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Abstract: This study examines methods for simplifying estimation of the Weibull modulus. This
parameter is an important instrument in understanding the statistical behavior of the strength of
materials, especially those of brittle solids. It is shown that a modification of Robinson’s approximate
expression can provide good estimates of Weibull modulus values (m) in terms of average strength
(<σ>) and standard deviation (S): m = 1.10 <σ>/S. This modified Robinson relation is verified on
the basis of 267 Weibull analyses accompanied by <σ> and S measurements. Estimated m values
matched normally obtained m values on average within 1%, and each pair of m values was within ±
20%, except for 11 cases. Applications are discussed, indicating that the above relation can offer a
quantitative tool based on the Weibull theory to engineering practice. This survey suggests a rule of
thumb: ductile metal alloys have Weibull moduli of 10 to 200.

Keywords: Weibull modulus; estimation methods; modified Robinson relation; strength data;
observed datasets; large-scale data

1. Introduction

Weibull first used a statistical distribution in 1939 [1] that is now known as the Weibull distribution
to characterize the fracture strength of nine different materials, totaling 20 different types of samples
with several loading modes. These included 2000 to 3000 cotton fiber and yarn samples, while 20 to
128 samples were typically tested for metals, with the total sample counts nearing 8000. He extended
its applications to broader categories in 1951 [2]. The Weibull distribution has since been applied in
wide-ranging fields in engineering and beyond [3]. While the present work is directed to the analysis
of material strength, mainly from tensile and flexure testing, the lifetime prediction of engineering
structures and various systems and components is another branch of statistical analysis where the
Weibull distribution plays a key role [4,5]. Several recent examples of such applications can be found
in [6–10]. It is an important tool for enhancing the precision of measurements that tend to show
wide deviation.

Two-parameter Weibull distribution, the most basic form, describes the probability of failure P
by [1–3]:

1 − P = exp{−(σ/σo)m}, (1)

where m is the Weibull modulus (also called the shape parameter), σo is the scale parameter, and σ

is the variable (fracture strength in this study), respectively. The basis of this distribution is given in
terms of the weakest link theory; see Robinson and Batdorf [11,12]. From N fracture tests, a cumulative
probability distribution curve is obtained as a function of (σ/σo). In a graphical approach, one can
follow Weibull [1], plotting ln(−ln(1 − P)) against ln(σ) or ln(σ/σo), and obtaining a best fit line, the
slope of which equals m. The scale parameter, σo, is slightly larger than the average fracture strength
<σ>, and these are related by [3,13,14]:
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<σ> = σo Γ(1 + 1/m), (2)

where Γ(x) is the gamma function. This Equation (2) can be approximated by [15]:

<σ> = σo (1 + 0.276 m−0.776). (3)

Numerous methods and software have become available, and the above procedure mainly serves
as a learning tool. Still, for untrained users, the initial hurdle for conducting Weibull analysis can
hardly be trivial. A survey of online Weibull calculators reveals a confusing and intimidating array of
approaches. Regardless of the method used, reliable Weibull parameters can only be obtained from
at least N = 10 to 20, since Robinson showed that the coefficient of variation (CV) for m is equal to
1/
√

N [11]. Ritter et al. [16] also arrived at this equation. For N = 10, CV = 0.32, and this is reduced only
to 0.22, even for N = 20. For materials that have higher m values such as fiber-reinforced composites,
the N value is specified in technical standards as five or more (N ≥ 5) [17–19]. However, at N =

5, CV = 0.45; that is, a large deviation in m needs to be anticipated. See also recent studies on this
subject [20,21]. Note that in these statistical works, N is referred to as sample size instead of sample
count, which is used here to differentiate the concept from physical dimensions.

Another need for Weibull modulus values is to use them as quality indicators. In ceramics fields,
it has been common to indicate the brittleness of materials, since the m values of most ceramics
(and cast iron, another brittle material) are 10 or lower. This is in contrast to typical metal alloys,
which are generally believed to show m > 100 [22], but with a limited number of published reports
of high m values. A research project on bridge maintenance [23] identified a Weibull modulus of
>70 for undamaged suspension bridge cable wires, whereas an m value of 10 represents cracked,
highly corroded wires with two more stages of corrosion between them. Meanwhile, an m value of
~30 indicates Stage 4 corrosion, and an m value of ~50 indicates Stage 3 corrosion. For this purpose,
even approximate m values allow bridge inspectors to classify wires between different corrosion
stages quantitatively instead of relying on visual observation. When only limited data is available,
with N values less than 10, efforts of Weibull analysis may be unrewarding, and simpler approximate
methods are adequate. In other cases, only average values and their standard deviation (or variance)
are available, e.g., from engineering reports or from historical documents.

Simple methods for estimating m values have been discussed in the literature, and these will be
examined. Strength data compiled in two interlaboratory studies [24,25] was analyzed to provide
Weibull modulus values for five common metal alloys in Section 3, followed by a comparison with
a database of Weibull analyses on the fracture or tensile strength of many solids. The simplest,
one-parameter method will be verified to best represent more than 260 datasets. Discussion and
summary conclude this study.

2. Approximate Methods of Weibull Modulus Estimation

The most common index of data scatter assumes the normal (or Gaussian) distribution and
determines the average <σ> and its standard deviation, S. Another is the Weibull distribution,
as shown in Equation (1). These parameters are related. Equation (2) above connects the <σ> value to
the Weibull parameters, σo and m. Similarly, standard deviation, S, is given by [3,11,13,14]:

S = σo [Γ(1 + 2/m) − (Γ(1 + 1/m))2]0.5, (4)

where Γ(x) is again the gamma function. See [14] for the steps of its derivation. Note that Γ(x) is readily
available in Microsoft Excel® (version 16.16.8, Microsoft, Redmond, WA, USA, 2016). When Equations
(2) and (4) are combined, the coefficient of variation, CV, is defined as [3,11,13,14]:

CV = S/<σ> = [Γ(1 + 2/m) − (Γ(1 + 1/m))2]0.5/Γ(1 + 1/m). (5)
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CV is a function only of m, and is bounded by 1/m and (π/
√

6)/m = 1.283/m [13]. In expressing m
in terms of the inverse of CV, we have two bounds:

m = 1/CV = <σ>/S and m = 1.283/CV = 1.283<σ>/S. (6)

This implies that m can be approximated by <σ>/S or the inverse of CV. In 1972, Robinson [11]
first derived this relationship between m and <σ>/S (or 1/CV), and also gave approximate expressions
as:

m = 1.2 <σ>/S, (7)

and:
m = (<σ>/S)1.064, (1.1 < m < 60). (8)

Equation (7), or the Robinson relation, has 15% error at m = 2, going down to a 6% error at m =

100. Equation (8) has 1% error for 1.1 < m < 60. When two constants are used, Equation (5) can be
represented as:

m = 1.0461·(<σ>/S)1.049, (R2 = 0.9997), (9)

achieving an excellent match. In practice, this can be deemed exact. When numerical values are
calculated for CV using Equation (5) by supplying a series of m values, one can then exchange the two
sequences, making CV a variable. Thus, Equations (7), (8), and (9) can be compared to Equation (5)
and it is found that the last two indeed represent the values of m well. In contrast, Equation (7) has
about 7% error. A regression analysis of CV versus m from Equation (5) (with an m value of 1.1 to
127) produces a linear equation with a constant of 1.271 in lieu of 1.2 in Equation (7), yielding a high
regression coefficient of R2 = 0.9999. This is a slight improvement over Equation (9). Thus, Robinson’s
Equation (7) can be converted to an essentially exact representation using:

m = 1.271 <σ>/S. (10)

In 1981, Ritter et al. [16] derived Robinson Equation (7) as an approximation for m > 2. However,
their method is questionable, since the actual constant (

√
K) from their equation (A29) varies from 1.05

at m = 2 to 1.25 at m = 20, reaching the upper limit of 1.283 at m = 60. They selected the constant to
be
√

1.44 = 1.20, which is only valid at m = 9 ± 1. Thus, their value appears to be an arbitrary choice,
which happened to coincide with Robinson’s constant. The Ritter equation was incorporated into
ASTM C1499 [26]. By 1986, it was apparently well-known, as Wetherhold [27] used it to confirm the m
values he obtained using the corresponding CV values. In 1989, van der Zweig [28] presented the same
Robinson relation, but without citing prior works [11,16,26]. Three more approximate expressions
have been published by [29–31] as follows (in the order of appearance):

m = 1.277 <σ>/S − 0.462, (5 < m < 50), (11)

m = 1.272 <σ>/S − 0.525, (12)

m = 1.177 <σ>/S − 0.407,
(for N = 20).

(13)

Equations (11) and (12) were obtained using Monte Carlo simulation as the basis. All five
approximations satisfy the bounds for m, except at m < 1.67 to 2.3 for Equations (11)–(13). These six
approximations are close to the essentially exact Equation (10). When a systematic error of up to 10%
to 20% is acceptable, any one of them can be used. However, the merit of using them has vanished,
since the linear Equation (10) with R2 = 0.9999 can easily be used. Furthermore, in Section 4, it will be
shown that experimentally obtained m values can be represented well using the Robinson relation
(Equation (7)) with a reduced constant of 1.1, or m = 1.1 <σ>/S.
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In conducting the Weibull analysis of real data, N is limited, and the m value contains an error
that depends on N and m [11,16,20,21]. Thus, it is necessary to search for one equation that can best
match all the observed m values and is convenient to use. Clearly, the one-parameter expressions of
Equations (8) and (10) are preferable and will be considered in the next section. Numerical constants
will be varied to achieve a match with the observed m values using a large database of Weibull analyses
of material strength from the literature.

3. Weibull Moduli of Five Metal Alloys

ASTM Committee E28 on Mechanical Testing conducted an interlaboratory study on automated ball
indentation testing, which included controlled tests of the tensile strength of four alloys, Al 6061-T651,
Al 7075-T651, steel 1018, and steel 4142 [24]. The tensile strength datasets of 30 samples each were
analyzed for this study to determine the Weibull modulus values for these common metal alloys.
The bias of individual laboratory results was corrected based on the average deviation with global
average for four alloys. The method discussed in Section 1 was used to obtain the mobs values from the
Weibull plots. The scale parameter, σo, was obtained using Equation (2). Weibull plots for the four
alloys are shown in Figure 1, and mobs values of 124.0, 91.4, 73.8, and 78.1 were obtained as noted in the
figure. Separately, the corresponding mest values were estimated from the values of <σ> and S using
m = 1.1<σ>/S, yielding 124.9, 91.9, 73.3, and 77.8. The two sets matched well within ± 1%. Another
interlaboratory study under strict test protocol was conducted in Europe [25]. It produced a special
ingot, from which 200 bars of Nimonic® 75 Ni-base alloy (Special Metals Corp, Huntington, WV, USA)
were fabricated. The tensile strength data from 18 bars of this Nimonic® 75 alloy [25] was analyzed
for the Weibull modulus, and m = 125.3 was obtained, as shown in Figure 1. The corresponding mest

value was 129.7, matching to +3%. Thus, the commonly cited value for wrought metal alloys (m >100)
is reasonable for these Al and Ni alloys, but appears ~25% too high for ductile steels. More than 20 m
values above 50 are included in the metals data below, but some, including pure copper, were below
an m value of 20. More comprehensive testing is needed to better define the ranges of m values for
various material types beyond those surveyed in this work.
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4. Material Strength Data

The availability of Weibull modulus values is limited in comparison to the more commonly
reported values of the average and standard deviation of the tensile (or yield) strength. Most of the
data that is collected is from tensile testing for metals, fibers, and composites, whereas flexure testing
is more common in ceramics and glasses. Limited fracture data is also included. Fracture toughness
data that is suitable for this study is even more difficult to find. Even in the large-scale round-robin
study of fracture toughness reported by Wallin [32], KJc (KIc by J-integral estimation) values were
only given in graphical form without the average and standard deviation. However, their data clearly
showed two distinct regimes for ductile and brittle fracture, implying high and low m values. This
data style is understandable, as their main aim was to establish the master curve for describing the
ductile–brittle transition behavior. The master curve approach is now established as ASTM E1921
standard test method [33], which incorporated a three-parameter Weibull distribution to describe the
ductile–brittle transition behavior (test temperature dependence of KJc). A Weibull modulus of m = 4
was chosen from theoretical analysis, and it was also used to minimize the sample size effects.

In the survey of the literature for the present study, datasets consisting of the average strength
(<σ>), standard deviation (S), Weibull modulus (m), and sample counts (N) have been collected.
This kind of dataset is to be referred to as type V for values. When more than 10 strength values of
comparable samples were available, either in numerical or graphical form, the data was digitized
and analyzed. This kind will be called type D for digitized data, and the Weibull modulus will be
determined using the basic method with simple linear regression available in Microsoft Excel®. The
collected datasets will be presented in five groups. These are (1) historic iron and steel, (2) metals,
(3) ceramics and glasses, (4) fibers, and (5) composite materials in tabular form. The tables have the
following columns: material identification; <σ>; S; <σ>/S; observed m value, mobs; estimated m value
from Equation (14) given below, mest; N; the ratio of mobs to mest (= mobs/mest); data type (V or D);
note; and reference number.

Before the datasets were separated into five tables for publication, all 267 datasets were in a single
file, and the constant for a trial approximation equation was varied to achieve the average value of the
ratio of mobs to mest that was closest to unity. First, Equations (9) and (10) were used as trial functions,
since both are equivalent to Equation (5). When these are inserted, the average values of mobs/mest

(standard deviation in parentheses) were 0.948 (0.091) and 0.874 (0.083), respectively. These produced
5.2% and 12.6% error, indicating that the theoretical values are not suitable to represent experimental m
values. Actual m values contain errors from various sources that have not been anticipated in theory.
Next, the constant of linear Equation (10) was reduced to 1.2, 1.11, 1.10, and 1.09; the results are shown
in Table 1. The constant of 1.11 gave the closest value of 1.001, while it increased to 1.01 using 1.10.
The previously used constant of 1.2 (Equation (7)) resulted in mobs/mest = 0.926 or 7.4% error. Next,
one-parameter power-law equations were inserted starting with Equation (8), changing the exponent
to 1.05, 1.045, and 1.04, showing the results in Table 1. The exponent of 1.045 gave a value of 1.001
(0.095). This is comparable to the linear Equation with the constant of 1.11. Between the two groups
giving similar matches in predicting m values from <σ> and S values, a simpler linear equation is
preferable. Furthermore, the constant of 1.1 is selected as it provides a good fit and ease of use as well.
This is given as Equation (14):

m = 1.10 <σ>/S. (14)

This will be called the modified Robinson relation hereafter. This was selected since it is linear
and produced nearly the unity mobs/mest value (off by 1%) with a constant of two digits. Obviously,
one can use 1.11 as the constant, but a different data population shifts the degree of agreement by
1% to 3%, as will be seen below. It is an approximate relation to represent observed Weibull moduli.
It should be recalled that theoretically exact relationships are worse by 4% to 12%.
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Table 1. Equation parameters and fit to experimentally observed m values.

Model Equation Constant Exponent Average Ratio Standard Deviation

Equation (10) 1.271 1.00 0.874 0.083
Equation (7) 1.20 1.00 0.926 0.082

Linear Equation 1.11 1.00 1.001 0.089
Linear Equation 1.105 1.00 1.005 0.089

Equation (14) 1.10 1.00 1.010 0.090
Linear Equation 1.095 1.00 1.014 0.090
Linear Equation 1.00 1.00 1.111 0.099

Equation (9) 1.0461 1.049 0.948 0.091
Equation (8) 1.00 1.064 0.958 0.098

Power Law Equation 1.00 1.050 0.990 0.083
Power Law Equation 1.00 1.045 1.001 0.095
Power Law Equation 1.00 1.040 1.012 0.095

The collective datasets are plotted in Figures 2 and 3 to show general behavior. Since 267 sets
are included, most points overlapped, especially for lower <σ>/S values. In Figure 2, red + symbols
represent mobs and blue dots represent mest, against <σ>/S values. Both symbols follow a single
straight line. Figure 3 illustrates the deviation of measured mobs values from the linear estimates of
Equation (14) using mobs/mest. Most data points are within ± 0.1 (or ± 10%) of the unity ratio, with 11
points outside of ± 0.2. For the collective dataset, the average of mobs/mest is 1.01, and the standard
deviation is 0.09, justifying the selection of the constant, 1.1, which is used in Equation (14). Note that
the corresponding average mobs/mest increases to 1.111 (0.099) for the simplest mest = <σ>/S expression.
This may be useable for getting a rough idea of m values.
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4.1. Historic Wrought Iron and Steel

Table 2 lists the data of wrought iron and steel from the 19th century to the early 20th century.
These are arranged roughly in the order of age. For these datasets, the average of mobs/mest is 1.007 and
the standard deviation is 0.106, showing a similar deviation and a slightly larger standard deviation
than the whole dataset. All the mobs data in this group, except for the last five, were calculated from
digitized strength data from the literature. Figure 4a shows the values of mobs and mest against <σ>/S,
as shown in Figure 2. Again, the mobs values straddle the blue dots for mest from Equation (14).
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Figure 4b represents the deviation from the unity line. This figure is apparently skewed upward, but
these are balanced by overlapping points below the unity line. This group also has the two lowest
mobs/mest, which are below 0.8, balancing the high values.
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Table 2. Listing of data for wrought iron and steel of the 19th century to the early 20th century.

Historical Iron/Steel <σ> S <σ>/SD mobs mest N mobs/mest Note D/V Ref

Finley 1810 338.0 40.54 8.34 8.08 9.17 26 0.881 Wrought iron D [34]
Franklin Inst 1837 369.9 31.66 11.68 10.16 12.85 11 0.791 Wrought iron D [35]
Franklin Inst 1837 358.7 40.86 8.78 8.85 9.66 11 0.916 Wrought iron D [35]
Franklin Inst 1837 354.9 40.89 8.68 8.92 9.55 36 0.934 Wrought iron D [36]

Kirkaldy Book 1862 425.6 20.21 21.06 25.3 23.16 32 1.092 Yorkshire from three works D [37]
Kirkaldy Book 1862 377.6 27.14 13.91 15.2 15.30 24 0.993 Consett Best long D [37]
Kirkaldy Book 1862 582.4 39.06 14.91 17.39 16.40 12 1.060 Naylor cast steel D [37]
Kirkaldy Book 1862 401.0 12.17 32.95 43.07 36.24 16 1.188 Govan Ex B best D [37]
Kirkaldy Book 1862 362.5 11.52 31.47 29.99 34.61 17 0.866 1860 Swedish iron D [35]
Kirkaldy Book 1862 406.1 17.29 23.49 28.6 25.84 16 1.107 Bradley charcoal iron D [37]
Kirkaldy Book 1862 382.4 48.76 7.84 7.69 8.63 325 0.892 Thick bar > 0.7” D [37]
Kirkaldy Book 1862 339.7 40.28 8.43 9.65 9.28 363 1.040 Thin bar < 0.7” D [37]

Indiana bridges 329.3 18.14 18.15 21 19.97 19 1.052 Bridge eyebar 1869 D [38]
Indiana bridges 322.9 17.04 18.95 19.8 20.84 16 0.950 Bridge rod 1873 D [38]
Indiana bridges 326.4 15.71 20.78 22.6 22.85 14 0.989 Low values cut off D [38]

Beardslee (US Navy) 1879 371.1 18.59 19.96 26.15 21.96 846 1.191 1879 whole data D [39]
Beardslee (US Navy) 1879 362.1 9.99 36.25 42.39 39.87 580 1.063 High values cut off D [39]
Beardslee (US Navy) 1879 391.7 14.57 26.88 29.2 29.57 456 0.988 Low values cut off D [39]
Beardslee (US Navy) 1879 390.8 20.36 19.20 19.44 21.12 69 0.921 Small diameter D [39]

Late 19c US sources 339.0 37.01 9.16 9.99 10.08 16 0.991 Wrought iron D [36]
Holley 1877 314.9 23.03 13.67 15.83 15.04 8 1.052 Wrought iron D [35]
Unwin 1910 473.5 11.23 42.16 44.5 46.38 14 0.959 Bessemer steel, 1880s D [40]
Unwin 1910 332.7 22.70 14.66 15.2 16.12 21 0.943 Boiler plate, 1880s D [40]
Unwin 1910 345.8 9.71 35.61 39.2 39.17 17 1.001 Boiler plate, 1880s D [40]
Unwin 1910 550.7 39.40 13.98 12.2 15.37 12 0.794 Steel Rail, 1880s D [40]
Percy 1886 1092.0 87.8 12.44 13.7 13.68 35 1.001 1886 patented wire D [41]

Williamsburg Br 1903 1499.0 113 13.27 16 14.59 160 1.096 1903 cable wire D [42]
534 repopt Br wires 1649.0 29.7 55.52 70.6 61.07 20 1.156 Stage 1,2 corrosion V [23]
534 repopt Br wires 1628.0 39.3 41.42 52.4 45.57 15 1.150 Stage 3 corrosion V [23]
534 repopt Br wires 1595.0 60 26.58 33.4 29.24 15 1.142 Stage 4 corrosion V [23]
534 repopt Br wires 1383.0 181.5 7.62 9.1 8.38 15 1.086 Stage 4 with cracks V [23]

Mid-Hudson Br 1609.1 51.66 31.15 32.07 34.26 NA 0.936 Stage 2,3 corrosion V [43]

D/V stands for data type of D = digitized and V = Values from the literature. Ref = reference number. Br = bridge. <σ> = average strength. S = standard deviation. <σ>/S; mobs =
observed Weibull modulus value. Mest = estimated m value from Equation (14). N = sample counts.
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The first row in Table 2 gives the results of 1810 chain links that were retrieved from the
Essex-Merrimack suspension bridge when it was replaced in 1910 [34,35]. This was built by James
Finley, and was one of the earliest iron suspension bridges in the West. The strength level was high
for its age, but the m values were below 10, which was indicative of the brittle state expected of such
an old iron. In this case, tests were done on materials after 100 years of continuous use outdoors.
The next three rows provide the results of tests conducted at the Franklin Institute in 1837 [35,36].
Both strength and m values are comparable to the Finley iron. The next eight rows show the test data
from Kirkaldy’s 1863 book [37]. The selected six groups are given first, grouping the same or related
sources of best quality iron, cast steel, and charcoal iron. One group that was noted as “Govan Ex Best”
produced a high m value of 43, while cast steel had a high strength (580 MPa) and an m value of 17.
Gordon selected the data of coveted Swedish iron from Kirkaldy [35,37], which gives an m value of 30,
justifying its high reputation. The next row, which is noted as charcoal iron, may also be of Swedish
origin. The following two rows represents most of Kirkaldy’s iron and steel data, totaling 688 tests.
These data were tabulated in [38] and were split into two groups by sample diameters. The smaller
diameter group had 40 MPa higher strength, but both had low m values of ~9, as low-quality iron
samples were included. These two datasets represent the general quality level of 1860 iron in the
United Kingdom (UK).

The next three rows give data from two Indiana bridges (built in 1869 and 1873) [38]. By this time,
m values had doubled from the Finley iron, indicating the quality improvement of iron available in
the United States (US) Midwest. Beardslee [39] conducted extensive testing at the US Navy, reporting
846 test results in 1879. For the entire tests, an m value of 26 was comparable to Indiana bridge irons,
but the strength was 50 MPa higher. When the data were separated into low-strength and high-strength
groups (with overlaps), the m value rose to 42 for the low group, which was comparable to the best
data from the 1860 UK, albeit with 30 MPa lower strength. However, a general sampling of US wrought
iron still showed the presence of low-quality iron with m values of approximately 10 to 15, as shown
by Gordon [35,36]. By the 1880s, steel was widely used, and Unwin’s book provided four examples of
better materials [40]. These included Bessemer steel, boiler plates, and railroad rail.

The last seven rows give the data for patented high strength steel wires, mainly for suspension
bridge cables. Percy’s article [41] reported UK test results in the 1880s. The strength reached a level
of 1 GPa, but the m value was still 13.7 [15,44]. At about the same time, wires for the Brooklyn
Bridge (finished in 1883) had the strength of 1.1 GPa. Unfortunately, no test data has been located
so far. Over the next 20 years, steel technology improved further and provided 1.5-GPa steel wires
for the Williamsburg Bridge in New York (finished in 1903). Perry [42] provided 160 test data for
the cable wires that were removed during the rehabilitation work in the 1980s, and Weibull analysis
was conducted [15,44], yielding m = 16 with an average tensile strength of 1.5 GPa. The values are
remarkable after more than 80 years of use, since these wires did not have galvanizing protection
against corrosion. The next four datasets were commented on earlier in the Introduction [23], while the
last set was from the Mid-Hudson Bridge [43]. These wires were from suspension bridges after many
years of service. As noted before, m values are indicative of the state of corrosion of the suspension
cable wires, and are useful in assessing the remaining service life of suspension cables. There are also
many historic wrought iron bridges in need of rehabilitation, and simple Weibull analysis, which is
being discussed here, will be helpful in their evaluation.

4.2. Metals and Alloys

Table 3 lists the data of metals and alloys. For these datasets, the average of mobs/mest is 1.034,
and the standard deviation is 0.093. The mobs/mest average is 2.4% higher than that for the whole set.
This comes partly from 11 data points with mobs/mest > 1.1, but these large deviations are still within
the expected behavior. Most metallic alloys exhibit good ductility, and Weibull analysis is usually not
needed. It is often assumed that metal alloys have m values of over 100, but lower m values have been
obviously observed. The top four rows are calculated from the results of the ASTM study at established



Appl. Sci. 2019, 9, 1575 10 of 39

laboratories in the United States [24], and the m values were 74 to 124 (Figure 1), as discussed in
Section 3 above. The data for Nimonic® 75 Ni-base alloy from the European interlaboratory study [25]
yielded m = 125 (Figure 1). Here, another Ni alloy, Inconel® 625 (American Special Metals, Miami,
FL, USA) showed m = 55 [45]. These six datasets can be treated as the benchmarks for ductile steel,
Al alloys, and Ni alloys. It is important to recognize that these studies used well-controlled sets of
samples. This approach is usually replicated in research laboratories, but it is not representative of large
sample data for design and reliability works, where mill practice, alloy chemistry, and structural shapes
vary (see Section 5.2 for more discussion). Weibull data for metals and alloys are indeed scarce, and 22
of the 43 datasets in Table 3 showed m > 50. These were all ductile metals and alloys, including 18Ni
maraging steel, stainless steels, and Mg alloys. However, some ductile metals such as copper showed
low m values of 12 to 16 as well. Sintered steel showed low ductility along with low m values below 30.
More data with low m values are given in Section 5 using standard deviation (or CV), where one finds
that m < 30 is common for large-scale industrial datasets. Brittle fracture data for steels at sub-zero
temperatures should be assessed using Weibull analysis, but even here, the test results of repeated
tests are difficult to find. Several datasets for cleavage fracture were analyzed and added to Table 3 at
rows 9 to 12 [46]. Surprisingly, m values were 10 to 20 in a sharp contrast to the theoretical value of 4
predicted by Wallin [32,33]. Another brittle material is nickel aluminide (NiAl). Monocrystalline NiAl
showed consistently low m values of about 5 [47], while NiTi intermetallic showed a slightly higher m
of 8.5 [46]. General trends can be viewed in Figure 5. No peculiar behavior is present.
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Table 3. Listing of data for metals and alloys.

Metals and Alloys <σ> S <σ>/SD mobs mest N mobs/mest Note D/V Ref

Al 6061 396.2 3.49 113.52 124.00 124.88 30 0.993 ASTM E28 study D [24]
Al 7075 611.2 7.3 83.50 91.40 91.85 30 0.995 ASTM E28 study D [24]

1018 steel 497.0 7.5 66.62 73.80 73.28 29 1.007 ASTM E28 study D [24]
4142 steel 1004.0 14.2 70.70 78.10 77.77 30 1.004 ASTM E28 study D [24]

Nimonic® 75 750.8 6.4 117.86 125.30 129.65 18 0.966 European study D [25]
Inconel® 625 886.3 16.5 53.72 54.70 59.09 21 0.926 production plates D [45]

Copper-oxygen free 226.2 21.1 10.73 11.96 11.80 33 1.013 annealed D [48]
Copper-oxygen free 427.0 29.8 14.34 15.88 15.78 22 1.006 cold worked 90% D [48]
Steel coarse carbides 1599.0 77.0 20.77 21.87 22.84 10 0.957 Cleavage fracture D [46]

WCF62 steel at −196 ◦C 1257.0 118.4 10.62 13.40 11.68 13 1.147 Cleavage fracture D [46]
C-Mn steel at −100 ◦C 1787.0 116.0 15.41 18.54 16.95 20 1.094 Cleavage fracture D [46]
C-Mn steel Quenched 58.9 6.8 8.69 10.68 9.56 16 1.118 KIc at −100 ◦C D [46]

Stainless steel 430 507.4 9.6 53.08 56.03 58.38 12 0.960 Annealed V [49]
Stainless steel 316L 636.9 10.0 63.62 66.62 69.98 20 0.952 Annealed V [49]

Stainless steel 301HT 1649.0 23.1 71.29 71.79 78.42 26 0.915 Cold rolled V [49]
0.4C-1.5Cr-1.5Ni steel 644.0 45.0 14.31 17.56 15.74 25 1.115 Sintered steel V [50]
0.4C-1.5Cr-1.5Ni steel 622.0 25.0 24.88 26.04 27.37 24 0.951 Sintered steel V [50]
0.4C-1.5Cr-1.5Ni steel 508.0 36.0 14.11 17.41 15.52 24 1.122 Sintered steel V [50]
0.4C-1.5Cr-1.5Ni steel 728.0 50.0 14.56 16.15 16.02 25 1.008 Sintered steel V [50]
0.4C-1.5Cr-1.5Ni steel 710.0 35.0 20.29 23.01 22.31 25 1.031 Sintered steel V [50]
0.4C-1.5Cr-1.5Ni steel 669.0 43.0 15.56 19.50 17.11 24 1.139 Sintered steel V [50]
18Ni Maraging steel 1147.3 11.1 103.17 99.20 113.49 9 0.874 laser sintered D [51]

ZM61 Mg alloy Extruded 210.3 1.5 143.06 166.30 157.37 20 1.057 Yield strength V [52]
ZM61 Mg alloy Extruded 285.7 3.6 80.25 92.60 88.28 20 1.049 Fracture strength V [52]
ZM61 Mg alloy Extruded 303.8 1.4 220.14 216.40 242.16 20 0.894 Tensile strength V [52]

ZM61 Mg alloy Aged 312.3 3.9 79.67 89.00 87.64 20 1.016 Yield strength V [52]
ZM61 Mg alloy Aged 312.8 9.2 33.89 34.80 37.28 20 0.934 Fracture strength V [52]
ZM61 Mg alloy Aged 349.6 3.2 110.28 126.20 121.31 20 1.040 Tensile strength V [52]

AE44 Mg alloy 243.7 7.7 31.73 34.90 34.90 15 1.000 Tested at 295 K D [53]
AE44 Mg alloy 159.6 7.0 22.74 25.00 25.01 5 1.000 Tested at 394 K D [53]

Al–Si casting alloy 195.4 3.8 51.69 61.30 56.86 52 1.078 Sand mould: modified D [54]
Al–Si casting alloy 188.3 3.2 59.22 68.03 65.15 50 1.044 Metal mould V [54]
Al–Si casting alloy 215.9 3.0 70.93 82.58 78.03 50 1.058 Metal mould: modified V [54]
Al–Si casting alloy 192.5 3.9 50.00 67.80 55.00 50 1.233 Sand mould, heat treat V [54]
Al–Si casting alloy 207.6 4.2 50.02 70.80 55.03 50 1.287 Metal mould, heat treat V [54]
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Table 3. Cont.

Metals and Alloys <σ> S <σ>/SD mobs mest N mobs/mest Note D/V Ref

Al–Si casting alloy 221.8 2.9 77.82 105.80 85.61 50 1.236 Sand, heat treat, modified V [54]
Al–Si casting alloy 235.3 2.6 91.73 116.20 100.91 50 1.152 Metal, heat treat, modified V [54]
NiAl single crystal 1261.0 209.0 6.03 6.10 6.64 15 0.919 Brittle fracture V [47]
NiAl single crystal 1010.0 202.0 5.00 5.40 5.50 32 0.982 Brittle fracture V [47]
NiAl single crystal 767.0 177.0 4.33 4.80 4.77 9 1.007 Brittle fracture V [47]
NiAl single crystal 629.0 130.0 4.84 5.50 5.32 15 1.033 Brittle fracture V [47]
NiAl single crystal 470.0 109.0 4.31 5.30 4.74 13 1.117 Brittle fracture V [47]
NiTi intermetallic 440.0 56.8 7.75 8.81 8.53 14 1.033 Brittle fracture D [46]

D/V stands for data type of D = digitized and V = Values from the literature. Ref = reference number.
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4.3. Ceramics and Glasses

Table 4 lists the data of ceramics and glasses. For these datasets, the average of mobs/mest is 1.011,
and the standard deviation is 0.100. These values are similar to those of the whole set, while the general
trends seen in Figure 6a,b resemble those of historic iron and steel. That is, more deviations larger than
±0.1 exist. The maximum m value is limited to 24, and larger m values are found for high-performance
ceramics such as alumina, porcelain, silicon nitride, and stabilized zirconia [47,55,56]. In the strength
testing of these brittle materials, Weibull analysis is included as a rule, and many reports are available.
However, the average and standard deviation data are left out from many test reports. In fact, Equation
(7) is used to get CV values from m in ASTM C1499 [26]. This omission of <σ> and S precluded such
tests from this study, unfortunately.
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Table 4. Listing of data for ceramics and glasses.

Ceramics and Glasses <σ> S <σ>/SD mobs mest N mobs/mest Note D/V Ref

Almina (99.8%) 306.9 21.4 14.36 17.40 15.80 33 1.101 Flexure strength V [57]
Almina (98%-Corbit98) 240.7 68.6 3.51 3.31 3.86 10 0.858 Brazilian split test D [58]
Almina (98%-Corbit98) 341.5 56.1 6.09 5.95 6.70 8 0.889 Brazilian split test D [58]
Sapphire single crystal 703.0 242.0 2.90 3.40 3.20 8 1.064 c-plane V [59]
Sapphire single crystal 1061.0 372.0 2.85 3.41 3.14 8 1.087 c-plane V [59]
Sapphire single crystal 427.0 118.0 3.62 4.09 3.98 6 1.028 r-plane V [59]
Sapphire single crystal 595.0 150.0 3.97 4.10 4.36 12 0.940 r-plane V [59]

WC cermet 2910.0 223.0 13.05 19.00 14.35 29 1.324 8% Ni binder V [47]
ZrO2–TiB2 1124.0 177.0 6.35 7.10 6.99 22 1.016 Flexure strength V [60]

ZrO2 860.3 343.5 2.50 2.81 2.76 33 1.020 Flexure strength V [60]
Si3N4 614.4 173.9 3.53 4.04 3.89 18 1.040 Fracture strength V [60]
Glass 61.7 6.8 9.05 10.32 9.95 40 1.037 Fracture strength D [60]

Soda Lime Glass 119.7 20.6 5.82 5.74 6.40 24 0.897 Fracture strength V [55]
Si3N4 899.4 80.5 11.17 14.89 12.29 55 1.211 Fracture strength V [55]

SiC 357.9 42.3 8.47 9.62 9.32 75 1.033 Fracture strength V [55]
ZnO 102.4 5.2 19.80 20.92 21.78 109 0.960 Fracture strength V [55]

Si3N4 875.9 76.2 11.49 12.55 12.64 30 0.993 3pt bend flexure strength D [61]
Si3N4 733.3 77.7 9.43 10.42 10.38 27 1.004 4pt bend flexure strength D [61]
Si3N4 689.6 63.9 10.79 12.16 11.87 31 1.024 Biaxial test D [61]

Porcelain CM 86.3 4.3 20.07 23.60 22.08 30 1.069 Dental ceramics V [56]
Glass ceramic D 70.3 12.2 5.76 5.50 6.34 30 0.868 Dental ceramics V [56]

Alumina–porcelain ICA 429.3 87.2 4.92 5.70 5.42 30 1.053 Dental ceramics V [56]
Leucite–porcelain IE 83.9 11.3 7.42 8.60 8.17 30 1.053 Dental ceramics V [56]

Alumina–feldspar–porcelain 131.0 9.5 13.79 13.00 15.17 30 0.857 Dental ceramics V [56]
Feldspar–porcelain VAD 60.7 6.8 8.93 10.00 9.82 30 1.018 Dental ceramics V [56]
Feldspar–porcelain VMK 82.7 10.0 8.27 8.90 9.10 30 0.978 Dental ceramics V [56]

Partially stabilized Zirconia 913.0 50.2 18.19 18.40 20.01 30 0.920 Dental ceramics V [56]
Fused quartz 109.0 14.0 7.79 8.82 8.56 28 1.030 25mm diameter V [62]
Fused quartz 102.0 11.0 9.27 10.60 10.20 25 1.039 75 mm diameter V [62]
Fused quartz 77.7 13.2 5.89 6.08 6.48 23 0.939 225 mm diameter V [62]
Fused quartz 172.0 20.0 8.60 10.20 9.46 11 1.078 25 mm repolished V [62]

Alumina 364.0 45.0 8.09 9.60 8.90 32 1.079 4pt bend flexure strength V [63]
Alumina 444.0 51.0 8.71 8.80 9.58 30 0.919 3pt bend flexure strength V [63]
Porcelain 84.7 5.3 15.98 18.50 17.58 27 1.052 4pt bend flexure strength V [63]
Porcelain 112.0 8.0 14.00 18.00 15.40 26 1.169 4pt bend flexure strength V [63]
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Table 4. Cont.

Ceramics and Glasses <σ> S <σ>/SD mobs mest N mobs/mest Note D/V Ref

Porcelain 57.0 3.6 15.66 16.30 17.23 30 0.946 porcelain glazed V [64]
Porcelain 52.0 5.3 9.77 10.50 10.75 30 0.977 1000 grit polish V [64]
Porcelain 48.0 4.7 10.28 13.30 11.31 30 1.176 600 grit polish V [64]
Porcelain 46.2 4.7 9.89 10.80 10.88 30 0.992 100 grit polish V [64]
Zirconia 757.0 79.0 9.58 11.40 10.54 40 1.082 Maximum likelihood V [65]
Zirconia 1077.0 113.0 9.53 9.60 10.48 40 0.916 Maximum likelihood V [65]
Zirconia 891.0 115.0 7.75 9.40 8.52 40 1.103 Maximum likelihood V [65]
Zirconia 1126.0 114.0 9.88 10.30 10.86 40 0.948 Maximum likelihood V [65]
Zirconia 835.0 102.0 8.19 10.90 9.00 40 1.210 Maximum likelihood V [65]
Zirconia 1322.0 214.0 6.18 7.90 6.80 40 1.163 Maximum likelihood V [65]
Graphite 19.1 1.7 11.38 11.54 12.51 108 0.922 NBG18 Graphite V [66]
Graphite 21.1 1.6 13.35 14.77 14.68 140 1.006 NBG18 Graphite V [66]
Graphite 18.9 1.8 10.44 10.73 11.49 56 0.934 NBG18 Graphite V [66]

Dental Ceramic E1 84.5 14.6 5.79 5.20 6.37 20 0.817 Flexure strength V [67]
Dental Ceramic E2 215.0 40.1 5.36 5.40 5.90 20 0.916 Flexure strength V [67]
Dental Ceramic ES 239.0 36.3 6.58 7.20 7.24 20 0.994 Flexure strength V [67]
Dental Ceramic GV 63.8 5.8 11.00 14.10 12.10 20 1.165 Flexure strength V [67]

Dental Ceramic ES-G 231.0 45.0 5.13 5.00 5.65 20 0.885 Flexure strength V [67]
Dental Ceramic ES-GV-G 238.0 40.5 5.88 6.10 6.46 20 0.944 Flexure strength V [67]

Dental Ceramic ES 285.0 48.9 5.83 6.20 6.41 20 0.967 Flexure strength V [67]
Hydroxyapatite 110.0 18.5 5.95 5.82 6.54 30 0.890 Flexure strength V [68]
Hydroxyapatite 18.6 2.5 7.44 7.24 8.18 30 0.885 Flexure strength V [68]
Hydroxyapatite 70.9 8.8 8.06 8.67 8.86 30 0.978 Compression V [68]
Hydroxyapatite 21.8 2.3 9.48 10.30 10.43 30 0.988 Compression V [68]
Hydroxyapatite 91.0 16.0 5.69 6.80 6.26 20 1.087 1360 ◦C 240 min V [69]
Hydroxyapatite 69.0 10.0 6.90 8.40 7.59 24 1.107 1360 ◦C 12 min V [69]

D/V stands for data type of D = digitized and V = Values from the literature. Ref = reference number
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4.4. Fibers

Table 5 lists the data of fibers, which constitute the largest group in this Weibull modulus survey.
Datasets for over 90 types of fibers have been collected. About half of them are for carbon fibers,
reflecting the high interest in their properties. For these datasets, the average of mobs/mest is 1.007, and
the standard deviation is 0.072. The value of mobs/mest is close to unity. Data trends on Figure 7 show
less data scatters than other similar plots. This trend is better seen in Figure 7b, and less than 20% of
the data points showed a deviation higher than ± 0.1. The m values are confined to a range of 2 to 11,
implying more brittle behavior even compared to ceramics, and reflecting the higher strength levels of
fibers. Only four datasets exceeded m ≈ 10 [70–72]. Natural fibers included showed mostly low m
values below 5, while those above 8 were either carbon or ceramic fibers made in recent years. Data for
glass fibers became scarce after the 1970s, while early data lacked some of the parameters that were
needed here, and only 10 datasets were found. Again, reported Weibull modulus studies often omitted
<σ> and S data.
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Table 5. Listing of data for fibers.

Fibers <σ> S <σ>/SD mobs mest N mobs/mest Note D/V Ref

E-glass fiber 811.5 130.8 6.20 6.54 6.82 33 0.958 GE fiber 1963 D [11]
Silica fiber 1199.8 636.8 1.88 2.27 2.07 119 1.095 1060 mm gage length D [73]

S-glass fiber 5654.0 888.0 6.37 6.98 7.00 23 0.997 25.4 mm gage length D [74]
S-glass fiber 4507.0 954.0 4.72 5.39 5.20 23 1.037 3.17 mm gage length D [74]
Glass fiber 11,016.0 2367.0 4.65 4.54 5.12 15 0.887 Under ultra high vacuum D [75]
Glass fiber 1920.0 640.0 3.00 4.03 3.30 40 1.221 Water-based sizing V [76]
Glass fiber 2020.0 530.0 3.81 5.12 4.19 40 1.221 Sizing A1100 V [76]
Glass fiber 1750.0 340.0 5.15 5.53 5.66 40 0.977 Sizing P122 1200 Tex V [76]
Glass fiber 1420.0 470.0 3.02 4.04 3.32 40 1.216 Sizing P122 2400 Tex V [76]

E-Glass fiber 1370.0 620.0 2.21 2.30 2.43 40 0.946 Tensile strength V [77]
C fiber HTS 2434.6 558.0 4.36 4.67 4.80 30 0.973 Tensile strength V [74]
C fiber HTS 2227.7 479.3 4.65 5.02 5.11 30 0.982 Tensile strength V [74]
C fiber HTS 2324.3 344.9 6.74 6.08 7.41 30 0.820 Tensile strength V [74]
C fiber HTS 2145.0 373.8 5.74 5.97 6.31 30 0.946 Tensile strength V [74]
C fiber HTS 2000.1 549.7 3.64 3.97 4.00 30 0.992 Tensile strength V [74]
C fiber HTS 1620.8 316.6 5.12 5.55 5.63 30 0.985 Tensile strength V [74]

C pitch fiber C130 4370.0 830.0 5.27 6.07 5.79 16 1.048 Tensile strength V [78]
C pitch fiber C130 3540.0 820.0 4.32 4.66 4.75 15 0.981 Tensile strength V [78]
C pitch fiber C130 3380.0 840.0 4.02 4.68 4.43 18 1.057 Tensile strength V [78]
C pitch fiber E700 4530.0 1110.0 4.08 4.81 4.49 16 1.071 Tensile strength V [78]
C pitch fiber E700 4230.0 960.0 4.41 4.82 4.85 19 0.994 Tensile strength V [78]
C pitch fiber E700 3670.0 840.0 4.37 4.88 4.81 12 1.015 Tensile strength V [78]

C fiber XN05 1100.0 150.0 7.33 7.90 8.07 20 0.979 Tensile strength V [79]
C fiber XN05 1438.0 283.0 5.08 5.41 5.59 20 0.968 Compressive strength V [80]

C fiberT1000GB 5690.0 1020.0 5.58 5.90 6.14 20 0.961 Tensile strength V [79]
C fiberT1000GB 894.0 139.0 6.43 6.86 7.07 20 0.970 Compressive strength V [80]

C fiber K13D 3210.0 810.0 3.96 4.20 4.36 20 0.963 Tensile strength V [79]
C fiber K13D 37.0 4.0 9.25 9.00 10.18 20 0.885 Compressive strength V [80]
C fiber T300 3200.0 490.0 6.53 7.00 7.18 20 0.974 Tensile strength V [79]
C fiber T300 857.0 140.0 6.12 6.80 6.73 20 1.010 Compressive strength V [80]

C fiber IM600 4390.0 790.0 5.56 5.87 6.11 20 0.960 Tensile strength V [79]
C fiber T700SC 4742.0 770.0 6.16 6.54 6.77 20 0.965 Tensile strength * V [80]
C fiber T700SC 959.0 169.0 5.67 6.14 6.24 20 0.984 Compressive strength V [80]
C fiber T800HB 5168.0 800.0 6.46 6.58 7.11 20 0.926 Tensile strength * V [80]
C fiber T800SC 5245.0 786.0 6.67 6.98 7.34 20 0.951 Tensile strength * V [80]
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Table 5. Cont.

Fibers <σ> S <σ>/SD mobs mest N mobs/mest Note D/V Ref

C fiber T800HB 964.0 152.0 6.34 6.90 6.98 20 0.989 Compressive strength V [80]
C fiber M40B 2470.0 390.0 6.33 6.80 6.97 20 0.976 Tensile strength V [79]
C fiber M40B 807.0 113.0 7.14 7.81 7.86 20 0.994 Compressive strength V [80]
C fiber M60JB 3380.0 630.0 5.37 5.80 5.90 20 0.983 Tensile strength V [79]
C fiber M60JB 999.0 145.0 6.89 7.57 7.58 20 0.999 Compressive strength V [80]
C fiber TR50 4211.0 675.0 6.24 6.55 6.86 20 0.955 Tensile strength * V [80]

C fiber IMS60 5200.0 874.0 5.95 6.33 6.54 20 0.966 Tensile strength * V [80]
C fiber IMS60 711.0 114.0 6.24 6.84 6.86 20 0.997 Compressive strength V [80]
C fiber UM55 4733.0 857.0 5.52 5.83 6.08 20 0.960 Tensile strength * V [80]
C fiber UM55 502.0 66.0 7.61 8.34 8.37 20 0.997 Compressive strength V [80]
C fiber K135 3410.0 667.0 5.11 5.36 5.62 20 0.952 Tensile strength * V [80]
C fiber K135 87.0 11.0 7.91 9.00 8.70 20 1.034 Compressive strength V [80]
C fiber K13C 3270.0 826.0 3.96 4.21 4.35 20 0.967 Tensile strength * V [80]
C fiber K13C 35.0 4.0 8.75 9.22 9.63 20 0.958 Compressive strength V [80]
C fiber XN60 3326.0 626.0 5.31 5.63 5.84 20 0.964 Tensile strength * V [80]
C fiber XN60 91.0 11.0 8.27 9.10 9.10 20 1.000 Compressive strength V [80]
C fiber XN 90 3400.0 640.0 5.31 5.00 5.84 20 0.856 Tensile strength V [79]
C fiber XN 90 82.0 10.0 8.20 8.54 9.02 20 0.947 Compressive strength V [80]

Basalt fiber 1440.0 570.0 2.53 2.90 2.78 40 1.044 Tensile strength V [55]
Basalt fiber 1840.0 720.0 2.56 2.80 2.81 40 0.996 Homogenized V [55]

Nextel 610 fiber 3080.0 348.0 8.85 10.90 9.74 50 1.120 Tensile strength V [70]
Nextel 720 fiber 1964.0 287.0 6.84 8.10 7.53 50 1.076 Tensile strength V [70]
Nextel 720 fiber 1940.0 310.0 6.26 6.90 6.88 115 1.002 Tensile strength V [71]
Nextel 720 fiber 1880.0 300.0 6.27 6.87 6.89 53 0.997 Tensile strength V [71]
Nextel 720 fiber 1750.0 310.0 5.65 6.09 6.21 72 0.981 Tensile strength V [71]
Nextel 720 fiber 1710.0 220.0 7.77 8.90 8.55 50 1.041 Tensile strength V [71]
Nextel 720 fiber 1620.0 280.0 5.79 5.99 6.36 19 0.941 Tensile strength V [71]
Nextel 720 fiber 1428.0 168.0 8.50 10.30 9.35 51 1.102 Tensile strength V [71]
Nextel 720 fiber 1880.0 300.0 6.27 6.86 6.89 86 0.995 Tensile strength V [71]

SiCN fibers 952.0 254.0 3.75 4.57 4.12 50 1.108 Tensile strength V [81]
SiCN fibers 1001.0 256.0 3.91 4.46 4.30 50 1.037 Tensile strength V [81]
SiCN fibers 1113.0 223.0 4.99 6.02 5.49 50 1.097 Tensile strength V [81]
SiCN fibers 747.0 91.0 8.21 9.96 9.03 50 1.103 Tensile strength V [81]
SiCN fibers 1268.0 187.0 6.78 7.96 7.46 50 1.067 Tensile strength V [81]
SiCN fibers 802.0 110.0 7.29 8.86 8.02 50 1.105 Tensile strength V [81]
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Fibers <σ> S <σ>/SD mobs mest N mobs/mest Note D/V Ref

Ni-metallic glass 1950.0 590.0 3.31 3.60 3.64 21 0.990 Tensile strength V [82]
Ni-metallic glass 1240.0 400.0 3.10 3.20 3.41 18 0.938 Tensile strength V [82]

Alumina fiber 2248.4 255.2 8.81 10.30 9.69 126 1.063 76 mm gage length V [72]
Alumina fiber 1751.8 400.0 4.38 4.50 4.82 46 0.934 254 mm gage length V [72]

SiC fiber 3924.4 648.3 6.05 6.34 6.30 74 1.006 76 mm gage length V [72]
SiC fiber 2965.7 648.3 4.57 4.97 4.90 65 1.014 254 mm gage length V [72]

SiC (Nicalon) fiber 3300.0 570.0 5.79 7.03 6.37 20 1.104 Flame desized V [83]
SiC (Nicalon) fiber 3190.0 730.0 4.37 5.41 4.81 20 1.125 Flame desized V [83]
SiC (Nicalon) fiber 2690.0 670.0 4.01 4.93 4.42 20 1.116 HF treated V [83]
SiC (Nicalon) fiber 3040.0 530.0 5.74 6.66 6.31 20 1.056 HF treated V [83]
SiC (Nicalon) fiber 2800.0 530.0 5.28 5.96 5.81 20 1.026 HF treated V [83]
SiC (Nicalon) fiber 2380.0 400.0 5.95 7.15 6.55 20 1.092 HF treated V [83]

Hemp fiber 268.1 38.5 6.97 8.29 7.66 20 1.082 0.4-mm diameter V [84]
Hemp fiber 222.1 55.7 3.98 4.52 4.38 20 1.031 0.5-mm diameter V [84]
Hemp fiber 150.3 34.4 4.37 5.01 4.81 20 1.041 0.6-mm diameter V [84]
Hemp fiber 158.7 31.1 5.10 5.92 5.61 20 1.056 0.7-mm diameter V [84]
Hemp fiber 115.0 40.5 2.84 3.10 3.12 20 0.993 0.8-mm diameter V [84]
Hemp fiber 92.0 25.6 3.59 4.03 3.95 20 1.021 0.9-mm diameter V [84]

Bamboo fiber 671.9 278.5 2.41 2.43 2.65 20 0.915 20-mm gage length V [85]
Bamboo fiber 641.6 191.3 3.35 3.35 3.69 20 0.908 30-mm gage length V [85]
Bamboo fiber 581.1 209.4 2.77 2.99 3.05 20 0.980 40-mm gage length V [85]
Bamboo fiber 581.1 101.7 5.71 6.06 6.29 20 0.964 50-mm gage length V [85]

* This unpublished data was provided by K. Naito. D/V stands for data type of D = digitized and V = Values from the literature. Ref = reference number.
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One of the reasons that fiber m values are low is the variation of fiber diameter along the length.
Some studies have considered diametral effects [86,87], but it is difficult to separate them in general.
Due to the high strength levels that fibers achieve, extremely small flaws can induce fracture [88,89].
That is another source of low m values, making Weibull analysis an essential part of fiber studies.

4.5. Composites

Table 6 lists the strength and Weibull modulus data of composite materials. For these datasets, the
average of mobs/mest is 0.992, and the standard deviation is 0.088. The average mobs/mest value is 2%
lower than that of the entire data, while the general trends seen in Figure 8 appear to skew slightly to
lower mobs as the m values increase. However, high mobs/mest values are mostly populated at low m
values in Figure 8b. The m value of composites reached 44, exceeded only by ductile metals. Many
Weibull studies were conducted earlier, but typically no values of <σ> and S were included. Two
articles are useful in finding Weibull modulus values for many composites not included here [27,90].
Another article to be noted is [91], as it included many lay-ups and tested at different loading rates.
However, the sample counts were three for each condition, so it is hardly worth calling it a “statistical”
study. However, no similar tests appear to exist, and it may serve as a preliminary guide. In regard to
small sample counts, four datasets with N = 5 are included in Table 6 for glass fiber composites. They
used samples of large diameter (12 to 18 mm), and the tests followed an industrial guideline [17] for
concrete-reinforcing bars. Since the m values were from 20 to 40, the sample count of five or more was
deemed adequate for quality control purposes.
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Table 6. Listing of data for composites.

Composites <σ> S <σ>/SD mobs mest N mobs/mest Note D/V Ref

CFRP unidirectional 2504.0 82.9 30.22 33.41 33.25 35 1.005 Fiber fraction 0.68 V [92]
CFRP unidirectional 2751.0 62.1 44.30 44.10 48.73 35 0.905 Fiber fraction unknown V [92]
CFRP unidirectional 2237.4 83.1 26.92 29.58 29.62 35 0.999 Fiber fraction 0.62 V [92]
CFRP unidirectional 2497.6 223.9 11.15 12.98 12.27 105 1.058 Combined V [92]
CFRP unidirectional 2718.0 127.0 21.40 22.90 23.54 20 0.973 IM600 fiber V [93]
CFRP unidirectional 1638.0 119.0 13.76 14.40 15.14 20 0.951 K13D fiber V [93]
CFRP unidirectional 1337.0 68.0 19.66 20.60 21.63 20 0.952 Combined V [93]
C/glass hybrid rod 1423.0 54.6 26.06 23.77 28.67 10 0.829 T700SC/E-glass K241P D [94]
C/glass hybrid rod 1803.0 66.1 27.28 27.29 30.00 10 0.910 T700SC/E-glass K242P D [94]
C/glass hybrid rod 1837.0 58.4 31.46 32.50 34.60 10 0.939 T700SC/E-glass K243P D [94]

CFRP unidirectional 1815.0 117.0 15.51 17.44 17.06 13 1.022 T700 fiber D [95]
CFRP unidirectional 2209.0 157.4 14.03 14.83 15.44 13 0.961 TC35 fiber D [96]
CFRP unidirectional 3156.0 270.0 11.69 11.11 12.86 12 0.864 T700-T600 fiber D [96]
CFRP unidirectional 1695.0 107.8 15.72 16.11 17.29 23 0.932 Ring-NOL test D [97]
CFRP unidirectional 1660.0 6.17 7.04 6.79 78 1.037 PA6 resin V [97]
CFRP unidirectional 2428.0 5.46 6.48 6.01 52 1.078 Epoxy resin V [97]
CFRP unidirectional 496.0 31.9 15.57 17.44 17.12 19 1.018 Fiber fraction 0.28 V [98]

Woven CFRP 246.0 7.94 9.34 8.73 15 1.070 PA6 resin V [99]
Woven CFRP 316.4 9.80 11.70 10.78 15 1.085 Dispersion treated V [99]

GFRP unidirectional 528.7 39.0 13.56 13.90 14.91 10 0.932 Strain rate 0.0017/s D [100]
GFRP unidirectional 541.6 56.9 9.52 9.53 10.47 10 0.910 Strain rate 25/s D [100]
GFRP unidirectional 585.0 33.9 17.26 16.30 18.98 9 0.859 Strain rate 50/s D [100]
GFRP unidirectional 633.7 50.5 12.55 11.95 13.80 9 0.866 Strain rate 100/s D [100]
GFRP unidirectional 740.6 78.0 9.49 9.54 10.44 9 0.913 Strain rate 200/s D [100]
GFRP reinforcing bar 1818.0 47.0 38.68 40.00 42.55 5 0.940 14-mm diameter V [101]
GFRP reinforcing bar 1653.0 46.0 35.93 36.00 39.53 5 0.911 18-mm diameter V [101]
GFRP reinforcing bar 2010.0 111.0 18.11 21.00 19.92 5 1.054 12-mm diameter V [101]
GFRP reinforcing bar 1927.0 91.0 21.18 24.00 23.29 5 1.030 16-mm diameter V [101]

GFRP short fiber 257.0 31.1 8.26 9.24 9.09 20 1.016 Sheet molding compound D [102]
ZrO2–SiO2 composite 149.4 20.4 7.32 8.30 8.06 30 1.030 60% particulate V [103]
ZrO2–SiO2 composite 154.0 13.6 11.32 13.10 12.46 30 1.052 60% particulate V [103]
ZrO2–SiO2 composite 135.7 15.3 8.87 9.70 9.76 30 0.994 60% particulate V [103]
ZrO2–SiO2 composite 140.7 19.9 7.07 7.60 7.78 30 0.977 60% particulate V [103]

Zirconia 0%–TiO2 815.4 145.1 5.62 6.40 6.18 30 1.035 with 3% Y2O3 V [104]
Zirconia 0%–TiO2 763.6 144.2 5.30 5.40 5.82 30 0.927 with 3% Y2O3 V [104]
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Table 6. Cont.

Composites <σ> S <σ>/SD mobs mest N mobs/mest Note D/V Ref

Zirconia 10%–TiO2 455.7 48.4 9.42 10.50 10.36 30 1.014 with 2.7% Y2O3 V [104]
Zirconia 10%–TiO2 439.4 65.4 6.72 8.70 7.39 30 1.177 with 2.7% Y2O3 V [104]
Zirconia 30%–TiO2 336.0 38.7 8.68 11.70 9.55 30 1.225 with 2.1% Y2O3 V [104]
Zirconia 30%–TiO2 334.2 43.6 7.67 9.90 8.43 30 1.174 with 2.1% Y2O3 V [104]
SiC/SiC composite 597.0 70.0 8.53 10.20 9.38 34 1.087 Flexure strength D [105]
C/SiC composite 101.8 11.9 8.56 9.00 9.42 11 0.956 Tensile strength D [106]

D/V stands for data type of D = digitized and V = Values from the literature. Ref = reference number. CFRP and GFRP stand for carbon fiber and glass fiber reinforced plastics.
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4.6. Summary

It is shown in this section that Equation (14) provides the best correlation between the observed
Weibull modulus and estimated values from the average and standard deviation (or the coefficient of
variation) of experimentally determined strength datasets; that is, m = 1.1 <σ>/S = 1.1/CV (modified
Robinson relation). This conclusion is based on a comparison of these values from more than 260
datasets. Estimated m values matched to normally calculated mobs values on average within 1%, and
each pair of m values was within ± 20% except for 11 cases.

5. Discussion

5.1. Estimation of m from Standard Deviation or from Coefficient of Variation

Using the modified Robinson relation, it is now possible to estimate the Weibull modulus when
only the average and standard deviation of a strength dataset are known. Two interlaboratory studies on
mechanical testing standards that were cited earlier contain base data for many materials [24,25]. These
studies aimed to define the reproducibility, R, of mechanical tests conducted at different laboratories.
The reproducibility includes interlaboratory deviations of strength calibration, deviations due to
sample chemistry and process variables, test conditions, etc., since the main aim of these studies was
to establish the accuracy of mechanical test results. The ASTM study [24] separately reported the
standard deviation for within-laboratory precision, sr, that for between-laboratory precision, sR, and R.
ASTM standard E8 provided these parameters for six alloys (two Al alloys, three steel alloys, and one
Ni alloy) [107]. This ASTM E8 shows that the reproducibility R is three to six times larger than the
standard deviation of a single series of tests at one location, sr, while National Physical Laboratory
(NPL) report [108] put the factor at four on average. Thus, the sR values can be used for estimating
m values when samples come from a single set. When many sets of samples from multiple sources
are tested at different sites, R values are appropriate. These two reports provided the average tensile
strength and standard deviation for 20 different alloys (six for Al alloys, 12 for steel alloys, and three
for Ni alloys). The mest values from the ASTM E8 [107] and NPL report [108] are shown in Table 7.
While the mest values for Al (45 to 82) and A105 steel (75) are comparable to the previously known
values in Table 3, the mest values for 316 and 51410 steels and Inconel® 600 are higher (91, 174, and
151). From NPL collected data, the mest of Al alloys are again comparable at 47 to 122, while steel and
Ni alloy resulted in mest values of 44 to 169. Again, the m values reported fit the range found in Table 3,
where the mest values of structural steels were from 44 to 110, while those of stainless steels and Ni
alloys were from 37 to 175.
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Table 7. Listing of data for estimated m values using S or coefficient of variation (CV) and for observed m.

Materials <σ> S CV Mobs Mest N Note Ref

Aluminum EC-H19 176.90 4.3 45.25 NA 7-1 [107]
Al 2024-T351 491.30 6.6 81.88 NA [107]

A105 steel 596.90 8.7 75.47 NA ASTM grade [107]
316 stainless steel 694.60 8.4 90.96 NA [107]
Inconel® 600 Ni 685.90 5.0 150.90 NA [107]

51410 steel 1253.00 7.9 174.47 NA 410 martensitic SS [107]
Al 5754 212.30 0.0235 46.81 NA 7-2 [108]

Al 5182-O 275.20 0.012 91.67 NA [108]
Al 6016–T6 228.30 0.009 122.22 NA [108]

DX56 steel sheet 301.10 0.025 44.00 NA [108]
Low C HR3 steel 335.20 0.025 44.00 NA [108]
ZSt180 steel sheet 315.30 0.021 52.38 NA [108]

Fe510C steel 552.40 0.01 110.00 NA [108]
S355 steel plate 564.90 0.012 91.67 NA [108]

316L stainless steel 568.70 0.0295 37.29 NA [108]
X2CrNi18-10 SS 594.00 0.015 73.33 NA 304 SS [108]

X2CrNiMo18-10 SS 622.50 0.015 73.33 NA 316 SS [108]
30NiCrMo16 SS 1153.00 0.007 157.14 NA [108]

Nimonic® 75 754.20 0.0065 169.23 NA [108]
18Ni Maraging steel 1147.30 11.12 99.00 113.49 9 Laser sintered [51]
18Ni Maraging steel 1290.00 56.15 25.27 3 Laser sintered [51]
18Ni Maraging steel 1324.00 51 28.56 3 Laser sintered [51]
18Ni Maraging steel 1142.70 18.6 67.58 3 Laser sintered [51]
18Ni Maraging steel 1142.90 25.8 48.73 3 Laser sintered [51]
18Ni Maraging steel 1156.20 7.1 179.13 3 Laser sintered [51]

Dual-phase steel 987.00 26 41.76 5 Strain rate 948/s [109]
Dual-phase steel 917.00 21 48.03 5 1740/s [109]
Dual-phase steel 920.00 22 46.00 5 2906/s [109]
Dual-phase steel 562.00 17 36.36 5 0.001/s [109]
Dual-phase steel 828.00 22 41.40 5 1134/s [109]
Dual-phase steel 812.00 46 19.42 5 1882/s [109]
Dual-phase steel 823.00 25 36.21 5 3158/s [109]

316LVM SS 1024.00 12 93.87 NA As received 7-3 [110]
316LVM SS 1795.00 21 94.02 NA Extrusion 184% [110]
Ti–6Al–4V 917.70 29.8 33.87 48 [111]
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Table 7. Cont.

Materials <σ> S CV Mobs Mest N Note Ref

Copper 150.00 27 6.11 24 As received [112]
Copper 413.00 18 25.24 24 Cold rolled [112]

Cu–44Ni alloy 300.00 28 11.79 24 As received [112]
Cu–44Ni alloy 722.00 50 15.88 24 Cold rolled [112]

Al 2030 490.00 1.46 369.18 15 Laboratory practice [113]
Al 2030 487.00 3.64 147.17 15 Automated-industrial [113]

Dental wires 1845.80 142.3 14.27 NA 316 SS cold drawn 7-4 [114]
Dental wires 874.10 275.9 3.48 NA Ti–Mo alloy [114]
Dental wires 1449.80 156.6 10.18 NA Co–Cr alloy [114]

AerMet100® steel 1966.60 50.9 42.50 5 Tensile strength [115]
AerMet100® steel 142.50 37.5 2.96 4.17 6 KIc [115]
AerMet100® steel 101.18 52.75 2.11 6 JIc [115]

Brittle solids 4.00 NA theory [116]
CNT fibers 1241.00 261 5.23 10 reference [117]
CNT fibers 1375.00 187 8.09 10 coating 1 [117]
CNT fibers 972.00 160 6.68 10 coating 2 [117]
CNT fibers 1240.00 246 5.54 10 coating 3 [117]
CNT fibers 1073.00 162 7.29 10 reference [117]
CNT fibers 1336.00 119 12.35 10 coating 1 [117]
CNT fibers 1455.00 173 9.25 10 coating 2 [117]
CNT fibers 1214.00 134 9.97 10 coating 3 [117]
CNT fibers 714.00 26 30.21 10 reference [117]
CNT fibers 616.00 86 7.88 10 coating 1 [117]
CNT fibers 700.00 48 16.04 10 coating 2 [117]
CNT fibers 826.00 80 11.36 10 coating 3 [117]

CNT 1.70 26 Multi wall [118]
CNT 2.40 NA Multi wall 7-5 [118]

CNT bundles 2.70 NA [118]
CNT fibers 300.00 4.30 60 Low strain rate [119]
CNT fibers 650.00 6.80 85 High strain rate [119]

CNT 31,200 11,839 2.23 2.90 19 Single CNT [120]
CNT 2.48 9 Multiwall CNT [121]

Mid-Hudson Bridge 1609.07 51.66 32.10 34.26 >10 Location: 1N-2N [43]
Mid-Hudson Bridge 1608.26 64.49 27.43 >10 42N 43N [43]
Mid-Hudson Bridge 1609.18 67.67 26.16 >10 89N 90N [43]
Mid-Hudson Bridge 1613.44 53.71 33.04 >10 133 134 [43]
Mid-Hudson Bridge 1634.38 66.98 26.84 >10 3s4s [43]
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Materials <σ> S CV Mobs Mest N Note Ref

Mid-Hudson Bridge 1635.55 65.27 27.56 >10 61-62 [43]
Mid-Hudson Bridge 1637.76 77.14 23.35 >10 90-91s [43]
Mid-Hudson Bridge 1599.07 59.80 29.42 >10 136-137s [43]

Bridge W 1695.00 0.026 42.31 17 Corrosion Stage 2 [122]
Bridge W 1695.00 0.026 42.31 17 Stage 3 [122]
Bridge W 1661.10 0.038 28.95 35 Stage 4 [122]
Bridge W 1508.55 0.128 8.59 11 Stage 4 + Cr [122]
Bridge X 1647.06 0.018 61.11 30 Stage 2 [122]
Bridge X 1625.52 0.024 45.83 18 Stage 3 [122]
Bridge X 1592.38 0.038 28.95 10 Stage 4 [122]
Bridge X 1381.94 0.131 8.40 15 Stage 4 + Cracks [122]
Bridge Z 1644.00 0.021 52.38 20 Stage 1 [122]
Bridge Z 1620.98 0.029 37.93 29 Stage 2 [122]
Bridge Z 1553.58 0.039 28.21 22 Stage 3 [122]
Bridge Z 1551.94 0.041 26.83 33 Stage 4 [122]
Bridge Z 1144.22 0.263 4.18 6 Stage 4 + Cracks [122]

Al–Cu casting 4 36 [123]
Al–Cu casting 4 36 [123]
White cast iron 2 26 [123]
White cast iron 2 21 [123]
Gray cast iron 6 17 [123]

Al casting A357-T6 357 47.5 354 [124]
Al casting A357-T6 361 30.6 388 [124]

Al 7Si casting 10.79 45 [125]
Al 7Si casting 19.71 40 [125]
Al 7Si casting 37.74 36 [125]
Al 7Si casting 20.87 80 [125]
Al 7Si casting 2.5 30 [126]
Al 7Si casting 6.4 30 [126]
Al 7Si casting 13.7 30 Bimodal, low [126]
Al 7Si casting 20 30 Bimodal, high [126]

AM60B Mg casting 7.69 18 As cast [127]
AM60B Mg casting 13.52 18 T6 heat treatment [127]

Ref: reference number; Note 7-1: NA = not available, but expected to be above 30 for [107]; Note 7-2: NA= not available, but expected to be above 50 for [108]; Note 7-3: NA = not available
for [110]; Note 7-4: NA = not available for [114]; Note 7-5: NA = not available for [118]. CNT = carbon nanotubes.
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Two groups of steel in Table 3 have lower m values of 15 to 29, but these were sintered materials
that were expected to contain numerous voids. The following six rows in Table 7 are the data from
laser-sintered maraging steel [51]. The first row was listed in Table 3 as it included nine strength values.
Its mobs value was calculated as 99.2, which agreed reasonably with the mest of 113.5 with the modified
Robinson relation. Other mest values given here were between 25–179, reflecting the variability of the
selective laser melting process used. However, the last row with an m value of 179 is clearly out of the
range. The estimated m values should lead to a better selection of process parameters, since normally
sintered medium carbon steel showed m values within the range of 15 to 27 [52], as shown in Table 3.
The seven datasets that follow are from dual-phase steel with ferrite and martensite phases [109].
The carbon level is low (0.11–0.12%), producing a uniform strain of more than 10%. Estimated m values
ranged from about 20 to 113, and most were in the 30 to 50 range. The case of the highest m value was
for quasi-static loading, and the yield strength also showed a low scatter, making the high m value
plausible (one dataset was not included since only a one-digit S value was given).

The next 15 rows in Table 7 covered various alloys with a wide range of m values. Most of them
are roughly comparable to the similar alloys given in Table 3. Ti–6Al–4V [111] is the only Ti alloy in
this work, and is similar to 316L stainless steel in the NPL study above [108]. Copper and Cu–Ni [112]
showed comparable m values (except as received Cu) to the reported m values of 12 to 16 for pure
Cu in [48] in Table 3. The Al 2030 results showed high m values, but also indicated sensitivity to test
conditions. As noted earlier, more elaborate tests are needed to verify m values over 100. The last three
rows in this group are for AerMet100® steel (Carpenter Tech. Corp, Philadelphia, PA, USA), which has
high strength and fracture toughness [115]. It is of composition, 0.23C–13.4Co–11.1Ni–3.1Cr–1.2Mo,
and is used in age-hardened martensitic state (or maraging steel). The tensile strength data gives an m
value of 43, which can be expected for a low C, high-strength Co–Ni steel. While the fracture toughness
(KIc or JIc) levels are high, the estimated m values are low (2 to 4) using an N of 5 or 6. The Weibull
plot of the KIc data also showed m = 3. This level of m is consistent with the m values of 2 to 10
that are generally obtained in brittle fracture as reported by Wallin et al. [32,116], who theoretically
predicted m = 4 for KIc of generic brittle solids. This should make designers cautious, despite its high
fracture toughness.

The next group of 12 datasets is for fibers made from carbon nanotubes (CNT) [117]. Only
averaged strength data is available, giving estimated m values between 5–30. A few of them were
higher than any m value for the fibers in Table 5, while the majority fitted to the range of regular fibers.
A previous work on CNT bundles showed m values of 1.7 to 2.7 [118] and 4.3 to 6.8 [119], while a
single CNT has an m value of about 3 [120,121]. When the strength data of a single CNT in [120] was
analyzed, mobs = 2.3 and mest of 2.9 were obtained, implying that the present method works at the
nanoscale as well. However, deviation is higher, as the CNT has the tensile strength of 11 to 63 GPa.

In two engineering studies of suspension cable wires, the average and standard deviation of
strength data of suspension cable wires were reported. One was from the Mid-Hudson Bridge [44],
containing a dataset with mobs = 32.07. This was included in Table 2. Remaining datasets of only the
average plus standard deviation are listed in Table 7. These give m values of 23 to 35, matching the
mobs value for one of the samples. These represent Stage 4 corrosion according to [23]. Visually, these
wires were judged to be Stage 2 to 3. Another report gave results from three suspension bridges: X, W,
and Z [122]. This study included wires of various corrosion stages, 1 to 4 plus cracked. Roughly half of
the wires showed m values that were in agreement with visual inspection, but others showed more
damages according to the m values observed. Since tensile testing is part of the standard procedures
in maintenance inspection, the present simple m estimation method provides a quantitative tool to
evaluate the wire inspection results.

In estimating m with the data on standard deviation or CV values, it is necessary to use caution,
since some sources apparently discard low strength values in the tail part of distribution. This is
especially true for the data without giving a sample count, N. Some testers used N values of 5 to 6
for CV values and need added scrutiny, as results can be unreliable. When this critical information is
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unavailable, it is best to avoid them. For example, Salem [47] collected 19 CV values on commercial
ceramics with low KIc values in the range of 2.2 to 6.1 MPa

√
m. Corresponding CV values were 0.008

to 0.104, yielding m values of 10.8 to 134 with an average of 31.7. Nine of 19 exceeded m = 20. These
results certainly contradict the above conclusion of Wallin [116] and the results in Table 4. Salem
concluded that no relationship exists between fracture toughness and CV, but it is plausible that the
CV data he collected was unrepresentative of real ceramics behavior. Another issue in S or CV values
is the rounding of the data. Some reports provided only single digit values, and such data cannot be
used unless rough estimates are acceptable.

The values of mest are mostly within ± 20% of mobs from a Weibull plot of the base strength data.
This ± 20% limit is based on 71 datasets in the present study, which started from a listing of strength
values, and the values of mobs/mest ratios were calculated. The average was 0.98 (S = 0.088), and the
mobs/mest ratio ranged from 0.79 to 1.19. This limit can be used to judge the m and CV values from the
literature. When these two values are off from the modified Robinson relation by more than 20%, one
or the other value is likely to be in error. The most common source is the trimming of outliers to make
the CV smaller. In the above direct comparison of mobs and mest from the same strength data, two
cases were at 0.79. These were both from historic iron data. When the two old cases (listed in Table 2)
are censored, the range is reduced to 0.83 to 1.15, and the ± 20% limit is conservative.

In many brittle solids, more than one type of flaw may control the fracture, leading to a bimodal
Weibull distribution. An example is given in ASTM C1239 [128]. A bimodal Weibull distribution is
shown in Figure 2 and in the data in Table 5 in the C1239 standard with a sample count of 79. It follows
the slope of m = 6.79 on the low side, and m = 21.0 above a fracture strength of 620 MPa. When the
data is replotted and a single m value is calculated, one obtains mobs = 9.98, while the average strength
was 659.23 MPa and standard deviation was 59.56 MPa, yielding mest = 12.18. Thus, mobs/mest = 0.825,
which fits with the normal pattern of m estimation. This shows that the present method can be used
for the bimodal cases, averaging the two slope regions. However, an arbitrary cut-off of the original
data on the low end will raise the m value toward the high slope. A unimodal example in ASTM
C1239 [128] has mobs = 6.38. Using the data given in Table 4 of C1239, mobs, <σ>, and S were calculated
using the methods of this study, and resulted in mobs = 6.52 and mest = 6.23. These three m values
match well, showing that a valid S (or CV) value will lead to a satisfactory estimate of m.

Cast iron has long been known for its brittleness, but it has been used widely despite its drawbacks.
Weibull moduli of white and gray cast iron are indeed low at 2 and 6 [123]. Other cast alloys showed
varied behavior. For example, an Al–Cu alloy casting [123] had m = 4, while Al–Si casting alloys
had mobs of 60 to 116 [54] (see Table 3). Two extensive tests of A357 Al castings confirmed high mobs

values for high-quality Al castings. Using 354 and 388 samples, mobs values of 47.5 and 30.6 were
obtained [124]. For Al–7Si and Mg AM60 castings, three studies reported mobs values from 2.5 to
38 [125–127]. It is clear that cast alloys need to be treated separately from wrought alloys and between
castings made from different processes.

5.2. Industrial Strength Data

When one examines strength data from metal industry, the deviation of data is often given in
terms of standard deviation. While the normal distribution can represent the data well, it is often
useful to describe the data with Weibull distribution, as it will allow advanced data analyses, such as
failure and lifetime prediction. A short list of large-scale studies of steel strength are collected and
summarized in this section, providing representative m values estimated, as listed in Table 8. One
notable feature is that the sample counts are high, making the outcome more reliable. Two related
works are also added.
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Table 8. Listing of large-scale data for estimated m values using S or CV and for observed m.

Materials <σ> S CV Mobs Mest N Note Ref

S355MC steel 497.44 11.31 48.38 703 Hot-rolled sheet [129]
ABS A steel 408.79 0.044 25.00 33 1948 tests [130]
ABS B steel 420.72 0.091 12.09 79 1948 tests [130]
ABS C steel 415.54 0.051 21.57 13 1948 tests [130]
ABS B steel 431.55 0.044 25.00 39 Before 1984 [130]
ABS C steel 436.03 0.047 23.40 36 Before 1984 [130]

ASTM A7 steel 432.03 0.0226 48.67 120 Before 1984 [130]
ASTM A7 steel 443.68 0.0341 32.26 58 Before 1984 [130]
ASTM A7 steel 418.23 0.0241 45.64 54 Before 1984 [130]
ASTM A7 steel 416.65 0.0719 15.30 22 Before 1984 [130]

Q235 steel 456.87 21.73 23.13 3924 2.5 to 16-mm thick plates [131]
Q235 steel 446.45 20.02 24.53 7371 16 to 40 mm [131]
Q235 steel 442.33 22.26 21.86 1861 40 to 60 mm [131]
Q235 steel 437.20 21.61 22.25 718 60 to 100 mm [131]
Q235 steel 431.76 19.3 24.61 170 100 to 150 mm [131]
Q235 steel 448.16 21.75 22.67 14,044 Total of above [131]
Q345 steel 553.08 28.1 21.65 2632 2.5 to 16-mm thick plates [131]
Q345 steel 539.20 31.05 19.10 2230 16 to 40 mm [131]
Q345 steel 527.15 27.32 21.22 646 40 to 60 mm [131]
Q345 steel 527.83 28.2 20.59 396 60 to 100 mm [121]
Q345 steel 513.94 27.38 20.65 36 100 to 150 mm [121]
Q345 steel 543.13 30.45 19.62 5940 Total of above [131]

S235JR steel 465.90 51.6 9.93 120 ASTM A283C # [132]
S335J2+N steel 569.70 29.1 21.54 31 ASTM A527-50 # [132]

S550C steel 678.10 37.3 20.00 23 ASTM X80XLK # [132]
S235UNI steel 316.16 24.46 14.22 689 Hot rolled [133]
S275SHS steel 377.33 21.09 19.68 290 Hot rolled [133]
S275BS steel 310.95 14.34 23.85 4095 Hot rolled [133]
S355BS steel 402.02 16.13 27.42 1914 Hot rolled [133]
S460BS steel 474.64 20.24 25.80 672 Hot rolled [133]

CSA G40.20 450W 450 * 0.035 31.43 4942 W shapes [134]
CSA G40.20 450W 450 * 0.04 27.50 10,794 W shapes [134]
CSA G40.20 450W 450 * 0.03 36.67 2873 W shapes [134]
CSA G40.20 450W 450 * 0.047 23.40 987 W shapes [134]
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Table 8. Cont.

Materials <σ> S CV Mobs Mest N Note Ref

CSA G40.20 450W 450 * 0.032 34.38 407 W shapes [134]
CSA G40.20 450W 450 * 0.04 27.50 10,652 W shapes [134]
CSA G40.21 300W 300 * 0.045 24.44 973 Class C/H bars [134]
CSA G40.21 300W 300 * 0.062 17.74 730 Class C/H bars [134]
CSA G40.21 350W 350 * 0.035 31.43 73 Class C/H bars [134]
CSA G40.21 350W 350 * 0.054 20.37 188 Class C/H bars [134]
CSA G40.21 350W 350 * 0.056 19.64 815 Class C/H bars [134]
CSA G40.21 300W 300 * 0.051 21.57 407 Class C/H bars [134]
CSA G40.21 300W 300 * 0.058 18.97 374 Class C/H bars [134]
CSA G40.21 350W 350 * 0.049 22.45 64 Class C/H bars [134]
CSA G40.21 350W 350 * 0.052 21.15 174 Class C/H bars [134]

S275 steel 451.00 21.7 22.86 1547 Reinforcing bars [135]
S380 steel 695.20 42.52 17.98 388 Reinforcing bars [135]

ASTM A615-60 steel 676.00 21.93 33.91 130 Reinforcing bars [136]
High C steel wire 1653 19.2 94.7 38,470 Suspension cable [15]
High C steel wire 1660 17.1 97.1 45 Suspension cable [15]

Median m m range
Cast iron pipes 9 1 to 29 512 Undamaged zone [137]
Cast iron pipes 7 1 to 23 650 Light damage [137]
Cast iron pipes 6 1 to 23 542 Moderate damage [137]
Cast iron pipes 2 1 to 14 542 Heavy damage [137]

Average m m range
Graphite 9.74 6.8 to 13.4 2000 Nuclear grade [138]

# Equivalent steel grade; * Nominal tensile strength for CSA G40 grades. CSA stands for Canadian Standards Association. ABS stands for American Bureau of Shipping. Ref:
reference number.
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a. Hot-rolled steel [129]

Evaluating the strength of 703 coils of this high-strength low-alloy (HSLA) steel, S355MC, the average
and S value provided an mest of 48.4. See Table 8.

b. Shipbuilding steels [130]

The published data of nine groups of shipbuilding steels was tabulated, from which m values were
estimated. Steels are types A, B, and C of the American Bureau of Shipping (ABS) and ASTM A7.
These grades were superseded by newer grades in the 1960s, but all were weldable low-carbon steels.
The mest values were from 12 to 48.7.

c. Chinese HSLA steels [131]

Q235 and Q335 (corresponding to S235 and S355) steels from four steel mills were tested. Data for a total
of 20,086 plates was listed, and their mest values for six groups each are given in Table 8. The results are
tightly distributed between 19–24.6. These steels were made for the penstocks of hydropower stations.
The weighted mest average was 22.3.

d. Plain carbon and HSLA steels, S235, S355, and S550 [132]

Standard grade steels had mest ranging from 10 to 22. The high S (low mest) value for S235 steel was
attributed to the mill practice of mixing subgrade steels, but the tests included four different structural
shapes, and different processing may also be a factor. In addition, the minimum strength value was 50
MPa below the required strength for equivalent ASTM A283 steel.

e. Hot-rolled steels [133]

This study provided strength data for various shapes, and those for hot-rolled plates are shown here.
Samples counts are large (290 to 4095) and yielded mest values of 14 to 27 for five grades of steel.

f. Steel shapes [134]

This work summarized a collection of Canadian steel data of 34,453 samples. The strength values
were mostly collected from mill certificates. For steels of 300, 350, and 450 MPa (nominal) tensile
strength, m values were found to range from 18 to 37. The weighted m average was 28.2. The Canadian
and Chinese studies [131,134] used large sample counts and produced the most consistent and
representative m values of contemporary HSLA steels, that is, mest is 22.3 to 28.2. These values are
approximately one-half of the lower limit of mobs observed in the laboratory studies as discussed in
Sections 4.2 and 5.1. As noted previously, this reduction in m (or increase in CV) is caused by additional
deviation due to chemistry variations, process differences between steel mills, and test procedures,
among others. In terms of the parameters used in the ASTM E28 study [24], it is the R parameter that
governs the deviation for large-scale studies. Thus, the observed reduction in mest is expected.

g. Reinforcing bars [135,136]

Two studies examined steel-reinforcing bars and showed m values of 18 to 34.

h. High strength suspension cable wires [15]

Two datasets of high C steel strength, one from the Bisan Seto Bridge in Japan with N = 38,470
(completed in 1988), showed m values of 94 to 97, with the strength levels reaching 1.65–1.66 GPa.

i. Cast iron pipes [137]
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In spite of its known lack of ductility, cast iron pipes have been used for water distribution systems
at many cities. This study reported results of a systematic examination of buried cast iron pipes in
and around London, UK. Samples were excavated from 119 locations that were known to be in four
different stages of deterioration: undamaged, lightly damaged, moderately damaged, and heavily
damaged. The number of pipe samples, which were 0.5 to 1 m in length, was 34, 43, 36, and 36 at
each stage, and about 15 samples were tested in flexure for each pipe sample. Nearly 1800 flexure
strength tests were conducted. The results were analyzed, and most of the Weibull modulus values
were found to be below 10, as indicated in Table 8. The damage stages and median mobs values appear
to be correlated, but the mobs value is so low, even in the sound state. Thus, improved nondestructive
testing methods may be more beneficial for identifying the damage states of buried pipes [139].

j. Graphite [138]

A large-scale testing of nuclear-grade graphite examined the Weibull moduli of 2000 samples and
listed the results in eight groups. A summary is given in Table 8, showing low mobs values of 6.8 to
13.4. These are lower than those for NBG18 in Table 4. In these studies, sample counts were within a
factor of 2.3, and quality differences may be the cause.

k. Large-scale testing

In most of the large testing projects reviewed here, Weibull analysis was not included. The simple
estimation method improved in this study can easily add Weibull modulus data to elaborate data
collection and analysis conducted in metal and construction industries and elsewhere. The m values
will be beneficial in subsequent analyses, such as those conducted in the structural health monitoring
of structures [140].

6. Conclusions

1. Methods of estimating Weibull modulus (m) of an experimentally obtained dataset were examined.
These utilized the average (<σ>) and standard deviation (S) (or coefficient of variation, CV) based
on the normal distribution. Several approximate relationships have been proposed starting from
Robinson [11], but all of them deviate from the exact expression given with the gamma function.

2. The exact expression can be represented by m = 1.271 <σ>/S = 1.271/CV with R2 = 0.9999.
Robinson used 1.20 as the constant [11].

3. In order to obtain m values that fit with the actually observed material strength datasets,
a reduction of the constant from 1.271 to 1.10 is found to be optimal. This produces the modified
Robinson relation of m = 1.10 <σ>/S = 1.10/CV, which can estimate m values that are in good
agreement with the m values obtained from Weibull analyses. This agreement was verified by
over 260 datasets of the strength of metals, ceramics, fibers, and composite materials, with most
of the data from tensile or flexure testing.

4. Applications of this simple estimation method are discussed. A common notion that ductile metals
always have high m values must be discarded. Causes of m reduction need to be considered as
material variation, and test accuracies can affect the outcomes. The method can add a quantitative
tool based on the Weibull theory to engineering practice.
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