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Abstract: This study outlines a new forecasting problem of closed-loop production system under
environmental aspect by proposing a new solution based on subcontracting. By studying the
impact of the carbon tax on decision-making of production optimization, we propose an original
economic production and maintenance strategies to minimize the total cost. Additionally, to reduce
the total quantity of carbon and its tax, the subcontractor has a role to help either manufacturing
or remanufacturing unit during the process of production. Indeed, the principle objectives are to
determine the economic production plans for manufacturing, remanufacturing and subcontracting
units as well as the optimal maintenance planning characterized by the optimal number of preventive
maintenance actions for manufacturing unit, minimizing the total cost of production, inventory,
carbon penalty and maintenance.
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1. Introduction

Given the rapid development of the manufacturing systems area that are heavily dependent
on technological progress, new industrial products are being introduced at an accelerating pace and
abandoned waste is beginning to pose a big problem for society and environment. In this context, given
the increasing amount of CO2 and other greenhouse gases that causes the global warning phenomenon,
the environmental issues have received more worldwide attention [1]. To reduce the environmental
pollution and minimize resource waste, governments are also giving more attention to environmental
protection and encouraging enterprises to reduce the carbon emission via emission-reduction policies
by recycling and reusing waste products.

From an operational point of view, concerning the emission-reduction issue, few studies are
focused on the relationship between the decision-making problem of emission-reduction policy
by governments and the manufacturers’ decision-making problem for production. In this context,
a dynamic decision process can be applied in order to obtain optimal decisions from both government
and manufactures for emission-reduction policies.

In recent years, several management studies have focused on the issue of carbon emission fees
as well as the analyzing and evaluation of various aspects of costs of carbon emission. The impact
of the different carbon costs on the emission rates, the taxes, and the different reduction policies of
the carbon emission are considered the principle topic of the majority of studies [2,3]. By expanding
the classical economic model for the operation and management of manufacturing system, a number
of studies have considered the impact of the carbon emission levels, costs and taxes on the decision
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making of the production optimization of the companies by quantifying the effects of these different
parameters on supply chain performance [4,5].

In the industrial context, since the increasingly important role of carbon emissions cost in the
decision-making of enterprise, the optimization of the production and maintenance planning under
the imposed emission-reduction policy by the government is considered among the priority decision
problems from the manufactures’ perspective. Different policies for production are considered on the
decision of optimization problem under the government-imposed emission-reduction policies with an
objective of minimizing the total cost of production, emission and maintenance.

In the literature on production policies under environmental issues, an important study is to
investigate the impact of different strategy instruments [6,7] and others studied a diverse range of
emission-reduction policies in the process of being implemented. These different policies are classified
in regulatory and incentive-based instruments with an objective to provide many valuable discoveries
such as social costs and reducing carbon emissions [8].

One of the most cited and employed class of environmental concern in manufacturing systems is
the green supply chain management concept.

In the literature on supply chain management, coordination between the machines and evaluating
strategies, production and maintenance costs and profits or social welfare along the supply chain is
the focus of the most of the studies [9–11]. Recently, several researches focused their studies on the
sustainable supply chain by considering the sustainable processes such as the loop of the supply chain
(remanufacturing) [12]. Considering the environmental problem on the logistics aspect, [13] presented
a new inventory control for a manufacturing system with hurtful emission, by modeling a benchmark
model with an emission-reduction constraint to understand how adjusting stock control decisions
could reduce carbon emissions in logistics.

The influence of the environmental consideration (emission, carbon, pollutant) on the optimization
integrated maintenance-to-production problem has not been the subject of considerable research.
However, the major problem of the majority of companies is to take into account the environmental
aspects on the management of the production and management with the simultaneous minimization
of total cost. In this context, [14] treated the problem of production and maintenance optimization for
a manufacturing system with tradable emission sanction and deteriorating products by developing a
mathematical model in order to minimize the total cost of production and inventory. [15,16] considered
the environmental control in the production policy that minimize the total production and inventory
cost taking into account the impact of the environmental constraints (emission, taxes) on the decision
variables of production and inventory. By considering deteriorating items, emission tax and pollution
reduction constraints, [17] proposed an optimal plan of production and pollution reduction investment
for a stochastic production and inventory system.

Concerning the subcontractor consideration on the optimization of integrated
maintenance-to-production, [18,19] have treated a forecasting production and maintenance
problem by considering the subcontractor as a solution to satisfy the random demand and minimize
the total cost. An economic production policy and an optimal maintenance strategy have been
developed to minimize the total cost of production and maintenance by taking into account the
impact of the production rates variation on the degradation degree of equipment. [20,21] have
proposed integrated maintenance strategies by considering the necessity to collaborate with
another subcontractor to satisfy the customer demands for the first work and by considering its
principal machine as provider of subcontracting service. Concerning the strategy of maintenance
in management policies, [22] proposed a new developments and methods in the area of predictive
maintenance that replace traditional management policies, at least in part. [22] also offers suggestions
on how to implement a predictive maintenance program in the manufacturing system for the
company. The principle characteristic of this type of predictive maintenance is to anticipate the
system failures by detecting the first signs of failure in order to make maintenance work more
proactive. The author showed that predictive maintenance techniques are associated with sensor
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technologies, but for predictive maintenance applications to be effective, a comprehensive approach to
the detection of maintenance is necessary. [23] evaluated the performance of a manufacturing system
subjected to degradation in dynamic condition when different maintenance policies are applied in a
multi-machine manufacturing system controlled by a multi-agent architecture. He proposed a discrete
simulation environment be developed to study performance measures and the maintenance cost
index. The results of the simulation show that the proposed approach leads to better performance for
the manufacturing system by reducing the operation maintenance number, except in the case of the
average delay between failures, characterized by a very small standard deviation.

In the present work, the originality of this study is to present a new optimization production,
maintenance and emission by considering the subcontractor to minimize the total cost for a closed-loop
production system. The novelty, compared to past research, is the consideration of the calling of
subcontractor as a solution in order to minimize the total cost of production as well as the tax of carbon.
On the other hand, an analytical correlation is defined between the production and maintenance by
showing the influence of the variation of the production from one period to another on the degradation
degree of the manufacturing unit, and consequently on the average number of failures and the optimal
strategy of maintenance. In terms of maintenance, and compared to a significant number of literature
works based on Hedging Point policy with a variation of production rate only between 0 and d
(request) or the maximum production rate, in this study we offer a logic of variation production rates
optimization during a finite horizon. In this context, we propose an economical plan for switching
subcontracting intervention between the manufacturing and remanufacturing units according to a
dashboard that defines different sectors of the quantity of emitted carbon as well as the economical
plans of the two units. For the maintenance aspect, taking into account the impact of the production
rates on the degradation degree of the manufacturing unit, we propose an optimal maintenance strategy
that defines the optimal number of preventive maintenance activities during the finite horizon.

The rest of the paper is organized as follows. Section 2 presents the stochastic production and
maintenance problem. Section 3 presents the problem formulation of the production policy and
maintenance strategy. In Section 4, we propose the optimization approach to find an optimal solution.
A numerical example and sensitivity analysis is illustrated in Section 5. Our conclusion is given in
Section 6.

2. Stochastic Problem

Problem Description

We aim to establish an optimal production plan while considering the constraint of a limited
amount of carbon allowed to be emitted during the process of the firm. This plan will be elaborated
for a finite production horizon made of H periods of equal duration ∆t.

For this purpose, we consider the system illustrated by Figure 1, which is composed of
manufacturing, remanufacturing and subcontractor units. To hold stocks, two warehouses are
considered: the first one for storage of the finished product and the second for storage of products
returned by customers (products that need to be reprocessed). The manufacturing unit is composed of
only one machine for production responding to random demand. The random demand is characterized
by Gaussian low with parameters: the average µd and the standard deviation σd. The production plan
has to consider a service level, emission of carbon, penalty whether exceeding a fixed level and several
constraints related to production capacity. The maintenance plan will be elaborated by choosing the
optimal number of preventive maintenance actions that minimizing the total cost. Times of preventive
and corrective actions are assumed to be negligible compared to production time, which means that
lots may be produced depending only on demand of each period. On the other hand, the maintenance
strategy applied on the manufacturing unit takes into account the influence of the variation of the
production from one period to another on the degradation degree of the unit and consequently on the
average number of failures.



Appl. Sci. 2019, 9, 1105 4 of 20

Appl. Sci. 2019, 9, 1105 4 of 21 

 
    
 
 
 
 
 
 
 
 
 
    

Market W1 

 Manufacturing 
Unit 

W2 
 Remanufacturing 

Unit 

Su
b-

co
nt

ra
ct

in
g 

Disposal 

Um 

Ur 

Maintenance Policy 

 
Figure 1. Closed-loop Production System. 

The remanufacturing unit is also composed of one machine. The role of this remanufacturing 
machine is to reprocess non-disposable products returned by costumers. Like the production plan 
for the manufacturing machine, remanufacturing plans have to consider the quantity of emitted 
carbon and the penalty to be paid after exceeding a fixed level. Differently to the maintenance strategy 
of manufacturing unit, the preventive maintenance plan for the remanufacturing unit can be either 
fixed or established by choosing the number of preventive interventions because the machine has less 
pressure than the manufacturing unit. Time for a preventive action for the remanufacturing unit is 
not negligible and it is denoted by tp. 

The role of the subcontractor is to help either the manufacturing or the remanufacturing unit in 
order to reduce the total quantity of emitted carbon during the reprocess or the production process. 

In this study, firstly, economical production plans for manufacturing, remanufacturing as well 
as for subcontracting units are determined. Secondly, an optimal maintenance plan is described, 
which is characterized by the optimal number of preventive maintenance actions for manufacturing 
a unit, and minimizing the total cost of production, inventory, carbon penalty and maintenance. 

3. Problem Formulation 

In order to establish the production plan for the finite horizon H·∆t, we will consider a quadratic 
cost-function based on the HMMS (Holt, Modigliani, Muth, Simon) model of [24]. This cost-function 
will consider production, remanufacturing, subcontracting and holding costs. Unlike the negligible 
maintenance time compared to manufacturing time, the preventive maintenance duration for the 
remanufacturing unit tp follows a uniform distribution of parameters a and b. As shown in Figure 2, 
time needed for the preventive actions which take place each h.Tr is not negligible. In this study, the 
interval between two preventive maintenance actions for the remanufacturing unit is equal to x × ∆t 
with x = {1, 2, ..., H}. In what follows, time for preventive actions tp will be expressed by tp = y × ∆t with 
y follows a uniform distribution of parameters a and b. In this case, the maintenance of the 
remanufacturing machine begins and ends in the same production period k.  
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Figure 1. Closed-loop Production System.

The remanufacturing unit is also composed of one machine. The role of this remanufacturing
machine is to reprocess non-disposable products returned by costumers. Like the production plan for
the manufacturing machine, remanufacturing plans have to consider the quantity of emitted carbon
and the penalty to be paid after exceeding a fixed level. Differently to the maintenance strategy of
manufacturing unit, the preventive maintenance plan for the remanufacturing unit can be either fixed
or established by choosing the number of preventive interventions because the machine has less
pressure than the manufacturing unit. Time for a preventive action for the remanufacturing unit is not
negligible and it is denoted by tp.

The role of the subcontractor is to help either the manufacturing or the remanufacturing unit in
order to reduce the total quantity of emitted carbon during the reprocess or the production process.

In this study, firstly, economical production plans for manufacturing, remanufacturing as well as
for subcontracting units are determined. Secondly, an optimal maintenance plan is described, which is
characterized by the optimal number of preventive maintenance actions for manufacturing a unit, and
minimizing the total cost of production, inventory, carbon penalty and maintenance.

3. Problem Formulation

In order to establish the production plan for the finite horizon H·∆t, we will consider a quadratic
cost-function based on the HMMS (Holt, Modigliani, Muth, Simon) model of [24]. This cost-function
will consider production, remanufacturing, subcontracting and holding costs. Unlike the negligible
maintenance time compared to manufacturing time, the preventive maintenance duration for the
remanufacturing unit tp follows a uniform distribution of parameters a and b. As shown in Figure 2,
time needed for the preventive actions which take place each h.Tr is not negligible. In this study,
the interval between two preventive maintenance actions for the remanufacturing unit is equal to x ×
∆t with x = {1, 2, . . . , H}. In what follows, time for preventive actions tp will be expressed by tp = y ×
∆t with y follows a uniform distribution of parameters a and b. In this case, the maintenance of the
remanufacturing machine begins and ends in the same production period k.
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3.1. Production Policy

Our objective is to establish an economic production by considering the constraint of the amount
of carbon allowed to be emitted during the process. In order to do that and determine the economic
lots to be produced each period, we will proceed by minimizing the total cost-function composed of
manufacturing, remanufacturing, subcontracting, holding and costs of exceeding the allowed amount
of carbon.

3.1.1. Carbon Emission Quantity

During remanufacturing and manufacturing process, a certain quantity of carbon, proportional
to the lot-sizes, is emitted. In order to reduce greenhouse gas emission, the government imposed a
maximal amount of carbon emission denoted by Qcm(0) for the manufacturing unit and Qcr(0) for the
remanufacturing unit. After exceeding this amount, companies will have to pay a penalty depending
on the quantity emitted. So the remaining quantity of carbon after the emitting in each period by
manufacturing and remanufacturing unit will be expressed by:

Qm(k) = Qcm(0)−
k

∑
j=1

Pm(j)× ∆t × ξ (1)

Qr(k) = Qcr(0)−
k

∑
j=1

Pr(j)× ∆t × ξ (2)

where Pm(k) and Pr(k) are the lots produced respectively by manufacturing and remanufacturing units
in the period k.

3.1.2. Production Rates

• Manufacturing unit

For the manufacturing unit, the production quantity can vary from period to another, which
depends on the random demand and the inventory. Furthermore, since the time of maintenance is
negligible compared to production time, the production rate denoted by Pm(k) can vary from the
minimal production rate Pmmin to the maximal production rate of the machine PmMAX.

• Remanufacturing unit

Concerning the remanufacturing unit, the quantity of remanufacturing unit depends on the
inventory level corresponding to products returned by customers. Unlike the case of manufacturing
unit, the remanufacturing unit may not produce the total duration of the period if its production period
overlaps the preventive maintenance period. In this case the preventive maintenance and production
periods intersects in only one period. To identify this period, we introduce a binary variable bk which
takes 1 if the production period will overlap with a preventive action and 0 if else.

bk =

{
1
0

i f k = bh× xc ∀ h ∈
{

1, . . . ,
⌊

H
x

⌋}
else

The quantity to be reprocessed each period by the remanufacturing unit is represented as follows:

Pr(k) = (1− bk)× Pr(k) + bk × (1− y)× Pr(k) (3)

with Pr(k) the quantity reprocessed when the production and preventive action does not overlap.
Under these condition Pr(k) can vary from Prmin to PrMAX.

• Subcontractor Unit
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In order to reduce the quantity of the emitted carbon by the manufacturing and remanufacturing
unit, the firm can call on a subcontractor unit. In this work, this unit can only help either in the
production or the reprocess of the returned products. For this, we introduce the binary variable αk
which takes 1 if subcontractor unit will help in the manufacturing. The expression of lots produced by
subcontractor unit will be expressed as follows:

Ps(k) = αk × Ps(k) + (1− αk)× Ps(k) (4)

The question that may arise here is: under what condition will the subcontractor assist in
manufacturing, not in remanufacturing? To set this condition, we will define two functions by
interval depending on the amount of emitted carbon by manufacturing and remanufacturing units.
We will assign a number from 1 to 4 to four different zones proportional to the quantity of emitted
carbon. These functions will be expressed as follows:

fm(Qm) =


1 i f Q1m ≤ Qm ≤ QmMAX

2 i f Q2m ≤ Qm ≤ Q1m
3 i f 0 ≤ Qm ≤ Q2m

4 i f Qm ≤ 0

fr(Qr) =


1 i f Q1r ≤ Qr ≤ QrMAX

2 i f Q2r ≤ Qr ≤ Q1r
3 i f 0 ≤ Qr ≤ Q2r

4 i f Qr ≤ 0

The quantities of carbon defining intervals (Q1m, Q2m, Q2r, . . . ) are set by the firm depending on
the maximal amount permitted by government (Figure 3). If fm < fr means that remanufacturing unit
is closer to the maximum allowed quantity, the subcontractor will then assist the remanufacturing
unit in the reprocess of returned products. Since the pressing of the manufacturing machine is more
compared to the remanufacturing unit, we also assume that assistance of manufacturing unit has
priority. This means that if fm = fr subcontractor unit will assist manufacturing unit. Under these
assumptions, the function ensuring the switching of subcontractor from a unit to another is:

αk =

{
1 i f fm ≥ fr

0 else
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3.1.3. Inventory Level

Our system is composed of two warehouses. The first one has the role of stocking finite products
after reprocess and production process. The second established to stock products returned by costumers
denoted by β after a fixed period ρ. After disposing of φk of the returned products that cannot be
reprocessed, the remanufacturing treats the defective product to be stocked in the first warehouse.
The inventory level of these warehouses is denoted by wm(k) for the first warehouse and wr(k) for the
second one. wm(k) and wr(k) are computed at the end of each period and they are expressed by:

wm(k + 1) = wm(k) + [Pm(k) + αk × Ps(k)]
+[((1− bk)× Pr(k) + bk × (1− y)× Pr(k)) + (1− αk)× Ps(k)]− D(k)

(5)

wm(k + 1) = wm(k) + PMT(k) + PRT(k)− D(k)

wr(k + 1) = wr(k) + β× D(k− ρ)× (1− φk)

−[((1− bk)× Pr(k) + bk × (1− y)× Pr(k)) + (1− αk)× Ps(k)]

wr(k + 1) = wr(k) + β× D
(

k− ρ

∆t

)
× (1− φk)− PRT(k) (6)

where:
PMT(k) = [Pm(k) + αk × Ps(k)]

PRT(k) = [((1− bk)× Pr(k) + bk × (1− y)× Pr(k)) + (1− αk)× Ps(k)]

3.1.4. Service Level

In order to prevent the shortage of stock and ensure the continuity of the service even when there
is unexpected variation in the demand from period to another, we impose the probabilistic condition
where the probability of a positive inventory level corresponding to the finished products is greater
than θ (where θ ∈ [0,1]).

P[wm(k + 1) ≥ 0] ≥ θ (7)

3.1.5. Subcontractor Solution

To allocate the quantities to be produced or reprocessed by the principal manufacturing machine,
the remanufacturing or subcontractor units, we will introduce γ which follows a uniform distribution
of parameters p1 = 0 and p2 = 0.5. So that:

PMT(k) = Pm(k) + αk × Ps(k) = γ× PMT(k) + (1− γ)× PMT(k) (8)

PRT(k) = Pr(k) + (1− αk)× Ps(k) = γ× PRT(k) + (1− γ)× PRT(k) (9)

with γ ∈ [p1, p2].
For cost optimization purpose, we will also add a binary variable τ which takes 1 if the cost

of penalty due to exceeding the allowed amount of carbon is greater to the cost to be paid to
the subcontractor.

τ =

{
1 i f Ccarbon ≥ Csubcontractor

0 else

The lots to be produced for the example of αk = 1 will be expressed by:

PMT(k) = Pm(k) + Ps(k) = γ× PMT(k) + (1− γ)× PMT(k)

With
Pm(k) = τ × γ× PMT(k) + (1− τ)× (1− γ)× PMT(k)

Ps(k) = (1− τ)× γ× PMT(k) + τ × (1− γ)× PMT(k)
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• If the cost of carbon is greater than the cost of subcontracting, the manufacturing unit will
produce the minimal quantity γ× PMT(k) and the subcontractor unit will produce the remaining
(1− γ)× PMT(k).

• If the cost of subcontracting is greater than the cost of carbon (τ = 0), then minimal quantity will
be produced by the subcontractor unit.

3.1.6. Cost Functions

We recall that our objective is to elaborate an optimal production plan for a finite horizon H·∆t.
We have processed by minimizing the total cost-function composed of inventory holding, production
and the penalty for exceeding the allowed amount.

CT =
H−1

∑
k=1

[
Chold(k) + Cprod(k) + Ccarbon(k)

]
+ Chold(H) (10)

Carbon penalty:
In order to restrict the amount of emitted carbon by factories during its activities, the government

imposes a penalty to be paid after exceeding the allowed quantity:

Ccarbon(k) = Cc ×
(
|Qm(k)| × 1Qm(k)<0+

∣∣∣Qr(k)
∣∣∣×1Qr(k)<0

)
(11)

Production cost:
Based on the HMMS model of [22], production cost of manufacturing, remanufacturing and

subcontractor units will be expressed by:

Cprod(k) = Cpm × [Pm(k)]
2 + Cpr × [Pr(k)]

2 + Cps × [Ps(k)]
2

Cprod(k) = Cpm × [Pm(k)]
2 + Cpr ×

[
(1− bk)× Pr(k)

+bk × (1− y)× Pr(k)

]2

+ Cps × [Ps(k)]
2 (12)

where Cpm, Cpr and Cps are the unit cost of manufacturing, remanufacturing and subcontracting.
Inventory holding cost:
Like the production cost, inventory holding cost will be also based on the HMMS model.

Chold(k) = Chm × E[wm(k)]
2 + Chr × E[wr(k)]

2 (13)

Chm and Chr represent the cost of holding one unit of finished product and returned product.
The total cost-function will be expressed as follows:

CT = Chm × E[wm(H)]2

+
H−1
∑

k=1
[Chm × E[wm(k)]

2 + Cpm × [Pm(k)]
2

+Cc × (
∣∣∣Qm(k))

∣∣∣×1Qm(k)<0] + Chr × E[wr(H)]2

+
H−1
∑

k=1
[Chr × E[wr(k)]

2 + Cpr × [Pr(k)]
2 + Cc × (|Qr(k))| × 1Qr(k)<0]

+
H−1
∑

k=1
Cps × [PS(k)]

2

(14)

3.2. Maintenance Strategy

In this section, we propose an optimal maintenance strategy for the manufacturing unit according
to the production plan obtained by the production policy. The maintenance strategy is characterized
by a preventive maintenance strategy with minimal repair. The preventive maintenance activities
are performed periodically during the finite horizon of production H·∆t. In this case, the finite
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production horizon is divided equally into N intervals T (T = a× ∆t) of maintenance with N·T = H·∆t.
A perfect preventive maintenance action is performed at each time q× T, q = 1, . . . , N to restore the
manufacturing unit to as good as new state. A minimal repair (as bad as old) is performed when there
a failure between two preventive maintenance actions without changing the state of failure rate of the
manufacturing unit.

The objective of this strategy is to determine the optimal number of preventive maintenance
actions N for the manufacturing unit by minimizing the total maintenance cost.

The total cost of maintenance is followed by the equation:

CM(N) = Mp · (N − 1) + Mc · ϕ(N) (15)

with ϕ(N): average number of failures during [0, H·∆t] for manufacturing unit.
The average number of failure is calculated according to the function of failure rate. On the other

hand, failure rate is influenced by the variation of the production cadence and given by the following
cumulative function:

λk(t) = λk−1(∆t) +
Pm(k)
PmMax

λn(t) (16)

with λn(t) presenting the nominal failure rate for the manufacturing unit when the unit worked with
its maximal production rate during the all finite horizon H·∆t (Figure 4).
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The average number of failure for manufacturing unit presented as:

ϕ(N) =
b H·∆t

T c−1

∑
i=0

 In((i+1)× T
∆t )

∑
k=In(i+ T

∆t )+1

∆t∫
0

λk(t)dt

+
H

∑
k=b H·∆t

T c×
T
∆t

∆t∫
0

λk(t)dt (17)

with N = H·∆t/T.

4. Optimization Approach

Our objective is to find the optimal lot-sizes to be produced by the manufacturing,
remanufacturing and subcontractor units PM, PR and Ps and the optimal number of preventive
maintenance actions for the manufacturing unit minimizing the total cost-function of production,
inventory and maintenance.

Due to the stochastic nature of our problem, it would be difficult to find an optimal solution.
It is therefore preferable to transform our model into a deterministic problem in order to facilitate its
resolution. To do this, we use the “equivalent-certain” approach which consists of associating the
variables with their average values and considering that the variation of the random demand follows a
law Gaussian distribution [25] and [26]. The demand being a random variable, it affects the stock level
value wm(k) which becomes a stochastic variable while the production rates are deterministic variables.

The proof of different transformation is made in Appendix A.
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The steps of the resolution method are given by the following algorithm:

- Step 1: Generate randomly a first solution for production plan: vector of production rates of
manufacturing and remanufacturing units;

- Step 2: Check if the service level constraint is verified for the current solution;
- Step 3: Compute the amount of emitted carbon from the manufacturing and

remanufacturing units;
- Step 4: Determine in which zone are both the manufacturing and remanufacturing units:

• Step 4.1: If the quantity of carbon of the manufacturing unit is greater to the quantity of carbon of
the remanufacturing unit, we compare the cost of carbon to the cost of subcontractor:

- If the cost of carbon is greater than the cost of subcontracting, then, the manufacturing unit
will produce the minimal quantity γ·PMT(k) and the subcontractor unit will produce the
remaining (1 − γ)·PMT(k).

- Else, minimal quantity will be produced by the subcontractor unit.

• Step 4.2: Else, we compare the cost of carbon to the cost of subcontractor:

- If the cost of carbon is greater than the cost of subcontracting, then, the remanufacturing
unit will produce the minimal quantity γ·PMT(k) and the subcontractor unit will produce
the remaining (1 − γ)·PMT(k).

- Else, minimal quantity will be produced by the subcontractor unit.

5. Numerical Example

In this numerical example, we assume that the finite production horizon equals to H = 12·∆t with
period length ∆t = 1. The index of service level is θ = 90%. The demand is random characterized by
the means that are given in Table 1 and the standard deviation is fixed for all production periods and
equals to σd = 100. The initial inventory level wm(k = 0) = wr(k = 0) = 0.

- Lower and upper boundaries of manufacturing and remanufacturing capacities: Pmmin = 1500;
PmMax = 2300; Prmin = 50; PrMax = 150;

- Assuming the degradation law of the manufacturing unit is characterized by the Weibull
distribution with two parameters shape η = 2 and scale β = 100.

Table 1. Production plan during H = 12 periods.

Periods Demands Manufacturing Remanufacturing αk Subcontractor wm wr

1 1961 1491 0 1 639 169 0
2 1833 1579 0 1 677 593 0
3 1975 1496 101 1 374 589 683
4 1984 1861 54 0 15 584 565
5 2024 1725 11 0 103 399 846
6 2049 1834 19 0 32 235 795
7 2081 1376 120 1 590 240 1080
8 1962 1258 137 1 839 512 942
9 2048 1551 137 1 665 817 1013

10 1775 588 96 1 1372 1097 1898
11 1909 357 78 1 1430 1076 2208
12 2042 371 123 1 1485 1013 2617

The other data of the problem are presented as following

Cost coefficients: Chm = 20; Chr = 25; Cpm = 30; Cpr = 25; Cps = 35; Cc = 1250;
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Carbon coefficients: ξ = 9.3; Qcm = 118,000; Qcr = 2000; Q1m = 0.6 × Qcm; Q2m = 0.4 × Qcm; Q1r = 0.8 ×
Qcr; Q2r = 0.4 × Qcr; ρ = 2;

For the maintenance strategy, the failure rate of manufacturing unit follows the Weibull
distribution with factors shape γ = 2 and scale β = 100 and the unit costs of preventive and corrective
maintenance actions are respectively Mp = 500 and Mc = 2000.

5.1. Production Results

5.2. Interpretations

We can remark from Table 2 that the remanufacturing has exceeded the allowed amount of
emitted carbon (negative value of the amount of carbon Qr without subcontracting). This means
that the remanufacturing unit is in the fourth zone of our indicator function defined earlier while the
manufacturing unit is still in the third zone. The subcontractor unit will then assist the remanufacturing
unit in Periods 4, 5 and 6 in order to reduce the emitted quantity of carbon.

Table 2. Amount of emitted carbon during the different process.

Period 1 2 3 4 5 6 7 8 9 10 11 12

Qm without
subcontracting 98,191 77,210 59,819 42512 26,469 9413 −8871 −28,373 −48,972 −67,200 −83,819 −101,080

Qm 104,134 89,449 75,536 58229 42,186 25130 12,333 634 −13790 −19259 −22,579 −26,029
Qr without

subcontracting 2000 2000 1061 −334 −1395 −1887 −3003 −4352 −5626 −6519 −7737 −8881

Qr 2000 2000 1061 559 456 280 −837 −2111 −3385 −4278 −5003 −6147

Using this optimization method, the amount of emitted carbon by both manufacturing and
remanufacturing units is reduced. In fact, we can remark from Figure 5 and Table 2 that we succeeded
in delaying exceeding the allowed amount from the 7th Period to the 9th Period for the manufacturing
unit and from the 4th Period to the 7th Period for the remanufacturing unit. Additionally, this method
allows us to reduce the emission of carbon even after exceeding the allowed amount. We were able to
save 75,051 mu for the manufacturing unit and 2734 mu for the remanufacturing unit.
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Figure 5. Amount of emitted carbon with and without subcontracting unit. (a) Manufacturing unit; (b)
Remanufacturing unit.

For optimization purpose, if the cost of subcontracting is greater than the cost of carbon, the
maximal lot-sizes will be affected to the manufacturing or the remanufacturing units. We can remark
by analyzing the Table 3 that this condition is satisfied. For the first three periods, the subcontractor
will assist in the remanufacturing by taking the minimal lot size because the cost of carbon is null (this
unit did not exceed the allowed amount). For the three next periods, the subcontractor will assist in
the remanufacturing in the fourth period, the subcontractor will take the smaller lot size because the
cost of subcontracting is greater than the penalty of exceeding the allowed amount. In the 5th and 6th
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Periods, the penalty cost will exceed the cost of subcontracting, which is why the remanufacturing will
take the minimal lot size. This is the same case for the three last periods where the subcontractor unit
will assist in the manufacturing and takes the maximal lot size.

Table 3. Production plan with Cps = 35; Cc = 3550.

Period
Lot Produced by
Manufacturing

Unit

Lot Produced by
Remanufacturing

Unit
αk

Lot Produced by
Subcontracting

Unit
wm wr

1 1563 0 1 670 271 0
2 1754 0 1 438 435 0
3 1713 87 1 428 768 894
4 1751 47 0 13 597 1805
5 2252 11 0 97 964 1887
6 1988 17 0 53 909 1816
7 825 119 1 1237 1120 1697
8 349 97 1 1398 782 1599
9 324 118 1 1294 436 1875

10 187 55 1 1685 234 2256
11 211 67 1 1895 310 2796
12 799 54 1 1199 291 2742

5.3. Maintenance Results

From Figure 6, the ideal number of preventive maintenance activities for manufacturing unit
N = 4 with an optimum interval between two perfect PM T* = 3·∆t. In this case, we can conclude that
the principal production unit produces more compared to the remanufacturing unit and consequently
the failure rate of the manufacturing unit grows faster, as does the optimum number of preventive
maintenance activities.
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5.4. Sensitivity Study

5.4.1. Impact of Costs Variability

- Cps = 35 and Cc = 3550

From Figures 7 and 8 and Tables 3 and 4, the bigger gap between the subcontractor unit cost and
the cost of carbon penalty, the longer the subcontractor unit will take to produce and the larger the
amount of carbon emitted during the production process. This result is predictable because the of the
firm aim to minimize its total cost-function, which means that if the cost of penalty is bigger than the
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cost of subcontracting, the firm will try to minimize the emission of carbon in order to minimize the
total cost.

Figure 7. Amount of emitted carbon with and without subcontracting unit for Cps = 35; Cc = 3550.
(a) Manufacturing unit; (b) Remanufacturing unit.
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Table 4. Production plan with Cps = 500; Cc = 550.

Period
Lot Produced by
Manufacturing

Unit

Lot Produced by
Remanufacturing

Unit
αk

Lot Produced by
Subcontracting

Unit
wm wr

1 1600 0 1 686 391 0
2 1160 0 1 774 253 0
3 1172 100 1 781 215 279
4 2083 84 0 27 458 786
5 2274 30 0 46 798 710
6 1838 48 0 48 773 606
7 1151 106 1 768 819 1103
8 1456 58 1 364 755 2026
9 1197 54 1 798 896 2368

10 1768 71 1 196 889 2491
11 1798 52 1 200 845 2427
12 1287 89 1 551 830 2951

- Cps = 500 and Cc = 550

We can also remark that the gap between the quantity of emitted carbon during the
remanufacturing process with and without subcontracting remains almost the same in the final
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period (around 2000 mu). This is mainly due to the priority order (the manufacturing unit has priority).
In fact, the subcontractor will not take the maximal lot until one of our units has exceeded its allowed
amount (which means that the indicator function corresponding to this unit will take 4). If both
manufacturing and remanufacturing units exceed respectively Qcm and Qrm, then the subcontractor
will assist in the manufacturing. Which is why we remark in our case that the gap between Qr with and
without subcontracting remains almost the same in the final period when both units have exceeded
their allowed amount.

5.4.2. Impact of the Variability of the Proportion of emitted Carbon

From Tables 5 and 6, we can remark that the variability of the proportion of emitted carbon to
produce an item has an impact on the decision variable αk which indicates whether the subcontractor
assists in the manufacturing or in the remanufacturing. In fact, by increasing the proportion of
emitted carbon while maintaining the maximal allowed amount constant, both units will exceed this
quantity earlier, which means that their indicator functions will take 4 and due to the priority order
the subcontractor will assist in the manufacturing. By decreasing the value of ξ, the remanufacturing
unit will exceed its allowed amount earlier than the manufacturing unit because Qcm is greater
than Qrm. The indicator function of the remanufacturing is likely to take a bigger value than the
one corresponding to the manufacturing unit. This means that the subcontractor unit will help the
manufacturing unit in order to reduce its emission of carbon.

Table 5. Amount of emitted carbon during the different process with ξ = 6.3.

Period 1 2 3 4 5 6 7 8 9 10 11 12

αk 1 1 0 0 0 0 0 0 1 1 1 1
Qm without

subcontracting 104,178 91,068 77,630 65,464 51,604 38,475 25,522 13,666 −484 −12,240 −26,390 −39,305

Qm 109,709 101,841 88,403 76,237 62377 49,248 36,295 24,439 14,535 3957 −5946 −11,112
Qr without

subcontracting 2000 2000 1345 526 −350 −841 −1465 −2057 −2719 −3172 −3689 −4199

Qr 2000 2000 1540 923 835 797 734 520 −142 −596 −715 −1226

Table 6. Amount of emitted carbon during the different process with ξ = 15.8.

Period 1 2 3 4 5 6 7 8 9 10 11 12

αk 1 1 0 1 1 1 1 1 1 1 1 1
Qm without

subcontracting 81,723 45,984 18,586 −10,501 −39,889 −68,819 −103,216 −134,042 −166,274 −202,234 −232,839 −264,297

Qm 96,228 71,216 43,819 17,638 11,761 3087 −358 −6520 −16,189 −26,981 −36,161 −48737
Qr without

subcontracting 2000 2000 −101 −2471 −4146 −6279 −7496 −8444 −10,672 −12,520 −14,179 −16,407

Qr 2000 2000 531 -449 −2124 −3862 −5078 −5868 −8096 −9945 −11,272 −13,500

5.4.3. Impact of the Variability of the Allowed Amount of Carbon

To better appreciate the sensibility of our model to the variability of the allowed amount of carbon,
we fixed the cost of carbon Cc = 2250 and the cost of subcontracting Cps = 35.

We can remark that by reducing the allowed amount of one unit while maintaining the other
constant like the case of Tables 7 and 8, the number of interventions of the subcontractor unit to
help this unit will increase, because when WC decreases the concerned unit will deplete this quantity
earlier and the subcontractor will have to help to reduce the emission of carbon. We can reason in
the same way when we increase the allowed amount like the case of Tables 9 and 10. The number of
interventions of the subcontractor unit to help this unit this time will decrease. If Qcr increase and Qcm

remains constant, the remanufacturing unit will deplete its allowed amount later. The subcontractor
will assist then more in the manufacturing. The same case when Qcm increase and Qcr remains constant,
the manufacturing unit will deplete its allowed amount later and the subcontractor will assist then
more in the remanufacturing.
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Table 7. Amount of emitted carbon during the different process with Qcm = 200,000 and Qcr = 2000.

Period 1 2 3 4 5 6 7 8 9 10 11 12

αk 1 1 1 0 0 0 0 0 0 0 0 0
Qm without

subcontracting 235,586 222,129 208,590 194,623 180,637 170,746 160,861 146,529 134,697 120,617 108,011 96,545

Qm 238,471 227,704 219,584 205,617 191,631 181,740 171,855 157,522 145,691 131,610 119,004 107,538
Qr without

subcontracting 2000 2000 1654 1105 438 −38 −822 −1635 −2026 −2706 −3286 −3985

Qr 2000 2000 1654 1471 1068 929 816 595 475 274 186 116

Table 8. Amount of emitted carbon during the different process with Qcm = 50,000 and Qcr = 2000.

Period 1 2 3 4 5 6 7 8 9 10 11 12

αk 1 1 1 1 1 1 1 1 1 1 1 1
Qm without

subcontracting 29670 9443 −9929 −30,547 −45,939 −61,414 −80,721 −95,210 −112,797 −129,583 −150,629 −167,741

Qm 35,771 23,635 12,010 3760 −2396 −5493 −9353 −10,803 −12,561 −14,244 −18,457 −21,880
Qr without

subcontracting 2000 2000 1163 605 −176 −651 −2036 −3422 −4752 −5998 −7337 −8667

Qr 2000 2000 1163 735 −46 −455 −1841 −3134 −4464 −5710 −6203 −7533

Table 9. Amount of emitted carbon during the different process with Qcm = 118,000 and Qcr = 1500.

Period 1 2 3 4 5 6 7 8 9 10 11 12

αk 1 1 0 0 0 0 1 1 1 1 1 1
Qm without

subcontracting 97,903 78,615 58,685 40,475 22,461 4493 −13,939 −32,995 −52,767 −69,972 −88,702 −106,688

Qm 105,938 92,434 72,504 54,295 36,281 18,313 3563 −13,586 −31,377 −36,538 −40,286 −43,885
Qr without

subcontracting 1500 1500 468 −295 −1671 −2211 −3355 −3996 −4657 −5326 −5847 −6489

Qr 1500 1500 775 570 431 328 −816 −1337 −1997 −2666 −3104 −3745

Table 10. Amount of emitted carbon during the different process with Qcm = 118,000 and Qcr = 3500.

Period 1 2 3 4 5 6 7 8 9 10 11 12

αk 1 1 1 1 1 1 1 1 1 1 1 1
Qm without

subcontracting 97,428 77,015 56,248 36,439 16,835 −2277 −20,830 −41,821 −62,913 −82,266 −98002 −114,156

Qm 101,539 85,208 72,746 58,880 41,238 27855 13,012 −5876 −10,098 −13,967 −15,539 −20,384
Qr without

subcontracting 3500 3500 2356 1826 970 −229 −1615 −2936 −3856 −4870 −5335 −6246

Qr 3500 3500 2356 2012 1156 385 −1001 −2173 −3094 −4107 −4405 −5316

The approach proposes a new joint production and maintenance policy, which considers an
environmental aspect for a forecasting problem of a reverse logistic system subject to a random
degradation. The satisfaction of a random demand under a given service level, and at the same time
respecting the environmental constraint characterized by the harmful emissions to the environment,
may be sanctioned by an environmental tax, and requires that the company has found new strategies to
meet these different objectives. The objective of this study is to propose an environmental production
and maintenance policy optimization by proposing the subcontractor as a solution in order to satisfy
the random demand and decrease the carbon tax. In this context, an economical production plans
for the manufacturing, remanufacturing and subcontract units as well as an optimal maintenance
strategy by developing a correlation between the production and maintenance. Firstly, we have
integrated the subcontractor solution on the production policy under a new switching approach which
determines when the subcontractor can help either manufacturing or remanufacturing a unit during
the production according to the dashboard, which defines different sectors of the quantity of emitted
carbon in order to minimize the total cost of production, inventory and carbon tax. Secondly, using a
sequential approach by integrating the economical production plan of manufacturing unit obtained by
the production policy in the maintenance strategy, we determine the optimal number of preventive
maintenance actions. The originality of this study in maintenance terms is to consider the influence
of the production variation on the degradation degree of the manufacturing unit by establishing a
correlation between the production and maintenance characterized by an analytical equation that
shows the failure rate progress of the manufacturing unit according to its use, respecting at the same
time the continuity of the reliability of the manufacturing unit from one period to another.



Appl. Sci. 2019, 9, 1105 16 of 20

6. Conclusions

In this study, we have proposed an integrated maintenance-to-production model for a reverse
logistic system in order to minimize the total cost of production, inventory, Carbon tax and maintenance.
A subcontractor is integrated in the model as a solution to minimize the quantity of emitted carbon
and its tax by the manufacturing and remanufacturing. The proposed idea is to consider a dashboard
of management to develop a condition for the intervention of subcontractor to help the manufacturing
or remanufacturing units. To resolve this problem, firstly, a production policy is developed in order to
determine the economic plan of production for the manufacturing and remanufacturing units as well
as the plan of the switching subcontractor intervention. Secondly, by considering the impact of the
failure rate of manufacturing unit by the variation of production cadences, we propose an optimal
preventive maintenance strategy block type under economic criteria to obtain the best amount of
preventive maintenance applied during the finite horizon.

For further research, we could consider the impact of the quality (bad, average, high) of the
returned products by the customer on the degradation of the remanufacturing unit as well as its
quantity of emission.

Author Contributions: Methodology, Z.H. and S.B.; Supervision, N.R.; Validation, N.R.; Writing—review &
editing, Z.H. and S.B.

Funding: This research received no external funding.
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Notations

The different notations used in this study are the following:

∆t period of production
H·∆t finite time horizon
µd average demand during period k (k = 0, 1, . . . , H)
σd standard deviation of demand
β fraction of returned product that is sent back to second stock wr

ρ time to return the product to the second stock wr

θ index of service level
Pm(k) manufacturing rate during period k (k = 0, 1, . . . , H)
Pr(k) remanufacturing rate during period k (k = 0, 1, . . . , H)
wm(k) inventory level of principal warehouse
wr(k) inventory level of second warehouse
Cpm unit cost of manufacturing unit
Cpr unit cost of remanufacturing unit
Cps unit cost of subcontracting unit
Chm holding cost of principal warehouse wm

Chr holding cost of second warehouse wr

Qm(k) remaining quantity of carbon at each period k for the manufacturing unit
Qr(k) remaining quantity of carbon at each period k for the remanufacturing unit
Qcm maximal quantity of carbon emission allocated by the authorities for the manufacturing unit
Qcr maximal quantity of carbon emission allocated by the authorities for the remanufacturing unit
ξ quantity of harmful emissions generated by one manufactured product
PmMax maximal production rate for manufacturing unit
Pmmin minimal production rate for manufacturing unit
PrMax maximal production rate for remanufacturing unit
Prmin minimal production rate for remanufacturing unit
tp preventive maintenance duration for the remanufacturing unit
Mp unit preventive maintenance action for manufacturing unit
Mc unit corrective maintenance action for manufacturing unit

Appendix A

Proof. It is assumed that the demand variable has its first and second statistic moments perfectly known for each
period k, that is, E{D(k)} = D̂(k) and V D(k) = σ2 for each k.



Appl. Sci. 2019, 9, 1105 17 of 20

The inventory variables wm(k) and wr(k) are statistically described respectively by their means E{wm(k)} =
ŵm(k) and E{wr(k)} = ŵr(k) as well as their variances Vwm(k) = E

{
(wm(k)− ŵm(k))2

}
and Vwr(k) =

E
{
(wr(k)− ŵr(k))2

}
.

The inventory balance of manufacturing unit can be reformulated as:

ŵm(k + 1) = ŵm(k) + P̂MT(k) + P̂RT(k)− D̂(k) (A1)

Likewise, the inventory balance of remanufacturing unit can be reformulated as:

ŵr(k + 1) = ŵr(k) + β× D̂(k− ρ)× (1− φk)− P̂RT(k) (A2)

k = {1, 2, . . . , H − 1} and k ≥ τ

With
P̂MT(k) =

[
P̂m(k) + αk × P̂S(k)

]
P̂RT(k) =

[(
(1− bk)× P̂r(k) + bk × (1− y)× P̂r(k)

)
+ (1− αk)× P̂S(k)

]
• If we take the difference between Equations (5) and (A1) we obtain:

wm(k + 1)− ŵm(k + 1) = (wm(k)− ŵm(k))
+
(

PMT(k)− P̂MT(k)
)︸ ︷︷ ︸

0

+ (PRT(k)− P̂RT(k))︸ ︷︷ ︸
0

−
(

D(k)− D̂(k)
)

E
{
(wm(k + 1)− ŵm(k + 1))2

}
= E

{
(wm(k)− ŵm(k))

2
}
− E

{(
D(k)− D̂(k)

)2
}

−2·E
{
((wm(k)− ŵm(k))·

(
D(k)− D̂(k)

)}
Since wm(k) and D(k) are independent random variables, we can deduce that:

E
{
((wm(k)− ŵm(k))·

(
D(k)− D̂(k)

)}
= E{((wm(k)− ŵm(k))} × E

{(
D(k)− D̂(k)

)}
Hence:

E{((wm(k)− ŵm(k))} = E{wm(k)} − E{ŵm(k)} = 0
E
{(

D(k)− D̂(k)
)}

= E{D(k)} − E
{

D̂(k)
}
= 0

Therefore {
(wm(k + 1)− ŵm(k + 1))2

}
= E

{
(wm(k)− ŵm(k))

2
}
− E

{(
D(k)− D̂(k)

)2
}

If we assume that Vwm (k = 0) = 0 and that σD is constant and equal to σ for all periods, we can deduce that
Vwm (k + 1) = Vwm (k) + σ2 k ≥ 1 .

For k = 0, Vwm (1) = σ2, Vwm (k) = k× σ2.

Since Vwm (k) = E
{
(wm(k)− ŵm(k))

2
}
= E

{
wm(k)2

}
− ŵm(k)2, we can write

E
{

wm(k)2
}
− ŵm(k)2 = k× σ2.

Hence,
E
{

wm(k)2
}
= k× σ2 + ŵm(k)2 (A3)

• If we take the difference between Equations (6) and (A2) we obtain:

wr(k + 1)− ŵr(k + 1)
= (wr(k)− ŵr(k)) + β×

(
D
(
k− ρ

∆t
)
− D̂

(
k− ρ

∆t
))
× (1− φk)

−
(

PRT(k)− P̂RT(k)
)

k = {1, 2 . . . , H − 1} and k ≥ ρ

∆t
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E
{
(wr(k + 1)− ŵr(k + 1))2

}
= E

{
(wr(k)− ŵr(k))2

}
+β2 × E

(
D
(
k− ρ

∆t
)
− D̂

(
k− ρ

∆t
))2 × (1− φk)

2

+E
{(

PRT(k)− P̂RT(k)
)2
}
+ 2× E{(wr(k)− ŵr(k))

×β×
(

D
(
k− ρ

∆t
)
− D̂

(
k− ρ

∆t
))
× (1− φk)

}
−2× E

{
(wr(k)− ŵr(k))×

(
PRT(k)− P̂RT(k)

)
−2× E

{
β×

(
D
(
k− ρ

∆t
)
− D̂

(
k− ρ

∆t
))
× (1− φk)

×
(

PRT(k)− P̂RT(k)
)}
}

k = {1, 2 . . . , H − 1} and k ≥ ρ

∆t

Since wr(k) and D
(
k− ρ

∆t
)

are independent random variables, we can deduce that:

E
{
(wr(k)− ŵr(k))× β×

(
D
(
k− ρ

∆t
)
− D̂

(
k− ρ

∆t
))
× (1− φk)

}
= (1− φk)× β× E{(wr(k)− ŵr(k))}
×E
{(

D
(
k− ρ

∆t
)
− D̂

(
k− ρ

∆t
))}

With
E
{(

D
(

k− ρ

∆t

)
− D̂

(
k− ρ

∆t

))}
= E

{
D
(

k− ρ

∆t

)}
− E

{
D̂
(

k− ρ

∆t

)}
= 0

Therefore,
E
{
(wr(k + 1)− ŵr(k + 1))2

}
= E

{
(wr(k)− ŵr(k))2

}
+β2 × E

(
D
(
k− ρ

∆t
)
− D̂

(
k− ρ

∆t
))2 × (1− φk)

2

Vwr (k + 1) = Vwr (k) + β2 × (1− φk)
2 × σ2

If we assume that Vwr (k = 0) = 0 and that the standard deviation is constant and equal to σ for all the
periods, we can deduce that:

VWr (k) = k× β2 × (1− φk)
2 × σ2

Since Varwr(k) = E
{
(wr(k)− ŵr(k))2

}
= E

{
wr(k)2

}
− ŵr(k)2, we can write E

{
wr(k)2

}
− ŵr(k)2 = k ×

β2 × (1− φk)
2 × σ2.

Hence,
E
{

wr(k)2
}
= k× β2 × (1− φk)

2 × σ2 + ŵr(k)2 (A4)

Substituting (A3) and (A4) in (14) we obtain:

E
{

wm(k)2
}
= k× σ2 + ŵm(k)2

Min CT = Min



Chm ×
(

ŵm(H)2
)

+
H−1
∑

k=1

[
Cpm × PM(k)2 + Chm ×

(
k× σ2 + ŵm(k)2

)
+ Cc× |Qm(k)| × 1Qm(k)<0

]
+

H
∑

k=1

[
Chr ×

(
k× σ2)]

+Chr ×
(

ŵr(H)2
)

+
H−1
∑

k=1

[
Cpr × [PR(k)]

2 + Chr ×
(

k× β2 × (1− φk)
2 × σ2 + ŵr(k)2

)
+ Cc× |Qr(k)| × 1Qm(k)<0

]
+

H
∑

k=1

[
Chr ×

(
k× β2 × (1− φk)

2 × σ2
)]
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Our production and maintenance problem will then be defined as follows:

Min CT = Min



Chm ×
(

ŵm(H)2
)

+
H−1
∑

k=1

[
Cpm × Pm(k)

2 + Chm ×
(

k× σ2 + ŵm(k)2
)
+ Cc× |Qm(k)| × 1Qm(k)<0

]
+

H
∑

k=1

[
Chr ×

(
k× σ2)]

+Chr ×
(

ŵr(H)2
)

+
H−1
∑

k=1

[
Cpr × [Pr(k)]

2 + Chr ×
(

k× β2 × (1− φk)
2 × σ2 + ŵr(k)2

)
+Cc× |Qr(k)| × 1Qm(k)<0

]
+

H
∑

k=1

[
Chr ×

(
k× β2 × (1− φk)

2 × σ2
)]

+Mp · (N − 1) + Mc · ϕ(N)

(A5)

ŵm(k + 1) = ŵm(k) + PMT(k) + PRT(k)− D̂(k)

ŵr(k + 1) = ŵr(k) + β× D̂
(
k− ρ

∆t
)
× (1− φk)− PRT(k)

Pmmin ≤ Pm(k) ≤ PmMax

Prmin ≤ Pr(k) ≤ PrMax

Qm(k) = Qcm(0)−
k

∑
j=1

Pm(j)× ∆t × ξ

Qr(k) = Qcr(0)−
k

∑
j=1

Pr(j)× ∆t × ξ


P[wm(k + 1) ≥ 0] ≥ θ

m
PMT(k) + PRT(k) ≥

√
(k + 1)× σd × ϕ−1(θ) + µd − ŵ(k)

�
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