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Abstract: In order to understand the regularity of human motion, characteristic description is widely
used in gait analysis. For completely expressing gait information and providing more concise
indicators, parametric description is also particularly significant as a means of analysis. Therefore,
in this paper, the mathematical models of gait curves based on the generalized extension-Bézier
curve were investigated, of which the shape parameters were used as individual gait characteristics
to distinguish whether the gait is normal or not and to assist in judging rehabilitation. To evaluate
the models, angle data from three joints (hip, knee, and ankle) were recorded with motion capture
system when participants (10 healthy males and 6 male patients with ankle fracture) were walking at
comfortable velocity along a walkway. Then, the shape parameters of each subject were obtained
by applying the mathematical models, and the parameter range of the normal group was further
summarized. Through comparison, it could be found that most shape parameters of patients exceed
the normal ranges in varying degrees, and are concentrated on specific parameters. The results can
not only help to judge the recovery stages of patients but also figure out the corresponding abnormal
postures, so as to provide guidance for rehabilitation training.
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1. Introduction

Gait is the external behavior characteristics of human walking based on the structure and function
of the human body and nervous system. When walking naturally, the gait of lower limbs shows strong
periodic regularity [1]. Many studies have proved that people in good condition have similar gait
characteristics while some people with disorders show obvious differences compared to them, so the
analysis of gait characteristics has gained increasing attention at present [2–5].

Gait analysis, one of the most commonly used methods to explore gait characteristics, plays a vital
role in clinical practice [6]. It mainly divides gait properties into four categories, which are temporal and
spatial data (time and distance variables), kinematics (joint motions), kinetics (joint moments, ground
reaction forces, etc.), and bioelectrical data (muscle forces and electromyography signals), providing an
objective measuring instrument of the subject’s functional level. There are many related works for gait
analysis, including computer simulation of normal human gait, gait modelling and simulation based
on anatomy, simulation based on neural networks, and automatic gait recognition, etc. [7–11]. In the
methods of summarizing gait kinematics data, the most widely used approach is applying statistics to
conduct a comprehensive gait analysis by using a motion capture system. In current studies, different
ages, genders, walking speeds, etc. are the factors influencing the variety of gait parameters. So, some
researchers have summarized the ‘reference ranges’ of gait parameters of healthy individuals under a
certain condition by statistics, such as for stride time, joint range of motion, joint adduction moment, and
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so on [12–15]. Several reporters focused on the differences of gait parameters between normal people
and patients (e.g., cerebral palsy, knee osteoarthritis, etc.) as a valid basis for distinguishing different
types of diseases [16–20]. An increasing number of investigations have begun to choose a particular
type of patient, conducting more comprehensive assessment through all kinds of gait parameters [21–23].
As a result, the gait characteristics of patients have been constantly improved and enriched in academic
research; the pathological features of diseases are also well understood and have been mastered in medical
care in a data-orienting way, thus providing a more complete basis for diagnosis, gait training [24], and
prosthesis design. However, gait analysis principally tries to reflect the overall regularity of a large
number of sample statistics while reducing the characteristics of individual differences, which is one
inevitable limitation. Besides, there are too many evaluation indexes of gait parameters for characteristics
description, and parameters that are more simple and concise for estimation are always required in
medical research [25]. In addition, people’s living system has stepped into an in-depth development
stage. It has significant values not only for understanding the laws of human motion but also for
researching the mathematical model of gait in this information age [26].

There has been a growing awareness that the shape of gait curves during walking can greatly give
expressions of the characteristics and structure of gait data. Although various people present very
similar situations to the whole curve shape for the same kind of gait feature, differences still exist between
them. Therefore, gait curves also contain important information, such as the so-called generality and
individuality of the characteristics. On this basis, the study of gait parameter characteristics can be
transformed into the study of curve shape characteristics, namely, the parameterization of the gait
curve shape. Bézier and NURBS (Non-Uniform Rational B-Splines) are the traditional parametric
curves [27,28], and their applications related to gait analysis are most common in the aspects of robot
motions and gait recognition [29,30]. They mainly describe the overall shape of curves, and cannot
express the differences between similar curves in depth. In recent years, scholars have proposed
a series of methods for improving this shortcoming by introducing weight factors [31–36], so as to
modify the local shapes of curves and reflect the personality characteristics. In [37], a shape-adjustable
generalized Bézier curve with high degree (a curve of degree n with n local shape parameters) was
presented. This curve can explain the whole shape of a group of curves through control points, and
adjust the local shapes of each curve by altering shape parameter values, so that the differences between
the curves can be displayed by the differences of shape parameters. The authors of [38] illustrated a
generalized extension-Bézier curve (a curve of degree n with n − 1 local shape parameters, GE-Bézier
curve for short), which has fewer parameters compared with the one mentioned above. Furthermore,
the better correspondence between parameters and local shapes of the curves could be expressed as
well. However, these curves were more concerned with mathematical theory, and a few of them (such
as cubic extension-Bézier and cubic quasi -Bézier) were just applied to the design of car curves and
headlights [39,40]. Therefore, a novel approach is applying the new parametric curve in gait analysis.

The overarching goal in this paper was to investigate the mathematical models of lower extremity
gait curves based on the characteristics of the GE-Bézier curve, and to take shape parameters as
individual gait characteristics. We hypothesized that the ranges of shape parameters of healthy people
represented the whole normal gait pattern while those of patients with lower limb injury in different
rehabilitation periods should be out of the ranges in various degrees, so as to evaluate the rehabilitation
effects. Due to the corresponding relationship between the shape parameters and the local shapes of
the curves, it can also assist in judging the walking postures related to abnormal parameters, thus
providing effective references for developing rehabilitation training.

2. Methods

2.1. Participants

Ten healthy males between the ages of 20 and 25 years (mean age 23 (1.4) years, mean weight
65.5 (9.6) kg, and mean height 1.73 (0.07) m) volunteered as the normal group for this experiment.
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All participants were able to ambulate independently with no low extremity disease or sports injury.
Another two male patients with a fracture of the right ankle in the second month of rehabilitation,
two in the third month, and two in the sixth month were recruited and consented to participate as the
patient group. The average age of them was 22.8 (1.3) years, average weight was 68.8 (5.1) kg, and the
average height was 1.75 (0.04) m. All subjects provided written informed consent for the experiment.

2.2. Data Collection and Processing

The human gait data acquisition experiment was carried out in the Human Gait Capture System
Laboratory of Xi’an Jiaotong University, China. All subjects were instructed to walk naturally at a
comfortable speed along a walkway for about 5 min and kinematic values of thenlower extremity were
obtained through a 10-camera video-based motion capture system (VICON system, Oxford Metrics
Limited, UK) operating at 100 Hz. This experiment focused on the right joint rotations (hip, knee,
and ankle) in the sagittal plane, i.e., flexion-extension. We hypothesized there would be no difference
between the right and left limb. The gait cycle was defined as from the first to second heel strike on
the ipsilateral side by the assistance of ground reaction force data recorded using three staggered
force platforms, 1500 Hz, embedded in the walkway. The relevant equipment and a participant with
markers are shown in Figure 1.
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Figure 1. The experimental scene.

The raw marker trajectories were pre-processed in Vicon Nexus and Mokka, and then the joints
angles were calculated using OpenSIM software (SimTK and Stanford University, USA) through the
biomechanical gait model (2392) [41].

2.3. Mathematical Model Application

The GE-Bézier curve can be validly applied here to parameterize the periodic curves of lower
limb joint angles due to the representability of control points to a global shape of a group of curves
and the correspondence between shape parameters and the local shapes of each curve. That is, the
distribution range of all curves for one joint could be defined by a group of control points, and then the
specific shapes of every curve would be adjusted by shape parameters. Finally, the differences of the
shape parameters of curves can be used to distinguish different curves of the same joint.

In this paper, the control points were defined as commonality points. This is because a set of curves
can be mathematically described by the identical control points, which determines the distribution
range of the overall shape of these curves.
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2.3.1. Mathematical Definition of GE-Bézier Curve

For given n + 1 control points Pi∈Rv (i = 0, 1, 2, . . . , n; v = 2, 3), the curve:

r (t) =
∑n

i=0
PiGi,n(t), t ∈ [0, 1], (1)

is defined as a generalized-extension Bézier curve (GE-Bézier for short), where the definition of
extension Bernstein basis functions Gi,n(t) with parity is constructed.

If n is even:

Gi,n(t) =


(
Ci

n−1 − λit + λi−1(1− t)
)
(1− t)n−1−iti i = 0, 1, . . . , n

2 − 1

2λi−1(1− t)iti i = n
2(

Ci−1
n−1 + λi−1t− λi−2(1− t)

)
(1− t)n−iti−1 i = n

2 + 1, . . . , n

, (2)

in which the λi is the shape parameter, i = 0, 1, 2, . . . , n − 2. The parameter ranges are:
λn−2−i,λi ∈

[
−Ci+1

n−1, Ci
n−1

]
i = 0, . . . , n

2 − 2

λi ∈

[
0, C

n
2−1
n−1

]
i = n

2 − 1

λi = 0 i = −1, n− 1

. (3)

If n is odd:

Gi,n(t) =


(
Ci

n−1 − λit + λi−1(1− t)
)
(1− t)n−1−iti i = 0, 1, . . . , n−1

2 − 1(
C(n−1)/2

n−1 + λi−1

)
(1− t)n−iti i = n−1

2 , n+1
2(

Ci−1
n−1 + λi−1t− λi−2(1− t)

)
(1− t)n−iti−1 i = n+1

2 + 1, . . . , n

, (4)

in which the λi is the shape parameter, i = 0, 1, 2, . . . , n − 2. The parameter ranges are:
λn−2−i,λi ∈

[
−Ci+1

n−1, Ci
n−1

]
i = 0, 1, 2, . . . , n−1

2 − 2

λi ∈

[
C

n−1
2

n−1, C
n−3

2
n−1

]
i = n−1

2 , n−3
2

λi = 0 i = −1, n− 1

. (5)

2.3.2. Geometric Properties

The local shapes of the GE-Bézier curve can be adjusted by changing the shape parameters without
modifying the control point. The curve will gradually approach the corresponding control point with
the increase of the shape parameter value. On the contrary, it will gradually move away, which means
that a family of curves with different detail shapes can be generated by Equation (1) with the alteration
of the shape parameters after the control points are determined.

For instance, assuming that the whole shape of a curve can be defined by five control points (P1,
. . . , P5), then three adjustable shape parameters and their value ranges can be calculated through
Equations (1) and (2). Figure 1 depicts how these three shape parameters influenced the local shapes of
the curve. Figure 2a shows the overall shape of the curve (in solid line) when all shape parameters were
median values, i.e., (λ0, λ1, λ2) = (−1, 1.5, −1). When the first shape parameter was the maximum and
the minimum of the range of values, and the other two parameters stayed at the median, i.e., (λ0, λ1,
λ2) = (1, 1.5, −1) and (λ0, λ1, λ2) = (−3, 1.5, −1), then, in Figure 2b, the first wave of the curve displayed
the highest (in the dash-dotted line), and the lowest (in dashed line), respectively, while the other two
waves changed little. In Figure 2c, when the maximum and minimum values were given to the second
parameter and the others were intermediate values, for (λ0, λ1, λ2) = (−1, 3, −1) in dash-dotted line, for
(λ0, λ1, λ2) = (−1, 0, −1) in the dashed line, the second wave of the curve appeared from approaching



Appl. Sci. 2019, 9, 4581 5 of 15

the control point, P3, to far away from it, and the others remained stable. Similarly, in Figure 2d, only
the third parameter was changed, with (λ0, λ1, λ2) = (−1, 1.5, 1) in the dash-dotted line, and (λ0, λ1,
λ2) = (−1, 1.5, −3) in the dashed line. Then, the third wave of the curve went from high to low. In order
to acquire the total range of shape adjustment for the curve within the value range of parameters, let
(λ0, λ1, λ2) = (1, 0, 1) in the dash-dotted line and (λ0, λ1, λ2) = (−3, 3, −3) in the dashed line. The grey
area in Figure 2e is the whole range of curve shape adjustment under these five control points.
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Figure 2. The relationship between local shapes and three shape parameters of the GE-Bézier curve
with five invariant control points (P1, . . . , P5): (a) The curve with three appropriate waves when the
shape parameters were all median values; (b) The first wave changed with the alteration of first shape
parameter; (c) The second wave fluctuated if only the second shape parameter was changed; (d) The
third wave varied with the third shape parameter; (e) The grey area represents the range of curve
shapes within the values of shape parameter ranges.

Therefore, (1) in order to ensure that the local shape of the curve has sufficient adjustment ranges
when approaching and moving away from corresponding control points, the average curve (with
median values of shape parameters) should be chosen to be fitted by Equation (1) to determine the
control points’ numbers and coordinates. In this article, it refers to the three average angle curves of
joints (hip, knee, and ankle) from the normal group to be fitted. (2) The control points of the normal
group are taken as the reference commonality points for other participants, and the ranges of the shape
parameters of the normal group are also taken as the normal ranges of the normal gait. In this way,
if the shape parameters of other participants belong to the normal ranges under the reference control
points, the gait is normal; otherwise, it indicates abnormal gait.

2.4. The Process of Implementation

For the sake of illustrating the whole procedure clearly, the application process of expressing the
differences of gait curves by the differences of shape parameters to make a distinction between normal
and abnormal gait is shown in Figure 3. For the normal group, the three average gait curves of the
participants were initially fitted by the GE-Bézier curve. The appropriate number and the coordinates
of commonality points of each average curve was selected and calculated. Then, the mathematical
model of each joint was established under the determined commonality points, and the normal ranges
of shape parameters (values from maximum to minimum) were summarized through the models.
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For the patient group, the gait curves were directly fitted by the mathematical models derived from the
normal group to calculate the shape parameters of each patient. Then, the shape parameters were
analyzed to see whether they belong to the normal ranges. If most shape parameters of well-recovered
patients belonged to this range, while most shape parameters of patients with poor recovery were
beyond this range, this could indicate that this method can be used to assess rehabilitation status, so its
validation is verified.
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Figure 3. The process of investigating the mathematical models of three joints and obtaining the shape
parameters of normal group and patient group, thus analyzing whether the patient is well recovered or
poor recovered.

3. Results

3.1. Normal Group

Figure 4 shows the flexion angle curves (black lines) and their average curves [42] (dark green
lines) of the three lower limb joints on the sagittal plane in the normal group. From this figure, the
distribution ranges of black lines and the dark green lines are equivalent to the grey area and the solid
line in Figure 2e.
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Figure 4. The curves of participants and their average curves of three lower joints in normal ranges:
(a) Ten angle curves (black line) and the average curve (dark green line) from the hip joint in one gait
cycle; (b) The curves of knee flexion; (c) The ankle joint curves.

Therefore, the dark green lines, the three average curves, were applied to the fitting calculation
of Equation (1), then the curve fitting results of different numbers of commonality points are shown
in Figure 5 and Table 1. Specifically, Figure 5a displays three fitting conditions of four, five, and six
commonality points according to the shape characteristics of the hip joint. After comparison, the
goodness of fit in five and six commonality points were both 1 with a good fitting degree while the
former had not only fewer points but also better correspondence of the numbers between shape
parameters and waves than the latter. The average curve of the knee joint was best fitted when
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controlled by six points according to Table 1. Yet, the correspondence between three waves and four
parameters was not clear enough. Although the fitting curve controlled by five commonality points
did not fit the original curve completely (see Figure 5b), the proper reflection of the waveform property
and the correspondence of three waves to three parameters still expressed the advantages. As for
the average curve of the ankle joint, seven parameters exactly corresponded to seven fluctuations
when controlled by nine points. Nevertheless, on the principle of minimizing parameters, smaller
amplitudes that have little effects on gait feature analysis could be omitted for matching. Through
the comparison of the first two fitting curves in Figure 5c, the goodness of fit and the parametric
correspondence achieved better satisfaction when controlled by eight points.
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Figure 5. The fitting curves of three groups of commonality points to each joint: (a) The average curve
(dark green line) of the hip was fitted through four, five, and six commonality points, respectively. The
fitting curve (red line) at five points had the similar matching effect as six points, but with fewer points;
(b) The three relationships among the fitting and average curves at four, five, and six points of the knee
joint; (c) The average ankle joint curves were fitted by seven, eight, and nine commonality points.
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Table 1. The three groups of curve fitting results of joints.

Joints Number of Commonality Points Number of Shape Parameters Goodness of Fit

Hip
4 2 0.69
5 3 1
6 4 1

Knee
4 2 0.71
5 3 0.91
6 4 0.99

Ankle
7 5 0.93
8 6 0.99
9 7 1

The ultimate determined number of commonality points of three joints and the distribution ranges
of the curve shapes in the normal group are presented in Figure 6. Table 2 exhibits the commonality
point coordinates of each group of joint curves. Precisely, when the average curves of the hip and
knee were both controlled by five commonality points and three shape parameters, respectively, and
the ankle curve was determined by eight commonality points and six shape parameters, they exactly
represented the nature of the curves with the least parameters. On the whole, the fitting curve retains
the feature of the original waveforms and contains the minimum points and shape parameters, and the
local shape corresponding to each point has a sufficient adjustment range.
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Figure 6. The determined commonality points and normal ranges of angle curves from the normal
group after comparison of the fitting results: (a) Ph1, . . . , Ph5 connected by a dotted line are the five
commonality points of hip joint, which means there were three shape parameters according to the
model. The light green area shows the shape distribution of 10 curves and as the hip normal distribution
range; (b) There were also five commonality points (Pk1, . . . , Pk5) and three shape parameters of knee
joint curves in one gait cycle; (c) The ankle joint curves were provided with eight commonality (Pa1,
. . . , Pa5) points and six shape parameters.
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Table 2. Coordinates of commonality points of three joints.

Coordinates of Commonality Points

Hip 0.00,30.00 15.30,32.62 63.79,−64.87 73.30,37.28 100.00,27.83
Knee 0.00,4.99 19.31,27.70 57.28,−47.12 69.36,90.93 100.00,3.53
Ankle 0.00,−5.35 8.26,−17.37 17.36,1.62 35.83,−3.41 54.83,17.49 67.63,−43.10 81.35,9.04 100.00,−4.65

From this perspective, the mathematical models of three joints were then investigated. For the hip
and knee joints, both of their curve shapes could be determined by five commonality points (n = 4),
but with different coordinates. Hence, the mathematical models of them are:

r (t;λ0,λ1,λ2) =
∑4

i=0
PiGi,n(t), t ∈ [0, 1]. (6)

Then, Equation (2) is introduced:

G0,4(t) = (1− λ0t)(1− t)3

G1,4(t) = (3− λ1t + λ0(1− t))(1− t)2t

G2,4(t) = 2λ1(1− t)2t2

G3,4(t) = (3 + λ2t− λ1(1− t))(1− t)t2

G4,4(t) = (1− λ2(1− t))t3

. (7)

So, the three shape parameters and the value ranges of the two joints are λ0∈[−3, 1], λ1∈[0, 3],
λ2∈[−3, 1] according to Equation (3).

As for ankle joint, the curve shape of it could be defined by eight commonality points (n = 7), and
the model is:

r (t;λ0,λ1,λ2,λ3,λ4,λ5) =
∑7

i=0
PiGi,n(t), t ∈ [0, 1]. (8)

Then, Equation (4) is introduced:

G0,7(t) = (1− λ0t)(1− t)6

G1,7(t) = (6− λ1t + λ0(1− t))(1− t)5t

G2,7(t) = (15− λ2t + λ1(1− t))(1− t)4t2

G3,7(t) = (20 + λ2)(1− t)4t3

G4,7(t) = (20 + λ3)(1− t)3t4

G5,7(t) = (15 + λ4t− λ3(1− t))(1− t)2t4

G6,7(t) = (6 + λ5t− λ4(1− t))(1− t)t5

G7,7(t) = (1− λ5(1− t))t6

(9)

The six shape parameters and the ranges of values are λ0∈[−6, 1], λ1∈[−15, 6], λ2∈[−20, 15],
λ3∈[−20, 15], and λ4∈[−15, 6], λ5∈[−6, 1] according to Equation (5).

At this point, the curves of 10 healthy subjects from the normal group were substituted into
the mathematical models for fitting, and the corresponding shape parameters of each person were
calculated. Table 3 lists the shape parameters corresponding to each participant’s curve. Then, the
maximum and the minimum values were obtained to summarize the normal ranges of parameters
used as normal standards.
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Table 3. Shape parameters of the normal group of three joints.

Shape Parameters of Normal Group

Hip Knee Ankle

λ0 λ1 λ2 λ0 λ1 λ2 λ0 λ1 λ2 λ3 λ4 λ5

1 −2.20 0.67 −2.18 −0.55 0.78 −1.24 −0.97 a
−12.37 −5.62 −4.62 −6.67 −2.77

2 −1.94 0.72 −1.13 −2.90 b 0.91 −1.75 −4.57 −13.80
b 6.50 a −17.75

b −3.82 a
−5.72 b

3 −1.24 1.81 a
−2.41 b −2.77 1.32 −2.26 −2.27 −11.92 −16.50 −1.37 −8.02 −0.05 a

4 −2.66 b 0.42 b −0.54 a
−1.96 0.61 b −1.77 −5.12 5.58 a −19.75

b −2.50 −11.92
b −2.92

5 0.04 a 1.32 −0.73 0.68 a 1.23 a
−1.13 a

−4.15 −5.10 −6.62 −13.00 −8.55 −4.60
6 −2.18 1.70 −2.26 −1.84 0.66 −2.10 −3.47 −1.57 −19.37 −0.12 a

−4.50 −3.12
7 −2.33 1.14 −2.18 −1.98 0.92 −1.96 −2.02 −6.75 −12.62 −5.62 −10.57 −3.02
8 −1.84 0.73 −2.11 −1.67 0.93 −2.11 −3.65 −11.47 −9.87 −12.25 −7.27 −4.92
9 −2.38 0.61 −2.04 −2.38 0.99 −2.20 b −2.92 −11.10 −2.37 −15.12 −9.82 −2.85

10 −2.03 0.92 −2.12 −1.96 1.14 −1.80 −5.67 b −10.65 −7.37 −11.50 −9.45 −4.45
Avg. −1.88 1.01 −1.77 −1.73 0.95 −1.83 −3.48 −7.89 −9.36 −8.38 −8.06 −3.44

a The maximum value of parameter, b the minimum value of parameter.

3.2. Patient Group

Based on the same commonality points and mathematical models with the normal group, the
shape parameters of the patient group were calculated and are displayed in Table 4. It can be seen that
the parameters of most subjects were beyond the normal ranges to varying degrees. Figure 7 also shows
every gait periodic curve of the patients, which can further explain and verify the characterization
of shape parameters. Here, we defined that patients A and B were the ones in the second month of
rehabilitation, patients C and D were in the third month, and patients E and F were in the sixth month
for convenience.

Table 4. Shape parameters of the patient group of three joints.

Shape Parameters of the Patient Group

Hip Knee Ankle

λ0 λ1 λ2 λ0 λ1 λ2 λ0 λ1 λ2 λ3 λ4 λ5

A −2.26 0.02 * −2.77 * −2.80 1.08 −2.96 * −6.00 * −13.20 1.12 −17.00 −15.00 * −5.87 *
B −2.33 0.10 * −2.84 * −2.38 1.04 −2.87 * −6.00 * −14.32 * 5.62 −15.25 −15.00 * −5.40
C −0.44 0.23 * −2.38 −2.33 0.92 −2.70 * −4.70 −9.90 −16.87 −5.62 −13.80 * −3.47
D −2.10 0.30 * −2.90 * −2.56 0.42 * −1.15 −0.07 * −14.85 * −15.12 0.25 * −11.77 −3.62
E −1.24 0.61 −0.44 * −2.11 0.50 * −2.16 0.07 * −12.07 −4.62 −14.12 −6.60 −5.60
F −2.33 1.14 −1.47 −0.87 0.46 * −1.50 −3.70 −8.55 −18.62 −4.62 −5.92 −5.97 *

* The abnormal parameter beyond the normal ranges.

For the hip joint, the latter two parameters of patients A and B were smaller than the normal
range, representing that the waves in the two places were lower than the curve distribution area of the
normal group, which was consistent with the results of the red and orange lines in Figure 7a. In the
third month of convalescence, only the second parameter of patient C was smaller while the last two
parameters of patient D were smaller, indicating that the second wave of patient C and the last two
waves of patient D were less than the normal distribution range. Moreover, the parameters’ values
showed that the amplitudes of patients C and D were larger and tended to be normal compared to that
of patients A and B, which is indicated by the gray and purple lines. In the sixth month of recovery, the
parameters of patients E and F were within the normal range, except for the last parameter of patient E,
as shown in the pink and blue lines.

For the knee joint, the third parameters of patients A, B, and C, and the second parameters of
D, E, and F were all lower than the normal range. It can also be seen from Figure 7b that the third
amplitudes of patients A, B, and C presented a state far away from normal gradually, and the second
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amplitudes of patients D, E, and F were just slightly less than normal. These phenomena revealed that
most of the patients with a short recovery period were mainly abnormal in the third parameter.
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Figure 7. The angle curves of patients in three different rehabilitation periods and the comparison with
normal ranges: (a) The hip flexion curves of the patient group during one gait cycle; (b) The trend of
knee joint angle curves of patients was approximately similar to that of the normal range; (c) Patients
A and B showed significant differences in their ankle curves from the normal range compared with
other patients.

For the ankle joint, the first, fifth, and sixth parameters of patient A, the first, second, and fifth
parameters of patient B, and the fifth parameter of patient C were all smaller. It should be noted that
the first and fifth parameters of patients A and B were not only smaller than the normal range but also
reached the critical values from Equation (9), indicating that they could not be effectively fitted. For
patient D, the first and fourth parameters were larger and the second parameter was smaller. The first
parameter of patient E was larger while the sixth parameter of patient F was smaller. Figure 7c also
expresses that patients A and B were significantly lower than the normal range at the first and fifth
amplitudes corresponding to the abnormal parameters, as seen by the red and orange lines. Patient C
(grey line) was slightly lower than the normal value at the fifth amplitude, and the curve of patient D
(purple line) tended to the normal ranges. By contrast, the curves of patients E and F (pink and blue
lines) in the sixth month of recovery basically belonged to the normal range.

Consequently, the properties of shape parameters were consistent with the data graphics, so the
shape parameters can effectively reflect the normal and abnormal gait. Furthermore, the results of the
shape parameters’ ranges from the normal group and patient group were very similar with the previous
assumptions. The primary abnormal parameters were mainly the second and third parameters of the
hip joint, the third parameters of the knee joint, and the first and fifth parameters of the ankle joint.
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4. Discussion

4.1. Effects of Shape Parameters in Rehabilitation

According to the abnormal shape parameters of the patient group, besides representing abnormal
gait, they have some differences in the excess degrees from normal ranges in different rehabilitation
phases, which indicates that parameters could assist in evaluating the recovery status of patients.
Furthermore, from the graphical results, the largest differences from the normal distribution areas were
the second and third amplitude values for the hip, the third for the knee, and the first and fifth for the
ankle. These outcomes were the same with the distributions of the primary abnormal parameters of
the three joints, so it could demonstrate that the weights of these primary abnormal parameters here
were greater than that of other abnormal parameters.

In line with this idea, it can be considered that when these weighted abnormal parameters exceed
the normal ranges, the recovery situation is not ideal; if they belong to the normal ranges while other
abnormal parameters slightly exceed the normal ranges, the recovery state can be considered good.
Moreover, the higher the abnormal parameters exceed the values, the farther they are away from the
normal ranges. With this information, patients with unsatisfactory recovery can be further judged. For
the hip joint, patients E and F basically restored normal hip rotation, and the joint function of patient C
was basically normal while the hip function of patients A, B, and D still seriously suffered due to the
ankle injury. It should be noted that patient D was less influenced than patient B than patient A. For
the function of the knee joint, the influence degrees of patients D, E, and F were smaller compared
with patients A, B, and C. Furthermore, patient C was less than patient B than patient A. For the ankle
joint, the recovery of patients E and F was better than patients C and D while patients A and B were
relatively poor in rehabilitation.

All in all, the ankle function of patients A and B was still out of condition since they were in the
second month of convalescence, and the knee and hip function were significantly affected. In the third
month of rehabilitation, although the ankle function of patients C and D improved, it still mainly
influenced the hip joint. By the sixth month of the recovery period, the three joint functions of patients
E and F were basically restored to normal.

4.2. Effects of Shape Parameters in Walking Postures

In natural walking, the flexion and extension angles of the hip, knee, and ankle joints of healthy
individuals changes harmoniously [43], which is different from that of patients. Since each shape
parameter corresponds to a wave of the angle period curve, which is exactly the transformation process
of walking posture. The abnormality of shape parameters can then assist in judging the abnormality of
walking posture in the gait cycle. For the hip joint, the second and third parameters being smaller than
the normal range indicated that maximum extension was not achieved in the stance phase, and the
forward flexion was not increased enough in the swing phase. In other words, the hip joint was in a
slight forward flexion from terminal stance to terminal swing. For the knee joint, the third smaller
parameter corresponds to the failure of the patient’s flexion to increase effectively during the swing
phase, presenting that the patient’s activity is limited. For the affected ankle joint, the first and fifth
parameters were lower, which corresponded to the limitation of two plantar flexion movements in the
whole gait cycle, showing that the patients’ feet were still unable to move freely.

Generally, ankle joint injury had an impact on the normal movement of the lower extremity joints.
In order to avoid pain in the affected area or due to psychological factors, the patients used the way
of dragging the injured legs to walk, resulting in abnormal movements of the lower limb joints. The
explanations above also illustrated= that the shape parameter analysis allowed documentation of the
patients’ progress after rehabilitation and identified possible directions to adapt the exercise program.
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5. Conclusions

This article proposed a parametric description method of mathematical models based on the
GE-Bézier curve for the angle variations of three lower extremity joints in the sagittal plane, which
can help to distinguish normal and abnormal gait, and assess the rehabilitation status and walking
postures of patients by shape parameters. The main conclusions can be summarized as follows:

1. The mathematical models were provided for the gait data of each participant, which not only
contain the individual gait personality but also present the general gait regularity. In the models,
the gait curve shapes of different participants in the same joint can be controlled by one group of
commonality points, and the differences among local details of curves were reflected by different
local shape parameters.

2. For the normal ranges of shape parameters summarized from the normal group in this paper,
they can be used as references for distinguishing normal and abnormal gait. The gait could be
considered normal if shape parameters in the patient group belonged to these ranges, and if they
were exceeded, especially for parameters with larger weights, the gait tended to be abnormal.

3. The excess degrees of abnormal parameters can play a certain role in assisting the evaluation of
the recovery status of patients. In this context, the degree of abnormal parameters of patients
in the second month recovery period significantly exceeded those in the recovery period of six
months, indicating that the former has a poor recovery status to a large extent.

4. Shape parameters can help analyze abnormal postures during walking. For the patients with an
ankle fracture in this paper, it could be estimated that the flexion movements of three lower joints
were limited to various degrees corresponding to the abnormal parameters, and these abnormal
gait characteristics can in return provide references for rehabilitation guidance.

In future works, we aim to continue to expand the sample size of the same population and calculate
the shape parameters to obtain sufficient data to further support the results of the study. Subjects in
other ages and genders will also be recruited and measured to acquire the adjustment ranges of shape
parameters and to make the method more adaptable in clinical practice. In addition, for the process of
judging whether the gait is normal by shape parameters, the possibility of machine learning can be
explored. With the support of sufficient data, more accurate weighted parameters can be calculated
through a machine learning algorithm, so that the judgment has more experimental evidences
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