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Abstract: Moving nanosystems often rest on a medium exhibiting viscoelastic behavior in engineering
applications. The moving velocity and viscoelastic parameters of the medium usually have an
interacting impact on the mechanical properties of nanostructures. This paper investigates the
dynamic stability of an axially-moving nanoplate resting on a viscoelastic foundation based on
the nonlocal elasticity theory. Firstly, the governing partial equations subject to appropriate
boundary conditions are derived through utilizing the Hamilton’s principle with the axial
velocity, viscoelastic foundation, nonlocal effect and biaxial loadings taken into consideration.
Subsequently, the characteristic equation describing the dynamic characteristics is obtained by
employing the Galerkin strip distributed transfer function method. Then, complex frequency curves
for the nanoplate are displayed graphically and the effects of viscoelastic foundation parameters,
small-scale parameters and axial forces on divergence instability and coupled-mode flutter are
analyzed, which show that these parameters play a crucial role in affecting nanostructural instability.
The presented results benefit the designation of axially-moving graphene nanosheets or other
plate-like nanostructures resting on a viscoelastic foundation.

Keywords: axially-moving nanoplates; viscoelastic foundation; complex frequency; divergence
instability; mode-couple flutter

1. Introduction

Nano structures have attracted a huge amount of attention from the scientific community
due to their extraordinary mechanical, electrical, thermal and other physical/chemical properties.
These novel properties can be for nanoelectromechanical systems (NEMS), nanoresonators,
nanosensors and nanogenerators [1,2], which are always modeled as nanobeams [3], nanorods [4],
nanoribbons [5], nanoplates [6], nanoshells [7], etc to investigate the mechanical properties and other
physical properties. Currently, there are three main kinds of approaches available for the study of
nanomechanics, which are experimental techniques [8], molecular dynamic (MD) simulations [9] and
modified continuum mechanics theories [10,11], respectively. However, nano scale experiments are
exceedingly difficult and MD simulations are costly in terms of computation. As a remedy, continuum
mechanics theories are a valid selection for nanomechanics. The nonlocal elasticity theory established
by Eringen [12,13] is one of the typical continuum mechanics theories. It is assumed that the stress at a
reference point is affected not only by the strain at that point but also by the strains at every point in
the rest of the domain. Therefore, based on the nonlocal elasticity theory, a couple of researchers have
applied their works to the bending, vibration and stability of nanostructures [14-16].
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Moving nanosystems including NEMS, nanoresonators, nanosensors and nanogenerators are
actually common in engineering applications, which can be modeled as moving continuum. Many
researchers have studied the dynamical behaviors of such moving nanosystems including the
transverse vibration characteristics, dynamical stabilities and dynamic response. Yang et al. [17]
studied dynamic stability in transverse parametric vibrations of an axially accelerating tensioned
beam of a Timoshenko model on simple supports. The Galerkin method is applied to discretize
the governing equation and the averaging method is done to analyze the instability phenomena.
Kiani [18] studied the dynamic instability of an axially moving single-walled carbon nanotube
(SWCNT) with simply supported ends by using nonlocal Rayleigh beam theory. The obtained results
show that small-scale parameters would result in the occurrence of both divergence and flutter
instabilities at lower levels of speed. Mokhtari et al. [19] presented a time/wave domain analysis for an
axially moving pre-stressed nanobeam by a wavelet-based spectral element (WSE) method, which is
validated to be accurate and efficient. The effects of the moving nanobeam property including velocity,
pretention and nonlocal parameter on vibration and wave characteristics and dispersion curves were
investigated. Also, the instability of moving nanobeams was studied considering divergence and
flutter. Wang et al. [20] investigated the dynamic behavior of axially moving nanobeams based on
the nonlocal strain gradient theory considering the geometrical nonlinearity. The roles of small-scale
parameters on the flutter critical velocity and stability were explained. Li [21] presented the transverse
vibration behaviors of axially moving nanobeams considering the thermal effects and strain gradient.
Rezaee and Lotfan [22] studied the nonlocal nonlinear vibrations of a viscoelastic Rayleigh nanobeam
with small fluctuation in the axial speed by applying the nonlocal theory. Oveissi [23] investigated
the longitudinal and transverse wave propagation of stationary and axially moving carbon nanotubes
(CNTs) with conveying nano-fluid. Recently, Liu et al. [24] studied the transverse free vibration
and stability of an axially moving nanoplate. The effects of dimensionless small-scale parameters,
axial speed and boundary conditions on the natural frequencies in sub-critical region were discussed
via the method of complex mode. The effects of small-scale parameters on divergence and flutter in
super-critical region were investigated by the Galerkin method. Li et al. [25] investigated the transverse
vibrations and steady-state responses of axially moving viscoelastic piezoelectric nanostructures
containing the thermal effect and the instable behaviors of axially non-uniformly moving viscoelastic
piezoelectric nanoplates.

On the other hand, the nanosystems are often embedded in a medium or resting on a foundation
in many nanotechnology applications. In order to characterize the surrounding effects, Pradhan
and Kumar [26] studied the vibration of orthotropic single layered graphene sheets embedded in
Winkler-type and Pasternak-type foundations with the differential quadrature method employed to
solve the governing differential equations for various boundary conditions. Jung et al. [27] developed
a model for sigmoid functionally graded material (5-FGM) nanoplates embedded in a Pasternak elastic
medium based on a modified couple stress theory and presented an analytical solution for buckling
analysis of S-FGM nanoplates. Radic et al. [28] presented a buckling analysis of double-orthotropic
nanoplates based on nonlocal elasticity theory with an assumption that two nanoplates are bonded by
an internal elastic medium and surrounded by external elastic foundation. Asemi and Farajpour [29]
proposed the thermo-electro-mechanical vibration characteristics of a piezoelectric-nanoplate system
(PNPS) subjected to a non-uniform voltage distribution and embedded in a Pasternak elastic
medium. The problem was solved by using the differential quadrature method (DQM) and
results showed that the natural frequencies are quite sensitive to the non-uniform and nonlocal
parameters. Asemi et al. [30] also investigated the effect of initial stress on the vibration responses
for a double-piezoelectric-nanoplate system based on the nonlocal Kirchhoff plate theory, where
the Pasternak-type elastic foundation model was used to account for the effect of shearing between
the two nanoplates. Mohamed et al. [31] studied the vibration of a nonlocal Euler-Bernoulli beam
embedded in a Pasternak elastic foundation. An efficient sixth-order finite difference discretization
was adopted for various boundary conditions and the effects of nonlocal parameter, slenderness ratios
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and boundary conditions on the dynamic characteristics of the beam were discussed. Arani and
Jalaei [32] presented transient behavior of simply-supported orthotropic single-layered graphene sheet
(SLGS) resting on orthotropic visco-Pasternak foundation subjected to dynamic loads. Researches
show that the structural and foundation damping coefficients are effective parameters on the transient
response, particularly for large damping coefficients. Gharib et al. [33] used the micromechanics
method to consider the small-scale effect in the structural equations of a piezoelectric polymeric
nanocomposite panel embedded in the Pasternak-type elastic substrate. Biloueiet et al. [34] studied
the nonlinear buckling of straight concrete columns armed with single-walled carbon nanotubes
(SWCNTs) resting on an elastic foundation. The column was modeled with Euler-Bernoulli beam
theory. The characteristics of the equivalent composite were determined using the Mori-Tanaka model.
The foundation around the column was simulated with spring and shear layer. Jamalpoor et al. [35]
dealt with the free vibration and biaxial buckling of double-magneto-electro-elastic nanoplate systems
(DMEENPS) subjected to initial external electric and magnetic potentials with the assumption
that the two nanoplates are bonded with each other using a visco-Pasternak medium and are
also limited to the external elastic substrate. Zenkour and Arefi [36] investigated the transient
thermos-electro-mechanical vibration and bending analysis of a functionally graded piezoelectric
nanosheet resting on visco-Pasternak foundation. The effects of some important parameters were
studied on the fundamental frequencies of the system and the maximum deflection of the sheet under
various thermal and electrical loadings. They also investigated the free vibration responses of a
sandwich nanoplate resting on visco-Pasternak foundation based on the nonlocal Kirchhoff theory and
Hamilton’s principle [37]. Kolahchi et al. [38] examined the dynamic buckling for a sandwich nanoplate
with the surrounding medium simulated by a visco-orthotropic Pasternak foundation model based
on visco-nonlocal-refined Zigzag theories. Zhang et al. [39] studied the thermo-electro-mechanical
vibration responses for a rectangular piezoelectric nanoplate resting on viscoelastic foundations
by using the Galerkin strip distributed transfer function method, which enables one to obtain the
semi-analytical solutions of natural frequencies for piezoelectric nanoplates with arbitrary boundary
conditions. Liu et al. [40] investigated the size-dependent vibrational behaviors of functionally graded
(FG) magneto-electro-viscoelastic nanobeams in the presence of porosities based on the nonlocal
Timoshenko beam theory in conjunction with a visco-Pasternak foundation model. Liu and Lv [41]
established a theoretical framework based on interval analysis method to study the wave-dispersion
behavior of CNTs embedded in a Pasternak-type elastic medium with uncertain material properties.
In their work, the material properties of CNTs were considered as uncertain-but-bounded variables,
which is different from probabilistic analysis method.

As reviewed above, a lot of studies on the dynamic behaviors for nanosystems with axially-moving
velocity or those resting on a foundation have been separately reported in recent years. However,
the literature review shows that few studies are concerned with the dynamic instability of
axially-moving nanoplates resting on a viscoelastic foundation for nanomechanical systems. As well
known, in engineering practices, nanoresonators, nanosensors and nanogenerators are often embedded
in a moving medium, which often exhibit viscoelastic behaviors. The objective of this study is to
explore dynamical instability of an axially-moving nanoplate resting on a viscoelastic foundation.
With the framework of the thin plate theory, we get the governing partial differential equations
according to Hamilton’s principle. After examining the developed mechanics model, the effects of
foundation properties, axial moving velocity, nonlocal parameter and biaxial force on the divergent
instability and coupled-mode flutter of nanoplates are shown by graphs and tables in detail, which
could benefit the designation of moving graphene nanosheets or other plate-like nanostructures resting
on a viscoelastic medium.

2. Basic Equations

A rectangular nanoplate resting on a viscoelastic foundation is shown in Figure 1. The length,
width and uniform thickness of the nanoplate are denoted as I;, [, and h, respectively. The viscoelastic
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foundation is represented by a visco-Pasternak foundation model, whose Winkler’s modulus parameter
is ky, Pasternak’s modulus parameter is kg and the damping parameter is ¢;. The axially-moving
velocity of the nanoplate is v. The nanoplate is subjected to a biaxial force Np, and Np, along with x
and y directions according to the rectangular coordinate system oxyz shown in Figure 1.

-J;

nanoplate

Figure 1. The axially-moving nanoplate resting on a viscoelastic foundation.

Based on the nonlocal elasticity theory [8], the basic constitutive equations for the nanoplate can

be written as:
(1 - (eoﬂ)zvz)ffij = CijkI€kl,
0’1']',]‘ = pﬁi, (1)
eij = 3 (uij +uj;),

where u;, 0;; and ¢;; are the components of nonlocal displacement, stress and strain vector, respectively.
cijr and p are the elastic constants and mass density of the nanoplate, respectively. Moreover, epa is the
nonlocal parameter and V? is the Laplacian operator, respectively.

For simplicity, the displacement fields of the nanoplate can be obtained by neglecting the
deformation of the middle surface, given by:

u(x,y,z,t) = —z%’
v(x,y,z,t) = —z%—z;’ , ()
w(x,y,z,t) =w(x,y,t)

where u, v and w are, respectively, the displacement components in the x, y and z directions. Based on
the strain-displacement equations of thin plate theory, the nonzero strain components are given as:

2
Exx = _Z%?Zg
ey = —2z22 3)
vy ayz .
P w

Txy = —22 dxdy



Appl. Sci. 2019, 9,1097 50f 18

Based on Equations (1) and (3) and the classical plane stress relation, the nonlocal stress is thus
derived as the following form:

, Oxx E 1 u 0 Exx
(1 — (ega) Vz) Oy (= 1= e po1 Y Eyy (s 4
Oxy 0 0 T}l Yxy

where E and y denote elastic modulus and Poisson’s ratio, respectively.

Further, the relation of the bending moment and stress in classical elasticity theory is still valid in
the nonlocal stress. Then, the nonlocal bending moment can be presented by corresponding classical
counterparts as:

32 22
My —D( 5z tuge
2 2 2
(1- 0on)’92)3 My o =12 —D(2%+pu2%) ¢, (5)
M 2
xy ~D(1—p) 55
_ _EW®
Where D = m

Subsequently, the governing equations and boundary conditions for transverse vibration of the
axially-moving nanoplate resting on a viscoelastic foundation can be derived utilizing the variational
approach. The strain energy I1;; of the nanoplate can be stated as:

1 h/2
Il :f// Oxx€xy + O + oyy€yy ) dzd A, 6
u=s/, 7h/2( Oy Yy + Oyyyy) (6)

where A is the area of the mid-plane of the nanoplate.
The kinetic energy I1x of the moving nanoplate can be obtained as:

1 ow ow\? 2
HK—Z/Aphl(at+vax) +v

Moreover, the work Iy done by the external forces is obtained as:

1 0w 2 ow '\ 2

where Np, and Np, are respectively the normal forces in the x and y directions. Ny is the reaction of
the viscoelastic foundation, which can be obtained from:

dA. )

J
Ng = kyw — kg V2w + ctait". )

Substituting Equations (6)—(9) into the Hamilton’s equation

t
5/0 (Iy + Ty — [g)dt = 0. (10)

Then, integrating by parts and setting the coefficient éw to zero, the governing equations of the
axially-moving nanoplate resting on a viscoelastic foundation can be derived as:

M My |, PMyy 2 ow %w *w
axzm +2 9xdy + o2 kww —keV W Ctor ) — prw + NP]/W

_ 29w Pw | Pw

(11)
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The corresponding boundary conditions can also be obtained as follows:

aMxy

wzoor[aMxr + praw ph< at _|_Uzaw)}nx
+ {8 xy + aMl/v pr aw} y = 0,
% =0or Mxxnx + Myyny =0,

Jw __ _
= 0 or Myyny + Myyny, =0,

(12)

where (11y, ny) are denoted as the direction cosines of the outward unit normal to the boundaries of
the mid-plane.

Using the Galerkin strip distributed transfer function method (GSDTEM), the equivalent integral
of the governing Equation (11) along with y direction can be stated as:

92 My 92 M
JiH| M o Myy + 5 - (kww—kcvzwﬂt%if)

(Nl’x ot T Ney 58 ) *Ph(vzgirg +20558 + 5 )}dy =0

(13)

where H is an admissible function.

Further, integrating by parts and considering the nonlocal bending moment equations shown in
Equation (5), the weak form of the governing equations for the axially-moving nanoplate resting on a
viscoelastic foundation can be derived as:

folH(—Da4 — uD 5% )dy — 23 3 (~D(1 — )5 )dy

+o 5t (-uD 5 — DRE )y — Jy H(1 = (0)*V) (ko — ke Voo -+ i ) dy

—fo H(l — (ega) V2> (pr Py 4 Np, a2"’)dy

2z

_fo (1— eod) VZ)ph(vww—i-Zvatg‘;‘i‘ atz)dy—O

(14)

For the sake of convenience and generality, the following dimensionless quantities are defined as:

- — Y W= — L, — / ph h
X_%/Y_E,W_%,/\_Ellx_%,’r‘ lZ C ZU (15)
2 2 4
Ky = pr%’,Kz = pr%,Kw = %kw/KG kGD/L = l Cr = thCt'

Using these dimensionless terms, the governing Equation (14) can be rewritten as:

Iy ( W*M%Qz?ﬁ)dY ZfLa*H<*)‘2(1*ﬂ)a(§zlgy>dY+fL ?ng( W\Zaxz /\4%1}/2V)dy
_fo (1_“ ( bd J’_Azayz))(KwW KG<6X2 +Azayz)W+Ctaw)dY
~Jy H(1 - (3 2+)‘Zav2>>KlaX2dy+f0 H(1 - a? (5 + 2257 ) ) Ko T Y

—fy H(1 -2 ( e + A2 ) ) (CP2 + 20 2% + 2l )dy =o.

(16)

According to Equation (12), boundary conditions for the axially-moving nanoplate resting on a
viscoelastic foundation can be obtained. For simplicity, in the following analysis, we only consider the
simply supported boundary constraints for the nanoplate, which are given as follows:

X=0,1 (17)
IW(X,)Y
W(XIY)|Y:O,1: s

IW(X,Y
W(XrY>|x:0,1 = ng )‘ =0,

3. Solution Method

In this section, the GSDTFM was adopted to investigate the dynamic instability of the
axially-moving nanoplate resting on a viscoelastic foundation. Firstly, the nanoplate was divided into
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a couple of strip elements along the y direction and there are NE strip elements and (NE + 1) nodal
lines for the nanoplate in all, as shown in Figure 2. The length of the jth strip element is /; and its width
is I,. The transverse displacement w(x, y, t) of the jth strip element can be interpolated by:

w(x,y,t) = N(y)de(x, 1), (18)

where N(y) is the shape function and J,(x, t) is the unknown displacement of the e strip element.
The expression of N(y) and ,(x, t) are given in literature [39], which are not herein presented for the
sake of brevity.

Element NE

Element j Ilﬂ

Element 3

Element 2

Element 1

0 &

I l

a

Figure 2. Strip elements for a rectangular nanoplate.

According to the dimensionless quantities defined in Equation (15), Equation (18) can be
rewritten as:
W(X,Y,T) = N(Y)3.(X,T), (19)

where

Ny =[1-35+25 n(v-20+%) sh—2% u(-F+%) |

T . . (20)
(X T)=| W, © Wi O | {001} =}{6 01}, L= f

Substituting Equation (19) into Equation (16) with H = N results in the following;:

_40%5, 2025, 1 9%5, __9%5, — 9%, 3 0%,
e 9x4 e ax2 K de Ko 33m7 + Mgy + Kepgsmms + ko133 =

=0, (21)
where

K: = [-1—a2K; + a2C2 + a?K] [ N'NdY,

2 L T 2N
K, = [~ /\2+21x2KG)\2 a?A2Kq — 2/\2K2+a2/\2C2] Jo N 2hdy

+[202(1 — )] L N NGy 4 [—Kg — 62Ky + Ky — C2] [EN'NY — pA? [1 2N N,

Y2
K, = [~A2Kg — A202Ky + A2Ko) [ NTENAY 4 Ky fOL N'NdY

LT oiN 4 (L 2N" 2N
7[)1\4 a2Kg — 2;\41<2] N §zdY —A fSZNaYZ 574y,
1<e1 =-2C fo N NdY+2Co<2/\2 JiN V ov dy,

31 = 2Ca2 [ N Nady, 1<€2 = 2f0 N Ndy,

m, = — ] N Nd§+oc2A2fL N'2N4y,

(22)
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where Eﬁ,if,ie,ﬂe,l,ie,l,KiZ denote stiffness matrices of the strip element and m, denotes mass
matrice of the strip element.
To obtain the global dynamic equilibrium equations of the nanoplate, a global nodal displacement
vector is defined as:
— T
(X, T) = [ Wi © W, O -+ Wneyr Onpsr | - (23)

Like the finite element method, the contributions of each strip element are added together and
the global dynamic equilibrium equations are obtained as:

—40% 2026 —o— 1 925 9?5 o 9% —3 9%6
K — K K K K 24
oxi TK gxa TR OHKGar T Mam H K gt T Kigxeer =0 @4
where K(A‘),K(z),f(o),ﬁgl),féz),ﬁga are global stiffness matrices, and M is a global mass matrix.

Further, dealing with the displacement boundary conditions imposed on nodal lines, the global
dynamic equilibrium equations are rewritten as:

_43%5,, 2075, 10%5,, P8, 2 948, 3 0%,
St TG RS Ry gt S MO sty + Kl =0, (29)
where . ., o
K' =T'K'T;, K’ = TK'T;, K’ = T'K'T;, .

K = TTKlTl,KZ—TTKZTl,Kl T/ KT, M= T/ MT,

where T; are row transformation matrices containing 0 and 1, which is referred to literature [39].
Next, the Fourier transform of Equation (25) with respect to time are given by:

~40%5!, ~30%5!,

926! ~100!,
K X4 +iwky X3 2

Sy iR S+ (K + (iw)ZM)S;U -0, (27)

B R N P
+ (K +iwK] + (za))sz)

where &/, is the Fourier transformation form of 5;], iw is the Fourier transform parameter, w is the
angular frequency and i = v/ —1.
If denoting a status vector as:

A A A T
. o N aé‘/T 82 &IT aSJ/T
n(X,iw) = [ o % SEOSE |- (28)

Equation (27) can be rewritten in a compact form in state space:

om(X,iw) .. )
—ax = F(iw)n(X,iw), (29)
where

0 I 0
. 0O 0o I o

Fiw)=149 o o 1|
fi £, f3 f4

~@\ " 1/=(0 2

f) = —iw (f<<4))_1f<§”,
£ = _(Ku))*l(f((z) +(iw)R? 4+ (iw)ng)),
£y = —(iw)Z(K(‘*))_lK?).
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Introducing the vector n(X, iw) and performing the Fourier transform to the boundary conditions

in Equation (17), we get:
M, (iw)n(—0.5,iw) + Ny (iw)n (0.5, iw) = 0, (31)

where My, and N}, are selection matrice of boundary condition at the left and right edges of nanoplate,
respectively, as shown below.

Mb(zw) = ,Nb(iw) = (32)

S O O -
o © © ©
S O = O
o © © O
o - O O
o © © o
- O O
o © © O©

According to the transfer function method, the solution of Equation (29) can be expressed as
follows:
(X, iw) = eFi9Xn(0,iw). (33)

Substituting Equation (33) into Equation (31) results in:
[Mb(iw)e_O'SF(i“’) + Nb(iw)e0-5F<i“’>] (0, iw) = 0. (34)

For the dynamic analysis of the nanoplate, the existence of a nontrivial solution of the
corresponding Equation (34) requires that the determinant of the coefficient matrix must vanish

det {Mh(iw)efo'SF(i‘”) + Nb(iw)eo‘“(i“’)} =0. (35)

The dimensionless natural frequency w of the axially-moving nanoplate resting on a viscoelastic
foundation can be obtained by solving the above transcendental characteristic equation.

4. Numerical Investigation

4.1. Comparison and Validation

To make a comparison with the previous literature [24], we adopted the following parameters:
Iy =1l =10nm, h =0.34nm, E =1.06 TPa, 1 = 0.25, p = 2250 kg /m and K; = Kp= 80 for the axially-moving
nanoplate without a foundation. The material properties of the foundation are the Winkler’s modulus
kw = 0, the Pasternak’s modulus kg = 0, and the damping c; = 0. According to the literature [39],
strip element number NE = 6 was selected for GSDTFM in all of the following numerical calculations.
The numerical results of the present work were compared with the corresponding results in
literature [24], as shown in Table 1. It can be observed from Table 1 that the dimensionless fundamental
frequencies for the axially-moving nanoplate in this paper were in excellent agreement with those
in [24], demonstrating the accuracy and efficiency of the proposed method for vibration analysis.

Table 1. Dimensionless natural frequencies for the axially-moving nanoplate without a foundation.

w11 w12
C «=0.0 « = 0.005 «=0.0 « = 0.005
Pressent/Ref. [24] Pressent/Ref. [24] Pressent/Ref. [24] Pressent/Ref. [24]

0 44.3601/44.3709 443577 /44.3687 79.8500/79.8941 79.9500/79.8753
2 43.3402/43.3435 43.3361/43.3409 78.5746/78.5923 78.5598/78.5714
4 40.2698/40.2712 40.2500/40.2674 74.6534/74.6768 74.6401/74.6494
6 35.1732/35.1804 35.1611/35.1745 68.1010/68.1130 68.0699/68.0746
8 28.0989/28.1030 28.0899/28.0940 58.8110/58.8225 58.7618/58.7690
10 19.0302/19.0359 19.0221/19.0228 46.6143/46.6159 46.5418/46.5434




Appl. Sci. 2019, 9, 1097 10 0f 18

For future comparisons with other researchers, the first dimensionless natural frequencies
of the axially-moving nanoplate resting on a viscoelastic foundation before the dimensionless
velocity C =10 with small-parameter o« = 0.01 and 0.10 are presented in Table 2. The material
properties of the viscoelastic foundation were ko = 0.1 GPa/nm, kg = 0.25 GPa-nm and ¢t = 10~#
GPa-ns/nm, as referred to in the literature [39]. It can be seen from the tables that the dimensionless
natural frequencies of the axially-moving nanoplate were complex numbers when it rested on a
viscoelastic foundation.

Table 2. Dimensionless natural frequencies for the axially-moving nanoplate resting on a viscoelastic
foundation (x102).

C w11 w12
o =0.01 a=0.10 o =0.01 a=0.10

0 0.4860 + 0.0297i 0.4791 + 0.02731 0.8345 + 0.02961 0.7814 + 0.02191
2 0.4761 + 0.0290i 0.4680 + 0.02651 0.8248 + 0.0291i 0.7692 + 0.0214i
4 0.4467 + 0.0270i 0.4359 + 0.0244i 0.7968 + 0.0277i 0.7350 + 0.0202i
6 0.3994 + 0.0240i 0.3844 + 0.0214i 0.7532 + 0.02591 0.6837 + 0.0186i1
8 0.3345 + 0.0203i 0.3143 + 0.01771 0.6961 + 0.0238i 0.6179 + 0.0169i
10 0.2509 + 0.01561 0.2226 + 0.01291 0.6263 + 0.0214i 0.5380 + 0.0151i

4.2. Flutter and Divergent Instability

The flutter instability refers to a dynamic process of structures transiting from stability to instability
with a nonvanishing frequency, whereas the divergence instability refers to a structure passing from
stability to instability at a zero frequency. In the following text, the mode-couple flutter and divergence
instability of an axially-moving nanoplate resting on a visoelastic foundation with simply supported
boundary condition are investigated. The small parameter of the nanoplate was o = 0.001 and other
parameters were the same as Section 4.1.

For comparison, the first four dimensionless natural frequencies w11, w1y, wp; and wy; of the
axially-moving nanoplate without a foundation with respect to moving speeds are plotted in Figure 3.
As shown in the figure, the dimensionless frequencies were real numbers at the dimensionless speed
C = 0. Along with the increase of axially moving speed, the first four dimensionless natural frequencies
changed but remained real numbers before C = 12.8. This showed that the nanoplate was stable
before C = 12.8. At the speed of C = 12.8, the real part of w11 decreased to zero and its imaginary
part had two branches. This indicated the nanoplate began divergence instability on its first order
mode. C =12.8 was a threshold critical value of w1, denoted as the divergence speed Cg;,1. Moreover,
w11 of the nanoplate was unstable in the interval [12.8, 14.1], but w1y, wy1 and wy; still kept stable.
When the axially moving speed further increased to C = 16.2, w1; and wy; of the nanoplate coupled
with each other into a pair of complex conjugate frequency. This means that the nanoplate exhibited
a coupled-mode flutter instability. C = 16.2 was denoted as the flutter speed Cg,1. When C =17.9,
denoted as the divergence speed Cygjy2, the real part of wi, decreased to zero with its imaginary part
becoming two branches, representing the nanoplate becoming divergent instable again on its second
order mode. The nanoplate stayed unstable again during the interval [17.9, 25.5]. At the speed of
C =26.2, denoted as the flutter speed Cg,,», the nanoplate exhibited coupled-mode flutter instability
again with w1 and wy; merging together.

In contrast with Figure 3, Figure 4 presents the first four order dimensionless natural frequencies
w11, Wiz, wy1 and wy; of the axially-moving nanoplate resting on a viscoelastic foundation with respect
to moving speeds. As can be seen, the dimensionless frequencies only had a real component at the
speed of C = 0, but the values were slightly larger than those without a foundation. This implies that
the rigidity of the nanoplate was enhanced due to the viscoelastic foundation. When the moving speed
C > 0, the first four dimensionless frequencies w11, w2, wy; and wyy became complex numbers, which
were significantly different from vibrations of the nanoplate without a foundation. Also, the divergence
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instability type of the axially moving nanoplate resting on a viscoelastic foundation was similar to that
without a foundation. However, the divergence speeds for wi; and wy; (Cgiy1 = 13.3 and Cgiyp = 18.3)
were larger than those without a foundation (Cgjy1 = 12.8 and Cgjyp = 17.9). This means the divergence
speed was more obviously affected by the viscoelastic foundation. Particularly, it is worth pointing out
that the phenomenon of mode-couple flutter instabilities of wq; coupling wy1 and w1y coupling wy»
disappeared when the moving nanoplate rested on a viscoelastic foundation.
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Figure 3. Dimensionless complex frequencies vs axially moving speed for the nanoplate without
a foundation.
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Figure 4. Dimensionless complex frequencies vs axially moving speed for the nanoplate resting on a

viscoelastic foundation.

From the Figures 3 and 4, it was found that the viscoelastic foundation had a significant
impact on the dynamic instability of the nanoplate. So, the effects of viscoelastic foundation model
parameters including the Winkler’s modulus k, the Pasternak’s modulus kg, and the damping c; on
the dimensionless complex frequencies of the axially-moving nanoplate are respectively investigated
in the following text.

Figure 5 shows the change of dimensionless complex frequencies for the axially-moving nanoplate
resting on a foundation with the Winkler’s modulus ky, = 0, ky0, 2kyo (the Pasternak’s modulus kg =0
and the damping c; = 0), respectively. Note that the instability type of the axially-moving nanoplate
along with the increase of the Winkler’s modulus k;, included divergence instability and mode-couple
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flutter instability. For divergence instability, as the increase of the Winkler’s modulus k;, divergence
instability zeros for w; and w1, were enlarged and the corresponding divergence speeds Cg;y1 and
Cgiv2 were increased. For mode-couple flutter instability, flutter speeds Cg,; and Cgyp were also
increased by raising the k;,. This indicates that the divergence instability and flutter instability is
delayed when the k;, increases. Besides, the dimensionless natural frequencies w; and wq; increased
before their divergence instability along with the increase of the ky, whereas wy; and wy; increased
before their flutter instability. Figure 6 gives the vibration of the divergence speeds Cg;y1 and Cgiyo
and the flutter speeds Cg,1 and Cqyp along with the increase of k. The changes of flutter speeds were
dominant over divergence speeds, which indicates that the flutter instability of the nanoplate is more
sensitive to the Winkler’s modulus k.
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Figure 5. Effect of the Winkler’s modulus k;, on dimensionless complex frequencies of the
axially-moving nanoplate.
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Figure 6. Effect of the Winkler’'s modulus k;, on the flutter and divergence speed of the
axially-moving nanoplate.

Figure 7 presents the change of dimensionless complex frequencies for the axially-moving
nanoplate resting on a foundation with the Pasternak’s modulus kg = 0, kgo, 2kgo (the Winkler’s
modulus k;, = 0 and the damping c; = 0), respectively. Similarly to the Pasternak’s modulus
parameter ky, the instability type of the axially-moving nanoplate with kg = 0, ko, 2kgo still included
divergence instability and flutter instability. However, for divergence instability, the instability zeros
for w11 and w1y had a slightly change with the increase of the Pasternak’s modulus kg, although
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the corresponding divergence speeds Cgjy1 and Cgjyp were still increased. For mode-couple flutter
instability, flutter speeds Cgy,1 and Cgy» were also increased with the increase of the Pasternak’s
modulus kg. Also, the dimensionless natural frequencies wq; and wi, were increased before their
divergence instability and wj; and wy, were also increased before their flutter instability with the
increase of the Pasternak’s modulus kg. The vibrations of divergence speeds Cgiy1 and Cgiyo and flutter
speeds Cgy1 and Cqyp along with the increase of the Pasternak’s modulus kg are plotted in Figure §,
illustrating that changes of the flutter speeds are no more dominant than those of the divergence speeds.
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Figure 7. Effect of the Pasternak’s modulus k; on dimensionless complex frequencies of the
axially-moving nanoplate.
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Figure 8. Effect of the Pasternak’s modulus kg on the flutter and divergence speed of the

axially-moving nanoplate.

Figure 9 illustrates the change of dimensionless complex frequencies for the axially-moving
nanoplate resting on a foundation with the damping c; = 0, ¢, 2c¢o(the Winkler’s modulus k;, = 0 and
the Pasternak’s modulus k¢ = 0), respectively. Obviously, the instability type of the axially-moving
nanoplate was altered with the appearance of the damping. When the damping ¢; = 0, there was
divergence instability in wij, wiz and flutter instability in wj; coupling wy; and wip coupling
wyy. However, when the damping ¢; > 0, the flutter instability disappeared and only divergence
instability in w1 and w1, was left. Furthermore, the modes w17 /wy; and wip/wgp, which coupled
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when the damping ¢; = 0, separated with the appearance of the damping c;. It was found that the
damping ¢; had almost no influences on the divergence speeds Cgiy1/Cgivo and the real parts of
the first two dimensionless complex frequencies Re(w11)/Re(w12) before their divergence instability,
but intensively affected the imaginary part of dimensionless complex frequencies.
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Figure 9. Effect of the Pasternak’s modulus k; on dimensionless complex frequencies of the
axially-moving nanoplate.

Figure 10 plots the change of dimensionless complex frequencies for the axially-moving nanoplate
resting on a viscoelastic foundation with the small-parameter « = 0.001, 0.050 and 0.100, respectively.
As the small-parameter o increased, divergence instability zeros for w1 and w1, were enlarged but the
corresponding divergence speeds Cgiy1 and Cg;yo Were decreased. The changes of divergence speeds
Caiv1 and Cg;y2 along with the increase of the small-parameter « are presented in Figure 11. It was
seen that the divergence speeds Cgj,1 and Cgjyp decreased significantly when o > 0.02.

In Figure 12, the changes of dimensionless complex frequencies for the axially-moving nanoplate
resting on a viscoelastic foundation with the biaxial force K = 40, 60 and 80 are presented. The biaxial
force K clearly influenced the divergence instability zero and the divergence speed. Raising the biaxial
force K, divergence instability zeros for wi; and wp were slightly enlarged and the corresponding
divergence speeds Cg;y1 and Cgyyp Were increased as shown in Figure 13.
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Figure 10. Effect of the small-parameter « on dimensionless complex frequencies of the axially-moving

nanoplate resting on a viscoelastic foundation.
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Figure 12. Effect of the small-parameter & on dimensionless complex frequencies of the axially-moving
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Figure 13. Effect of the axis force K on the divergence speed of the axially-moving nanoplate resting on
a viscoelastic foundation.
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5. Conclusions

The dynamic instability of axially-moving nanoplates resting on a viscoelastic foundation was
investigated based on the nonlocal elasticity theory. The viscoelastic foundation, nonlocal effect and
biaxial loadings of the nanoplate are considered in the established model to capture the size-dependent
mechanical property. The main conclusions are drawn as follow:

(i) The viscoelastic foundation has a dominant impact on vibrations of the axially-moving nanoplate.
The dimensionless natural frequencies of the axially-moving nanoplate resting on a viscoelastic
foundation are complex numbers when the dimensionless moving speed C > 0.

(i) The Winkler’s modulus k;, of the viscoelastic foundation significantly affects both the instability
zone and the divergence speed. The Pasternak’s modulus k¢ of the viscoelastic foundation
affects mainly the divergence speed. The damping c; of the viscoelastic foundation has almost no
influence on the instability zone or divergence speed.

(iii) Mode-couple flutter disappears when the axially-moving nanoplate rests on a viscoelastic
foundation. This change of instability types is mainly influenced by the damping ¢; of the
viscoelastic foundation.

(iv) Small-parameter o affects both the divergence instability zero and the divergence speed of the
axially-moving nanoplates resting on a viscoelastic foundation. Such influences become more
substantial when o > 0.02.

(v) The divergence instability is also quite sensitive to the biaxial force, which influences the
divergence instability zero and the corresponding divergence speed.

Author Contributions: Conceptualization, ].D., D.Z., W.W.; Methodology, ].D., D.Z.; Writing—Original Draft
Preparation, J.D., D.Z.; Writing—Review & Editing, ].D., WW.; Funding Acquisition, ].D.

Funding: This research was funded by the Natural Science Foundation of China (grant number 11702325 and
11302254) and the Natural Science Foundation of Hebei Province of China (grant number A2018210065).

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Asemi, S.R.; Farajpour, A.; Mohammadi, M. Nonlinear vibration analysis of piezoelectric nanoelectro
mechanical resonators based on nonlocal elasticity theory. Compos. Struct. 2014, 116, 703-712. [CrossRef]

2. Song, S.;Hou, Y,; Guo, M.; Wang, L.; Tong, X.; Wu, J. An investigation on the aggregate-shape embedded
piezoelectric sensor for civil infrastructure health monitoring. Constr. Build. Mater. 2017, 131, 57-65.
[CrossRef]

3. Lu P;Lee, HP; Ly, C; Zhang, P.Q. Dynamic properties of flexural beams using a nonlocal elasticity model.
J. Appl. Phys. 2006, 99, 073510. [CrossRef]

4. Aydogdu, M. A general nonlocal beam theory: Its application to nanobeam bending, buckling and vibration.
Physica E 2009, 41, 1651-1655. [CrossRef]

5. Liu, J.; Ma, Z.; Wright, A.R.; Zhang, C. Orbital magnetization of graphene and graphene nanoribbons.
J. Appl. Phys. 2008, 103, 103711. [CrossRef]

6.  Duan, W.H.; Wang, C.M. Exact solutions for axisymmetric bending of micro/nanoscale circular plates based
on nonlocal plate theory. Nanotechnology 2007, 18, 385704. [CrossRef]

7. Wang, Q.; Wang, C.M. The constitutive relation and small scale parameter of nonlocal continuum mechanics
for modelling carbon nanotubes. Nanotechnology 2007, 18, 75702. [CrossRef]

8.  Li, X,; Bhushan, B. A review of nanoindentation continuous stiffness measurement technique and its
applications. Mater. Charact. 2002, 48, 11-36. [CrossRef]

9.  Memarian, F,; Fereidoon, A.; Khodaei, S.; Mashhadzadeh, A.H.; Ganji, M.D. Molecular dynamic stud y of
mechanic al propert ies of single/double wall SiCNTs: Consideration temperature, diameter and interlayer
distance. Vacuum 2017, 139, 93-100. [CrossRef]

10. Lei, Y.; Adhikari, S.; Murmu, T.; Friswell, M.I. Asymptotic frequencies of various damped nonlocal beams
and plates. Mech. Res. Commun. 2014, 62, 94-101. [CrossRef]


http://dx.doi.org/10.1016/j.compstruct.2014.05.015
http://dx.doi.org/10.1016/j.conbuildmat.2016.11.050
http://dx.doi.org/10.1063/1.2189213
http://dx.doi.org/10.1016/j.physe.2009.05.014
http://dx.doi.org/10.1063/1.2930875
http://dx.doi.org/10.1088/0957-4484/18/38/385704
http://dx.doi.org/10.1088/0957-4484/18/7/075702
http://dx.doi.org/10.1016/S1044-5803(02)00192-4
http://dx.doi.org/10.1016/j.vacuum.2017.02.014
http://dx.doi.org/10.1016/j.mechrescom.2014.08.002

Appl. Sci. 2019, 9, 1097 17 of 18

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

Kolahchi, R.; Bidgoli, A.M.M. Size-dependent sinusoidal beam model for dynamic instability of single-walled
carbon nanotubes. Appl. Math. Mech. 2016, 37, 265-274. [CrossRef]

Eringen, A.C. On differential equations of nonlocal elasticity and solution of screw dislocation and surface
waves. |. Appl. Phys. 1983, 54, 4703-4710. [CrossRef]

Eringen, A.C. A unified continuum theory of electrodynamics of liquid crystals. Int. J. Eng. Sci. 1997, 35,
1137-1157. [CrossRef]

Reddy, J.N. Nonlocal theories for bending, buckling and vibration of beams. Int. J. Eng. Sci. 2007, 45, 288-307.
[CrossRef]

Shen, Z.B.; Tang, H.L.; Li, D.K,; Tang, G.J. Vibration of single-layered graphene sheet-based nanomechanical
sensor via nonlocal Kirchhoff plate theory. Comput. Mater. Sci. 2012, 61, 200-205. [CrossRef]

Zhao, J.; Lu, L.; Rabczuk, T. Binding energy and mechanical stability of single- and multi-walled carbon
nanotube serpentines. J. Chem. Phys. 2014, 140, 3846-3855. [CrossRef] [PubMed]

Yang, X.D.; Tang, Y.Q.; Chen, L.Q.; Lim, C.W. Dynamic stability of axially accelerating Timoshenko beam:
Average method. Eur. |. Mech. A Solids 2010, 29, 81-90. [CrossRef]

Kiani, K. Longitudinal, transverse and torsional vibrations and stabilities of axially moving single-walled
carbon nanotubes. Curr. Appl. Phys. 2013, 13, 1651-1660. [CrossRef]

Mokhtari, A.; Mirdamadi, H.R.; Ghayour, M.; Sarvestan, V. Time wave domain analysis for axially moving
pre-stressed nanobeam by wavelet-based spectral element method. Int. J. Mech. Sci. 2016, 105, 58-69.
[CrossRef]

Wang, J.; Shen, H.; Zhang, B.; Liu, J.; Zhang, Y. Complex modal analysis of transverse free vibrations for
axially moving nanobeams based on the nonlocal strain giadient theory. Phys. E Low-Dimens. Syst. Nanostruct.
2018, 101, 85-93. [CrossRef]

Li, C. Size-dependent thermal behaviors of axially traveling nanobeams based on a strain gradient theory.
Struct. Eng. Mech. 2013, 48, 415-434. [CrossRef]

Rezaee, M.; Lotfan, S. Non-linear nonlocal vibration and stability analysis of axially moving nanoscale beams
with time-dependent velocity. Int. J. Mech. Sci. 2015, 96, 36—46. [CrossRef]

Oveissi, S.; Ghassemi, A. Longitudinal and transverse wave propagation analysis of stationary and axially
moving carbon nanotubes conveying nano-fluid. Appl. Math. Model. 2018, 60, 460—477. [CrossRef]

Liu, J.J.; Li, C,; Fan, X.L.; Tong, L.H. Transverse free vibration and stability of axially moving nanoplates
based on nonlocal elasticity theory. Appl. Math. Model. 2017, 45, 65-84. [CrossRef]

Li, C; Liu, J.J.; Cheng, M.; Fan, X.L. Nonlocal vibrations and stabilities in parametric resonance of axially
moving viscoelastic piezoelectric nanoplate subjected to thermo- electro-mechanic al forces. Composites Part B
2017, 116, 153-169. [CrossRef]

Pradhan, S.C.; Kumar, A. Vibration analysis of orthotropic graphene sheets embedded in Pasternak elastic
medium using nonlocal elasticity theory and differential quadrature method. Comput. Mater. Sci. 2010, 50,
239-245. [CrossRef]

Jung, W.Y,; Han, S.C.; Park, W.T. A modified couple stress theory for buckling analysis of S-FGM nanoplates
embedded in Pasternak elastic medium. Composites Part B 2014, 60, 746-756. [CrossRef]

Radic, N.; Jeremic, D.; Trifkovic, S.; Milutinovic, M. Buckling analysis of double-orthotropic nanoplates
embedded in Pasternak elastic medium using nonlocal elasticity theory. Composites Part B 2014, 61, 162-171.
[CrossRef]

Asemi, S.R.; Farajpour, A. Thermo-electro-mechanical vibration of coupled piezoelectric nanoplate systems
under non-uniform voltage distribution embedded in Pasternak elastic medium. Curr. Appl. Phys. 2014, 14,
814-832. [CrossRef]

Asemi, S.R.; Farajpour, A.; Asemi, H.R.; Mohammadi, M. Influence of initial stress on the vibration of
double-piezoelectric-nanoplate systems with various boundary conditions using DQM. Physica E 2014, 63,
169-179. [CrossRef]

Mohamed, S.A.; Shanab, R.A.; Seddek, L.F. Vibration analysis of Euler-Bernoulli nanobeams embedded in
an elastic medium by a sixth-order compact finite difference method. Appl. Math. Model. 2016, 40, 2396-2406.
[CrossRef]

Arani, A.G.; Jalaei, M.H. Transient behavior of an orthotropic graphene sheet resting on orthotropic
visco-Pasternak foundation. Int. . Eng. Sci. 2016, 103, 97-113. [CrossRef]


http://dx.doi.org/10.1007/s10483-016-2030-8
http://dx.doi.org/10.1063/1.332803
http://dx.doi.org/10.1016/S0020-7225(97)00012-8
http://dx.doi.org/10.1016/j.ijengsci.2007.04.004
http://dx.doi.org/10.1016/j.commatsci.2012.04.003
http://dx.doi.org/10.1063/1.4878115
http://www.ncbi.nlm.nih.gov/pubmed/24880308
http://dx.doi.org/10.1016/j.euromechsol.2009.07.003
http://dx.doi.org/10.1016/j.cap.2013.05.008
http://dx.doi.org/10.1016/j.ijmecsci.2015.11.006
http://dx.doi.org/10.1016/j.physe.2018.03.017
http://dx.doi.org/10.12989/sem.2013.48.3.415
http://dx.doi.org/10.1016/j.ijmecsci.2015.03.017
http://dx.doi.org/10.1016/j.apm.2018.03.004
http://dx.doi.org/10.1016/j.apm.2016.12.006
http://dx.doi.org/10.1016/j.compositesb.2017.01.071
http://dx.doi.org/10.1016/j.commatsci.2010.08.009
http://dx.doi.org/10.1016/j.compositesb.2013.12.058
http://dx.doi.org/10.1016/j.compositesb.2014.01.042
http://dx.doi.org/10.1016/j.cap.2014.03.012
http://dx.doi.org/10.1016/j.physe.2014.05.009
http://dx.doi.org/10.1016/j.apm.2015.08.019
http://dx.doi.org/10.1016/j.ijengsci.2016.02.006

Appl. Sci. 2019, 9, 1097 180f 18

33.

34.

35.

36.

37.

38.

39.

40.

41.

Gharib, A.; Karimi, M.S.; Arani, A.G. Vibration analysis of the embedded piezoelectric polymeric
nano-composite panels in the elastic substrate. Composites Part B 2016, 101, 64-76. [CrossRef]

Biloueiet, B.S.; Kolahchi, R.; Bidgoli, M.R. Buckling of concrete columns retrofitted with nano-fiber reinforced
polymer (NFRP). Comput. Concr. 2016, 18, 1053-1063. [CrossRef]

Jamalpoor, A.; Savadkoohi, A.A.; Hosseini, M.; Hashemi, S.H. Free vibration and biaxial buckling analysis
of double magneto-electro-elastic nanoplate-systems coupled by a visco-Pasternak medium via nonlocal
elasticity theory. Euro. . Mech. A/Solids 2017, 63, 84-98. [CrossRef]

Zenkour, A.M.; Arefi, M. Nonlocal transient electrothermomechanical vibration and bending analysis of
a functionally graded piezoelectric single-layered nanosheet rest on visco-Pasternak foundation. J. Therm.
Stress 2017, 40, 167-184. [CrossRef]

Arefi, M.; Zenkour, A.M. Size-dependent free vibration and dynamic analyses of piezoelectromagnetic
sandwich nanoplates resting on viscoelastic foundation. Physica B 2017, 521, 188-197. [CrossRef]

Kolahchi, R.; Zarei, M.S.; Hajmohammad, M.H.; Oskouei, A.N. Visco-nonlocal-refined Zigzag theories for
dynamic buckling of laminated nanoplates using differential cubature-Bolotin methods. Thin-Walled Struct.
2017, 113, 162-169. [CrossRef]

Zhang, D.P; Lei, Y.; Shen, Z.B. Thermo-electro-mechanical vibration analysis of piezoelectric nanoplates
resting on viscoelastic foundation with various boundary conditions. Int. J. Mech. Sci. 2017, 131-132,
1001-1015. [CrossRef]

Liu, H,; Liu, H.; Yang, ]. Vibration of FG magneto-electro-viscoelastic porous nanobeams on visco-Pasternak
foundation. Composites Part B 2018, 155, 244-256. [CrossRef]

Liu, H.; Lv, Z. Uncertainty analysis for wave dispersion behavior of carbon nanotubes embedded in
Pasternak-type elastic medium. Mech. Res. Commun. 2018, 92, 92-100. [CrossRef]

@ © 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses /by /4.0/).


http://dx.doi.org/10.1016/j.compositesb.2016.06.077
http://dx.doi.org/10.12989/cac.2016.18.5.1053
http://dx.doi.org/10.1016/j.euromechsol.2016.12.002
http://dx.doi.org/10.1080/01495739.2016.1229146
http://dx.doi.org/10.1016/j.physb.2017.06.066
http://dx.doi.org/10.1016/j.tws.2017.01.016
http://dx.doi.org/10.1016/j.ijmecsci.2017.08.031
http://dx.doi.org/10.1016/j.compositesb.2018.08.042
http://dx.doi.org/10.1016/j.mechrescom.2018.08.004
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction 
	Basic Equations 
	Solution Method 
	Numerical Investigation 
	Comparison and Validation 
	Flutter and Divergent Instability 

	Conclusions 
	References

