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Abstract: Multi-switching combination synchronization of three fractional-order delayed systems
is investigated. This is a generalization of previous multi-switching combination synchronization
of fractional-order systems by introducing time-delays. Based on the stability theory of linear
fractional-order systems with multiple time-delays, we propose appropriate controllers to obtain
multi-switching combination synchronization of three non-identical fractional-order delayed systems.
In addition, the results of our numerical simulations show that they are in accordance with the
theoretical analysis.
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1. Introduction

Fractional calculus has attracted researchers from various fields due to fractional dimensions
widely existing in nature and engineering fields [1-3]. Compared to the integer-order dynamical
systems, the fractional-order counterparts can exhibit more complex dynamical behaviors. Some of
the researches on integer-order dynamical systems can be generalized to fractional-order dynamical
systems. Fractional-order dynamical systems have been widely investigated, such as synchronization [4],
identification [5], stabilization [6] and approximate entropy analysis [7,8]. Time-delay is a frequently
encountered phenomenon in real applications, such as physical, communication, economical,
pneumatic and biological systems [9]. Introducing time-delay into a system can enrich its dynamic
characteristics and describe a real-life phenomenon more precisely. Thus, the fractional-order delayed
differential equation (FDDE) is becoming a hot topic for scientists and engineers, and it has many
theoretical and practical applications [10]. Nowadays, the chaotic behavior and synchronization of
FDDE attract intensive research interests. In [11], Bhalekar et al. introduced the fractional-order delayed
Liu system. The fractional-order delayed financial system was presented in [12], and hybrid projective
synchronization between the aforementioned two systems was achieved in [13]. The fractional-order
delayed Chen system was proposed in [14], while its adaptive synchronization was investigated in [15].
The fractional-order delayed porous media was proposed in [16]. In [17], a fractional-order delayed
Newton-Leipnik system was taken as an example to present intermittent synchronizing delayed
fractional nonlinear system.

Due to its wide applications in secure communication, synchronization of fractional-order
delayed chaotic systems are extensively investigated [18-21]. However, all the above-mentioned
and other synchronization schemes are in traditional drive-response ways, which only have unique
drive and response systems. Recently, Luo et al. [22] extended the traditional drive-response
synchronization to combination synchronization, which has two drive systems and one response
system. Compared to the drive-response synchronization, combination synchronization has stronger
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anti-decode and anti-attack abilities in image encryption and secure communication, in which
origin messages are split into two parts and each part can be embedded into two separate drive
systems. There are many works on combination synchronization [23-26]. To further strengthen
the security in secure communication, Vincent et al. [27] proposed multi-switching combination
synchronization scheme, in which the two drive systems are synchronized with the response system
in different states. Based on the nonlinear control technique, Zheng [28] studied multi-switching
combination synchronization of three non-identical chaotic systems. Khan [29] investigated adaptive
multi-switching combination synchronization among three non-identical chaotic systems. In [30],
Ahmad et al. proposed globally exponential multi-switching combination synchronization scheme,
and applied it to secure communications. Multi-switching combination synchronization was applied
in encrypted audio communication in [31]. The previous work on multi-switching combination
synchronization schemes are based on integral-order chaotic systems. To improve the security
in these synchronization schemes, based on fractional-order chaotic systems, Bhat et al. [32]
extended the work in [27] to study multi-switching combination synchronization among three
non-identical fractional-order chaotic systems. Khan et al. [33] investigated multi-switching
combination-combination synchronization among a class of four non-identical fractional-order chaotic
systems. In multi-switching combination-combination synchronization scheme, the state variables of
two drive systems synchronize with different state variables of two response systems simultaneously,
which makes the security of this scheme higher than that in [32].

Since time-delay is a frequently encountered phenomenon in real applications, and the time-delay
can be used as an additional parameter in synchronization to increase security in secure communication,
we consider the work in [32] to investigate multi-switching combination synchronization scheme for
non-identical fractional-order delayed systems by introducing time-delays in fractional-order systems.

The rest of this paper is organized as follows. In Section 2, the concept of fractional calculus and the
stability theory of linear fractional-order systems with multiple time-delays are briefly introduced. The
multi-switching combination synchronization scheme of three non-identical fractional-order delayed
systems is analyzed in Section 3. In Section 4, numerical simulations performed using MATLAB are
presented. Finally, conclusions are drawn in Section 5.

2. Preliminaries

Fractional calculus is a generalization of integration and differentiation to non-integer order
fundamental operator ,Df, which is defined as

g—;, r >0,
DI = 1t :r=0, 1
[i(dTt)" 7 <.

There are several different definitions for the fractional-order differential operator [34]. Because the
Caputo definition is easy to understand and is frequently used in the literature, we apply this definition
in this paper, which is

r—n+1

n—r)Ja t—1

DHF(D) =

wherel <r < n.

Lemma 1 ([35]). Suppose f(t) € Ci([a,b]), D5f(t) € Cf([a,b]),oc >0,>0m—1<B<mn—1<
« < n, then
D (Spef(r)) =5 DEEDEF()) =5 D £(1) ()
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Lemma 2 ([35]). Consider
[(n+1)x"* ¢

Crya.,n
D ==
Tt I'n+1—ua),

£x )

Lemma 3 ([35]). Let ¢(t) € R be a continuous and derivable function. Then, for any time instant t > tg

%qu,z(t) — ¢(t)DIg(t), Vg € (0,1) (5)

Given the following n-dimensional linear fractional-order system with multiple time-delays [36]:

DTy (t) = any1 (t — 1) + apy2(t — 112)
(),
quyZ(t) = &21Y1 (t - Tz1) + Dézzyz(t — Tzz)
+"'+062nyn(t—‘l,'2n), ©)

DTy (t) = apy1(t — Tur) + an2y2 (t — Tu2)
+ tr + lxnnyn(t - Tnn)/

where g; € (0,1) is the fractional-derivative order, y;(t) is the state, and 7;; > 0 is the time-delay,
the initial value y;(t) = ¢;(t) is given by —MAXTj = —Tmay < t < 0, A = [aij] € Ry, is the
coefficient matrix.

Performing Laplace transform on the system in Equation (6) yields

A(s)-Y(s) = b(s), @)

where Y(s) = (Yi(s), Ya(s), .., Yu(s))T is the Laplace transform of y(t) =
(y1(t), ya(t), -, yn(t)T, b(s) = (b1(s), ba(s), .., bu(s))T is the remaining non-linear part,
the characteristic matrix of the system in Equation (6) is

Sql — [xllg_srll _[xlze_STlZ e _D(lne_STln
( ) _0‘21675'{21 qu — a22efsT22 _“2116751'211
A(s) = . (8)
_‘xnlefs'fnl _lxnzefsTnZ oo gin — Dénneis—r””

Theorem 1 ([36]). If all the roots of the characteristic equation det(A(s)) = 0 have negative real parts, then
the zero solution of the system in Equation (6) is Lyapunov globally asymptotically stable.

Corollary 1 ([36]). If g1 = g2 = -+ = qn = B € (0,1), all the eigenvalues A of the coefficient matrix
A satisfy |arg(A)| > Brt/2, and the characteristic equation det(A(s)) = 0 has no purely imaginary roots
forany v; >0, i,j =1,2,...,n, then the zero solution of the system in Equation (6) is Lyapunov globally
asymptotically stable.

3. Multi-Switching Combination Synchronization Scheme

Multi-switching combination synchronization among three non-identical fractional-order delayed
systems is investigated in this section.
The two drive systems are

)
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and
Dy(t) = y(t) +y(t — 1) + Bly(t), y(t — 7)), (10)
y(t) = y(0),t € [-7,0].
The response system is
D%z(t) = z(t) +z(t — ) + C(z(t),z(t — 7)) + U, a1

z(t) = z(0),t € [-7,0],

in which, « € (0,1) is the fractional order, T > 0 is the time-delay, U = (U, ..., Uy) is the controller
vector, x = (x1, ..., x,)T € R",y = (y1, .., yn)T € R" and z = (z1, ..., z4)T € R" are state vectors,
and A : R — R", B: R?" — R" and C : R?" — R" are continuous vector functions.

Define the error state as e, = fizxk — 81X — hmym(k,1,m = 1,...,n). Then, we have the error
state vector

e(t) = Fz— Gx — Hy, (12)

where e(t) is the vector form of e, F = diag{f1, f2,..., fu} € R"", G = diag{g1,42,...,8n} € R"*"
and H = diag{hy,hy, ..., hy} € R™*" are real scaling matrix. Accordingly, ey, (t — T) = frzx(t — T) —
gix1(t = T) — hnym (t — 7).

Definition 1 ([27]). The systems in Equations (9) and (10) and the system in Equation (11) are defined to be
multi-switching combination synchronization if F, G, H are non-zeros,and k 1 #m, k=1#m, k #1 =
m, k =m # 1, such that:

lim t) ||= lim || Fz—Gx— Hy ||= 1
(i | e(t) | s | Fz—Gx—Hy[|=0 (13)
where || . || represents the matrix norm.

Remark 1. If k = | = m, the systems in Equations (9) and (10) and the system in Equation (11) are defined to
be combination synchronization [22].

Remark 2. If the scaling matrix F # 0, G = 0 or H = 0, the multi-switching combination synchronization
mentioned above is simplified to multi-switching hybrid projective synchronization.

From the systems in Equations (9)—(11), we have the error system as follows
D%e(t) = FD“z(t) — GD*x(t) — HD"y(t) (14)

To achieve multi-switching combination synchronization among the above systems, a non-linear
controller is constructed:

U = Ke(t) + GA(x(t),x(t — 7)) + HB(y(t),y(t — 7)) — FC(z(t),z(t — 7)), (15)

where K = K — I, [ is an n-dimensional unit matrix, K = diag{ky, ky,..., ky} is a feedback gain matrix.
Substituting the systems in Equations (9)—(11) and (15) into the system in Equation (14), we have

D%e(t) = (k+I)e(t) +e(t — T) = Ke(t) +e(t — 7). (16)

Thus, the multi-switching combination synchronization between the systems in Equations (9)
and (10) and the system in Equation (11) is changed into the analysis of the asymptotical stability of
the system in Equation (16).

In light of Corollary 1, a sufficient condition to achieve multi-switching combination
synchronization between the systems in Equations (9) and (10) and the system in Equation (11)
is obtained as follows.
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Proposition 1. Multi-switching combination synchronization between the systems in Equations (9) and (10)
and the system in Equation (11) can be achieved if there exists a matrix K = diag{ky, ko, ..., ky} in the system
in Equation (16) such that k; < —1/sin(am/2), (i=1,2,...,n).

Proof. For the system in Equation (16), A = K+ I is the coefficient matrix. Since k; <
—1/sin(art/2),a € (0,1), the eigenvalues of A are \; = k;+1 < 0, (i = 1,2,...,n). Then,
larg(A)| > /2 > arr/2 holds.

Performing Laplace transform on the system in Equation (16) yields

0
A(s) - E(s) = s* 1e(0) + e(O)e_ST/ e *Tdx, (17)

—T

where E(s) is the Laplace transform of e(t), e(0) = Fz(0) — Gx(0) — Hy(0), A(s) = s*I — K —e I is
the characteristic matrix. Then,

det(A(s)) = |[s"I —K—e TTI| = (s" —ky —e ") (s" —kp —e°T) ... (s" —ky —e™°T) =0.  (18)

Assume
(s"—ki—e ") =0,i=12,...,n. (19)

has a root s = wi = |w| (cos(7r/2) +isin(£7/2)). Thus,
|w]* (cos(art/2) + isin(+am/2)) —k; — cos(wt) + isin(wt) = 0. (20)
From the above equation, we can get

|w|* cos(art/2) — k; = cos(wT),

@ 1)
|w|” sin(£am/2) = — sin(wT).
Hence,
|w[** — 2k; cos(ar/2) |w|* + k2 —1 = 0. (22)
Since k; < —1/ sin(art/2),a € (0,1), the discriminant of the roots satisfies
A = (—2k;cos(arr/2))* — 4(k? — 1)
=4(1 - k?sin®(a7t/2)) (23)

<0.

Then, Equation (22) has no real solutions, and Equation (18) has no purely imaginary roots.

In light of Corollary 1, the zero solution of the system in Equation (16) is globally asymptotically
stable, i.e., multi-switching combination synchronization is obtained between the systems in
Equations (9) and (10) and the system in Equation (11). O

4. Numerical Examples

Numerical simulations were carried out to illustrate the above proposed multi-switching
combination synchronization scheme. We used the same systems as in [32] with time-delays, which
are fractional-order delayed Lorenz, Chen, and Rossler systems, and the numerical simulations were
carried out in MATLAB.
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The fractional-order delayed Lorenz system [37] was considered as the first drive system

D"‘xl = al(xz — xl),
DD‘XZ = C1X1 — X2 — X1X3, (24)

D*x3 = x1xp — byx3(t — 7).

The system in Equation (24) exhibits a chaotic attractor, as illustrated in Figure 1. The system in
Equation (24) can be rewritten as

g
2
=
—~
~~
~—
I

x(t) +x(f—1)+ A(x(t),x(t — 7)),

(25)
x(t) = x(0),t € [-7,0],

where
a1xy — (a1 +1)xg — x1(t — 1)
Alx(t),x(t—=1)) = | c1x1 —2x —x1x3 —x2(t—71) |. (26)
x1xp — (b1 + 1)x3(t —7) — x3

40 - 100
20
<7 0
-20
-40 -100
-50 0 50 100 -50 0 50 100
X3 X3
(a) (b)
40
100
20
< 0 SO0
-20 -100
50
100
-40
-100 100
X2
(c) (d)

Figure 1. Chaotic attractor of Lorenz system with & = 0.95, T = 0.4: (a) x3 — x1 plane; (b) x3 — x2
plane; (c) x, — x1 plane; and (d) x3 — x; — xp space.

The fractional-order delayed Chen system [14] is the second drive system
D1 = az(y2 — 1),

D"y = (c2 — a2)y1 — y1y3 + 2y, (27)
D%y3 = y1y2 — boys(t — 7).
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The system in Equation (27) displays a chaotic attractor, as shown in Figure 2. We rewrite the
system in Equation (27) as

Dfy(t) = y(t) +y(t =) + By (1), y(t = 1)),

(28)
y(t) =y(0),t € [-7,0],

where
a(y2—y1) —y1—yi(t—1)
B(y(t),y(t—71)) = | (2—a)y1—yys+(ca—Dy2—y2(t—7) |- (29)
yiya — (ba + Dys(t —7) —y3

50
' 0
-50 : :
-50 0 50 100
y3
(b)

-40 w
-50 0 50

() (d)

Figure 2. Chaotic attractor of Chen system with « = 0.95, T = 0.4: (a) y3 — y; plane; (b) y3 — vy plane;
(¢) y2 — y1 plane; and (d) y3 — y1 — Y2 space.

The fractional-order delayed Rossler system is the response system, given by
D%z1 = —(zp 4+ z3) + 0.2z1(t — T) + U3,

D%y = z1 + azzo + Uy, (30)
D%z3 = Z3(Zl - H13) + bz + Us.

where Uj, Up and Us are determined afterwards. Without the controllers, the system in Equation (30)
exhibits a chaotic attractor, as illustrated in Figure 3. The system in Equation (30) is rewritten as
D*z(t) = z(t) + z(t — 1) + C(z(¢),z(t — 7)) + U,
z(t) = z(0),t € [-7,0],

(31)
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where
—(z24+23) —0.8z1(t —7) — 21
Cz(t),z(t—1))=| z1+ (a3 —1)zp —zp(t — 7T) . (32)
z3(z1 —m3) + b3 — 23 — z3(t — 7)

For the systems in Equations (24), (27) and (30), there are eight possible switch combination
synchronization cases.

When k 75 l 75 m,we have €123, €231, €312 and €132, €213, €321-

Whenk = m 75 l, we have €121, €232, €313 and €131, €212, €323.

When k 7& | = nm, we have €122, €233, €311 and €133, €211, €322.

When k = I # m, we have eq12, ex3, €331 and e113, €221, €332.

300
200
N 100
0
-100 ‘
30 20 -0 0 10 20
Z2
(b)

(c) (d)

Figure 3. Chaotic attractor of Rossler system with & = 0.95, T = 0.4: (a) z; — z3 plane; (b) z — z3 plane;
(c) z1 — z plane; and (d) zo — z1 — z3 space.

We randomly pick two cases

e123 = f1z1 — g2%2 — h3ys,
ex31 = fozo — g3x3 —hy1, casel (33)
e312 = f323 — g1%1 — haya.
and
e12 = f1z1 — g1x1 — hayo,
ex3 = fazo — goXxp» — h3y3, case2 (34)

e31 = f3zz — g3x3 — hyy1.

In the following, we analyze these two cases in detail.
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Case1

From the systems in Equations (24), (27) and (30), we have the error dynamical system

D%ejp3 = f1D"z1 — goD"xp — h3D"y3,
D%ex3q = foD%zy — g3D%x3 — hi D"y, (35)
Da8312 = nga23 — ng”‘xl — ]’llexyz.

such that
tgrfm | fiz1 — g2x2 — h3y3 [|= 0,

m | foz2 — g3%3 — hy1 |= 0, (36)

lim || f3Z3 —81X1 — hzyz ||: 0.

t—-+oo

Substituting the systems in Equations (24), (27) and (30) into the system in Equation (35) yields

D%e1z3 = f1(— (22 +23) + 0221 (t — 7) + U1) — g2(c1x1 — x2 — x1x3)
—h3(y1y2 — bays(t — 7)),
D%ep31 = fo(z1 4+ azzy + Up) — g3(x1x2 — bix3(t — 7))
(37)
—hi(az2(y2 —y1)),
D%e310 = f3(z3(z1 — m3) + bz + U3) — g1(a1(x2 — x1))
—ha((c2 — a2)y1 — y1ys + c2y2)-

Here, we obtain the following results.

Theorem 2. Multi-switching combination synchronization between the systems in Equations (24) and (27)
and the system in Equation (30) can be achieved with the following controllers

1
th = E{(kl —1)(fiz1 — g2%2 — h3y3) + g2(c1x1 — 2x2 — x1x3 — X2(t — 7))

+h3(y1y2 — (b2 + Vys(t — 1) —y3) — fi(—(22 +2z3) = 0.8z1(t — T) — z1)},
U, _;2
+hi(a2(y2 —y1) —y1 —y1(t = 1)) = fa(z1 + (a3 — D)z2 — z2(t — 7))},

Us = ;?){(ka —1)(fazz —g1x1 —haya) + g1 (a1xp — (a3 + 1)xg — x1(t — 1))

(kz — 1)(f222 — g3X3 — h1y1) +g3(x1x2 — (b1 + 1)X3(t — T) — X3)
(38)

+ha((c2 — a2)y1 — y1ys + (c2 — Dy2 — y2(t — 7))
— f3(z3(z1 —m3) + b3 —z3 —z3(t — 7)) }.

Supposing F # 0 and G = 0 or H = 0, we have the following results.



Appl. Sci. 2019, 9, 4348 10 of 17

Corollary 2. (i) Supposing that f; # 0, g; = 0and h; # 0 (i = 1,2,3), multi-switching hybrid projective
synchronization between the systems in Equations (27) and (30) can be achieved with the following controllers

U = (k= 1)z~ hays) + sy — (b2 + Dyalt =) = 35)
— fi(—(za+23) —08z1(t — 1) — 1)},

U = j}z{(kz —1)(foz2 = hy1) + (az(y2 —y1) =1 —yi(t— 1)) 39)
— fa(z1+ (a3 = 1)z — 2(t — 7))},

Us = ;3 (k3 = 1)(faz3 — hay2) + ha((c2 — a2)y1 — yays + (2 = Dy2 — ya(t — 7))
— f3(z3(z1 —m3) + by —z3 —z3(t — 7)) }.

(ii) Similarly, supposing that f; # 0, ¢; # 0and h; = 0 (i = 1,2, 3), multi-switching hybrid projective
synchronization between the systems in Equations (24) and (30) can be achieved with the following controllers

u, = ]}1{(k1 —1)(fiz1 — g2x2) + Q2(c1x1 — 2xp — x1x3 — X2(t — 7))
— fi(—(z2+23) =08z (t — T) —2z1)},

U, = ;2{(1(2 —1)(f2za — 83%3) + g3(x1x2 — (b1 + 1)x3(t — T) — x3) (40)

— fa(z1 + (a3 = 1)z — 22(t — 7))},

Us (ks —1)(f3zz — g1%1) +g1(a1x2 — (a1 +1)xg — x1(t — 7))

1
= ]?3{
— f3(z3(z1 —m3) + b3 —z3 —z3(t — 7)) }.

Corollary 3. Supposing that f; # 0, g; = 0and h; = 0 (i = 1,2,3), the system in Equation (30) can be
stabilized to its equilibrium O(0,0,0) with the following controllers

t = fll{<k1 =1)(fAz1) — fi(=(z2+123) —08z1(t = 7) = 21)},
Uy = (k2 = 1) (faz2) = foler + (a3 = D22 = 22t = 7))}, @
Us = ;3{(7(3 —1)(f3z3) — fa(z3(z1 —m3) + b3 — 23 — z3(t — 7)) }.

Case 2

From the systems in Equations (24), (27) and (30), we have

D%q1p = fiD"z1 — g1D%x1 — hpy D%y,
D%ey3 = foD"zp — goD%xp — h3D"ys3, (42)
D%es3; = f3D"z3 — g3D"x3 — h  D"y1.

such that

tEToo | fiz1 = g1x1 — hay2 [|= 0,

tEToo | f2zo — g2x2 — h3y3 ||=0, (43)

Jm | fazz — g3x3 —hiy1 ||= 0.



Appl. Sci. 2019, 9, 4348 110f17

Substituting the systems in Equations (24), (27), and (30) into the system in Equation (42) yields:

D112 = fi(— (22 +23) +0.2z1(t — 7) + U1) — g1(a1(x2 — x1))
—ha((c2 — a2)y1 — yays + c22),

D3 = fo(z1 +a3z2 + Uz) — g2(c1x1 — x2 — x1x3)
—h3(y1y2 — bays(t — 1)),

D31 = f3(z3(z1 — m3) + b3 + Us) — g3(x1x2 — b1x3(t — 7))
—hi(a2(y2 — y1))

(44)

Here, we have the following similar results.

Theorem 3. Multi-switching combination synchronization between the systems in Equations (24) and (27)
and the system in Equation (30) can be achieved with the following controllers

U = ll{(kl —1)(fiz1 — g1x1 — h2y2) + g1(a1x2 — (a1 + 1)x1 — x1 (¢ — 7))

f
+ha((c2 —a2)y1 —y1ys + (c2 — Dy2 —y2(t — 7)) — fi(— (22 +z3) — 0.8z1(t — T) — z1)},
U = é{(kz —1)(faz2 — g2x2 — h3y3) + §2(c1x1 — 2x2 — x1x3 — x2(t — 7)) (45)

+h3(y1y2 — (b + Dys(t —7) —y3) — fa(z1 + (a3 — )z2 — 22(t — 7))},

- ]33 (ks — 1) (fszs — gavs — iy1) + ga (12 — (by + D)t — ) — x3)

+hi(a2(y2 —y1) —y1 —y1(t = 1)) — fa(z3(z1 —m3) + by —z3 —z3(t — 7)) }.

Us

Corollary 4. (i) Supposing that f; # 0, g; = 0and h; # 0 (i = 1,2,3), multi-switching hybrid projective
synchronization between the systems in Equations (27) and (30) can be achieved with the following controllers
1
U = E{(kl —D(fiz1 —hay2) + ha((c2 — a2)y1 —y1ys + (2 = V)y2 — ya(t — 7))
— fi(=(z2+23) = 0.8z (t = 7) — z1) },
1
= —{(ka = 1)(f222 = h3ys) + ha(y1y2 — (ba + Dy3(t = 7) — y3)
f (46)
— falz1 4 (a3 = V)zp — 22(t = 7))},
1
Us = E{(ks —D)(faz3 —hy1) + h(az(y2 —y1) —y1 =yt — 1))

— f3(z3(z1 — m3) +b3 — 23 —z3(t — 7)) }.

U,

(ii) Supposing that f; # 0, g; # 0and h; = 0 (i = 1,2,3), hybrid projective synchronization between the
systems in Equations (24) and (30) can be achieved with the following controllers

u = ;{(kl 1) (fiz— g1x) + gi(arx2 — (a1 + 11— 3 (- 1))
— fi(—(za+23) —08z1(t — 1) —z1)},

U, = ]}2 (ko —1)(fazo — g2x2) + g2(c1x%1 — 2x7 — x1x3 — x2(t — 7)) @)
= falz1 + (a3 = 1)z2 — 22(t = 7))},

Us = }3{(@ —1)(f3z3 — g3x3) + ga(x1x2 — (b1 + 1)x3(t — 7) — x3)
— f3(z3(z1 —m3) + b3 —z3 —z3(t — 1)) }.
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Corollary 5. Supposing that f; # 0, g = 0 and h; = 0 (i = 1,2,3), the system in Equation (30) can be
stabilized to its equilibrium O(0,0,0) with the following controllers

Uy = (k= D(fim) = fil— (2 +23) - 08 (0 =) 2},
Uy = 7 {(ka = 1) (faz2) = foler + (a3 = Dzz = 22t = 7))}, (a8)
Uy = £ {(ks = 1) (fsz2) = folza(aa = ms) + by =23 = (¢ = ).

The system parameters are given as a1 = 10, by = §, ¢; = 28, ap = 35, by = 3, ¢ =

28, a3 = 0.4, bz = 0.2, mz = 10, thus the systems in Equations (24), (27) and (30) exhibit chaotic
behaviors, respectively. Weassume f1 = fr = f3 =1, g1 =g =g =landh) =hy = h3 =1,
and the initial values are (x1(0), x2(0),x3(0)) = (—20,2,3), (y1(0),y2(0),y3(0)) = (7,4.04,20) and
(z1(0),22(0),23(0)) = (1,2,40), respectively. Multi-switching combination synchronization between
the systems in Equations (24), (27) and (30) can be realized with K = diag{—10, —10, —10}. Figure 4
illustrates synchronization errors ej»3, €231, €312. Figure 5 shows synchronization states xp + y3 vs. z1,
x3 + Y1 vs. zp and x1 + Yo vs. z3 of the drive systems in Equations (24) and (27) and the response
system in Equation (30). Figure 6 displays synchronization errors 117, €223, and e331. Figure 7 illustrates
synchronization states x; + y» vs. z1, X2 +y3 vs. zp and x3 + y; vs. z3 of the drive systems in
Equations (24) and (27) and the response system in Equation (30). In Figures 4-7, we can see that
the multi-switching combination synchronization errors converge to zero, i.e., the multi-switching
combination synchronizations for Cases 1 and 2 are achieved, respectively.

The feedback gain matrix K is an important factor to affect the convergence of the error systems.
With the increase of the absolute value of k;, the convergence time will be shortened. Thus, we carried
out one more simulation with K = diag{—40, —40, —40}. Figures 8 and 9 illustrate the synchronization
errors for Cases 1 and 2, respectively. By comparing Figures 4 and 8, as well as Figures 6 and 9, it is
easy to see that convergence times are shortened obviously.

0
-5 2
«-10 ‘s/“ = 4
wH ’f‘ G)N
/
-15
-6
|
-20} 3
0 2 4 6 8 10 0 2 4 6 8 10
t t
(a) (b)
50
40
330
a)m
20
10

Figure 4. Synchronization errors among the systems in Equations (24), (27) and (30) with ky = kp =
k3 = —10: (a) e123; (b) e231; and (c) e312.
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Figure 5. Responses for states between the systems in Equations (24) and (27) and the system in

Equation (30): (a) x2 +y3 vs. z1; (b) x3 +y1 Vs. zp; and (c) x1 + y3 vs. z3.

25
20 /
-5 /
/
y 15 q
(&) [ {
10 10
5 -15¢
0 2 4 6 8 10 0o 2

Figure 6. Synchronization errors among the systems in Equations (24), (27) and (30) with ky = ky =

k3 = —10: (a) e112; (b) e223; and (c) e331.
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Figure 7. Responses for states between the systems in Equations (24) and (27) and the system in

Equation (30): (a) x1 4+ y2 vs. z1; (b) x2 +y3 vs. zp; and (c) x3 + y1 vs. z3.
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Figure 8. Synchronization errors among the systems in Equations (24), (27) and (30) with ky = ky =

k3 = —40: (a) e123; (b) e231; and (c) e312.
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Figure 9. Synchronization errors among the systems in Equations (24), (27) and (30) with ky = ko =
ks = —40: (a) e112; (b) ex23; and (c) e331.

5. Conclusions

We extended previous work [32] to investigate multi-switching combination synchronization
among three non-identical fractional-order delayed systems by introducing time-delays. Based on the
stability theory for linear fractional-order systems with multiple time-delays, we designed appropriate
controllers to obtain multi-switching combination synchronization among three non-identical
fractional-order delayed systems. The simulations are in accordance with the theoretical analysis.

On the one hand, when applying multi-switching combination synchronization of fractional-order
delayed chaotic systems in secure communications, fractional-order and time-delay can enrich systems’
dynamics. On the other hand, the origin information can be separated into two parts and embedded
different parts in separate drive systems via combination synchronization scheme. Besides, because
the switched states are unpredictable, this synchronization scheme can increase the security of the
transmitted information in secure communication. Thus, the communication security will be enhanced,
which makes multi-switching combination synchronization of fractional-order delayed chaotic systems
able to find better applications in security communication.

Author Contributions: Methodology, X.Z.; Writing—Original Draft Preparation, B.L.; Writing—Review and
Editing, Y.W.; and Funding Acquisition, X.Z.

Funding: This work was supported by the Natural Science Foundations of China under Grant No. 61463050,
the NSF of Yunnan Province under Grant No. 2015FB113.

Acknowledgments: The authors sincerely thank the anonymous reviewers for their constructive comments and
insightful suggestions.

Conflicts of Interest: The authors declare no conflict of interest.



Appl. Sci. 2019, 9, 4348 16 of 17

References

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Mandelbrot, B.B. The Fractal Geometry of Nature; WH Freeman: New York, NY, USA, 1983; Volume 173.
Boukal, Y.; Darouach, M.; Zasadzinski, M.; Radhy, N.E. Large-scale fractional-order systems: Stability
analysis and their decentralised functional observers design. IET Control. Theory Appl. 2017, 12, 359-367.
[CrossRef]

Caponetto, R. Fractional Order Systems: Modeling and Control Applications; World Scientific: Singapore, 2010;
Volume 72.

Azar, A.T,; Vaidyanathan, S.; Ouannas, A. Fractional Order Control and Synchronization of Chaotic Systems;
Springer: Berlin/Heidelberg, Germany, 2017; Volume 688.

Fahim, S.M.; Ahmed, S.; Imtiaz, S.A. Fractional order model identification using the sinusoidal input.
ISA Trans. 2018, 83, 35-41. [CrossRef]

Lin, C.; Chen, B.; Wang, Q.G. Static output feedback stabilization for fractional-order systems in TS fuzzy
models. Neurocomputing 2016, 218, 354-358. [CrossRef]

Bendoukha, S.; Ouannas, A.; Wang, X.; Khennaoui, A.A.; Pham, V.T.; Grassi, G.; Huynh, V. The Co-existence
of Different Synchronization Types in Fractional-order Discrete-time Chaotic Systems with Non—identical
Dimensions and Orders. Entropy 2018, 20, 710. [CrossRef]

Liu, Z.; Xia, T.; Wang, J. Fractional two-dimensional discrete chaotic map and its applications to the
information security with elliptic-curve public key cryptography. ]. Vib. Control 2018, 24, 4797-4824.
[CrossRef]

Richard, J.P. Time-delay systems: An overview of some recent advances and open problems. Automatica
2003, 39, 1667-1694. [CrossRef]

Mircea, G.; Neamtu, M.; Opris, D. Uncertain, Stochastic and Fractional Dynamical Systems with Delay:
Applications; Lambert Academic Publishing: Saarbriicken, Germany, 2011.

Bhalekar, S.; Daftardar-Gejji, V. Fractional ordered Liu system with time-delay. Commun. Nonlinear Sci.
Numer. Simul. 2010, 15, 2178-2191. [CrossRef]

Wang, Z.; Huang, X.; Shi, G. Analysis of nonlinear dynamics and chaos in a fractional order financial system
with time delay. Comput. Math. Appl. 2011, 62, 1531-1539. [CrossRef]

Wang, S.; Yu, Y.; Wen, G. Hybrid projective synchronization of time-delayed fractional order chaotic systems.
Nonlinear Anal. Hybrid Syst. 2014, 11, 129-138. [CrossRef]

Daftardar-Gejji, V.; Bhalekar, S.; Gade, P. Dynamics of fractional-ordered Chen system with delay. Pramana
2012, 79, 61-69. [CrossRef]

Song, X.; Song, S.; Li, B. Adaptive synchronization of two time-delayed fractional-order chaotic systems
with different structure and different order. Optik 2016, 127, 11860-11870. [CrossRef]

Moaddy, K. Control and stability on chaotic convection in porous media with time delayed fractional orders.
Adv. Differ. Equ. 2017, 2017, 311. [CrossRef]

Hu, ].B,; Zhao, L.D.; Xie, Z.G. Studying the intermittent stable theorem and the synchronization of a delayed
fractional nonlinear system. Chin. Phys. B 2013, 22, 080506. [CrossRef]

Djennoune, S.; Bettayeb, M.; Al-Saggaf, UM. Synchronization of fractional-order discrete—time chaotic
systems by an exact delayed state reconstructor: Application to secure communication. Int. J. Appl. Math.
Comput. Sci. 2019, 29, 179-194. [CrossRef]

Ding, D.; Qian, X.; Wang, N.; Liang, D. Synchronization and anti-synchronization of a fractional order
delayed memristor-based chaotic system using active control. Mod. Phys. Lett. B 2018, 32, 1850142. [CrossRef]
Velmurugan, G.; Rakkiyappan, R. Hybrid projective synchronization of fractional-order chaotic complex
nonlinear systems with time delays. J. Comput. Nonlinear Dyn. 2016, 11, 031016. [CrossRef]

He, S.; Sun, K,; Wang, H. Synchronisation of fractional-order time delayed chaotic systems with ring
connection. Eur. Phys. J. Spec. Top. 2016, 225, 97-106. [CrossRef]

Runzi, L.; Yinglan, W.; Shucheng, D. Combination synchronization of three classic chaotic systems using
active backstepping design. Chaos Interdiscip. ]. Nonlinear Sci. 2011, 21, 043114. [CrossRef]

Sun, J.; Cui, G.; Wang, Y.; Shen, Y. Combination complex synchronization of three chaotic complex systems.
Nonlinear Dyn. 2015, 79, 953-965. [CrossRef]

Xi, H; Li, Y.,; Huang, X. Adaptive function projective combination synchronization of three different
fractional-order chaotic systems. Optik 2015, 126, 5346-5349. [CrossRef]


http://dx.doi.org/10.1049/iet-cta.2017.0264
http://dx.doi.org/10.1016/j.isatra.2018.09.009
http://dx.doi.org/10.1016/j.neucom.2016.08.085
http://dx.doi.org/10.3390/e20090710
http://dx.doi.org/10.1177/1077546317734712
http://dx.doi.org/10.1016/S0005-1098(03)00167-5
http://dx.doi.org/10.1016/j.cnsns.2009.08.015
http://dx.doi.org/10.1016/j.camwa.2011.04.057
http://dx.doi.org/10.1016/j.nahs.2013.07.004
http://dx.doi.org/10.1007/s12043-012-0291-8
http://dx.doi.org/10.1016/j.ijleo.2016.09.077
http://dx.doi.org/10.1186/s13662-017-1372-2
http://dx.doi.org/10.1088/1674-1056/22/8/080506
http://dx.doi.org/10.2478/amcs-2019-0014
http://dx.doi.org/10.1142/S0217984918501427
http://dx.doi.org/10.1115/1.4031860
http://dx.doi.org/10.1140/epjst/e2016-02610-3
http://dx.doi.org/10.1063/1.3655366
http://dx.doi.org/10.1007/s11071-014-1714-5
http://dx.doi.org/10.1016/j.ijleo.2015.09.107

Appl. Sci. 2019, 9, 4348 17 of 17

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

Zhou, X.; Jiang, M.; Huang, Y. Combination synchronization of three identical or different nonlinear complex
hyperchaotic systems. Entropy 2013, 15, 3746-3761. [CrossRef]

Jiang, C.; Liu, S.; Wang, D. Generalized combination complex synchronization for fractional-order chaotic
complex systems. Entropy 2015, 17,5199-5217. [CrossRef]

Vincent, U.E.; Saseyi, A.; McClintock, P.V. Multi-switching combination synchronization of chaotic systems.
Nonlinear Dyn. 2015, 80, 845-854. [CrossRef]

Zheng, S. Multi-switching combination synchronization of three different chaotic systems via nonlinear
control. Optik 2016, 127, 10247-10258. [CrossRef]

Khan, A.; Khattar, D.; Prajapati, N. Adaptive multi switching combination synchronization of chaotic
systems with unknown parameters. Int. ]. Dyn. Control 2018, 6, 621-629. [CrossRef]

Ahmad, L; Shafiq, M.; Al-Sawalha, M.M. Globally exponential multi switching-combination synchronization
control of chaotic systems for secure communications. Chin. J. Phys. 2018, 56, 974-987. [CrossRef]
Hammami, S. Multi-switching combination synchronization of discrete-time hyperchaotic systems for
encrypted audio communication. IMA ]. Math. Control. Inf. 2018, 36, 583-602. [CrossRef]

Bhat, M.A.; Khan, A. Multi-switching combination synchronization of different fractional-order non-linear
dynamical systems. Int. |. Model. Simul. 2018, 38, 254-261. [CrossRef]

Khan, A.; Bhat, M.A. Multi-switching combination-combination synchronization of non-identical
fractional-order chaotic systems. Math. Methods Appl. Sci. 2017, 40, 5654-5667. [CrossRef]

Podlubny, I. Fractional Differential Equations: An Introduction to Fractional Derivatives, Fractional Differential
Equations, to Methods of Their Solution and Some of Their Applications; Elsevier: Amsterdam, The Netherlands,
1998; Volume 198.

Kvitsinskii, A. Fractional integrals and derivatives: theory and applications. Teor. Mater. Fiz. 1993, 3, 397-414.
Deng, W.; Li, C.; L1, J. Stability analysis of linear fractional differential system with multiple time delays.
Nonlinear Dyn. 2007, 48, 409-416. [CrossRef]

Tang, ]J. Synchronization of different fractional order time-delay chaotic systems using active control.
Math. Probl. Eng. 2014, 2014, 262151. [CrossRef]

@ (© 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.3390/e15093746
http://dx.doi.org/10.3390/e17085199
http://dx.doi.org/10.1007/s11071-015-1910-y
http://dx.doi.org/10.1016/j.ijleo.2016.08.014
http://dx.doi.org/10.1007/s40435-017-0320-z
http://dx.doi.org/10.1016/j.cjph.2018.03.011
http://dx.doi.org/10.1093/imamci/dnx058
http://dx.doi.org/10.1080/02286203.2018.1442988
http://dx.doi.org/10.1002/mma.4416
http://dx.doi.org/10.1007/s11071-006-9094-0
http://dx.doi.org/10.1155/2014/262151
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Preliminaries
	Multi-Switching Combination Synchronization Scheme
	Numerical Examples
	Conclusions
	References

