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Featured Application: The damping ratio is one of the key soil parameters in geotechnical issues
in which the soil is subjected to dynamic loads. Thanks to the provided empirical equation, it can
be estimated based on the basic physical properties of the cohesive soil.

Abstract: The damping ratio (D) is one of the key soil parameters in geotechnical issues where the soil
is subjected to dynamic loads, like machines foundation, city tram and subway traffic, and driving
of sheet pile or precast pile. Each of the abovementioned geotechnical problems is connected with
significant damping, so its effect should be included in the dynamical analysis. Therefore, this article
focuses on the damping phenomenon in cohesive soils from the capital of Poland, which is described
by damping ratio (D). In this research, a set of the damping tests by free vibration method in resonant
column device were conducted, and the influence of four selected factors, i.e., shear strain (γ),
effective stress (p’), plasticity index (PI), and void ratio (e) on damping ratio in wide strain range was
investigated and discussed. Based on the laboratory tests, the shear strain has the most impacts on
the damping ratio characteristics; the plasticity index and the effective stress also have a significant
influence. Based on the performed analysis, the authors propose the empirical equations with two
sets of variables, the first for low and medium cohesive soil (PI < 20%) and the second for very
cohesive soils (PI > 20%).

Keywords: laboratory studies; damping ratio; free vibration decay; cohesive soil; resonant column

1. Introduction

The shear modulus G and the damping ratio D are the key soil parameters in geotechnical issues
in which the soil is subjected to dynamic loads, for example, machines foundation [1], city tram and
subway traffic, driving of sheet pile or precast pile, or mechanical soil compaction at the bottom of the
excavation. These two mentioned parameters are also used in the soil-structure interaction when a
large area of soil is employed to interaction with construction [2], e.g., in diaphragm walls’ construction,
tunnel housing, or subway stations. Each one of the abovementioned geotechnical problems should be
solved based on geotechnical parameters obtained in small [3] and medium strain range, in which soil
behaves like an elastic and elastic-plastic medium. Reliable evaluation of the stress–strain response of
the soil, leading to a correct prediction of ground and structure deformations under static and dynamic
loading and is directly dependent on the accurate assessment of the dynamic properties [4].

However, when energy dissipation is small, undamped analysis can be employed. Nevertheless,
every abovementioned geotechnical problem is connected with significant damping, so its effect

Appl. Sci. 2019, 9, 4518; doi:10.3390/app9214518 www.mdpi.com/journal/applsci

http://www.mdpi.com/journal/applsci
http://www.mdpi.com
https://orcid.org/0000-0001-9766-090X
https://orcid.org/0000-0001-6651-6737
https://orcid.org/0000-0002-5488-3297
http://dx.doi.org/10.3390/app9214518
http://www.mdpi.com/journal/applsci
https://www.mdpi.com/2076-3417/9/21/4518?type=check_update&version=2


Appl. Sci. 2019, 9, 4518 2 of 20

should be included in the dynamical analysis [5]. Damping is used to describe the ability of subsoil or
structures to dissipate energy during dynamic loading [6]. However, the damping process relates to
several possible processes, not to a unique process, so it is challenging to model it properly. The value
of damping depends on many factors, like vibration amplitude, material properties, structural
configurations, fundamental periods of vibration, mode shape, etc. [7]. In engineering practices,
several types of damping are used, i.e., hysteretic damping [8], viscous damping, damping caused by
wave scattering, radiation damping, numerical damping, and damping as an alternative [9]. From the
geotechnical point of view, the most important are hysteretic and viscous damping. There are two
types of viscous damping: external damping and internal damping. External damping is caused by
the interaction between the considered body and outside of the system. Internal damping is caused by
the difference of the internal velocity between moving particles [9].

This paper focuses on the internal viscous damping ratio (D) of Quaternary cohesive soils from
Warsaw and factors determining this parameter in studied material. It presents a literature review of
the most important factors affecting the damping ratio. Moreover, the authors discuss the influence
of identified factors on their results. For the damping ratio of cohesive soil in small and medium
shear strain range obtained from resonant column tests, the authors created the new empirical model.
A comparison with other models from the literature is also included in the paper. Conclusions from
conducted research are drawn at the end of this work.

2. Literature Revive

2.1. Identification of Factors Affecting Damping Ratio

For the correct creation of the damping model, parameters affecting this soil property have to
be designated. In factors determining the dynamic properties of soil, we can distinguish two main
groups. The first is connected with loading condition, for example, effective stress, strain amplitude,
strain frequency (strain speed), numbers of loading cycles, or stress history (OCR). The second group
concerns physical soil parameters, like soil type, size, and shape of grains or void ratio [10]. Over the
years, a lot of research was conducted to find the most important factors [11–14].

In Table 1, the influence of different parameters on the damping ratios of cohesive soil is
summarized. According to [12], the most important factors are strain amplitude, effective stress,
void ratio, and numbers of loading cycles. Based on [12], one of the first equations for the damping
ratio of saturated cohesive soil was presented in [15]:

D = DMAX(1 − G/GMAX) (1)

DMAX = 31 − (3 + 0.03f )σ0
1/2 + 1.5f 1/2

− 1.5(logN) (2)

where: f—frequency of loading,σ0—effective stress, N—number of loading cycle, and G/GMAX—normalized
shear modulus.

Further research marginalized the impact of void ratio but showed much more influence of soil
type and plasticity on the damping ratio [13,14]. However, an investigation conducted by [13] shows
that the damping ratio could stay constant with increasing confining pressure. Moreover, they indicated
that damping decreased with the increasing void ratio, which proved to have much influence on
damping characteristics. A number of loading cycles were another difference between [13] and [12,14].
In [13], N had no significant effect on damping for moderate numbers; however, [12,14] presented the
number of loading cycles as a very important factor for the mentioned dynamic parameter. Each of the
referenced publications [12–14] showed small or no influence OCR on D.
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Table 1. Importance of various parameters to damping ratio [12,14] and the effect of the increase of
various parameters on damping ratio [13] of cohesive soils.

Parameters
Importance to Damping

Ratio, According to Increasing Parameters Effect on Damping Ratio, According
to [13][12] [14]

Strain amplitude *** *** Confining pressure (σ0) Stays constant or decreases with σ0
Effective stress *** *** Void ratio (e) Decreases with e

Void ratio *** * Geologic age (tg) Decreases with tg
Number of loading cycles *** ***+ Cementation (c) May decrease with c

Degree of saturation - * Overconsolidation ratio Not affected
Overconsolidation ratio ** * Plasticity index (PI) Decreases with PI

Frequency of loading ** ** Cyclic strain (γc) Increases with γc
Time effect ** - Frequency of loading (f ) Stays constant or may increase with f

Grain characteristic * * Number of loading cycles
(N)

Not significant for moderate γc and N
Soil structure * -

Soil type and plasticity - ***

*** very important, ** important, * less important, + soil type-dependent, - not studied.

2.2. Shear Strain

As shown in Table 1, shear strain is the most important parameter effecting the damping ratio,
according to the presented references [11–14]. This issue is connected with the so-called threshold
strains. In soil dynamics, we can specify three soil reaction zones for loading. Each zone is separated
from each other by threshold strains. The first zone, small strain, is characterized by the linear elastic
response. In this strain range, the damping ratio has minimum constant values (DMIN), in contrast
to the shear modulus, which takes maximum values (GMAX). The strain amplitude at which shear
modulus decreases to 98% of its maximum value and D/DMIN = 1.02 is called the nonlinearity threshold
strain (γe

t) [16,17]. Above γe
t , soil behaves nonlinearly but is still elastic. It means that the stress–strain

characteristic is curved. However, deformations are recoverable upon unloading [14]. In this zone,
increases of damping ratio D and decreases of shear modulus G are observed. The degradation
threshold strain γc

t [16,17] is reached when shear modulus decreased to about 80% of the GMAX,
and the damping ratio was about 3% higher than the DMIN [18]. After crossing γc

t deformation
becomes irrecoverable.

It is common practice to replace strain amplitude by normalized shear modulus in equations for
damping ratio (Equation (1)) because G/GMAX values refer to different soil reaction zones: 1–0.98 linear
elastic, 0.98–0.80 nonlinear elastic, <0.8 plastic. Furthermore, it is easier to use from an engineering
point of view. In Figure 1, the definition of threshold strains based on D-DMIN and normalized D/DMIN
curves is presented.Appl. Sci. 2019, 9, x 4 of 21 
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2.3. Effective Stress

Effective stress is, next to shear strain, the most important factor affecting the dynamic parameters
of the soil. It influences dynamic soil responses in linear elastic, nonlinear elastic, and plastic ranges of
strain. Research on this topic has been conducted since the 1960s until now [11,19–24].

Typical minimal damping ratio behavior depended on effective stress is presented in Figure 2a [25],
i.e., DMIN values decrease linearly with the increase of effective stress [22]. However, the DMIN decrease
is not as significant as the GMAX increase with effective stress. Thus, the conclusion is that effective
stress has a greater effect on the maximum shear modulus than on the minimal damping ratio [26].
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Increasing the effective stress has a substantial impact on the damping ratio curves, as well.
In Figure 2b, the influence of the confining pressure on the damping ratio curves is illustrated; it becomes
increasingly linear as the confining pressure increases. Therefore, the nonlinearity threshold strain
(γe

t) and degradation threshold strain γc
t move to the right on the x axis, to the larger shear strains,

increasing, at the same time, the nonlinear elastic zone of response of the soil [27].

2.4. Soil Type—Plasticity Index (PI)

Soils are classified as cohesionless if the amount of sand and gravel exceeds 50% by weight or
cohesive if the amount of silt- and clay-sized mineral exceeds 50% [28]. The engineering properties
of granular soil are often established by applying confining pressure and looseness or denseness,
as indicated by relation of the current void ratio to the lowest and highest value of this parameter [28].
The basic mechanical parameter of granular soil is the internal friction angle ϕ. The engineering
properties of cohesive soil are characterized by stiffness and strength and by relating the current
water content and past consolidation history to the compositional characterization provided by the
plasticity index (PI) [28]. Thanks to the amount of silt- and clay-sized minerals (which correlates with
PI), cohesive soil, besides internal friction angle ϕ, has another basic mechanical parameter, which is
cohesion c.

PI is one of the most important physical parameters of cohesive soil, which distinguishes it
from granular soils. Plasticity index affects both mechanical and dynamical parameters. PI has such
influence on damping characteristic that, as the PI increases, the influence of the effective pressure
on the damping ratio decreases. In soil with PI > 30%, effective stress influence on the discussed
parameter can be omitted [9].

Damping ratio curves against shear strain for soils with different plasticity index are presented
in Figure 3a [16,29]. It can be seen that damping ratio values decrease with PI increases. The curve
for PI = 0 indicates noncohesive soil. Generally, sandy soils have a higher value of damping ratio
than cohesive soil. Moreover, with increases in the plasticity index, the range of linear response of soil
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for loading is increased [30]. The same phenomenon can be observed for nonlinear elastic zone [30],
as presented in Figure 3b. Furthermore, in Figure 3a, no influence of the overconsolidation ratio (OCR)
on the damping ratio curves is confirmed.
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2.5. Void Ratio (e)

As presented in Table 1, the influence of the void ratio on the damping ratio is not straightforward
based on the literature review. In [14], Darendeli displayed a total lack of impact of e on the damping
ratio D. Moreover, [31,32] confirmed that the void ratio had not affected both the minimal damping
ratio and the damping ratio curve. However, Kim and Novak in [20] presented utterly different
results. They investigated soils with void ratios from 0.4 to about 1.2. Their research indicated that
the damping ratio decreases with the increase of the void ratio from 0.4 to about 0.65. That confirms
the conclusion presented in Table 1 [13]. Nevertheless, a further increase in the void ratio leads to
the opposite behavior of the damping ratio. That phenomenon was confirmed in [22]. The rise of
the damping ratio with a void ratio above 0.65 is connected with soil structure, which is much more
sensitive for strain and frequency range of loading, which leads to increased intermolecular interaction,
and thus increased energy dissipation, hence the increases of the damping ratio value [22]. Therefore,
the influence of the void ratio on the damping properties of cohesive soil is still not clarified.

3. Materials and Methods

3.1. Soils’ Properties and Sample Preparation

Soils for this research were collected from three test sites, i.e., Pełczyńskiego, Bartycka,
and Pory. Every geotechnical site name comes from the street where the construction site is located.
The Pełczyńskiego site is in the Bemowo district, which is located in the northeastern part of Warsaw.
From this site, seven samples were collected from a depth of 2 to 7.5 m below the surface. The Pory
and Bartycka sites are in the southwestern part of Warsaw, in the Mokotów district. Altogether, eight
samples were collected there from a depth of 1.5 to 9.5 m below the surface. Every soil core was
collected in undisturbed condition by Shelby tubes. The localization of the test sites is presented in
Figure 4.
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Before performing the damping tests, the soil grain distribution and basic physical properties were
examined. Based on aerometric and sieve analysis, as well as on Eurocode 7 [33,34], every cohesive
soil was recognized. Moreover, the soil parameters, moisture content according to [35], Atterberg
limits according to [36], overconsolidation ratio according to [37], and initial void ratio were estimated.
The soil parameters and range of mean effective stress (p’) at which damping tests were conducted are
presented in Table 2. In Figure 5, grain-size distribution curves for tested cohesive soils are shown.

Table 2. Basic properties and mean effective stress range for tested cohesive soils.

Test Site Test
No.

Depth
(m)

Soil Type
[33,34]

WC
(%) LL (%) PL (%) PI (%) p’ (kPa) e0 (-) OCR (-)

Bartycka
K1 2.5 saCl 11.75 22.10 11.50 10.60 50–200 0.405 2.8–1
K2 1.5 sasiCl 18.85 32.75 15.96 16.80 30–390 0.562 1.00
K3 1.7 clSa 14.43 21.20 12.24 8.96 35–210 0.436 1.00

Pełczyńskiego
K4 6.0 clSa 11.06 17.70 11.10 6.60 60–240 0.322 3.33–1
K5 4.5 sasiCl 17.41 36.50 14.10 22.40 90 0.478 1.00
K6 7.5 sasiCl 10.76 24.50 12.47 12.03 75–415 0.304 2.13–1

Pory K7 6.0 siCl 17.53 37.25 17.14 20.10 120-410–120 0.473 1–3.42
K8 8.5 siCl 19.84 44.60 19.49 25.10 85–310 0.591 2–1

Pełczyńskiego
K9 2.2 saCl 12.23 37.00 11.45 25.60 45–315 0.365 1.00
K10 2.2 clSa 15.57 41.70 14.26 27.40 90–315 0.403 1.00
K11 2.2 clSa 10.50 18.20 9.10 9.10 45–315 0.429 1.00

Pory
K12 7.2 siCl 21.98 51.27 23.65 27.60 145–290 0.595 1.38–1
K13 8.0 siCl 22.95 63.50 26.82 36.70 160–320 0.634 1.25–1
K14 9.5 Cl 26.04 70.95 33.11 37.80 95–285 0.747 6.32–2.11

Pełczyńskiego K15 2.7 sasiCl 12.68 27.10 12.32 14.80 55–165–55 0.389 1–3

Notes: WC—initial water content, LL—liquid limit, PL—plasticity limit, PI—plasticity index, p’—mean effective
stress, e0—initial void ratio, and OCR—overconsolidation ratio.
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After the examination of the basic properties of the soil, the core sample was pushed out from the
Shelby tube by a hydraulic press. Next, from the undisturbed core, a cylindrical specimen at 70 mm
diameter and 140 mm high was cut out. Later, the prepared sample was placed on resonant column
pedestal, and the proper test was started after closing the chamber.

3.2. Test Apparatus and Test Procedure

In this research, the fixed free resonant column manufactured by GDS Instruments Ltd. was
employed as the most reliable tool for the determination of the damping ratio of soil specimens in
the shear strain range of 10−4%–10−2%. A more detailed description with technical features and the
blueprint of the devices can be found in [38,39].

After closing the resonant column chamber, every specimen was saturated to Skempton parameter
B at least 0.95. After that, the consolidation process took place. At every stage of consolidation, dynamic
tests were conducted. First, the resonant frequency at torsional mode excitation had to be found.
Next, the sinusoidal wave at resonant frequency was applied on top of the soil sample by the drive
system, consisting of four coils and magnets. After 2 seconds of excitation, the coils were switched off,
and the specimen was left to vibrate freely. The damping of the soil sample movement was recorded
by accelerometer and displayed on the screen as a free vibration decay curve. Subsequently, based
on the free vibration decay curve, the scientist carefully chose the right number of damping cycles at
which specimen motions were utterly damped. Knowing the number of cycles, software calculated the
logarithmic decrement δ from the following equation:

δ =

∑n
1 ln

(Zn+1
Zn

)
+ ln

(Zn+2
Zn+1

)
+ · · ·+ ln

(
Zn+i

Zn+(i−1)

)
n

(3)

where: n—number of damping cycles and Zn+i—amplitude of the respective cycle. With the value of
logarithmic decrement δ, damping ratio D was calculated by the program from Equation (4).

D =

√
δ2

4π2 + δ2 (4)

In order to obtain a damping ratio curve dependent on shear strain (γ), the researcher increased
the amplitude of applied voltage on the drive system and repeated all processes described above.
Damping tests were conducted according to [40]. Moreover, every damping test was repeated ten
times at each shear strain. Next, from ten results of the damping ratio, the average value was calculated
and used in further interpretation.

4. Results

4.1. Shear Strain

In Figure 6, typical examples of the damping ratio curve dependant on shear strain for three
specimens, K2, K6, and K13, from different test sites, tested in two similar mean effective stress are
presented. The influence of shear stress on the damping ratio is clearly visible. The variability of the
damping ratio dependant on shear strain is best described by the quadratic function, with the lowest
coefficient of determination equal 0.92 for the K14 sample.
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Figure 6. Examples of damping ratio curves dependant on shear strain for three tested soils: K2, K6,
and K13.

As was said in Section 2.2, based on the damping ratio curve, we can identify three zones of
soil response for loading: linear elastic, nonlinear elastic, and plastic. Over the decades, researchers
reported different threshold strains between soli response zones, for example, γe

t = 0.0025% [12],
0.001% [41,42], and 0.002% [42] and γc

t around 0.04% [43] for cohesive soils. According to Figure 1,
we estimated threshold strains for every tested soil. The results are presented in Table 3. It can be
seen that both threshold strains are dependent on plasticity index (PI) and they are moving into
the larger strains with PI increasing. The exception is sample K14, which, despite much plasticity,
obtained γc

t = 0.007% at p’ = 95 kPa. However, the general trend confirmed research presented in [30].
Moreover, degradation threshold strain is strongly dependant on effective stress, which is described in
next section.

Table 3. Results of threshold strains γe
t and γc

t investigation of tested soils.

Test
No.

p’
(kPa)

PI
(%) γe

t (%) γc
t

(%)
Test
No.

p’
(kPa) PI (%) γe

t (%) γc
t

(%)

K1 50–200 10.60 0.0012 n.e.* K9 45–315 25.55 0.0018 0.014
K2 30–390 16.79 0.0009 0.015–0.023 K10 90–315 27.44 0.0008 0.0041–0.011
K3 35–210 8.96 0.0008 0.007–0.014 K11 45–315 9.10 0.0012 0.011–0.016
K4 60–240 6.60 0.0005 0.0045 K12 145–290 27.62 0.0019 0.022
K5 90 22.4 0.0012 0.03 K13 160–320 36.68 0.0024 0.04
K6 75–415 12.03 0.0010 0.012–0.02 K14 95–285 37.84 0.0011 0.007–0.02
K7 120–410 20.11 0.0019 0.021–0.034 K15 55–165 14.78 0.0013 0.013–0.022
K8 85–310 25.11 0.0016 0.04

Notes: p’—mean effective stress, PI—plasticity index, γe
t—the nonlinearity threshold strain, and γc

t —degradation
threshold strain. * Not examined.

4.2. Effective Stress

Another significant factor influencing the damping ratio is effective stress. In Figure 7, the minimal
damping ratio DMIN, designated at the linear elastic range of soil response, dependant on effective
stress (p’) is presented. Conducted research confirmed the linear relationship between these two
parameters. The minimal damping ratio decreases with an increase in effective stress. Except for
the K2 sample, every tested soil obtained the coefficient of determination for linear function R2 > 0.8.
The small value of R2 for the K2 sample may be due to the low variability of the DMIN with the increase
of p’.
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Effective stress also influences the shape of a damping ratio curve. In Figure 8, the damping
ratio curve obtained at different effective stress levels for sample K8 is shown. A red arrow indicates
an increase in effective stress (p’). It can be seen that, with an increase of p’, the damping ratio
curves move down. Moreover, the zone of nonlinear elastic response of soil also increases. Therefore,
the degradation threshold strain (γc

t ) moves to the larger shear deformation. This phenomenon is
presented in Table 3 in the γc

t columns.
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4.3. Soil Type—Plasticity Index (PI)

Plasticity index (PI) is the fundamental physical property of cohesive soil and, by many researchers,
is considered one of the most important factors affecting the dynamic properties of cohesive soil [14,16].
Therefore, in Figure 9, minimal damping ratios depending on the plasticity index are shown. Every
tested soil (except K5) has a few different DMINs. It is connected with the next steps of the consolidation
process at which damping tests were conducted (see Figure 7). Based on this figure, the following
can be observed: the DMIN decreases with the rise of the PI from 0% to about 20%, and then the
trend changes and an increase in the plasticity index causes an increase in the minimal damping ratio.
This phenomenon is related to the soil structure. Namely, below PI = 20% soil has a lot of sandy
fraction, and these grains dominate in soil structure. Thus, when the PI is small, the friction between
the grains is significant, and much of the motion energy is dissipated and changes into thermal energy,
so the minimal damping ratio is high. When the plasticity index increases, water and clay friction
act as a lubricant and reduces friction, and, therefore, the DMIN decreases. However, above PI = 20%,
the situation changes. Clayey and silty fractions start to dominant in soil structure, and connections
between these grains are the most important. The contact area is very small compared to sandy
grains, so a lot of motion energy is lost on those connections; as a result, energy dissipation increases,
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and therefore the minimal damping ratio also rises. Similar conclusions can be found in [42], however,
in that work, PI value, above which the minimal damping ratio characteristic was changed, was equal
to 50%.
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Soil cohesion also has influence over the shape of the damping ratio curve. Figure 10a shows
examples of damping ratio curves for soils with a different plasticity index, namely, K4, K7, K13, and
K15, compared to Vucetic and Dobry curves [16]. The presented damping ratio curves are obtained
at similar effective stress levels from 110 to 160 kPa, and the PI range is from 6.6% for the K4 sample
to 36.68% for the K13 sample. The curves provided by Vucetic and Dobry are correct for soils with
a plasticity index from 0% to 50% and an OCR from 1 to 8. However, it can be seen that Warsaw
cohesive soils have a completely different shape and do not fit with the range proposed by Vucetic and
Dobry [16]. Figure 10a is evidence that we cannot compare soils from Europe to soils from the US,
because of differences in origins and genesis, which influence not only the values of the damping ratio
but also the shape of the damping ratio curves.Appl. Sci. 2019, 9, x 11 of 21 
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The real influence of the plasticity index on the damping ratio curves is presented in Figure 10b.
On the y axis, the normalized damping ratio (D/DMIN (-)) is shown. In this configuration, elastic range
of soil response is denoted as D/DMIN = 1. The x axis shows the standard shear strain (γ) (%) of a soil
sample. The curve for the K4 sample increases the fastest and crosses the nonlinearity threshold strain
as the first soil. This is due to a very small PI value, namely, 6.6%. Every curve is located beneath
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another in line with the increase of the plasticity index, so the first is for K4, the second is for K15,
the third is for K7, and the fourth is for K13. Based on purposed normalization, you can say that
an increase of PI value causes an increase in the elastic range of soil responses for dynamic loading.
Therefore, the plasticity index has a significant impact on the shape of a damping ratio curve.

4.4. Void Ratio (e)

As presented in Section 2.5, the impact of the void ratio on the damping properties of the cohesive
soil is not straightforward. Therefore, in Figure 11a,b, a different approach for the presentation of that
influence is presented. In picture 11a, the minimal damping ratio versus the void ratio is shown. In this
figure, some global dependency can be seen; namely, from the void ratio 0.3 to about 0.5, the DMIN
decreases. When the void ratio rises, the minimal damping ratio increases. That phenomenon is
marked in Figure 11a by the black arrows. Moreover, the same observations can be found in [20,22].
However, it is well-known that the void ratio depends on the effective stress (p’), so it is hard to
determine the impact of the void ratio on the minimal damping ratio for individual samples. Thus,
the authors of this article propose dividing minimal damping ratio by the square root of effective
stress (p’), in order to emphasize the influence of the void ratio on the damping ratio. This procedure
is presented in Figure 11b. The relationship between these parameters is best described by a power
function with the minimal coefficient of determination in sample K7 0.86. Therefore, in the case of
cohesive soil from Warsaw, the void ratio has a noticeable impact on the minimal damping ratio (DMIN).
However, the authors did not find any influence of e on the shape of the damping ratio curve of the
studied soils.
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4.5. Summary

In the above section, the influence of the most crucial factor affecting the damping properties of
cohesive soil from Warsaw was presented. Definitively, the most significant impact on the damping
ratio is shear strain. However, it is worth noting that shear strain can be replaced in the model by the
much more common normalized shear modulus (G/GMAX) [44,45]. The authors confirmed the high
impact of effective stress and plasticity index on both the minimal damping ratio and the shape of
the damping ratio curve. Additionally, the authors presented the relationship between the minimal
damping ratio and void ratio, which is not so obvious, according to the literature [14]. Based on
that knowledge, the empirical model described damping properties of cohesive soil from Warsaw is
presented below.
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5. Empirical Model

5.1. The Statistical Reliability of the Results

Each measurement in laboratory conditions is burdened with a certain error, mainly because of
apparatus and researchers’ imperfections. Furthermore, in the case of soil laboratory tests, there is
also a significant heterogeneity of the material, which further reduces the quality of the results.
This phenomenon is clearly visible in damping tests in a resonant column apparatus. Despite the same
torsional frequency excitation, the same shear strain and the same effective stress obtained damping
ratio values may differ by a few tenths.

To confirm the reliability of the obtained damping ratio values, the standard statistical operations
were carried out. Every damping test was repeated ten times at each shear strain so the database of over
12,000 damping ratio values was gathered. For ten repetitions at each shear strain, authors determined
a minimum, maximum, and average value. The average value of the damping ratio was the reference
result on the basis of which statistical parameters like standard deviation, interval, median, variation,
standard error of the mean value, and absolute and relative measurement error were determined.
Afterward, the calculated parameters were averaged over the entire consolidation stage and, in the
subsequent move, overall consolidation stages for one sample. The results of these calculations for
individual samples and for all conducted research are summarized in Table 4. It is worth noting that
the standard deviations for all presented data are rather low, not exceeding the value of 0.2, except for
the K1 and K4 samples. Hence, variations for these specimens are also the highest. Moreover, the same
soils have the highest value of standard error of the mean value. However, this does not result in the
biggest relative measurement error. This parameter is the highest for sample K2 and K8. Nevertheless,
calculated average statistical volatility parameters and errors for the whole study are still very low,
which shows high accuracy and correctness of the damping ratio recorded during the laboratory tests.

Table 4. Averaged statistical parameters calculated for measurements of the damping ratio (D) of all
tested samples.

No. K1 K2 K3 K4 K5 K6 K7 K8 K9 K10 K11 K12 K13 K14 K15 Avr.

S 0.21 0.16 0.19 0.21 0.08 0.14 0.06 0.09 0.11 0.09 0.13 0.10 0.10 0.08 0.10 0.12
I 0.64 0.48 0.59 0.64 0.24 0.42 0.19 0.23 0.34 0.26 0.37 0.29 0.29 0.24 0.28 0.37

W 0.07 0.03 0.05 0.08 0.01 0.03 0.01 0.01 0.01 0.01 0.04 0.01 0.01 0.01 0.01 0.03
M 4.90 2.70 5.30 5.94 3.39 4.03 2.33 2.72 5.14 2.85 6.48 4.11 4.3 4.43 5.24 -
SE 0.07 0.05 0.06 0.07 0.03 0.04 0.02 0.03 0.04 0.03 0.04 0.03 0.03 0.03 0.03 0.04
AE 0.17 0.12 0.15 0.11 0.07 0.11 0.05 0.07 0.09 0.07 0.1 0.09 0.08 0.07 0.08 0.09
RE 3.55 4.41 2.61 2.64 1.53 2.66 1.42 3.67 1.94 2.00 1.31 2.23 1.46 1.46 1.44 2.29

Notes: S—standard deviation, I—interval, W—variation, M—median, SE—standard error of the mean value,
AE—absolute measurement error, RE—relative measurement error [%], and Avr.—average value of each statistical
parameter referred to all specimens.

5.2. Experimental Model Describing the Damping Properties of Soil in the Range of Small and Medium Strains.

One of the main aims of the following study was to find the factors affecting the dynamic properties
of selected clayey soils from Warsaw. These properties are represented in the article by damping ratio,
i.e., minimal damping ratio (DMIN) in the elastic range of shear strain and damping ratio (D) in the
elastoplastic and plastic range of shear strain. In order to find the relationship between the damping
ratio and the factors described in Section 4, the correlation analysis was carried out. This method,
utilizing a linear correlation model, checks the relationship between two variables. That allows the
expected outcome of the variable based on another variable that is correlated with the first variable to
be calculated. The main parameter describing strength of the correlation is the Pearson correlation
coefficient, otherwise known as the correlation coefficient (R). It takes values from –1 to 1. The closer to
0 the correlation coefficient is, the weaker the correlation is. The R equals −1 or 1 indicates a perfect
linear relationship. Moreover, the sign at R value indicates the direction of a correlation.



Appl. Sci. 2019, 9, 4518 13 of 20

The analysis of the impact of the plasticity index on the damping ratio allowed to determine
the threshold value of PI = 20%, which indicates the change of the DMIN trend from decreasing to
increasing value (Section 4.3. and Figure 9). Therefore, the tested soils were divided into two groups,
namely, low and medium cohesive soil with a PI below 20% and very cohesive soil with a PI above 20%.
In Table 5, the correlation matrix for tested specimens from both groups and the values of the Pearson
correlation coefficient are shown. It can be seen that the most significant influence on the damping
ratio in both groups of soil has normalized the shear modulus (G/GMAX) and shear strain (γ). As was
recognized in Section 2.2, G/GMAX is strictly related to shear strain and can replace γ in an empirical
damping model, which is rather hard to determine in situ. In the group of low and medium cohesive
soil, another parameter with a high value of R is the plasticity index. It is worth noting that the sign
of the correlation coefficient for the PI is different for both groups. That means, as mentioned above,
a change in the dependence of the plasticity index on the damping ratio. Additionally, significant
influence on D has effective stress (p’). However, R for p’ is higher for very cohesive soils than for low
and medium cohesive soils. Moreover, p’ in soils with PI > 20% has an absolute value of R higher by
0.11 than PI. Besides the mentioned parameters, the void ratio in soils with PI < 20% has enough of
a high correlation coefficient to be used in an empirical model. Nevertheless, the authors specially
selected the three same parameters to build a universal model core for both groups.

Table 5. Correlation matrix for low, medium, and very cohesive soils.

Low and Medium Cohesive Soil PI < 20% Very Cohesive Soil PI > 20%

PI
(%)

p’
(kPa)

e
(-)

γ
(%)

G/GMAX
(-)

D
(%)

PI
(%)

p’
(kPa)

e
(-)

γ
(%)

G/GMAX
(-)

D
(%)

PI (%) 1.00 0.06 0.65 0.00 0.07 −0.44 1.00 −0.13 0.58 0.07 −0.16 0.27
p’ (kPa) 0.06 1.00 −0.27 −0.20 0.20 −0.28 −0.13 1.00 −0.02 −0.22 0.26 −0.38

e (-) 0.65 −0.27 1.00 −0.04 0.04 −0.28 0.58 −0.02 1.00 −0.07 0.13 −0.07
γ (%) 0.00 −0.20 −0.04 1.00 −0.88 0.85 0.07 −0.22 −0.07 1.00 −0.83 0.88

G/GMAX (-) 0.07 0.20 0.04 −0.88 1.00 −0.88 −0.16 0.26 0.13 −0.83 1.00 −0.93
D (%) −0.44 −0.28 −0.28 0.85 −0.88 1.00 0.27 −0.38 −0.07 0.88 −0.93 1.00

To create a correct and reliable empirical model, the authors analyzed every important factor
affecting damping properties. Due to the nonlinear characteristic of the damping ratio, the authors
eliminated from the analysis linear regression. Moreover, the investigation of Figures 6 and 8 provided
the basic function regarding the dependence of damping on deformation (or G/GMAX), i.e., quadratic
function. Subsequently, after investigating Table 5, PI was selected as a parameter which describes
physical soil properties in the created model. The examination of Figure 9 provided two opposite
trends, increasing and decreasing DMIN with the increase of PI; thus, two linear functions had to
describe this phenomenon. First for soils with a PI below 20%, and second for soils with PI above 20%.
The last part of the empirical model should describe test conditions, such as effective stress. The power
function of effective stress with reference to atmospheric pressure was proposed based on [45]. Finally,
based on articles [44–48] and acquired knowledge, the main core of the empirical model was created:

D =

a( G
GMAX

)2

− b
(

G
GMAX

)
+ c

+ dIp + e
( p′

Pa

) f
(5)

where: a, b, c, d, e, and f —constants, different for both analyzed soil groups, and Pa—atmospheric
pressure equal to 100 kPa.

Next, the authors employed the software STATISTCIA 13 with the nonlinear regression module.
Thanks to least squares method and the Gauss–Newton estimation, two groups of constants were
found: for low and medium cohesive soils PI < 20%: a = 14.8, b = 34.3, c = 26, d = -0.31, e = 1.36,
and f = −0.32; and for very cohesive soil PI > 20%: a = 6.32, b = 20.36, c = 14.43, d = 0.062, e = 0.75,
and f = −1.49.
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The proposed equation allows for the calculation of the damping ratio in every range of shear
strain. To obtain a minimal damping ratio in the elastic shear strain zone, one should insert 1 in place of
G/GMAX. For the damping ratio in elastoplastic strain zone, G/GMAX from 0.98 to 0.8, and for damping
ratio in plastic strain range, G/GMAX below 0.8. Thus, the lower the normalized shear modulus value,
the greater the shear strain.

5.3. The Statistical Reliability of the Proposed Model

A comparison of the results from the present work with those previously reported for cohesive
soils was conducted to present the statistical reliability of the proposed model. The authors chose four
well-known equations for damping ratio in wide shear strain range, suggested by the following:

Ishibashi and Zhang [44]:

D =


0.333

(
1 + e−0.0145I1.3

P

)
2

 ∗
0.586

(
G

GMAX

)2

− 1.547
(

G
GMAX

)
+ 1

; (6)

Park and Stewart [48]:

D = 17.83

0.56
(

G
GMAX

)2

− 1.39
(

G
GMAX

)
+ 1

; (7)

Michaelides et al. [47]:

D = 2 + [18− 0.08(IP − 15)] ∗
[
1−

(
G

GMAX

)]
; (8)

Zhang et al. [45]:

D = 10.6
(

G
GMAX

)2

− 31.6
(

G
GMAX

)
+ 21 + [(0.008IP + 0.82)(

σ′0
Pa

)
−0.5k

. (9)

The equation proposed by Ishibashi and Zhang [44] was calibrated for cohesive soil with PI below
50% and effective stress below 1000 kPa. Park and Stewart [48] created an equation for the average
damping ratio curve based on nine publications and considered different types of clay, for example,
offshore clayey silt, Taganuma and Hommoku clay, Edger plastic kaolin, Mexico City clay, San Old Bay
clay, et cetera. Michaelides et al. [47] found an empirical model for cohesive soil with a PI from 0% to
100%. The equation created by Zhang et al. [45] was appropriated for Quaternary, Tertiary, and older
soils with a PI from 0% to 132%, collected from a dept of 0 to 326 m. Thus, every considered literature
models was suitable for the studied soils.

In Figure 12a–e, the measured versus calculated damping ratio is shown for the five analyzed
models. The red dashed line indicates equal points between measured and calculated values, while
black dashed lines mean ±20% error. In Figure 12a, the results for the model created by the authors of
this article are presented. It can be seen that most of the calculated damping ratio fits in the ±20% error
range. Moreover, points are located more or less equally on both sides of the line M = C, which means
that the equation neither understates nor overstates the results. The worst match of measured and
calculated results can be seen in Figure 12b, for the equation suggested by Ishibashi and Zhang [44].
That model significantly underestimates the results, because almost all calculated values are above
the +20% error line. In Figure 12c,d, a quite similar distribution of points is presented. However,
the Park and Stewart [48] equation slightly underestimates, while the Michaelides et al. [47] model
rather overestimates the damping ratio. In Figure 12e, results for the equation constructed by Zhang
et al. [45] are shown. This proposition has a problem with estimations of the small value of damping
ratio because nearly every measured parameter from 2% to about 6% is above the +20% error line.
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In Figure 12a–e, it is clear that the best model for Quaternary cohesive soil from Warsaw is the equation
proposed by the authors.
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article, (b) Ishibashi and Zhang [44], (c) Park and Stewart [48], (d) Michaelides et al. [47], and (e) Zhang
et al. [45], with Measured = Calculated (red dashed line) and ±20% error lines (black dashed lines).

In Table 6, more statistical information about the empirical model and other compered in this
article is provided. Table 6 consists of values of the absolute and the relative error for studied equations,
and average values of this error referred to the entire study and the coefficient of determination for all
five models. Based on Table 6, it can be concluded that the smallest absolute and relative error for
individual samples has Equation (5) proposed in this article. Moreover, the average relative error is
over three times smaller than the second-best equation suggested by Park and Stewart [48]. The highest
value of absolute (0.77) and relative (18.4%) error for Equation (5) was recognized in sample K12.
However, it is still a very small value compared to the highest errors from other analyzed models.
The coefficient of determination is the closest to 1 in the author’s proposition (0.96). Equations (6)–(9)
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have an R2 equal to 0.21, 0.79, 0.78, and 0.77, respectively, but the average relative error is on a high
level from 28.2% for the Park and Stewart [48] model to extreme, 77.3%, for Ishibashi and Zhang [44],
Equation (6). Thus, regard to estimation errors, Equation (5) caused the smallest, so it is best suited for
the studied soils.

Table 6. The comparison of absolute error (AE), relative error (RE (%)), average values of these errors
(Avr.), and coefficient of determination (R2) for the analyzed models.

No.
Authors model,

Equation (5)

Ishibashi and
Zhang [44],

Equation (6)

Park and
Stewart [48],
Equation (7)

Michaelides et
al. [47],

Equation (8)

Zhang et al. [45],
Equation (9)

AE RE AE RE AE RE AE RE AE RE
K1 0.22 4.7 4.51 93.3 1.54 31.4 2.03 42.9 3.39 70.8
K2 0.26 7.7 2.45 85.0 0.56 20.4 0.25 18.6 1.19 48.7
K3 0.46 7.3 5.53 96.7 2.34 39.8 2.69 48.7 4.15 74.2
K4 0.68 10.5 5.96 97.1 2.42 39.8 2.33 43.2 4.03 68.3
K5 0.17 4.6 3.07 76.4 0.00 3.8 0.25 20.8 1.15 42.3
K6 0.23 5.0 4.09 93.9 1.00 21.8 1.43 36.4 2.91 69.2
K7 0.21 7.4 2.18 77.9 0.80 36.0 0.63 21.4 0.83 40.6
K8 0.33 11.8 1.24 66.8 1.42 78.8 0.87 38.8 0.39 34.6
K9 0.49 7.7 3.20 60.6 0.02 22.5 1.05 25.8 0.38 25.4

K10 0.57 11.1 2.00 64.4 0.86 21.4 0.83 31.5 0.10 58.5
K11 0.52 6.7 7.18 93.2 2.35 30.9 1.14 28.3 3.05 49.7
K12 0.77 18.4 2.78 59.1 0.04 31.9 0.88 19.0 0.61 22.1
K13 0.70 13.3 1.93 46.9 0.18 10.9 0.38 30.7 0.78 39.8
K14 0.61 14.2 2.83 64.4 0.83 18.3 0.92 32.0 2.16 51.5
K15 0.46 8.9 5.46 84.2 0.96 15.5 0.18 20.3 1.42 35.2
Avr. 0.45 9.3 3.63 77.3 1.02 28.2 1.06 30.6 1.77 48.7
R2 0.96 0.21 0.79 0.78 0.77

The last statistical comparison of the analyzed models is presented in Figure 13. The picture
shows the so-called box–plot chart. The smallest squares indicate the average value for the measured
and calculated damping ratio. It can be seen that the mean measured damping ratio is similar to the
calculated by Equations (5), (7), and (8). The mean damping ratio estimated by Equation (9) is slightly
below the measured result. However, the most divergent from reality is the one from the Ishibashi and
Zhang [44] model. The next quantity presented in Figure 13 is average value of damping ratio plus and
minus standard deviation. In this case, only the authors’ model has a similar size box to the measured
damping ratio. The last statistical value presented in Figure 13 is spread of results, marked with
whiskers. The slightest difference between measured and calculated minimal and maximal values of
damping ratio is presented by the authors’ model. However, it did not reach the same maximum value
as the measured results. Nevertheless, it is worth noting that, from Equations (8) and (9), the damping
ratio is estimated with a minus sign, which is incorrect according to the definition.

The conducted comparison clearly indicates that the best model for cohesive soil from Warsaw is
Equation (5), which was proposed by the authors of this article. Damping ratios calculated by Equation
(5) were the closest to the measured = calculated line (Figure 12a). Thus, the absolute and relative
error was the smallest, and the coefficient of determination was the closest to 1. Moreover, the set of
coefficient values calculated with the authors’ model was very similar to the measured damping ratios
(Figure 13). On that basis, it can be concluded that Equation (5) describes the best damping properties
of the tested soils.
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6. Conclusions

In this article, the damping phenomenon of normally and lightly overconsolidated Quaternary
cohesive soil from Warsaw was examined using the resonant column device. Different types of clayey
Quaternary soils from three various test sites were collected in an undisturbed state. The damping
tests in the resonant column apparatus by free vibration method were performed on each specimen.
The authors created an empirical model describing the soil damping characteristic in the wide shear
strain range. The main conclusions achieved in this research are summarized below, as follows:

1. As expected, the shear strain had an evident influence on the tested soil damping. The damping
ratio was constant and had minimum value in the elastic range of shear strain. Above the nonlinearity
threshold strain, the damping ratio started to increase, at first slowly, and after exceeding the plastic
strain, it became more noticeable.

2. The effective stress and the plasticity index also have a significant influence on the damping
properties of studied soil. As both parameters increased, the linear damping ratio range (DMIN)
increased. The minimal damping ratio decreased linearly with increasing effective stress. The study of
the impact of PI on DMIN allowed for the setting of a plasticity threshold on 20%, which indicates a
change in the DMIN trend from a decrease to an increase.

3. The authors reported the influence of the void ratio on the minimal damping ratio, which is
best described by the power function.

4. The laboratory technique with repeated damping testing significantly improved the reliability
of the obtained results. Moreover, thanks to that method, measurement errors are at a low level.

5. Based on the laboratory tests, empirical Equation (5), describing damping properties, was
created. Thanks to the connections between the quadratic function of G/GMAX, the linear function of
PI, and the power function of p’, the resulting empirical model precisely describes the damping ratio in
a wide range of shear strain, with the determination coefficient (R2) at 0.96 and average relative error
at 9.6%.

6. Using commonly known empirical equations, it is not possible to reliably calculate the damping
ratio for the studied cohesive soil. A comparison of the measured and calculated value by the equations
from the literature resulted in the very large spread of damping ratio, as well as high values of errors.
Therefore, it can be concluded that an empirical model should be applied to the soil, with a similar
genesis and mineral composition as the soil for which they were created.

The proposed formula is still preliminary and needs to be upgraded and confirmed by being
applied at different clayey sites.
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