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Abstract: The improvement for hybrid radio frequency–free space optical (RF–FSO) communication
system in wireless optical communications has acquired growing interests in recent years, but rarely
improvement is based on hybrid modulation. Therefore, we conduct a research on end-to-end mixed
RF–FSO system with the hybrid pulse position modulation–binary phase shift keying–subcarrier
intensity modulation (PPM–BPSK–SIM) scheme. The RF link obeys Rayleigh distribution and the
FSO link experiences Gamma–Gamma distribution. The average bit error rate (BER) for various
PPM–BPSK–SIM schemes has been derived with consideration of atmospheric turbulence influence
and pointing error condition. The outage probability and the average channel capacity of the system
are discussed as well. Simulation results indicate that the pointing error aggravates the influence
of atmospheric turbulence on the channel capacity, and the RF–FSO systematic performance is
improved obviously while adopting PPM–BPSK–SIM under strong turbulence and severe pointing
error conditions, especially, when the system average symbol length is greater than eight.

Keywords: free space optical (FSO); pulse position modulation–binary phase shift keying–subcarrier
intensity modulation (PPM–BPSK–SIM); bit error rate (BER); pointing error; average symbol length

1. Introduction

In the past ten years, the hybrid radio frequency–free space optical (RF–FSO) communication
system has attracted great interest due to its advantages compared with FSO system and RF system,
respectively. RF system has the advantage of being insensitive to atmospheric turbulence, but the
spectrum resource it requires is in shortage. On the contrary, features of the FSO system include
license-free transmission, cost-effectiveness, and high security, which meet the demands of modern
optical communication, but its communication quality is easily disturbed by the atmosphere [1,2].
The hybrid RF–FSO system could combine the advantages of the RF system and the FSO system [3].
Inevitably, dynamic weather and complex environment still affect the performance of hybrid RF–FSO
system. Therefore, not only should a suitable channel model be chosen for hybrid RF–FSO system
but also appropriate modulations could be adopted to improve the performance of the hybrid
RF–FSO system.

Considering impacts of atmosphere including turbulence, pointing error, and pass fading, many
channel models have been used to describe the hybrid RF–FSO system. Such as Nakagami-m/

Gamma–Gamma distribution [4], Rayleigh distribution and M-distributed distribution [5], κ− µ/η− µ
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distribution and Gamma–Gamma distribution [6], and the Nakagami-m/Exponentiated Weibull (EW)
distribution [7]. However, many studies adopted Rayleigh/Gamma–Gamma distribution [8–10],
because the Gamma–Gamma distribution has a good simulation for the atmospheric turbulence from
weak to strong of the FSO link, and Rayleigh distribution is close to the condition of the RF channel.
As a result, we adopted Rayleigh distribution for the RF link and Gamma–Gamma distribution for the
FSO link.

On the other hand, many previous researchers have focused on using different modulations to
improve the mixed RF–FSO systematic performance for the modulation has a direct relationship with
bit error rate (BER), which is a significant indicator to evaluate system performance. In reference [11,12],
various pulse position modulation (PPM), binary phase shift keying (BPSK), and hybrid pulse position
modulation–binary phase shift keying–subcarrier intensity modulation (PPM–BPSK–SIM) schemes
have been analyzed on the performance over FSO link, the conclusion is that hybrid PPM–BPSK–SIM
outperformed BPSK in single FSO link. In literature about the hybrid RF–FSO system [13,14], most
of them adopted various binary modulation when it refers to the average bit error rate, BPSK is
the most discussed as the binary modulation for it has the lowest bit error rate. In reference [4],
authors investigated various PSK modulation and various quadrature amplitude modulation (QAM)
in hybrid RF–FSO system. Unlike the FSO system [15], there are few studies on how to improve
the hybrid RF–FSO system performance by adopting hybrid modulation, especially for the research
of PPM–BPSK–SIM.

Motivated by the aforementioned studies, we investigated end-to-end performance of hybrid
RF–FSO system with application of hybrid PPM–BPSK–SIM. The RF link follows Rayleigh distribution,
the FSO link obeys Gamma–Gamma distribution, not only atmospheric turbulence but also pointing
error is taken into consideration, and the system adopts various hybrid PPM–BPSK–SIM, the receiver
employs intensity modulation/direct detection (IM/DD). The unconditional bit error rate (BER) of
the PPM–BPSK–SIM is derived, it is noteworthy that the application of hybrid PPM–BPSK–SIM does
bring optimization to the hybrid RF–FSO system performance from simulation results. The impact of
pointing error on systematic performance is also discussed in detail.

The content of the article is arranged as follows. Specific information of the hybrid RF–FSO system
and the channel model is described in Section 2. We derived the outage probability, the unconditional
BER, and average channel capacity of the hybrid system in Section 3. The simulation is realized by
MATLAB, and the results and discussion are shown in Section 4. Section 5 contains concluding remarks.

2. System and Channel Model

We consider an end-to-end hybrid RF–FSO system, it mainly consists of three parts—a source
and a destination with a relay between them, the system model is shown below in Figure 1.
The signal is received by the relay from the source through the RF channel, which obeys Rayleigh
distribution. Considering the relatively lower implementation complexity [16], we adopt a fixed-gain
amplify-and-forward (AF) relay which amplifies the RF signals and forwards them to next node
directly [12]. In other words, the received RF signal will be transformed into an optical signal by the
relay using the SIM technique, and the optical signal will be amplified by a fixed gain, G. After that,
it is transmitted to the destination through the FSO link, which is supposed to obey Gamma–Gamma
distribution, and IM/DD is used as the detection method in the destination.

The received signal of the relaying and the destination can be expressed y1 = h1x + n1 and
y2 = h2y1 + n2, so the comprehensive expression is y2 = h2(h1x + n1) + n2, where y1 and y2 denote
the received signal, x represents the normalized signal from signal source, h1 and h2 are the channel
coefficient of the RF link and the FSO link, respectively. h2 = IGη, where I represents the irradiance
intensity of FSO channel, G denotes the fixed gain of relaying scheme, and η represents the conversion
coefficient of electrical-to-optical. n1 and n2 are additive white Gaussian noise (AWGN) with σ1

2 and
σ2

2 as variance and mean of zero.
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Figure 1. End-to-end mixed radio frequency (RF) and free space optical (FSO) communication system.

The RF link follows Rayleigh distribution in the hybrid RF–FSO system, the probability density

function (PDF) of the RF link could be given as fγ1(γ1) = 1
γ1

exp
(
−
γ1
γ1

)
, where γ1 represents the

instantaneous signal to noise ratio (SNR) of the RF link and γ1 denotes the average SNR in the RF

channel. Using the definition of the cumulative distribution function (CDF), F1 =
γ1∫
0

fγ1(γ)dγ1. Hence,

the CDF of the Rayleigh distribution can be expressed as F1(γ1) = 1− exp(γ1
γ1
).

The FSO link obeys Gamma–Gamma distribution with consideration of pointing error and
atmospheric turbulence. The PDF of the SNR in FSO link can be given by [14,17–22]:

fγ2(γ2) =
ξ2

2γ2Γ(α)Γ(β)
×G

3, 0
1, 3

(
αβ

√
γ2

γ2

∣∣∣∣∣∣ ξ2 + 1
ξ2,α, β

)
, (1)

where γ2 represents the instantaneous SNR of the FSO hop, γ2 is the average SNR in the FSO channel,
α and β are the fading parameters that can reflect turbulence conditions. ξ = ωe

2σs
, ξ is the pointing

error parameter, which is determined by the pointing error displacement standard deviation at the
destination and equivalent beam radius (i.e., when ξ→∞ , we get a case without influence of pointing
error, the pointing error can be ignored). Γ(·) is the Gamma function and G(·) is the Meijer’s G
function, and 3, 0, 1, 3 are the parameters associated with the Meijer’s G function, they are defined in
reference [23]. Using the same method as in RF link, the CDF of the Gamma–Gamma distribution with
the influence of pointing error can be given by [24,25]:

F2(γ2) =
γ2∫
0

fγ2(γ2)dγ2

= ξ2

2γ2Γ(α)Γ(β)G
3, 1
2, 4

[
Z

∣∣∣∣∣∣ 2, ξ2 + 1
ξ2,α, β, 1

]
,

(2)

where Z =
αβγ2
√
γ2

.

Considering the relay with fixed gain, the signal will be amplified with a fixed relay gain, G, and
forwarded to the destination. Hence, the end-to-end instantaneous SNR of the mixed RF–FSO system
could be expressed as γ =

γ1γ2
γ2+C , where C is a constant associated with G [26].

The CDF of the hybrid RF–FSO system is defined as [9]:

Fγ(γ) = Pr
( γ1γ2
γ2+C < γth

)
=
∞∫
0

Pr
( γ1γ2
γ2+C < γth

∣∣∣γ2
)

fγ2(γ2)dγ2

=
∞∫
0

F1

(
γth(γ2+C)

γ2

)
fγ2(γ2)dγ2.

(3)
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Using Γ(g, x) =
x∫

0
ts−1e−tdt, the CDF of Rayleigh distribution, and Equation (3), the CDF of the

hybrid RF–FSO system is

Fγ(γ) = 1−
2(α+β)A

√
C

16π
√
γ1

√
γ exp(−

γ

γ1
) ×G

6, 0
1, 6

 (αβ)2Cγ
16γ1γ2

∣∣∣∣∣∣ ξ2+1
2
κ1

, (4)

where A = αβξ2/
(
2
√
γ2Γ(α)Γ(β)

)
and κ1 = ξ2

−1
2 , α−1

2 , α2 , β−1
2 , β2 ,− 1

2 .

3. Performance Analysis

3.1. Outage Probability

Outage probability is the probability that the instantaneous SNR, γ, is smaller than the
threshold value γth, so the mathematical formula of it in the mixed RF–FSO system is defined
as Pout(γth) = Pr(γ ≤ γth).

Hence, the expression of outage probability can be obtained by Pout(γth) = Fγ(γth),

Pout(γth) = 1−
2(α+β)A

√
C

16π
√
γ1

√
γth exp(−

γth

γ1
) ×G

6, 0
1, 6

 (αβ)2Cγth

16γ1γ2

∣∣∣∣∣∣ ξ2+1
2
κ1

. (5)

3.2. Average Bit Error Rate

There are many modulations that can be used in the hybrid RF–FSO system, they have a large
difference in systematic performance due to their different characteristics, such as power efficiency,
bandwidth efficiency, and simplicity, the most intuitive way to evaluate the quality of a modulation
method is the BER of the system.

The PPM–BPSK–SIM combines PPM and BPSK–SIM together, the symbol is modulated by a PPM
encoder, then the parallel signal is transmitted to the BPSK modulator [27]. The conditional BER for

various PPM is PLPPM = 1
2 er f c

(
1

2
√

2

√
γL

2 log2 L
)

[28–31], for L-ary pulse position modulation (LPPM),

one data symbol consists of L time slots, only one time slot is valid and the rest are zero, that is, L is the
average length of the symbol [28,31]. According to Equations (2) and (8) in reference [11], the definite
relationship of the conditional BERs between LPPM and L-ary pulse position modulation–binary
phase shift keying–subcarrier intensity modulation (LPPM–BPSK–SIM) can be derived. Utilizing

Q(x) = 1
2 er f c

(
x
√

2

)
, the conditional BER of the LPPM–BPSK–SIM is derived as

PLPPM−BPSK−SIM = Q
(1

4

√
γL log2 L

)
. (6)

The unconditional BER of various PPM–BPSK–SIM is obtained as

PLPPM−BPSK−SIM =

∞∫
0

Q
(1

4

√
γL log2 L

)
fγ(γ)dγ. (7)

3.3. Average Capacity

According to the definition of the average channel capacity [32,33], C = E
[
log2(1 + γ)

]
, E[•]

denotes the expectation operator, the expression for the average channel capacity of the hybrid system
is given by:
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Cave =
∞∫
0

log2(1 + γ) fγ(γ)dγ

= 1
ln 2

∞∫
0

1
1+γFc

γ(γ)dγ,
(8)

where Fc
γ(γ) = 1− Fγ(γ), 1

1+γ = G
1, 1
0, 0

(
x

∣∣∣∣∣∣ 0
0

)
, substituting Equation (4) into Equation (8) and using

the expression of the extended generalized bivariate Meijer’s G function (EGBMGF) in reference [34].
The average channel capacity is obtained as

Cave =
2(α+β)A

√
C

16π ln(2)
γ1G

0, 0 : 1, 1 : 6, 0
0, 0 : 0, 0 : 1, 6

 −−
∣∣∣∣∣∣∣ 0

0

∣∣∣∣∣∣∣ ξ2+1
2
κ1

∣∣∣∣∣∣∣γ1,
(αβ)2C

16γ2

. (9)

4. Results and Discussion

The performance of the mixed RF–FSO system with hybrid PPM–BPSK–SIM is shown in figures
below, including outage probability performance, average BER, and average channel capacity. Note that,
the RF link is assumed to obey Rayleigh distribution and we use Gamma–Gamma fading to describe
the turbulence of the FSO link from weak to strong, the receiver employs IM/DD. The parameters for
turbulence intensity are shown in Table 1 [35,36], the wavelength is 1550 nm, and the distance between
the transmitter and the receiver is set to be 5 km.

Table 1. Parameters for different turbulence intensities.

Turbulence α β

Weak 11.6 10.1
Moderate 4.0 1.9

Strong 4.2 1.4

The outage probability of the hybrid RF–FSO system against average SNR per hop is shown
in Figure 2, effects of atmospheric turbulence and pointing errors are taken into account. γth is set
to be 10 dB, the average SNRs of the two different links are equal to each other (i.e., γ1 = γ2 = γ).
As seen, the decrease of atmospheric turbulence leads to the improvement of the outage performance.
Moreover, taking into consideration the pointing error, the greater the parameter, ξ, the better the
outage performance. For instance, when the outage probability is Pout = 10−3, the system has a 6 dB
decrease on average SNR from strong turbulence to weak turbulence while ξ = 1, but the difference
value is less than 0.5 dB while ξ = 5. Therefore, a conclusion is reached that pointing error aggravates
the influence of atmospheric turbulence on outage probability.

Comparison diagram of average BER of BPSK in the FSO system and the hybrid RF–FSO system is
shown in Figure 3. The simulation of BPSK refers to reference [37]. It can be observed that by adopting
the RF link, the hybrid RF–FSO system has an improvement in BER performance compared to the FSO
system. The BER of BPSK in the FSO system is lower than that in hybrid RF–FSO system, and higher
average SNR of the RF channel leads to greater improvement. In order to study the performance of the
hybrid RF–FSO system, we set γ1 = γ2 = γ in the following.
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Figure 4 depicts the average BER of LPPM and BPSK in the mixed RF–FSO system against the
average SNR per hop, the parameter of pointing error is 1 and C = 1. It can be seen from the figure
that LPPM has a better BER performance as L increases. When the value of L is greater than four, the
performance of LPPM in this system is better than that of BPSK. In Figure 5, comparison between
various PPM–BPSK–SIM and BPSK has been shown, the same conclusion can be drawn that the BER of
the hybrid system decreases when L increases, but the marginal values are different. For instance, when
the value of L is greater than eight instead of four, the hybrid system adopting various PPM–BPSK–SIM
achieves better performance than the system with BPSK. Simulation results in Figure 6 show that under
moderate turbulence, a decrease in the value of C causes the improvement of the average BER, but it
is irrelevant to the marginal value, the PPM–BPSK–SIM outperforms BPSK when the symbol length
is greater than eight, that is, this is not a special case. An increase in the symbol length will reduce
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the bandwidth efficiency, which leads to an optimization of system performance for a reduction of
average BER. Furthermore, the performance of the mixed modulation is affected by both modulations.
Therefore, the value of L has a significant effect on the BER performance of hybrid system, the BER
decreases as L increases, and the hybrid RF–FSO system achieves better BER performance by using the
hybrid PPM–BPSK–SIM scheme only if the length of symbol, L, is greater than eight.Appl. Sci. 2019, 9, x FOR PEER REVIEW 8 of 14 
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Figure 5. Average BER of L-ary pulse position modulation–binary phase shift keying–subcarrier
intensity modulation (LPPM–BPSK–SIM) and BPSK against average SNR per hop under strong
turbulence and the pointing error parameter is ξ = 1. Turbulence parameters are α = 4.2 and β = 1.4,
the constant is assumed to be C = 1.
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In Figure 7, the average BERs of LPPM–BPSK–SIM, LPPM, and BPSK in the hybrid RF–FSO system
are presented under the same channel condition in Figure 4, we conducted studies about L = 16 and
L = 64. It can be observed that when average SNR is fixed, the average BER of hybrid PPM–BPSK–SIM
is higher than that of LPPM, and both of them outperform BPSK. For instance, when SNR = 25 dB, the
average BER decreases in the order of BPSK, 16PPM–BPSK–SIM, 16PPM, 64PPM–BPSK–SIM, 64PPM.
From another perspective, to achieve a BER of 10–3, 28 dB of SNR is required for 64PPM–BPSK–SIM
and 32 dB is needed for 16PPM–BPSK–SIM, 33.5 dB is needed for BPSK. It can be noticed that the value
of L has a great influence on the average BER of the system when using hybrid modulation, and the
larger L, the lower the average BER. Considering the power efficiency and average BER of the hybrid
modulation, we have conducted further research on the performance of 16PPM–BPSK–SIM.
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Figure 7. Average BER of hybrid modulation, LPPM, and BPSK against average SNR per hop under
strong turbulence and the pointing error parameter is ξ = 1. Turbulence parameters are α = 4.2 and
β = 1.4, the constant is assumed to be C = 1.
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In Figure 8, simulations of 16PPM–BPSK–SIM under different turbulence strength and different
pointing error conditions have been implemented. What can be observed easily is that pointing error
has a significant influence on the average BER of the hybrid system, the average BER increases as the
value of ξ decreases. For example, regardless of the intensity of turbulence, the system with ξ = 5
outperforms the system with ξ = 1. On the other hand, when ξ is a fixed value, the average BER
increases as the intensity of the turbulence increases, which is in line with our theoretical analysis.
However, under moderate and weak turbulence with ξ = 5, the average BER of the system suddenly
drops and appears to be undulating. After that, we changed the value of L and found that this
condition still existed, this phenomenon indicates that the RF–FSO systematic performance is unstable.
The adoption of hybrid PPM–BPSK–SIM has a stable improvement on average BER performance,
especially under conditions with strong turbulence and severe pointing error.
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In Figure 9, hybrid RF–FSO systematic average channel capacity against average SNR per hop is
depicted with various turbulence intensities and different parameters of pointing error. As shown
in Figure 9a, the average capacity of the system decreases with the increase of turbulence intensity
regardless of the pointing error. When atmospheric turbulence strength is fixed, the larger the pointing
error parameter is, the larger the system capacity will be. Further research is being carried out on the
effect of pointing error on channel capacity. The differences of average capacity between strong and
weak turbulence conditions are shown in Figure 9b. It can be seen from the graph that the smaller the
pointing error parameter, the larger the maximum difference of average channel capacity. For instance,
when ξ = 10, the maximum difference is 0.39 when SNR = 11 dB, but the maximum difference is 0.49 at
SNR = 18 dB when ξ = 1. When the average SNR is greater than 11 dB, the channel capacity difference
of ξ = 1 is larger than that at ξ = 10, though the gap between them will gradually shrink as the SNR
value increases. We can conclude that a larger pointing error parameter results in a higher channel
capacity, and it can aggravate the effect on capacity caused by atmospheric turbulence.
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5. Conclusions

In summary, we studied the performance of mixed RF–FSO system with hybrid PPM–BPSK–SIM
and fixed-gain relay. The RF link and the FSO link undergo Rayleigh distribution and Gamma–Gamma
distribution severally. The expression of the unconditional BER of the hybrid RF–FSO system have
been derived. On basis of the mathematical representation above, influences of the FSO link including
atmospheric turbulence and pointing error have been investigated.

The results of our study show that the BER performance of the hybrid system could be ameliorated
when it adopts hybrid PPM–BPSK–SIM, and the specific improvement effect has a lot to do with
the length of symbol, L. The BER of the hybrid system degrades as the value of L increases, and
when L is greater than eight, the hybrid system has a better BER performance than BPSK. The hybrid
PPM–BPSK–SIM can improve the performance of the mixed RF–FSO system stably and obviously
with strong turbulence and severe pointing error conditions. The outage probability and the average
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channel capacity are sensitive to turbulence effect and pointing error of the FSO channel. Simulation
results also indicate that the pointing error can aggravate the effect of atmospheric turbulence on
channel capacity and outage probability. Thus, the performance of mixed RF–FSO system could be
improved by adopting hybrid PPM–BPSK–SIM, especially under conditions with strong turbulence
influence and severe pointing error effect.
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