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Abstract: The near-field characteristics of a radially-variant vector beam (RVVB) are analyzed by
using the vectorial angular spectrum method. The non-paraxial RVVB can be decomposed into
the propagating wave and the evanescent wave in near field. The coherent superposition of the
longitudinal and transverse components of the RVVB results in a three-dimensional (3D) profile of
the spin angular momentum flux density (SAM-FD). The evanescent wave part dominates the near
field of a highly non-paraxial RVVB. The longitudinal component has a large impact on the 3D shape
of the optical SAM-FD. Therefore, the 3D SAM-FD configuration of the RVVB can be manipulated by
choosing the initial states of polarization arrangement. In particular, the transverse SAM-FD with a
spin axis orthogonal to the propagation direction offers a promising range of applications spanning
from nanophotonics and plasmonics to biophotonics.

Keywords: vector beams; optical spin angular momentum; longitudinal component; radially-
variant polarization

1. Introduction

The vector optical field with spatially-variant states of polarization (SoP) has been extensively
studied because of the fundamental interest and novel characteristics it offers [1–6], such as focusing
engineering [7,8], micro-particle manipulation [9,10], vectorial nonlinear optical collapse [11,12], and
the optical spin-orbital angular momentum conversion in a highly non-paraxial vector beam [13].
For a highly non-paraxial vector beam, the evanescent wave [14,15] dominates the near field and
the longitudinal component plays an important role in the evolution of the vector optical field.
The quantitative knowledge of the near-field properties of an optical field is required in many
applications ranging from nanophotonics to optical imaging [16–19]. Recently, the characteristics of
the evanescent wave for a vector optical field with radial polarization and azimuthal polarization have
been reported [20–22]. These works indicate that the longitudinal component of both the evanescent
wave and the propagating wave can be manipulated by the initial SoP alignments. The study regarding
the full vector structure of a highly non-paraxial vector beam has found many novel phenomena and
applications. On the other hand, the three-dimensional (3D) vector structure of a highly non-paraxial
vector beam may result in a 3D vector structure of the optical spin angular momentum flux density
(SAM-FD) which is associated with the circular polarization [23,24]. In particular, the transverse
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SAM-FD with a spin axis orthogonal to the propagation direction offers a promising range of
applications spanning from nanophotonics and plasmonics to biophotonics.

In this paper, the radially-variant vector beam (RVVB) is split into the propagating wave and
evanescent wave parts by using the angular spectrum method. A full vectorial description for the
transverse and longitudinal components of a RVVB is presented. The profile of the longitudinal
component is different from that of the transverse component. Both the longitudinal and transverse
component profiles of the RVVB are closely related to the initial SoP arrangement. The coherent
superposition of the longitudinal and transverse polarization components leads to the 3D SAM-FD
profile. In particular, the longitudinal component dominates the near field in a highly non-paraxial
RVVB. These results indicate that the 3D SAM-FD of a highly non-paraxial RVVB can be manipulated
by the initial SoP in the beam cross-section.

2. Theoretical Formulation

We consider the RVVB propagation along the z-axis in the Cartesian coordinate system [1–3]:

E(r, θ, z = 0) = A(r)[exp(i2π(r/r0)
2 + iθ0)ex + exp(−i2π(r/r0)

2 + iθ0)ey], (1)

where r = (x2 + y2)1/2 is the polar radius and θ = arctan(y/x) is the azimuthal angle in the polar
coordinate system. A(r) denotes the amplitude of the RVVB, θ0 is the initial phase, ex and ey are the x-
and y-direction unit vectors. Figure 1 shows the initial SoP alignment in a Gaussian beam cross-section.

Appl. Sci. 2018, 8, x FOR PEER REVIEW    2  of  9 

particular, the transverse SAM‐FD with a spin axis orthogonal to the propagation direction offers a 

promising range of applications spanning from nanophotonics and plasmonics to biophotonics.   

In this paper, the radially‐variant vector beam (RVVB) is split into the propagating wave and 

evanescent wave parts by using the angular spectrum method. A full vectorial description for the 

transverse  and  longitudinal  components of  a RVVB  is presented. The profile of  the  longitudinal 

component is different from that of the transverse component. Both the longitudinal and transverse 

component profiles of  the RVVB are  closely  related  to  the  initial SoP arrangement. The  coherent 

superposition of the longitudinal and transverse polarization components leads to the 3D SAM‐FD 

profile. In particular, the longitudinal component dominates the near field in a highly non‐paraxial 

RVVB. These results indicate that the 3D SAM‐FD of a highly non‐paraxial RVVB can be manipulated 

by the initial SoP in the beam cross‐section. 

2. Theoretical Formulation 

We consider the RVVB propagation along the z‐axis in the Cartesian coordinate system [1–3]: 

2 2
0 0 0 0

( , 0) ,, ( )[exp( 2 ( / ) ) exp( 2 ( / ) ) ]x yE z i e i er A r i r r i r r         
   

(1) 

where r = (x2 + y2)1/2 is the polar radius and θ = arctan(y/x) is the azimuthal angle in the polar coordinate 

system. A(r) denotes  the amplitude of  the RVVB, θ0  is  the  initial phase, ex and ey are  the x‐ and y‐

direction unit vectors. Figure 1 shows the initial SoP alignment in a Gaussian beam cross‐section. 

 

Figure 1. (Color online) The states of polarization (SoP) arrangement in the cross‐sections of a radially‐

variant vector beam (RVVB) with a Gaussian amplitude. Here, λ is the wavelength. 

By using  the Fourier  transform of  the  initial RVVB,  the  transverse components of  the vector 

angular spectrum Ax (ρcosϕ, ρsinϕ) and Ay (ρcosϕ, ρsinϕ) can be given as [20–22]:   

2 2
0 00 0

2 2
0 00 0

( ) exp 2 ( / ) cos( )( cos , sin )
,

( cos , sin ) 2 ( ) exp 2 ( / ) cos( )

x

y

A r i r r i ikr rd drA k
A A r i r r i ikr rd dr





        
          





           
         

 
 

   
(2) 

where ρ and ϕ are  in relation with  the transverse Fourier‐transform variables μ, ν: μ = ρcosϕ, ν = 

ρsinϕ, and ξ = (1 − ρ2)1/2. k  is the wavenumber. For the Gaussian beam A(r) = exp(−r2/w2) where w 

indicates the waist of Gaussian beam, the x, y, and z components of the angular spectrum of a RVVB 

(Equation (1)) are: 

2 2 2 2 2 2 2
0 0

02 2 2 2
0 0

( cos , sin ) exp( ),
4 ( 2 ) 4 8x

k r w k r w
A i

r w i r w i

    
  

  
 

    (3) 

Figure 1. (Color online) The states of polarization (SoP) arrangement in the cross-sections of a radially-
variant vector beam (RVVB) with a Gaussian amplitude. Here, λ is the wavelength.

By using the Fourier transform of the initial RVVB, the transverse components of the vector
angular spectrum Ax (ρcosφ, ρsinφ) and Ay (ρcosφ, ρsinφ) can be given as [20–22]:

(
Ax(ρ cos φ, ρ sin φ)

Ay(ρ cos φ, ρ sin φ)

)
= k

2π

 ∫ ∞
0

∫ 2π
0 A(r) exp

[
i2π(r/r0)

2 + iθ0 − ikrρ cos(θ − φ)
]
rdθdr∫ ∞

0

∫ 2π
0 A(r) exp

[
−i2π(r/r0)

2 + iθ0 − ikrρ cos(θ − φ)
]
rdθdr

, (2)

where ρ and φ are in relation with the transverse Fourier-transform variables µ, ν: µ = ρcosφ, ν = ρsinφ,
and ξ = (1 − ρ2)1/2. k is the wavenumber. For the Gaussian beam A(r) = exp(−r2/w2) where w
indicates the waist of Gaussian beam, the x, y, and z components of the angular spectrum of a RVVB
(Equation (1)) are:
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Ax(ρ cos φ, ρ sin φ) =
k2r0

2w2

4π(r02 − 2πw2i)
exp(− k2ρ2r0

2w2

4r02 − 8πw2i
+ iθ0), (3)

Ay(ρ cos φ, ρ sin φ) =
k2r0

2w2

4π(r02 + 2πw2i)
exp(− k2ρ2r0

2w2

4r02 + 8πw2i
+ iθ0), (4)

Az(ρ cos φ, ρ sin φ) = cos φAx(ρ cos φ, ρ sin φ) + sin φAy(ρ cos φ, ρ sin φ). (5)

The RVVB in the plane of propagation distance z can be calculated as [20–22]:

E(r, z) =
∫ ∞

−∞

∫ ∞

−∞
A(ρ cos φ, ρ sin φ) exp[ik(ux + vy + ξz)]dudv. (6)

Therefore, the x-, y- and z- components of the RVVB can be obtained by Equations (3)–(6):

Ex(r, z) =
k2w2r0

2 exp(iθ0)

2(r02 − 2πw2i)

∫ ∞

0
exp[− k2ρ2r0

2w2

4r02 − 8πw2i
+ ik

√
1 − ρ2z]J0(rkρ)ρdρ, (7)

Ey(r, z) =
k2w2r0

2 exp(iθ0)

2(r02 + 2πw2i)

∫ ∞

0
exp[− k2ρ2r0

2w2

4r02 + 8πw2i
+ ik

√
1 − ρ2z]J0(rkρ)ρdρ, (8)

Ez(r, z) = ik2w2r0
2 exp(iθ0)
2

[
sin θ

r0
2−2πw2i

∫ ∞
0 exp[− k2ρ2r0

2w2

4r0
2−8πw2i + ik

√
1 − ρ2z]J0(rkρ)ρdρ

+ cos θ
r0

2+2πw2i

∫ ∞
0 exp[− k2ρ2r0

2w2

4r0
2+8πw2i + ik

√
1 − ρ2z]J0(rkρ)ρdρ

]
.

(9)

When the integrations are in the range: 1 ≤ ρ < ∞, they denote the evanescent wave component.
On the other hand, if the integrations are in the region: 0 ≤ ρ < 1, they refer to the propagating wave
component [20–22]. Furthermore, the corresponding SAM-FD of the RVVB can be given by [23,24]:

Sx = ε0Im(EyEz
*)/ω,

Sy = ε0Im(Ex
*Ez)/ω,

Sz = ε0Im(ExEy
*)/ω,

where the asterisk denotes complex conjugation and Im[.] means taking the imaginary part. Sx,y,z

denote the x, y, and z components of the SAM-FD, ω is the angular frequency, ε0 is permittivity
in vacuum.

3. Numerical Results

The intensity patterns of different components of both the evanescent wave and the propagating
wave are shown in Figures 2 and 3. The intensity patterns of x, y, and z components of the evanescent
wave and propagation wave for different propagation distances are shown in Figure 2. Figure 3
shows the corresponding intensity patterns for different SoP arrangements with variant radial periods
(i.e., different r0 in this work).
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Figure 2. (Color online) Intensity patterns of x-, y- and z- components of the evanescent wave
and propagating wave in the x-y plane for different propagation distances with w = 0.1λ, r0 = 0.5λ:
(a) the evanescent wave; (b) the propagating wave. Upper plots in (a,b) transverse (x or y) component;
lower plots in (a,b) z component. All the images have the same dimension of 2 × 2 λ2.

The evanescent wave part dominates the optical field in near field, and is closely related with
the initial SoP alignment, as shown in Figures 2 and 3. The evanescent wave will spread out quickly
and fade away with increasing propagation distance, as expected. The patterns of the longitudinal
components are closely related to the initial SoP arrangements of the RVVB. In particular, the
longitudinal components are not negligible in the near field that results in the variation of the total
intensity patterns as shown in Figures 2 and 3. The patterns of the longitudinal component rotate
with different radial periods of SoP arrangement (i.e., different r0 in this work). Here, we would
like to discuss the underlying physics of these phenomena. The radially variant polarization can be
regarded as the superposition of the x- and y-polarization components with different initial phases,
as recognized from Equation (1). The intensity patterns of the x and y components with different
SoP are similar but different in phase, as recognized from Equations (7) and (8) and as shown in
Figures 2 and 3. On the other hand, the different x- and y-component phases will contribute to the
variation of the longitudinal component, as recognized from Equation (9). Therefore, the different
SoP arrangements result in the different profiles of the longitudinal component, as shown in Figure 3.
The manipulation of the longitudinal component shapes [25,26] has become an essential approach
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because of the fundamental physics and the potential applications for super-resolution, plasmonic
beaming, nanofabrication, and 3D imaging, etc. Obviously, these results indicate the longitudinal
component patterns can be controlled by the initial SoP arrangement using the above analysis.Appl. Sci. 2018, 8, x FOR PEER REVIEW    5  of  9 
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Figure 3. (Color online) Intensity patterns of x-, y- and z- components with different radial periods of
initial SoP alignments (i.e., different r0 in this work) and w = 0.1λ: (a) the evanescent wave; (b) the
propagation wave. Upper plots in (a,b) transverse (x or y) component; lower plots in (a,b) z component.
All the images have the same dimension of 2 × 2 λ2.

It is interesting to examine the evolution of the optical SAM-FD in the near field with different
SoP arrangements. In particular, the longitudinal component of a vector beam cannot be neglected
in the near field, which results in the transverse components of the optical SAM-FD (i.e., Sx, Sy).
The 3D SAM-FD paves a new way for potential applications in the corresponding fields such as
manipulation of micro-particles and atoms, nanophotonics, and quantum processing. Hereafter, the
optical SAM-FD has been normalized to its initial peak value. It is clearly seen from Figure 4 that the
SAM-FD depends on the SoP arrangements. In addition, the transverse (x- or y-) components of the
SAM-FD distribution (both evanescent wave and propagating wave) break up into two peaks with
opposite values. On the other hand, the z-component of the SAM-FD shape remains the Gaussian
profile, as expected. The transverse (x- or y-) components of the SAM-FD are even greater than that of
longitudinal (z-) component in near field but spread out quickly and fade away with the increasing
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distance, as expected. When the propagation distance z > λ, the transverse (x- or y-) components
of the SAM-FD can be ignored compared to the longitudinal component. Figure 5 shows that the
SAM-FD profiles are different with different radial periods of initial SoP arrangement (i.e., different
r0 in this work). In particular, the transverse (x- or y-) components of the SAM-FD (both evanescent
wave and propagating wave) rotate with different radial periods of initial SoP alignment due to the
corresponding longitudinal components rotate with different radial periods of initial SoP arrangement.Appl. Sci. 2018, 8, x FOR PEER REVIEW    6  of  9 
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Figure 4. (Color online) The x, y, and z components of the spin angular momentum flux density
(SAM-FD) of the evanescent wave and propagation wave with w = 0.1λ, r0 = 0.5λ. Upper plots in
(a,b) transverse (x- or y-) component; lower plots in (a,b) z component. All the images have the same
dimension of 2 × 2 λ2.
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Figure 5. (Color online) The x, y, and z components of the SAM-FD of the evanescent wave and
the propagating wave with w = 0.1λ, z = 0.2λ for different radial periods of initial SoP arrangement
(i.e., different r0 in this work): (a) the evanescent wave; (b) the propagating wave. Upper plots in
(a) and (b) Sx; middle plots in (a,b) Sy; lower plots in (a,b) Sz. All the images have the same dimension
of 2 × 2 λ2.

4. Conclusions

The near-field characteristics of the highly non-paraxial RVVB have been studied, with the
comparison between the evanescent and the propagating wave parts. The longitudinal component is
not negligible, and the profile is dependent on the initial SoP alignment. The profile of the longitudinal
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component of a RVVB is different from that of the transverse component, leading to the variant of
the total intensity pattern. The effect of the longitudinal component on the optical SAM-FD leads
to a different vector structure of 3D SAM-FD. The manipulation of the 3D SAM-FD by the initial
SoP arrangement may provide great potential for use in a wide variety of applications ranging from
nanophotonics, quantum processing and plasmonics to biophotonics.
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