ay Vi (= 1)ET .

(ii) Assume that Property (i) holds and that the number of inputs and outputs are identical, i.e. p=m

, and decompose both the controller gain matrices as sums of their diagonal and off-diagonal parts
leading to KC = ch +Kcod and Kd = Kdd +Kd0d P thus E = Kc _Kd = (ch _Kdd)+(Kc0d _Kdod ) .

Then, the system is stabilizable under partially decentralized control linear output-feedback control

in the sense that Equations (4) and (5), is asymptotically stable under a control law (Equation (6)), if

K, € R™7 is such that, if there is at least one non-diagonal zero entry in at least one of its rows in

the off-diagonal controller error matrix K,; = Kooy —Kgog - If K,q =0 , then the system is

stabilizable under decentralized control.
Proof: Property (i) is a direct translation of the results of Theorem Al in Appendix A to the closed-
loop system matrices. Property (ii) holds if Property (i) holds with an off-diagonal controller error
matrix between the centralized a decentralized controller gain that has at least one non-diagonal zero
at some row (or its identically zero) so that a feedback from some crossed output to some of the inputs
is not provided to the control law for closed-loop stabilization the stabilization.
o

The following result follows for the time-varying case from Theorem 1 and Theorem A2:
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Corollary 1. Assume that Ay (t) and then A,.(¢) are everywhere piecewise-continuous time-

varying. Then, Theorem 1 still holds if Condition 1 is replaced with Kee sup “ch (r)“ <1, VtER,,
cc O=sz<t
el <k ePel; YIER),. O

Remark 1. Theorem 1 (ii) has been stated for the case m = p . Note that the case m > p (i.e., there are

with k.. =land p. >0 being real constants such that e

more inputs than outputs) is irrelevant for the stabilization from the strict algebraic point of view
since the (m - p) extra inputs would be redundant. In the case that m < p, Theorem 1 (ii) might be

directly generalized to a subsystem’s decomposition philosophy if a number g <m of subsystems

of inputs and outputs (ulT,uzT, u;)rand (le,sz, yg)rwith u; ER™ , y;ERPI; Yien with

p= Z;:Llpi and m = qu=1 m; .

Remark 2. Theorem 1 can be easily generalized to cases when some dynamics transmission links
between state, input or output components (or subsystems, in general) can be suppressed by
manipulation. In more general cases, it is possible to extend Theorem 1 to combinations of the
subsequent situations with the matrix decompositions having the same sense (in the various modified
contexts) as that of Theorem 1 (ii):

* Case 1. Suppression of some transmission links between the coupled open-loop dynamics by
examining the  decompositions: 4. =A.+Ad.0q Ay =Agg +A40a » and
A=A, = Ag = (4o = Aaq )+ (Ucoq = Adoa )-

(a) If there is at least one non-diagonal zero entry in at least one of its rows in the off-diagonal
controller error matrix A,y = Aoy — Agog Which is not a corresponding zero in 4., ; and (b) if there
is at least one non-diagonal zero entry in at least one of its rows in the off-diagonal controller error
matrix K,y = K g - K 4oq , then the closed-loop system is stabilizable under a partial decentralized
control even if some links of the dynamics between crossed components are cut if Theorem 1 (ii)
holds. If only Condition a is addressed, then the system is stabilizable by centralized control when
cutting certain transmission links between coupled dynamics in the open-loop system. This idea can
be extended to total decentralized control for a purely diagonal open-loop system’s dynamics under
full zeroing of the off-diagonal corresponding error dynamics. It can be also generalized to the “ad
hoc” decompositions between subsystems. Other cases with similar interpretations in the new
contexts are:

* Case 2. Suppression of some crossed entries in the open-loop control matrix by examining

the decompositions: B.=B.; +B., , B; =B +Bu , and
B =B.~By =(Beq = Baa )+ (Beoa = Baod ).

* Case 3. Suppression of some crossed entries in the open-loop output matrix by examining
the decompositions: C.=C,y+Copy , Cy=Cus+Cuoua , and
C=Co=Cy =(Ceq =Caa)+(Ceoa = Datoa ).

* Case 4. Suppression of some crossed entries in the open-loop interconnection matrix by
examining the decompositions: D.=D.+D.y , Dgj=Dg+Dyy , and
D =D, ~Dy =(Deg = Dya )+ (Deoa = Daod )-

* Case 5. Any combinations of Cases 1-4.

Problem 1: Find a stabilizing decentralized family of control gains by assuming that 4; = 4., such
that 4 =4, -A4; =0 and Assumption 1 holds with K, being a stabilizing centralized controller
gain.

The following more general result for the eventual case 4 =0 (that is 4. = A, eventually),

follows from Theorem 1, Theorem A1l and Theorem A2 and Lemmas B1, B2 and B3:
Theorem 2. Define the following error matrices between the centralized and decentralized system
parameterizations:
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A=A4,-4, ; B=B.-B;; C=C.-C;; D=D.-D;; K=K,-K, (13)

C”s €,

such that HZHS&Ab‘ , 5“551)5 and HEHSEKg for some eER,, and

B“Sa’Bé‘,

given 6,4, Op, Oc, Op€ER, . Assume that:
1) Assumption 1 holds;

2) K.ER™P?is a centralized linear output-feedback stabilizing controller gain such that the

resulting closed-loop system matrix 4..E€R™" has a stability abscissa (- pcc)< 0 and such

that ||K ¢ DC”2 <1(so that (I,,-K.D,) is non-singular);

4) Define g =min (1, g, 8 ,5_2), where:

ol x| DelF 4505 (1 - koD | - Gol Ko+ Gl
£° 26,5x /

”([m _KCDC)_IH

1= — — — s
2[||KC||0D +E0pOgk +|| DC||0K]

&y =1/|ay, sup
aER0+

£

(iwl, ‘Acc)_luz}

where

g = (kD)™ <lasl col+ (I8 + Ik C K Nae | ook +cliscop + | peax])],

where the non-negative real constant Cis given in Equation (B11). Then, the following properties
hold:

(i) If 64 =0(thatis, 4, = 4;), then A, is stable and 86[0,6_‘*] .

(ii) If HZ“Z =0 ¢, then A, is stable andEE[O,E'*] where E’*=min(1,£_, 2 .9_2) and

wp [t -4.)°Y, )

é_‘z =1/[(5dc +5'A)
WERy,

(iii) If 4(s) is piecewise continuous and bounded, then Property (ii) holds by replacing “ A Hz =0 ¢

by sup ”Z(r)” =0y €. o

Ost<o 2
Remark 3. Some quantified results are given in Lemmas B.2 and B.3 to modify &, (and hence 52') in
Theorem 2 by considering the second power of & in the calculations of the disturbed
parameterization guaranteeing the closed-loop stability in the decentralized case.
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Remark 4. If the corresponding parametrical error matrices of Equation (13) have some zero off-
diagonal entries (or off-diagonal block matrices in the more general case that the system is described
by coupled subsystems), then we have at least a partial closed-loop stabilization under decentralized
control or, eventually, cut coupled dynamic links to the light of the various Cases 1-5 described after
Remark 2 such that closed-loop stability is preserved.

Remark 5. Theorem 2 also applies to the case of state-feedback control by replacing the output
matrices C,.,C,; — I, and fixing &- =0.

Remark 6. Theorem 2 also applies directly to the cases where Equations (1)-(3) are a given nominal
asymptotically stable closed-loop system configuration and Equations (4)—(6) are a perturbed one
whose closed-loop asymptotic stability maintenance related to its nominal counterpart is a suited
objective and which is not necessarily of partial of compete decentralized type.

4. Simulation Examples

This Section contains some numerical simulation examples to illustrate the theoretical results
introduced in Section 3.
Example 1. Consider the interconnected linear system with less inputs than outputs given by, [19]:
X1(1) = A (1) + Apxp (1) + By (1)
Xp(1) = Ay (1) + Ay X (1) + Byuy (1)
yi(t)=Cx (1)
y2(t) = Crxp(1)

with x(t)7 =[x;1(1) x2(t)], x2(t)" =[x21(1) x22(1)] and matrices defined by:

y IOA y —10A -1 0 B lB 2
11_02’12_ 21_0 _1’22_0 _2 1_2’2_1

G=C =1
This system can be cast into the form of Equations (1) and (2) by composing the matrices:
1 0 -1 0 1 0
A=020_IB=2OC=1D=0
-1 0 -1 0| o 2 e T
0 -1 0 -2 0 1

Note that matrix 4. is unstable with eigenvalues given by {2.36,.1.41,—1.41, —2.23}. A static

feedback output controller of the form of Equation (3) can be designed for this system, which leads

to the following gain:

X -93 82 -0.015 002
€ 1001 -0.01 0375 025

that places the closed-loop poles at {— 0.84,-1. 1,—2.8,—3.3} and thus stabilizes the closed-loop system.
The static feedback gain K. corresponds to a centralized controller as it can be readily observed.

The question that arises now is whether a decentralized controller defined by:

~93 82 0 0
Ky =
0 0 0375 025

is enough to stabilize the system or not. Note that K, is a block-diagonal matrix with zero off-block-

diagonal entries. Theorem 1 enables us to guarantee the asymptotic stability of the above system
when the decentralized controller K, is used. Therefore, 4; = 4., B; =B, and C; =C, while

the feedback gain £ is restricted to the proposed particular structure. In this way, consider now
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A,=A4.+B.K.C., Ay =A.+B.K;C. and A, =B.(K,-K,)C.. Condition 2 of Theorem 1 (i)

yields:
1

=0.07
(iWI4 - Acc )_IH

0.055 = HZdC

<
2

sup

WER( . 2

Consequently, we can conclude from Theorem 1 that the closed-loop system controlled by the

decentralized static output gain K, is asymptotically stable. Thus, we have been able to easily

analyze the stability of the decentralized case from the stability property of the centralized one. Figure

1 shows the trajectories of the closed-loop system when the gain K, is deployed with initial

conditions given by x;(¢ )7 = [—3 —4], X (t )= [5 6]. It can be observed in Figure 1 that all the

states converge to zero as predicted by Theorem 1.

Time (sec)

Figure 1. States evolution when the decentralized controller K, is employed.

Example 2. Consider the linear system with the same number of inputs and outputs composed of two
identical pendulums THAT are coupled by a spring and subject to two distinct inputs, as displayed
in Figure 2, [19].

Figure 2. Two inverted pendulums coupled by a spring.

The mathematical model of such interconnected system is given by:
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xi(t)=Ap1x(t)+ Ajpxy(1) + Biuy (1)
Xo(t)=Ax1x1(1)+ Ay xy(1)+ Byuy(t)
n(t)=Cx(t)

V(1) =Caxy(1)

with x(t )= [491 491], X (t )7 = [62 492] and matrices defined by:

0 1 0 0 0
All = A22 = g kaz ,A12 = A21 = kaz ’ Bl =Bz = 1
T A —5 0
I ml ml

G =C=[1 0]
where g represents the gravity, u accounts for the friction, m =m; =m, are the masses of both
pendulums, k is the spring constant and the meanings of the geometrical parameters are shown in
Figure 2. This linear model corresponds to the linearization of the pendulum nonlinear equations

around the up-right position equilibrium point. The following values were used in simulation, [19]:

g k0% 0s
[ m]2 m /

This system can be cast into the form of Equations (1) and (2) as:

0 1 0 0 0 0

A=0.5—1o.50 B=10 =[1000}D=

10 o o 1| “Joo|” “loo1 o0 ¢
05 0 05 -1 0 1

A static output feedback controller can be designed for this system to achieve its asymptotic
stability. In this way, the feedback gain
{2.92 0.65}
K. =

0.64 2.80

{-0.5+1.51,-0.5 + 1.4i}

places the closed-loop poles at with negative real parts. Now, we implement

a decentralized controller with feedback gain given by:

292 0
K;=
0 280

Theorem 2 is now used to analyze the stability of the closed-loop system when this controller is
employed. This case is of practical importance and corresponds to the situation when the local
controller has only available for control purposes the information regarding the local output, and not
the output of the complete system. Thus, the centralized and decentralized systems are the same and
only the static feedback gain changes. Theorem 2 conditions are applied with
O0y=0p=0c=0p=0,0, = ||K c—Ky ||2 =0.65 while the stability condition for this special case (see

Appendix B) reads:

0.65=0.65x1x1= K, - K|, |Bc[,|Cc], <1

Accordingly, the closed-loop system attained with the decentralized controller is asymptotically
stable and all the outputs will converge to zero asymptotically. Figure 3 displays the evolution of
both angles from initial conditions x;(¢ )T = [0.5 —0.5] , Xp(t 7= [0.15 0.5] , where it can be

observed that both pendulums are stabilized in the up-right position with the decentralized
controller.
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Figure 3. Evolution of the angles of both pendulums
Example 3. Consider the linear interconnected system given by:

xc(t) = Acxc(t) + Bcuc(t)

Ve(t)=C.x.(t)+D.u.(t)
with matrices defined by:

-1 04 03 1 010 1 01 0
A4.=| 02 -2 01|B,=|0 2 0/C.=|0 1 0.1|,D,=0.1l4
-0.1 02 -3 0 0 2 0 0 1

This system is controlled by the static output feedback gain given by:

0.19 0.05 0.04
K.=| 005 -0.01 0.03
-0.02 0.02 -0.46

which places the closed-loop poles at {—1.17, -2,-2. 1} . The decentralized system is now given by:

100
Ayj=A4.B;=|0 2 0|Cy;=13.D;=0
00 2

The decentralized system corresponds to the case when some transmission links have been
suppressed from the original open-loop coupled dynamics, as considered in Remark 2. The following

decentralized gain iz employed to stabilize the decentralized system in Equations (4)-(6)
parameterized by the above matrices:

0.19 0 0
Kg=| 0 =001 0
0 0 -046

Theorem 2 is used to analyze the stability of the decentralized closed-loop system. To this end,
we calculate:
4 ‘Aduz =0,=0
0.1=[B,. - By, s Gpe =2.7x0.07=0.19

0.1=[C. - Cy, = Fce =2.7x0.07 = 0.19

13 of 22
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0.1=||D, - Dy|, = Gpe =2.7x0.07=0.19

0.07 = |K, - Ky, = Fxe =2.7x0.07 = 0.19

With  these values, we can compute £=031g=024,=0.071 so that
0.07=¢<7 = min(l,s_, 5_1,52)= 0.071. Since ||KCDC||2 =0.05<1, we are in conditions of applying

Theorem 2 (i) and we can conclude that the decentralized closed-loop system is asymptotically stable.
In this way, the presented results allow establishing the stability of the decentralized system by a
simple method based on the stability and design of the centralized system. Figure 4 shows the state
variables evolution from the initial state x()” = [5 -5 1]. As shown in Figure 4, the state variables

converge to zero asymptotically, as concluded from Theorem 2.

X, (0
4+ xz(t) i
x50

2k i

3k i

5 I I I I I I I
0 0.5 1 1.5 2 2.5 3 3.5 4

Time (sec)

Figure 4. Evolution of the state space variables when the decentralized controller K, is used.

5. Concluding Remarks

This paper is devoted to formulating sufficiency-type linear-output feedback decentralized
closed-loop stabilization conditions if the continuous-time linear dynamic system can be stabilized
under linear output-feedback centralized stabilization. The developed stability tests are conceptually
simple to evaluate and they rely on the quantification in terms of worst-case norms of interconnection
and open-loop system dynamics matrices and the corresponding control gains in the decentralized
case compared to the centralized counterpart. The tolerances of the various parametrical matrix
errors have been quantified by considering the first or second powers of a small parameter. Such a
parameter is a design factor to characterize in the worst-case for the allowed tolerances to the
perturbed parameterization norms. Simulated examples are discussed to illustrate the obtained
results. The decentralized control design versus its decentralized control counterpart, under eventual
output linear feedback, has been studied from the point of view of the amount of information that
can be lost or omitted in terms of the total or partial knowledge of the coupled dynamics between
subsystems necessary in the decentralized case to keep the closed-loop stability. A foreseen related
future work relies on the application of the method to some applied control problems such as
consensus protocols under decentralized control and continuous-discrete hybrid controller designs.
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Appendix A. Auxiliary stability results on perturbed matrices under constant and time-varying perturbations

of stability matrices

Theorem Al. Assume that 4y ER™" is a stability matrix with stability abscissa (-0, )<0. Then,

A = Ay + 4 is a stability matrix if any of the subsequent sufficiency-type conditions holds:

1~ N
1) The Ho _porm of (s7, - 49) 7' 4 satisfies “(s] " —AO)_IA“ <1,
~ o\
”AHZ <1/0;€EL;§(9)+ (ta)ln AO) “2

Other alternative sufficiency-type conditions to Conditions 1 and 2 for the stability of A are:
-1
3) plag'i)< L

”A(;RZH <1
4) 2

“Z”Z <1/”A51 thatis, Age\A7A)< A (4T 40),

2

in the following particular cases:
a) Ay <0 and 4 <-4y;and

b) 4 =(A0._)6ng” and Z=(Z,j) fulfilszl-j =-4y ; Vl',j(* i)Eﬁ'
ij y

Proof: Note that

det(sl, - A) = det(s1, - 4, - A) = det((s1, - 4,)(1, ~(s1, - 4,) " 4)

. (A1)
= det(sZ, - 4,) det (1, - (s1, - 4,)™ 4):Vs€C

and then

det(s],, — A) = det (s],, — Ay) det (ln —(sln —AO)'IZ)= 0 Then, for all s&sp(d) , and also for all

s€sp(4y) if the H, -norm of (sI, - 4y) "4, which exists since 4, is a stability matrix, satisfies

”(sln —AO)_IZ“ <1, which is guaranteed if “Z“z <1/ sup “(iwln —AO)_IH2 . Then, 4is a stability
® aER0+

matrix if Conditions 1 or 2 holds. On the other hand, if 4, and A are negative (implying that

A< -4y), or if they are both Metzler-stable (implying for all off-diagonal entries that Zl] =-4y ;
U



Appl. Sci. 2019, 9, 1739 16 of 22

Vi, j(=i)E7 ), then their dominant abscissa (perhaps multiple) eigenvalue is real and negative since
4y being a stability matrix is claimed to guarantee that A is stable. Since 4 is a stability matrix, it is

non-singular with eigenvalues with negative real parts. Then, by the continuity of the eigenvalues

with respect to the matrix entries, A= 4 (1 L+ Ay A4 ) is a stability matrix if

p(A(] 4 )s HAO_ 12“2 < “A(; 1“2“2“2 <1leading to the sufficiency of Conditions 3-5 for the stability of 4

ifis Ay stable. The last, sufficient condition comes directly by upper-bounding Condition 4 by norm
max max min

product and it is equivalent to ] = 22 (47)-< 1/“,45‘“2 1/ A2 5 45T )= A2 T 4, ). .

Theorem A2. Assume that A4, ER™" is a stability matrix and that A(r)= 4y + A(t), where

A:Ry, = R™" is piecewise-continuous and bounded. Then, 4:R,, — R™" is stable if

f)—(())osup HZ(T)” <1; VtER,, , where (— 00)<0 is the stability abscissaof 4, and kg =k (”AO || )a lis
<7<t

a real constant satisfying HeAOt H <koe P ;VIER,, .

Proof: Consider the linear time-varying system:
x(r) = (AO + Z(t))x(t), x(0)=xy ; VIERy, (A2)

where 4:Rj, — R™" is piecewise-continuous and bounded [1]. Such a system is globally

asymptotically stable if and only if 4: R, — R™" is a stability matrix. The state-trajectory solution

of Equation (A2) satisfies:

Jole)] = e ! o]+ I Je =) i) e ax
k k (A3)
<kge PO "xo ||+—0 sup ||x(rl| = Kye P ||x0||+—0 sup (“A(r)“)"x(t) ; VIER,
Lo 0sT=t P0o 0s7=t
Let r'=1(t) be defined for each tER,, as = {z = Omax T ||x(z)|| = ||x(tX|} . Then,
<7<t
— oot k ~
||x(t]| < sup "x(‘r)" = sup ||x(z')|| =||x(t)|| <k Pot ||x0||+—0 sup “A(T)“ "x(t) ;
O=7=t O=7=t’ Lo 0=7=t (A4)

VIER,,

Since 1> ko sup HZ(r) ; VtER,, , one gets:

Po 0=zr=t
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£o

-1
<01 s (122 s 0] |t o
(A5)

=M= ko[l—k—o sup “Z(I)“J_l
P0 0sr<

Therefore, x(r) is bounded for any tE R, if xgis finite. Now, assume the following cases.

; VtERO+

Case a: For any T, €ER, , the sequence { sup ||x(t)||} is strictly decreasing for some finite

nTy st<(n+mn )Ts

positive integer & = k(T, s) and some positive sequence {mn} of bounded integer numbers which

satisfies m,.; >m, -1 for n=0. As aresult, sup ||x(t)|| —0 as n— o forany given
nTSst<(n+mn )Tb n=k

T,>0 . Then, one gets from Equation (A3) that ||x(t)||—>0 as t— o since ||x(nTS+t)||

sko{1+L sup ||x(rx

; Vi€ (nT, ,(n+1)T,). The result is proved for this case.
Lo nTy=r<t

Case b: For some T, ER,, a sequence { sup ||x(t)||} can be built, with {m,, }:;0 —>® as

nTy<t<(n+my, )T, 10

m — oo satisfying

w - s s s [

(n+m,, )Tsst< n+my, )Ts nTsst<(n+mn My, )TS nlgst< n+mn S

; n=0

(note that the above inequality cannot be strict as n — « since it has already been proven that

||x(t)|<+oo ; VtER), ). However, then one gets from Equation (A3) for some

thsl E[n+mn ST My ) since 1>k— sup ”A ; VIER, :
Po 0=s7=t
sup  |e)][ = sup )]
nTYst<(n+m,,) T nlg=< t<(n+mn+mn+mn )TS
< Kge 0 poltns1=nT "x(nT " +— sup (“A ”) sup "x(t)"
Lo nT, <t<(n+m,,+m,,+mn nTgst< n+m,, My, )T (A6)
< Koo 0lins1 =T )| T, ) |+ sup x(0)]

nlg st<(n+mn i, )T

If n—=o, m, —o, then (tn A~ M, )e o, thus the following contradiction arises:

0 =lim sup sup ||x(t || sup ”x(t " <0,

n— nTS<t<(n+mn+mn+mn) T, Ty=t< ("+mn+mn+mn) Ts
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Thus, Case b is not possible and the whole result follows from Case a. m
Note that the stability abscissa of 4, that is, (- o)< 0 is not smaller than the dominant

eigenvalue abscissa.
Appendix B. Calculations for solving Problem 1
Assume that the matrix (I, -K.D,) is non-singular with ||K B Dc"2 <l and A4=4.=4,; .
Then, one gets from Equations (10) and (13) that:
A,+B,(1,-K,D,)"K,C,
- 4+(B,-B)(1,-K.D.-4,)"(K.C.-A,)
- 4+(B, —B)[(Im -&k.0,)(1,-(1,-K.D,)" &0)} " (k.C.-4)
1 ) (B1)
(1,-K.D,) (K.C.-A

c

- 4+(B. —3)(1m -(1,-K.D,)"

)
)

A,)
=A+(BC—B)(1m +A,

)(1,-K.D.) (K.C.-&

provided that D and K are such that (Im —KdDd)_l =(I m—K:.D, —ZO)_I exists (note that this

always holds if D=0 pxm and K= 0,x p from Assumption 1), where:

Ay =K D, - KD, =IZ(5—DC)—K05= (E—Kc)ﬁ—EDc (B2)
4 =klc,-¢)+k.C=(k,-&)C+RC, (B3)
A = [Im -(1,,-k,D.Y" 4, ]_1 -1, (B4)
and note that
|4 o] =ell&|@p +e7pay +] D] ] (55)
11| <ell& e + e +| .| ] (B6)

and one gets from Banach’s Perturbation Lemma [7] that

A RSN EP—

1- (Im_Kch)_IZO 1- (Im_Kch)_l HAOH

(B7)

provided that “ANO“ < 50 = I/H(lm -K.D, ) _IH . Equivalently, if

gle) = 3paie® +(Fp| K |+ Tk | Dc))e -1/H(1m ~k,p,)7<0 (BS)
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since ¢(e) is a convex parabola with zeros &£ <0 and &=¢ >0 , Equation (B8) holds,

guaranteeing that “ZO“ <0y, if € E[O ,£ ), where:

\/(5D||Kc [+ k2P +46p5k /|(1 - KeDe) | - @nl Kol + x| 2 ) (149

£ = ~ =
ZUDUK )

Before continuing with the calculations, we give the following auxiliary result:

Lemma B1. If (7, -K.D,) is non-singular with ||Kch||2 <1 and “ANO“<50 =1/”(1m ‘Kch)_l

7

equivalently if EE[O,E ), with #z defined in Equation (B9), then ||Zz||s C||ZO|| <1 with a norm-

dependent real constant C z% if 56[0, £,) with
0

_ “(Im_Kch)_IH
£ = EE— — (B10)
Alk.|p +edpdx +| D]k |

Proof: One gets from Equation (B4) and Banach’s Perturbation Lemma [7] that, if “Zz “ = C”Zo“ for
some CER,, then:

—1 - Cl”zo“ = (Z2 + [m )_1“ = Hlm - (Im - Kch )_1 ZOH =1- ”(Im - Kch )_1 “”ZO “ PrOVided that

C<l1/ HANO“ . One gets that the above inequality holds if

1/ “ZO“ >C= L > “(Im ~ Rl ) _1” and, one gets from Equation (B5) that
29 efa[ln-50.) ]
|32 =¢ clixclop +eapai + Dl 7] <1 1)
If £<¢g.
o

Now, rewrite the system matrices of closed-loop dynamics of Equations (7) and (10),
equivalently Equation (B1), with 4 = A. = 4; and its incremental value as follows:

A.=A+B.(1,-K.D,)"'K.C, (B12)
Ay =A+B, (I, -K,;Dy) 'K, ,Cy (B13)

Adc

= Acc _Adc = Bc (1m _KCDC)_IKCCC _Bd (Im _KdDd)_leCd
~ ~ -1 ~
=B.(1,,-K.D,)"'K C, - (Bc —B)(Im + Az)(]m -K.D,) (chc -A 1) (B14)

~ -1 ~
=Bc (]m _Kch)_chCc _Bc (Im +A2)([m _Kch) (chc -4 1)
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+§(1m +ZZ)(Im _Kch>_1(K Cc -4 l)=Bc(lm _Kch)_lANI

c
~ -1 ~ 1~
_BCAZ (]m _KCDC) KCCC + BCAZ(]m _KCDC) Al

~ -1 ~ -1 ~
+B(1m _Kch) chc_B([m _Kch) Al

~~ -1 ~ -1 -
+BA2 (Im _KC‘DC) chc - BA2 (Im _Kch) 4 1

Now, the following technical result follows directly from Equations (B14), (B5), (B6) and (B11),
the norm upper-bounding values of the control, output interconnection and controller matrix errors
and Lemma B1:

Lemma B2. The following properties hold for any 56[0 ,€) with ¢=min(z,%)calculated from

Equations (B9) and (B10):

Adc

0 [ =110~ oo a0+ |2 <k c.)

|
-1

reli-fenl)” @ b+ m e+ [3] )< elpi- ) ®15)

x|_(HKCH5C +e000k +||C||ok )(1+HKCCCH +5C|_HKcH5D +E0p0OK +HDCH5KJ)C|_HKCH5D +|| Do + s&DﬁKH

-1
veli-|k.D) 5+ eCl|k |5p + edpok +| Dok JK Col+ e[|k |G + 2505 +] |5 ])

(ii) If, furthermore, £ <1, then &¢" <¢ for any real r=1so that one gets from Equation (B15) by

taking the upper-bound &2 for & that

Jc] = el 11 2.0) (] ol €21 )

-1 -1 " ~
ve(l-|k.D,|) &5k C.|+e2(1-|k.D.]) Fp (”Alou +|K.C.| AzOH) (B16)

ve (1-|KD.)) Gal Do < ue+ve? < (s v)e

where 4; =4y for i=12 and it has been used that e3 <¢?, with

_1 o
=5 1-18.5.0) (o] .. o))+ -0 ) i) v = (1=K D)) 5o o]
(B17)

-1 - ~
B =K. D) +(-[k D) &5 o]+ K| o)

[l
(iii) If the upper-bound ¢ isused for £?and &°, one gets that

x|([K |G + Gedy +]| ColFx Ji+ Cl|K |GD + Fpdk +] Do)k )+ |KeCo| ClIK| D + Gk +| D5 (B18)

A= el -x.0)

_1 _ N o _ _ o _
vell-|k.n.)) &5+ Cl|&.|&p +Fpox +| D)k VK Co| +[|K | 5e + 5oy +| Cc 5 ])
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which also yields that “ch <¢dy +o(e) in the case that <1 after grouping all the additive

contributions of terms in &' for i =2 into an additive bounded term , which converges to zero as

¢ — 0, where

Edc = (1 _"Kch")_1
(B19)
<@gk Cell+ ([Be]+[KeCl) (Ko + cc|ak +Cllk|ap +[ Do ])]

Now, the following technical result follows directly from Lemma B2 and Theorem A1 (i):

Lemma B3. Define &, =1/[5dc sup “(iwln—Acc)_l“zJ from Equation (B19) and assume that
wERy,

||KC D, ||2 <land that z, <min(g,%,1). Then, A4, isstableif A,is stableand & E[O , 52]. By using
Equations (B.16) and (B.17), a better bound of the maximum allowable ||AdC ||2 is found as ¢ E[O , 53]
Vu? +4vo -u
2v .
Proof. Note from Theorem Al (i) that the H, -norm of (s[ n—Aee ) -! ch satisfies
-1~
“(S[n - Acc) Adc

follows by taking also into account, in addition, the constraints in Equations (B9) and (B10) of Lemma

with &3 <min(z,85,1) and &y =

<1, whichis guaranteed if ¢ < £, , then A4, is stable since A, is stable. The result

e e}

B.1 by using £ <& < ¢.1f the second power of ¢ is considered and the third one is upper-bounded

as &> =g , we examine the stability constraint ye+ve? <w=1/ sup "(iw]n - Acc)_1|| by building
wER0+ 2

the convex parabola 0(e)=ve® +ue—w<0 whose negative and positive zeros are

—uxNu? +4ve

5 . Hence, the second part of the result. o
v

€12 =
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