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Abstract

:

This study presents apassivity-based robust switching control for the posture stabilization of wheeled mobile robots (WMRs) with model uncertainty. Essentially, this proposed strategy is switching between (1) passivity-based robust control to lead the robot to the neighborhood of local minima with a finite time and (2) another robust control to perturb the w-rotational motion of the WMR before the v-kinetic energy of the WMR become meaningless, thereby, eventually converging to the desired posture. Thus, combining two switching control laws ensures the global convergence of (x,y)-navigation of WMRs from any initial position to desired set. Especially, the inter-switching time is intentionally selected before the WMR completely loses its mobility, which ensures a strict decrease in (x,y)-navigation potential energy and a better global convergence rate. In addition, this control architecture also includes model uncertainty compensation, often neglected in practice, and analytical study of rotational perturbation was also conducted. The Lyapunov technique and energetic passivity were utilized to derive this control law. Simulation results are presented to illustrate the effectiveness of the proposed technique. It was found from the results that the WMR was quickly converged to the desired posture even under the presence of model uncertainty.
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1. Introduction


Wheeled mobile robots (WMRs) play a central role in practice such as material handling [1], space exploration [2], and smart wheel chairs [3], as well as, mobile sensor networks [4]. Moreover, the WMR is also known for a theoretically rich dynamical system because of the presence of non-holonomic constraints [5] (i.e., no-slip conditions).



The concept of passivity has emerged as very powerful tool for many control problems in robotics: general motion control and teleportation [6,7], biped walking robots [8], and multi-robot cooperative control [9,10]. Numerous feedback control approaches have been studied for the posture stabilization of WMRs. (e.g., [11,12,13,14,15,16,17,18,19]). Especially, a control law based upon passivity concept has been proposed [20] but the complicated canonical transformation was required with solving the non-trivial partial differential equation. Recently, the passivity-based Lyapunov-based stabilization control of the differential mobile robot with assistance of an extended Kalman filter was investigated [21] and an integral sliding mode control for the trajectory tracking of wheeled mobile robots was proposed [22]. Furthermore, regarding robust control, the Sliding Mode based robust control application to the second order nonlinear robot manipulator system have also been described ([23,24]).



Works based upon the first order kinematic model of WMRs (or unicycles) [14,15,16,20,21,22] are not applicable for a system where the inertia effect of the robot is sufficient to affect the performance of a given task. However, in [19], the novel framework was successfully addressed for this issue without any transformation, directly utilizing the second order dynamics of WMR. Specifically, [19] proposeda passivity-based switching control, which made the WMR move back and forth between two switching manifolds in such a way that a certain posture-specifying potential function was monotonically decreasing. This control law allows us to initiate switching even before reaching each of the (zero-measure) switching manifolds with zero velocity, convergence to which takes, in theory, an infinitely long time. Yet, for doing so, it requires perfect cancellation of Coriolis terms, which may not be effective and feasible in reality. Moreover, constructing the switching manifolds is required. Due to those motivations, a passivity-based robust switching control for the posture stabilization of wheeled mobile robots with model uncertainty (i.e., inertia effect) compensation is presented without the use of any complicated transformations [18] and other accessories (for an instance, switching manifolds [19]) in this study. Therefore, this approach is more practical and convenient to implement than [18] using the complicated canonical transformation and [19] requiring perfect cancellation of Coriolis effect along with switching manifolds. Also, like [19], the control law is designed based upon the second order Lagrangian (v,w)-WMR dynamics which are more intuitive and convincing than the first order kinematics based approaches [14,15,16,20,21,22]). Although the adaptive and robust control-based first order approaches have been thoroughly studied in the literature, the second order Lagrangian (v,w)-WMR dynamics based robust control for model uncertainty has not been fully investigated. In addition, this control scheme allows the WMR to continuously move in the forward/backward direction by reducing the navigation potential energy while at the same time gaining perturbation energy without stopping at a certain (x,y) position compared to [19]. Besides, this work includes the analysis of the perturbation angle for the WMR to proceed further navigation and avoid unwanted local minima.



The strategy of control switches between two control modes: (1) passivity-based robust control to the neighborhood of local minima with a finite time and (2) another robust control to perturb for regaining further navigation potential energy before the forward velocity-based kinetic energy perfectly becomes zero, so that they eventually converge to desired posture with any defined error bound. Thus, this law of combining switching control modes ensures the global convergence of (x,y)-navigation from any initial position to a defined desired set while compensating model uncertainty and ensuring a finite control time for each control between switches. The rest of paper is as follows: The dynamics of WMRs is given and reviewed in Section 2 and the proposed control law is designed and analyzed in Section 3. Simulation results are presented in Section 4. The concluding remarks are stated in Section 5.




2. SecondOrder Dynamics of Wheeled Mobile Robots


Consider the following 3-DOF   ( x , y , θ )   wheeled mobile robot, as shown in Figure 1, which consists of two independently controlled rear wheels and a front passive caster to avoid rolling over.



Its dynamics is given by Lee at al. [19],


   M  ( θ )   υ ˙   +  C  ( θ ,  θ ˙  )  υ  =  u   



(1)




where    υ  =    [     v   w     ]   Τ  ∈  ℜ 2    is the forward velocity and angular velocity of the robot,    u  =   [      u v       u w      ]  Τ  ∈  ℜ 2    is the control force,    M  ( θ ) ∈  ℜ  2 × 2     is an inertia symmetric positive definitive matrix, and    C  ( θ ,  θ ˙  ) ∈  ℜ  2 × 2     is a Coriolis matrix which satisfy     M ˙   ( θ ) − 2  C  ( θ ,  θ ˙  ) = −   [   M ˙   ( θ ) − 2  C  ( θ ,  θ ˙  ) ]  T   . This skew-symmetric property implies that the WMR (wheeled mobile robot) holds energetic passivity property [19].



Specifically, the dynamics is given by


   [     m   0     0     I r       ]   [      v ˙       w ˙      ]  +  [     0    − m d  θ ˙        m d  θ ˙     0     ]   [     v     w     ]  =  [       u v         u w       ]   



(2)




where   d ≥ 0   is the distance between   (  x c  ,  y c  )   and   (  x o  ,  y o  )  ;  m  and    I r  = m  d 2  +  I c    are a mass of WMR and an inertia of the robot with respect to   (  x o  ,  y o  )   respectively;    I c    is the inertia with respect to,   (  x c  ,  y c  )  ;    u v  =  1 r  (  τ r  +  τ l  )   and    u w  =  c r  (  τ r  −  τ l  )  , where    τ r   ,   τ l      ∈ ℜ   are the right and left torques conveyed by independent actuators; and  r  and  c  are the radius of wheel and the half width of the robot.




3. Passivity Based Robust Switching Control Design for Posture Stabilization


The primary purpose of control law is to cause the robot to move from any initial position   (  x i  ,  y i  ) ∈  ℜ 2    to the desired set of position such as


   E d  : = {  x d  ,  y d  ∈ ℜ |   d i s t ( x ( t )     y ( t ) ,      x d     y d  ) ≤ B }  



(3)




where B  ∈ ℜ   is the positive bounded real number which can be determined by the specific performance error bound. Additionally, the orientation of the robot should reach the desired angle ( θ ) such that   θ →  θ d  ∈ ℜ  . In this paper, without losing generality, we assume the desired position and orientation as   (  x d  ,  y d  ,  θ d  ) = ( 0 , 0 , 0 )  .



Next, in order to construct the passivity-based switching control, let’s consider the following total energy of the robot system as the Lyapunov function,


   L t  ( t ) =  L v  ( t ) +  L w  ( t ) =  κ v  ( t ) +  φ v  ( x , y ) +  κ w  ( t ) +  φ w  ( θ )  



(4)




where    L t  ( t )     ∈ ℜ   is the total energy;    L v  ( t ) =  κ v  ( t ) +  φ v  ( t )   and    L w  ( t ) =  κ w  ( t ) +  φ w  ( t )   where    κ v  ( t )   and    κ w  ( t )   are forward motion and rotational kinetic energies, and    φ v  ( t )   and    φ w  ( t )   area (x,y)-navigation energy and an orientation potential energy, respectively. In particular, the kinetic energies can be defined as    κ v  ( t ) = 1 / 2   m v   ( t )  2    and    κ w  ( t ) = 1 / 2    I r  w   ( t )  2   .



Remark 1.

(Properties of potential energy) Functions    φ v  ( x , y ) ≥ 0   (    φ v  :  ℜ 2  → ℜ   ) and    φ w  ( θ ) ≥ 0   (    φ v  : ℜ → ℜ   ) are the (x,y)-navigation potential function and  θ  -orientation potential function respectively. These functions satisfy the following properties: (1)    φ v  ( x , y ) = 0 ⇔      ( x , y ) = 0   and (2)   (   ∂  φ v  ( x , y )   ∂ x   ,   ∂  φ v  ( x , y )   ∂ y   ) = 0     ⇔     ( x , y ) = 0   . Similarly, for the  θ  -potential function    φ w  ( θ )   ,    φ w  ( 0 ) = 0   and     ∂  φ w  ( θ )   ∂ θ   = 0     ⇔     θ = 0   [19,25].





For this study, let’s define the following potential energies such that    φ v  ( x , y ) =  1 2  (  K x   x 2  +  K y   y 2  )   for the target position of WMR as the origin of (x,y)-plane and    φ v  ( θ ) =  1 2   K θ   θ 2    for the desired orientation as 0, satisfying Remark 1, and where    K x   ,    K y   , and    K θ      ∈ ℜ   are the positive coefficients.



Furthermore, taking derivative of Equation (3) with respect to a time yield,


    L ˙  t  ( t ) =   κ ˙  v  ( t ) +   ∂  φ v  ( x , y )   ∂ x     d x   d t   +   ∂  φ v  ( x , y )   ∂ y     d y   d t   +   κ ˙  w  ( t ) +   ∂  φ w  ( θ )   ∂ θ     d θ   d t    



(5)







By the admissible (i.e., not violating the non-holonomic constraints [5,19]) velocity of WMRs, we have    x ˙  = v cos θ   and    y ˙  = v sin θ  . Thus,


    L ˙  t  ( t ) =   κ ˙  v  ( t ) +   ∂  φ v  ( x , y )   ∂ x   v cos θ +   ∂  φ v  ( x , y )   ∂ y   v sin θ +   κ ˙  w  ( t ) +   ∂  φ w  ( θ )   ∂ θ   w  



(6)







Here, the total energy can be decomposed into     L ˙  v  ( t )   and     L ˙  w  ( t )  ,


    L ˙  v  ( t ) = v  [  m  v ˙  +   ∂  φ v  ( x , y )   ∂ x   cos θ +   ∂  φ v  ( x , y )   ∂ y   sin θ  ]   



(7)






    L ˙   θ ˙   ( t ) = w  [   I r     w ˙  +   ∂  φ w  ( θ )   ∂ θ    ]   



(8)







Substituting Equation (2) into Equations (7) and (8) yields


    L ˙  v  ( t ) = v  [  m d  w 2  +  u v  +   ∂  φ v  ( x , y )   ∂ x   cos θ +   ∂  φ v  ( x , y )   ∂ y   sin θ  ]   



(9)






    L ˙  w  ( t ) = w  [  − m d w   v +  u w  +   ∂  φ w  ( θ )   ∂ θ    ]   



(10)







To ensure the negative semi-definitive of Equations (9) and (10) individually, we can suggest the following control law,


   [       u v         u w       ]  =  [      − m d    w 2        m d   w   v      ]  −  [        ∂  φ v  ( x , y )   ∂ x   cos θ +   ∂  φ v  ( x , y )   ∂ y   sin θ + α   s a t (  v Φ  )         ∂  φ  θ ˙   ( θ )   ∂ θ   + β   w      ]   



(11)




where   s a t   ( v / Φ ) = s i g n     ( v / Φ )   if    | v |  > Φ   and   s a t   ( v / Φ ) = v / Φ   if    | v |  ≤ Φ   is the positive boundary layer thickness to eliminate the chattering on the sliding phase [26] and  α  and   β ∈ ℜ   are the positive constant gains. The control law, Equation (11), ensures both     L ˙  v  ( t ) = − α   v   s a t ( v / Φ ) ≤ 0   and     L ˙  w  ( t ) = − β    w 2  ≤ 0   and the derivative of the overall Lyapunov function is also     L ˙  t  ( t ) = − α   v   s a t ( v / Φ ) − β    w 2  ≤ 0  .



Remark 2.

(model uncertainty) The Coriolis terms of the control law Equation (11) contains  m d  which is usually difficult to measure its exact value. In this regard, the model uncertainty should be considered to achieve better navigation performance of WMR in reality. In this study, we denote the estimation of  m d   as  γ , and assume to know a bounded constant   ∃ ρ ∈ ℜ   s.t    |  m d − γ  |  ≤ ρ  .





Based on Equation (11), the control law including the compensation of the model uncertainty is then designed to be


    [       u v         u w       ]  =  [       F v         F w       ]  +  [      −   ∂  φ v  ( x , y )   ∂ x   cos θ −   ∂  φ v  ( x , y )   ∂ y   sin θ − α     s a t (  v Φ  )       −   ∂  φ w  ( θ )   ∂ θ   − β   w      ]      F v  =  〈      − γ    w 2  − ρ  w 2    s i g n (  v Φ  )       i f    | v |  > Φ       0     i f    | v |  ≤ Φ         and       F w  =  〈      γ   w   v − ρ w   v   s i g n (  v Φ  )       i f    | v |  > Φ       0     i f    | v |  ≤ Φ         



(12)







Here, the robot system is governed by two separate control laws according to    | v |  > Φ   and    | v |  ≤ Φ  .



This control law Equation (12) ensures that     L ˙  v  ( t ) ≤ 0   and     L ˙  w  ( t ) ≤ 0   individually while compensating the model uncertainty of system out of boundary layer,  Φ . On the other hand, although we cannot individually ensure     L ˙  v  ( t ) ≤ 0   and     L ˙  w  ( t ) ≤ 0   within the boundary layer, we still have     L ˙  t  ( t ) ≤ 0  . This is because if    | v |  > Φ  , applying (12) into Equations (9) and (10), it is found that,


     L ˙  v  ( t ) =  [   [  m d − γ  ]  w 2   − ρ    w 2  s i g n (  v Φ  ) − α   s i g n (  v Φ  )  ] v  ≤ −  v [  α   s i g n (  v Φ  )  ] ≤ 0       L ˙  w  ( t ) =  [   [  γ − m d  ] v    w − ρ   v   w   s i g n (  v Φ  ) − β   w  ] w  ≤ − β    w 2  ≤ 0   



(13)







Also, the closed-loop dynamics of WMR for    | v |  > Φ   is given by,


   m  v ˙  +  [  γ − m d  ]  w 2   + ρ    w 2  s i g n (  v Φ  ) + α   s i g n (  v Φ  ) +   ∂  φ v  ( x , y )   ∂ x   cos θ +   ∂  φ v  ( x , y )   ∂ y   sin θ = 0    I  w ˙  +  [  m d − γ  ] v    w + ρ   v   w   s i g n (  v Φ  ) + β   w +   ∂  φ w  ( θ )   ∂ θ   = 0   



(14)







On the other hand, if    | v |  ≤ Φ  ,


      L ˙  t  ( t ) =   L ˙  v  ( t ) +   L ˙  w  ( t ) ≤ 0     with     L ˙  v  ( t ) =  [  − m d  w 2  − α  v Φ   ] v    and      L ˙  w  ( t ) =  [  m d v   w − β   w  ] w     



(15)







The corresponding closed-loop dynamics of the WMR is given by,


   m  v ˙  − m d  w 2  + α  v Φ  +   ∂  φ v  ( x , y )   ∂ x   cos θ +   ∂  φ v  ( x , y )   ∂ y   sin θ = 0    I  w ˙  + m d v   w + β w +   ∂  φ w  ( θ )   ∂ θ   = 0   



(16)





Proposition 1.

(Decrease of (x,y)-navigation potential energy and finite control time) Under Equation (12), if the initial velocity of WMR is    |  v (  t 0  )  |  ≤ Φ  , the (x,y)-navigation potential energy of WMR is strictly decreased from    t 0    to    t *    such that,


   φ v  (    t *    )   <    φ v  (  t 0  )  



(17)




where    t *    is defined as another particular time when the perturbed v(t) meets this condition    |  v (  t *  )  |  = Φ   for the first time. According to Equation (14), the WMR initiates its navigation by accelerating itself until losing its own kinetic energies thus the transient forward velocity |v(t)| is suddenly increased from   v (  t 0  )   and eventually decreased to    |  v (  t *  )  |  = Φ  . In other words, we have such a scenario:    |  v (  t 0  )  |  →  |  v ( t )  |  →  |  v (  t *  )  |  = Φ   for   ∀ t ∈ (    t 0     t *  )   with    |  v (  t 0  )  |  ≤  |  v (  t *  )  |  <  |  v ( t )  |    (see Figure 2a).



By investigating Equation (14), it is obvious based on the property of second order Lagrangian dynamics that the potential force and moment     ∂  φ v  ( x , y )   ∂ x   cos θ +   ∂  φ v  ( x , y )   ∂ y   sin θ   and     ∂  φ w  ( θ )   ∂ θ     will perturb both v and w of WMR initially and eventually the perturbed v and w will be decreased by damping terms   α   s i g n ( v / Φ )   and   β   w  .



In addition, the control duration to enforce WMR to move from the initial position to the particular one with    | v |  = Φ   is bounded by,


  Δ t <    φ v  (  t 0  ) + 0.5 m  Φ 2    α   Φ    



(18)




where   Δ t =  t *  −  t 0  > 0   is the control duration. □





Proof :

From    t 0    to    t *   , the strict decrease of the potential energy will occur due to the following reasons: if    | v |  > Φ  , we know from Equation (13) that,


     L ˙  v  ( t ) ≤ − v ( t )  [  α   s i g n     (   v ( t )  Φ  )  ]  = − α  |  v ( t )  |  < − α   Φ     for   ∀ t ∈ [  t 0           t *  ]   



(19)







Integrating Equation (19) from    t 0    to    t *    yields,


   L v  (  t *  ) −  L v  (  t 0  ) < − α   Φ   Δ t  



(20)







Furthermore, Equation (20) implies that,


    φ v  (  t *  ) −  φ v  (  t 0  ) < − α   Φ   Δ t +  κ v  (  t 0  ) −  κ v  (  t *  ) ≤ − α   Φ   Δ t < 0   ⇒    φ v  (  t *  ) <  φ v  (  t 0  )   



(21)







Since    κ v  (  t 0  ) −  κ v  (  t *  ) ≤ 0   with    κ v  (  t *  ) = 0.5 m    Φ 2   ,    κ v  (  t 0  ) = 0.5 m   v   (  t 0  )  2    and a given condition    |  v (  t 0  )  |  ≤ Φ  . Therefore, Equation (17) is true.



Furthermore, Equation (20) can be extended into        φ v  ( t )       <        φ v  (  t 0  )   for   ∀ t ∈ (  t 0     t *  )   due to the reason    κ v  (  t 0  ) ≤  κ v  ( t )   for   ∀ t ∈ (  t 0     t *  )  . This is because we have a following transient scenario    |  v (  t 0  )  |  →  |  v ( t )  |  →  |  v (  t *  )  |  = Φ   for   ∀ t ∈ (    t 0           t *  )   with    |  v (  t 0  )  |  ≤  |  v (  t *  )  |  <  |  v ( t )  |    (see Figure 2a).



Also, Equation (18) is also true because,


    L v  (  t *  ) −  L v  (  t 0  ) < − α   Φ   Δ t   ⇒         Δ t <    L v  (  t 0  ) −  L v  (  t *  )   α   Φ     



(22)







Furthermore,


  Δ t <    φ v  (  t 0  ) −  φ v  (  t *  ) +  k v  (  t 0  ) −  k v  (  t *  )   α   Φ   <    φ v  (  t 0  ) +  k v  (  t 0  )   α   Φ   ≤    φ v  (  t 0  ) + 0.5 m  Φ 2    α   Φ    



(23)







Consequently,   Δ t   is bounded by initial (x,y)-navigation potential energy and v-kinetic energy. Proof completed. □





Proposition 2.

(convergence) Under control law, Equation (12) for the domain    | v |  ≤ Φ  , the states    X  =   [x, y, v, w,  θ ]   ∈  ℜ 5    of the WMR converge to the following set. □






   E c  : = {  X  ∈ ℜ |     ∂  φ v  ( x , y )   ∂ x   cos θ +   ∂  φ v  ( x , y )   ∂ y   sin θ = 0 , ( v , w , θ ) = ( 0 , 0 , 0 ) }  



(24)







Proof :

For    | v |  ≤ Φ  , we know that     L ˙  t  ( t ) = − α    v 2   Φ  − β    w 2  ≤ 0   (i.e., bounded) for   ∀  X    ( t ) ∈   Ω  , where   Ω   :     L ˙  t  (  X  ( t ) ) ≤ 0   is a compact set containing    X    (  t o  )  . Define   M : = {  X  ∈   Ω   |     L ˙  t  ( t ) = 0 }  . Let    E c  ∈ M ∈ Ω   be the largest invariant set in  M . Since    X    (  t 0  ) ∈   Ω  ,    X    ( t ) →  E c   . Applying an invariant Theorem [27] with     L ˙  t  ( t ) ≤ 0   to (16) yields   ( v , w , θ ) → 0   and     ∂  φ v  ( x , y )   ∂ x   cos θ +   ∂  φ v  ( x , y )   ∂ y   sin θ → 0  . □





Remark 3. 

There exist multiple solutions of    ∂  φ v  ( x , y )   ∂ x   cos θ +   ∂  φ v  ( x , y )   ∂ y   sin θ = 0  ,




	(1)

	
If    ( x , y ) =  0   (This is what we desire to achieve.)




	(2)

	
If      ∂  φ v  ( x , y )   ∂ x   = 0  ,  sin θ = 0  (i.e.,  θ = ± n π  for  ∀ n ∈ Ζ  ), and  y ≠ 0  .




	(3)

	
If      ∂  φ v  ( x , y )   ∂ y   = 0  ,  cos θ = 0  (i.e.,  θ = ±   n π  2   for  ∀ n ∈ N  ), and  x ≠ 0  .




	(4)

	
If    tan θ = −    φ  v . x   ( x , y )    φ  v . y   ( x , y )    , where,   φ  v . x   ( x , y ) =   ∂  φ v  ( x , y )   ∂ x   ≠ 0    and   φ  v . y   ( x , y ) =   ∂  φ v  ( x , y )   ∂ y   ≠ 0  .











The first condition of Remark 3 is the desired position of robot. Thus, the given task is completed. Condition 3 implies that there exists a w-motion (  θ ≠ 0  ) so that the w-dynamics (rotational motion) induces the v-dynamics (  v ≠ 0  ). Condition 4 induces both v and w dynamics (  x ≠ 0  ,   y ≠ 0  ,   θ ≠ 0  ). Thus, both Equations (3) and (4) are not invariant which leads that the WMR is under the motion. For Condition 2, if both v and w are 0 with   θ = 0   for n = 0, then closed-loop dynamics Equation (16) become    m r   v ˙  = 0   and    I r   w ˙  = 0  . This implies that the robot will be stuck in the middle of y-axis (i.e., unwanted local minima).



According to Remark 3, we can define a set (unwanted) local minima where the robot should avoid or pass through s.t


   E  a v o i d   : = {  X  ∈ ℜ |   v = w = θ = 0 , x = 0 , y ≠ 0 }  



(25)







By inspecting Equations (16) and (25), the WMR will begin to lose its own kinetic energies as it approaches    E  a v o i d     and finally be trapped at    E  a v o i d    . Therefore, with an intuitive sense, we should not wait until robot is stuck at    E  a v o i d     (i.e., unwanted local minima) and have to utilize another control at the non-zero forward velocity such as the condition    | v |  = Φ ≠ 0   for better navigation performance. This way possibly preserves current v-kinetic energies (at least   0.5   m    Φ 2   ) for next switched control law. In this regard, the following switching law is presented to allow the robot to reach    E d   .



Theorem 1.

(Robust switching control law) The following control law enables us to accomplish that the robot is able to pass through the forbidden region such as a set    E  a v o i d     and then reach the final desired position s.t    E d   . Based on Equation (12), the modified control laws are designed to be,


   [       u  v . 1          u  w . 1        ]  : = =  [       F v  −   ∂  φ v  ( x , y )   ∂ x   cos θ −   ∂  φ v  ( x , y )   ∂ y   sin θ − α     s i g n (  v Φ  )        F w  −  K 1    w −  K θ  θ      ]    h o l d   u n t i l    | v |  → Φ  



(26)






   [       u  v . 2          u  w . 2        ]  : = =  [       F v  −   ∂  φ v  ( x , y )   ∂ x   cos θ −   ∂  φ v  ( x , y )   ∂ y   sin θ − α   s i g n (  v Φ  )        F w  −  K 1  w −  K θ  ( θ −  θ σ  )      ]    h o l d   u n t i l    | v |  → Φ  



(27)




where    K v  ,  K 1  ∈ ℜ   are the positive constant gains. Let    t 1  ,    t 2  , ⋯ ,  t n  ∈ [  t 0     t f  ]   be each switching time between the first control [   u  v . 1        u  w . 1    ] and the second one [   u  v . 2        u  w . 2    ] or vice versa at the moment    | v |  = Φ ≠ 0  . If we assume that the initial states of the WMR do not belong to    E  a v o i d    , the first control law is initially activated to transport the robot until    | v |  → Φ  , where the (x,y)-navigation potential energy is monotonically decreased according to Proposition 1. Simultaneously,   θ ≈ 0   is possibly achieved via   −  K 1    w −  K θ  θ   in Equation (26). If the WMR enters into    E d    via a pure action of [   u  v . 1        u  w . 1    ] and then following control will be performed to ensure   θ → 0  .


   [       u v         u w       ]  =  [      −  K v  v       −  K 1  w −  K θ  θ      ]    h o l d   u n t i l   θ → 0  



(28)







However, if the WMR is still outside of    E d   , it will switch from the first control law to the second one until, again,    | v |  → Φ  . The second law induces the rotational motion (i.e.,   θ →  θ a   ) so that the forward velocity of WMR suddenly increases and, due to damping term   − α   s i g n ( v / Φ )  , decreases eventually. This is because the v-dynamics is coupled with the w-dynamics. Due to this perturbation invoking the forward velocity v(t), the (x,y)-navigation potential energy of WMR is also diminished. Therefore, either control in (24) strictly reduces the (x,y)-navigation potential energy so that the WMR finally reaches    E d    by conducting the switching back and forth between Equations (26) and (27). □





Proof :

Based on Proposition 1, if    |  v (  t 0  )  |  ≤ Φ  , the first control in Equation (26) guarantees the strict decrease of (x,y)-navigation potential energy until the time    t 1    when      |  v (  t 1  )  |  = Φ  . In other words,    φ v  ( t )   <    φ v  (  t 0  )   for   ∀ t ∈ [  t 0     t 1  ]  . If the WMR enters into    E d    via Equation (26), switch from Equation (26) to Equation (28) for correcting the orientation of the WMR (i.e.,   θ → 0  ). Based on the following Lyapunov function    L t  ( t ) = 1 / 2 m  v 2  + 1 / 2  I r   w 2  + 1 / 2  K θ   θ 2   , applying Equation (28) into Equation (2) yields     L ˙  t  ( t ) = − (  K v   v 2  +  K 1     w 2  )  . This implies that   θ → 0  . Therefore, the final correction of WMR orientation can be achieved via Equation (28).



However, if the WMR is still outside of    E d   , the second control is initiated to gain a rotational energy for further navigation (i.e.,   θ →  θ a  ≠ 0  ). Here, the second control still diminishes the navigation potential energy.



This is because Equation (27) yields,


     L ˙  v  ( t ) =  [  [ m d − γ ]  w 2  − ρ  w 2  s i g n (  v Φ  ) − α   s i g n (  v Φ  )  ] v  < − α  |  v ( t )  |  ≤ − α   Φ    for   ∀ t ∈ [  t 1     t 2  ]   



(29)







In other words,


     L ˙  v  ( t ) < − α   Φ     for   ∀ t ∈ [  t 1             t 2  ]   



(30)




where    t 2    is a next switching time when the perturbed forward velocity due to the rotational energy of the WMR again becomes  Φ  (i.e.,    |  v (  t 2  )  |  = Φ  ).



Integrating Equation (30) from    t 2    to    t 1    results in,


   L v  (  t 2  ) −  L v  (  t 1  ) < − α   Φ (  t 2  −  t 1  )  



(31)







Furthermore, applying    |  v (  t 1  )  |  = Φ   and    |  v (  t 2  )  |  = Φ   (i.e.,    k v  (  t 1  ) =  k v  (  t 2  )  ) to Equation (31) produces,


   φ v  (  t 2  ) −  φ v  (  t 1  ) < − α   Φ (  t 2  −  t 1  ) +  k v  (  t 1  ) −  k v  (  t 2  ) = − α   Φ (  t 2  −  t 1  ) < 0 ⇒  φ v  (  t 2  ) <  φ v  (  t 1  )  



(32)







Thus, as long as the switching is intentionally enforced at times    t 1    and    t 2    such as    |  v (  t 1  )  |  = Φ   and    |  v (  t 2  )  |  = Φ  , the decrease of (x,y)-navigation can be guaranteed (i.e.,    φ v  (  t 2  ) <  φ v  (  t 1  ) <  φ v  (  t 0  )  ). Moreover, it is found that   θ ≈  θ a  ≠ 0   is obtained via Equation (27) and the period    t 2  −  t 1    is bounded based on Proposition 1.



Claim 1.

The perturbed v(t) due to action   θ →  θ σ  ≠ 0   has the following scenario    |  v (  t 1  )  |  →  |  v ( t )  |  →  |  v (  t 2  )  |  = Φ   with    |  v (  t 1  )  |  =  |  v (  t 2  )  |  <  |  v ( t )  |    for   ∀ t ∈ (  t 1     t 2  )   (see Figure 2a). If this is true and then, the following condition is also valid,


    φ v  ( t ) <  φ v  (  t 1  )     for   ∀ t ∈ (  t 1           t 2  )   



(33)







For proof of this, see Proof of Claim 1.



Next, if the WMR is still outside of    E d   , switch back to Equation (26) from Equation (27). We know that    φ v  (  t 3  ) <  φ v  (  t 2  )  , where    t 3    is a next switching time from the first control law to the second control law when    |  v (  t 3  )  |  = Φ   again. This means    φ v  (  t 3  ) <  φ v  (  t 2  ) <  φ v  (  t 1  ) <  φ v  (  t 0  )  . Similarly, this inequality is valid for   [  t i    ,    t  i + 1   ] ∪ [  t  i + 1     ,    t  i + 2   ] ∪ [  t  i + 2     ,    t  i + 3   ]  . By induction,    φ v  (  t  i + 1   ) <  φ v  (  t i  )   is true for   ∀ i ∈ N ∪ { 0 }   as long as    |  v (  t  i + 1   )  |  =  |  v (  t i  )  |    except   v (  t 0  )  . Consequently, by repeating the switching of control law back and forth, the WMR will be able to reach the final destination (i.e.,     lim   t → ∞   ( x ( t ) , y ( t ) ) →  E d   ) because of    φ v  (  t i  ) ≥ 0   and    φ v  (  t  i + 1   ) <  φ v  (  t i  )  . After   ( x ( t ) , y ( t ) ) →  E d   , if the final correction of the robot orientation is still required, Equation (28) will be turned on to complete its last task (i.e.,    E d    and   θ → 0  ). Proof completed. □







Proof of Claim 1.

This is because applying Equation (27) into Equations (9) and (10) yields,


    L ˙  v  ( t ) =  [   [  m d − γ  ]     w 2  − ρ    w 2  s i g n (  v Φ  ) − α   s i g n (  v Φ  )  ] v   



(34)






    L ˙  w  ( t ) =  [   [  γ − m d  ]    v   w − ρ   v   w   s i g n (  v Φ  ) − β   w +  K θ   θ σ   ] w   



(35)







Based on Equations (34) and (35), the derivative of total energy    L t  ( t )   with respect to a time is given by,


    L ˙  t  ( t ) = − 2 ρ   v    w 2    s i g n (  v Φ  ) − β    w 2  − α   v   s i g n (  v Φ  ) +  K θ   θ σ  w  



(36)







Integrating Equation (36) from    t 1    to   t >  t 1   ,


   L t  ( t ) −  L t  (  t 1  ) = −    ∫   t 1   t   ( ρ    | v |     w 2    + β    w 2  + α    | v |    )      d τ +  K θ   θ σ     ∫   t 1   t  w   d τ  



(37)







Specifically, Equation (37) becomes,


     κ v  ( t ) −  κ v  (  t 1  ) = ⋯     ⋯ =  φ v  (  t 1  ) −  φ v  ( t ) +  φ w  (  t 1  ) −  φ w  ( t ) +  κ w  (  t 1  ) −  κ w  ( t ) −    ∫   t 1   t   ( ρ    | v |     w 2    + β    w 2  + α    | v |    )      d τ +  K θ   θ σ     ∫   t 1   t  w   d τ    



(38)







Since both v(t) and w(t) are bounded such that    |  v ( t )  |  ≤  v  max     and    |  w ( t )  |  ≤  w  max     along with the fact that    φ v  ( t ) ≤  φ  v . max     is also bounded (Since the control, Equations (26) and (27), guarantees that the responses of system is bounded), the right side of Equation (38) has following inequalities,


     φ v  (  t 1  ) −  φ v  ( t ) +  φ w  (  t 1  ) −  φ w  ( t ) +  κ w  (  t 1  ) −  κ w  ( t ) −    ∫   t 1   t   ( ρ    | v |     w 2    + β    w 2  + α    | v |    )      d τ +  K θ   θ σ     ∫   t 1   t  w   d τ     > H −  φ  v . max   −  φ w  ( t ) −  κ w  ( t ) −    ∫   t 1   t    ( ρ |   v  max    |  w  max     2     + β    w  max     2  +  α |   v  max    |  )    d τ +  K θ   θ σ  ( θ ( t ) − θ (  t 1  ) )     > H −  φ  v . max   −  φ w  ( t ) −  κ w  ( t ) − Ψ (  t 2  −  t 1  ) +  K θ   θ σ  ( θ ( t ) − θ (  t 1  ) )     > H −  φ  v . max   − 1 / 2    K θ    [ θ ( t ) ]  2  − 1 / 2    I r     w  max     2  − Ψ (  t 2  −  t 1  ) +  K θ   θ σ  ( θ ( t ) − θ (  t 1  ) )     = − 1 / 2    K θ    ( θ ( t ) −  θ σ  )  2  + H − C + 1 / 2    K θ   θ σ    2     



(39)




where,   Ψ = ρ    |   v  max    |     w  max     2    + β    w  max     2  + α    |   v  max    |    and   C = [   1 / 2    I r     w  max     2  + Ψ (  t 2  −  t 1  ) +  φ  v . max   +  K θ   θ σ  θ (  t 1  )   ]   as well as   H =  κ w  (  t 1  ) +  φ w  (  t 1  )  .



If we choose    θ σ  > 0   such that,


   1 / 2    K θ   θ σ    2  + H − C > 0     θ σ  >   2 ( C − H ) /  K θ      and    θ σ  < −   2 ( C − H ) /  K θ      



(40)







Based on Equation (40), the last outcome in Equation (39) becomes,


   − 1 / 2    K θ    ( θ ( t ) −  θ σ  )  2  − C + 1 / 2    K θ     θ σ   2  + H > 0     for    θ  σ . min   < θ ( t ) <  θ  σ . max     



(41)




where,    θ  σ . min   =  θ σ  −      θ σ   2  − 2 ( C − H ) /  K θ      and    θ  σ . max   =  θ σ  +      θ σ   2  − 2 ( C − H ) /  K θ     . To have a clear understanding of Equations (35) and (36), the corresponding graphical representation is provided in Figure 2a.



Consequently, we know from Equations (39) to (41) that,


    κ v  ( t ) −  κ v  (  t 1  )   > − 1 / 2    K θ    ( θ ( t ) −  θ σ  )  2  − C + 1 / 2    K θ   θ σ    2  > 0   for     θ  σ . min   < θ ( t ) <  θ  σ . max     



(42)







Equation (42) implies    κ v  ( t ) >  κ v  (  t 1  )   for    θ  σ . min   < θ ( t ) <  θ  σ . max    .



Furthermore, Equation (42) can be extended to    κ v  ( t ) >  κ v  (  t 1  )   for   ∀ t ∈ (  t 1           t 2  )   (i.e.,    |  v (  t 1  )  |  →  |  v ( t )  |  →  |  v (  t 2  )  |  = Φ   with    |  v (  t 1  )  |  =  |  v (  t 2  )  |  <  |  v ( t )  |    for   ∀ t ∈ (  t 1     t 2  )  ), if we design proper perturbation angle    θ σ    and gain    K θ   . Since the size of window    |   θ  σ . min   −  θ  σ . max    |    relies on the parameters    θ σ    and gain    K θ   , we can intentionally construct that   ∀ θ ( t )   during   θ →  θ σ  ≠ 0   can be fallen into the window    |   θ  σ . min   −  θ  σ . max    |    by manipulating    θ σ    and gain    K θ   . For instance, if    θ σ  = π / 2  ,    θ  σ . min   ≈ 0   and    θ  σ . max   ≈ π   are possible according to Equation (41). Therefore,   ∀ θ ( t )   during   θ → π / 2   can be possibly within the domain   ( 0 ,   π )  . In actual simulation or implementation of    θ σ   , the condition    θ  σ . min   < θ ( t ) <  θ  σ . max     is anticipated to be more flexible because Equation (39) used the extreme measure for the inequalities.



On the other hands, from Equation (30),


     L ˙  v  ( t ) < − α   Φ     for   ∀ t ∈ [  t 1    t ]   



(43)







Integrating Equation (43) from    t 1    to   t >  t 1    results in,


   L v  ( t ) −  L v  (  t 1  ) < − α   Φ ( t −  t 1  )  



(44)







Equation (44) becomes based on Equation (42),


   φ v  ( t ) −  φ v  (  t 1  ) < − α   Φ ( t −  t 1  ) +  k v  (  t 1  ) −  k v  ( t ) < − α   Φ ( t −  t 1  ) < 0 ⇒  φ v  ( t ) <  φ v  (  t 1  )    



(45)







Therefore, we can guarantee that    φ v  ( t ) <  φ v  (  t 1  )   for   ∀ t ∈ (  t 1     t 2  )  . Proof is completed. □





In summary of Theorem1, the first control guides the WMR into the neighborhood of    E  a v o i d     because we decide the switching time when      | v |  = Φ  . This means that the WMR is still under motion. However, the WMR is losing its navigation potential energy due to the fact that the WMR is very close to    E  a v o i d    . Based on this issue, the second control is required because the WMR needs to regain further navigation energy via a rotational motion which induces that the forward velocity is re-perturbed.



In addition, the period of each control between switching is a finite. Based on Proposition 1, the total time (  Δ T  ) of control for n-times switching in Theorem 1 is bounded by,


  Δ T <   ∑  i = 0   n − 1       φ v  (  t i  ) + 0.5 m  Φ 2    α   Φ      



(46)







Remarks 4.

(Convergence rate in the vicinity of    E d    ) the convergence rate became slower as the robot approached the desired set, which is a common issue for the posture stabilization. Existing studies present the method that the perturbation angle needs to be increased to obtain the certain level of forward velocity which enforces the strict decrease of the navigation potential energy at every stage. However, with the proposed technique, the WMR does not wait until the forward velocity becomes insignificant and it intentionally switches the control law before losing its own navigation potential energy completely (i.e., switching at      | v |  = Φ   ). Consequently, this may enable us to achieve that the perturbation angle of second law do not need to become larger and larger as the WMR approaches    E d    . This point of view will be explored through simulation results.






4. Simulation Results


The simulation was conducted to illustrate the performance of the robust switching control strategy proposed here. The numerical simulation program was constructed in Matlab/Simulink based on the fourth order Runge–Kutta integration algorithm with a fixed time step interval of 0.001.



We assumed m = 1.5 (kg)   d = 0.1   ( m )  ,    I c  = 0.55   ( k g  m 2  )  ,   r = 0.035   ( m )  ,   c = 0.05   ( m )  , and   Φ = 0.01   for this simulation, unless specified otherwise. For    E d  : = {  x d  ,  y d  ∈ ℜ |   d i s t ( x ( t )   y ( t ) ,    x d     y d  ) ≤ B }  , we set   B = 0.005   ( m )  . The perturbation angle    θ σ    was selected as 1.6 (rad) based on Equations (35) and (36). Figure 3 shows the (x,y)-trajectory of the WMR, the rotational angle   θ ( t )   and the (x,y)-navigation potential energy    φ v  ( t )  , as well as the forward velocity    |  v ( t )  |   . The initial condition was assumed as   (  x i  ,  y i  ,  θ i  ) = ( 2 ,   1 ,    45 °  )  . According to results in Figure 3, we observed that the WMR quickly reached the desired set (x,y) = (0,0) by performing four times of switching (specified by black arrows). In particular, it can be seen from Figure 3c that the WMR took approximately 2 s to consume the majority of    φ v  ( t )   in a monotonically decreasing manner. Figure 4 also investigates the performance of the WMR based on the initial condition   (  x i  ,  y i  ,  θ i  ) = ( − 1 ,   0 ,     − 45  °  )  . The results show that the WMR experienced eight times of switching to reach the desired set with strict decrease of    φ v  ( t )   and it took about 12 s to complete its given task. In addition, it is commonly found from Figure 3 and Figure 4 that the WMR reached near forbidden set (i.e.,    E  a v o i d    ) and the first switching had occurred, which clearly shows the intent of the switching control law in Theorem 1. From Figure 3b and Figure 4b, it can be seen that the navigation energy of the WMR was sufficiently stored although the perturbation angle of the second law had been maintained almost identically. This was because the proposed technique chooses that the WMR do not wait until the forward velocity had become completely insignificant. Therefore, Remark 4 is addressed along with those simulation outcomes. However, we cannot deny that the perturbed transient forward velocity between switching gradually decreased as the WMR came closer to    E d    (see both Figure 3d and Figure 4d).



Moreover, we can see from Figure 3b and Figure 4b that the range of   θ ( t )   was approximately 0.03 to 1.7 after the control was switched from the first control to the second one until the moment from the second control to the first one, which implies    θ  σ . min   ≈ 0.03   according to Equation (36).



From Figure 3d and Figure 4d, we can see the following transient scenario of forward velocity    |  v (  t i  )  |  = Φ →  |  v ( t )  |  →  |  v (  t  i + 1   )  |  = Φ   for   i = 0 , 1 , 2 , ⋯   with    |  v ( t )  |  > Φ     for   t ∈ (  t i     t  i + 1   )   between each switching. This response is exactly synchronized with the scenario described in Figure 2a.



Figure 5 presents the estimation results of model uncertainty for Figure 3 and Figure 4. Here,  γ  and  ρ  are selected as 0.13 and 0.01 for d = 0.1. Due to the action of model uncertainty compensation term,   F v    it was found that the estimates |   F v   | were well synchronized with the true values, resulting in cancelling the Coriolis effect of the WMR. In Figure 6, the (x,y)-navigation potential energies for three different tuning parameters have been presented. As the main parameters F and a of robust control increase, the convergence rate of potential energy became superior. For α = 1.57 and Φ = 0.018, the WMR touched down the zero level of potential energy within almost 3.7 s. This implies that those tuning parameters are very effective at manipulating the convergence rate resulting in possibly shortening the entire navigation time of the WMR. As shown in Figure 7 and Figure 8, to explore the effectiveness of proposed control law in depth, various initial conditions were provided to the WMR. Specifically, Figure 7 includes the performance of WMR navigation for 16 different initial positions along with 45° orientation angle while Figure 8 includes the performance of the global convergences based on two different initial positions and eight different initial orientations. It is clearly seen from all simulation results that the WMR successfully passed through the forbidden sets (i.e., local minima) and pushed itself to the desired set of posture.




5. Conclusions


This paper presents a passivity-based switching control for the posture stabilization of a wheeled mobile robot with model uncertainty. The proposed technique ensures a finite control time between switches and guarantees the robustness for the model uncertainty which, in practice, cannot be negligible. The proposed control lawis totally designed based on the second order Largrangian dynamics (vs. first order kinematics based approach) without any complicated transformation and other accessories; thus it is compact and convenient to be implemented.



This paper also presents the fundamental Lyapunov-based robust control design and the study of the forbidden set (unwanted local minima) with a certain potential energy so that we could develop the idea of a switching law to avoid the set and accelerate the rate of global convergence. However, the convergence rate became slower as the robot approached the desired set, which is a common issue for the posture stabilization. Thus, the proposed technique intentionally chose the way that the WMR did not need to hesitate until the forward velocity became meaningless and it switched to another control law before losing its own navigation potential energy completely (i.e., switching at    | v |  = Φ ≠ 0  ). With this approach, it was unnecessary to set a greater perturbation angle of the second control law (as shown in Figure 3b and Figure 4b) as the WMR approached    E d   . In other words, compared to the existing studies where the perturbation angle is required to be increased to obtain a certain level of forward velocity which enforces the strict decrease of the navigation potential energy, with the proposed technique the perturbation energy storing process is not as time-consuming. This possibly leads to a reducing in the total time for the navigation of WMR. It is hoped that this study could be another possible solution for the posture stabilization of second order wheel based non-holonomic dynamic systems with model unceratinity.
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Figure 1. A robot with the center of the mass at   (  x c  ,  y c  )   and the geometric center at   (  x o  ,  y o  )   with respect to the reference frame (o,x,y). 
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Figure 2. (a) Transient scenario of forward velocity v(t) and (b) perturbation angle    θ σ  > 0   and   θ ( t )  . 
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Figure 3. Performance of robust switching control for initial condition (2,1) with 45°. (a) Trajectory of WMR on (x,y)-plane; (b) orientation of WMR θ(t); (c) (x,y) navigation potential energy; and (d) forward velocity of WMR v(t) (1st SW (Switching) in (a) indicates the position where the first switching occurs). 
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Figure 4. Performance of robust switching control for initial condition (−1,0) with 45°. (a) Trajectory of WMR on (x,y)-plane; (b) orientation of WMR θ(t); (c) (x,y) navigation potential energy; and (d) forward velocity of WMR v(t) (first SW in (a) indicates the position where the first switching occurs). 
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Figure 5. Model uncertainty estimation. (a) Case for Figure 3 and (b) case for Figure 4. 
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Figure 6. Performance of switching control based on the tuning parameters (initial condition (2,1) with 45°). 
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Figure 7. Trajectories of WMR for different initial positions. (a) Initial positions (2,0), (0,2), (−2,0), and (0,−2); (b) initial positions (2,2),(−2,2),(−2,−2), and (2,−2); (c) initial positions (1,2),(−1,2),(−1,−2); and (1,−2), and (d) initial positions (2,1),(−2,1),(−2,−1), and (2,−1). 
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Figure 8. Trajectories of WMR for different initial orientations. (a) and (c) Initial orientations −135, −90, −45, and 0°; (b) and (d) initial orientations 45, 90, 135, and 180°. 
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