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Abstract: How to generate a safe and high-quality path for a moving robot is a classical issue.
The relative solution is also suitable for computer games and animation. To make the problem simpler,
it is common to discretize the continuous planning space into grids, with blocked cells to
represent obstacles. However, grid-based path-finding algorithms usually cannot find the truly
shortest path because the extending paths are constrained to grid edges. Meanwhile, Line-of-Sight
Check (LoS-Check) is an efficient operation to find the shorter any-angle path by relaxing the
constraint of grid edges, which has been successfully used in Theta*. Through reducing the number
of LoS-Check operations in Theta*, a variant version called LazyTheta* speeds up the planning
especially in the 3D environment. We propose Late LoS-Check A* (LLA*) to further reduce the
LoS-Check amount. It uses the structure of the prioritized trees to partially update the gvalues
of different successors that share the same parent (i.e., the parent of the current vertex waiting to
be extended). The sufficient experiments on various benchmark maps show that LLA* costs less
execution time than Lazy Theta* while generating shorter paths. If we just delay the LoS-Check,
the path planned by LLA* will hardly be shorter than that of Lazy Theta*. Therefore, the key of LLA*
is the discriminatory strategy, and we empirically explain the reason why both the path length and
execution time of LLA* are shorter than those of Lazy Theta*.

Keywords: path planning; line-of-sight; lazy evaluation; robotic planning; path finding

1. Introduction

Path planning plays an important role in robotic planning, and it has a long history in the field of
artificial intelligence as well. The goal of path planning is to find a feasible path between two given
points, and the best result is finding the shortest path. There are many different kinds of strategies to
discretize the continuous planning environment [1]. Two representative categories are graph-based
planning and sampling-based planning.

Graph-based planning is usually based on grids [2,3] or navigation meshes [4] and then uses
dynamic programming [5] (e.g., the Dijkstra algorithm [6] and A* algorithm [7]) to search for
a path. Grids save the whole information of a map, which is suitable for a dynamic environment.
Grid-based path planning algorithms are commonly used in computer games and robotics, and they
discretize the continuous environment into discrete grids with blocked cells to represent obstacles.
Navigation meshes are constructed on the basis of a collection of convex polygons in the free space,
which require smaller memory and have lower density. However, when the environment changes
frequently, navigation meshes need to be reconstructed correspondingly.
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Sampling-based planning discretizes the continuous planning domain by randomly sampling the
state space, avoiding constructing maps for the entire environment [8]. Therefore, sampling-based
planners can generate a feasible path fast, especially in a high-dimensional space. However, the biggest
problem of these methods is that they almost cannot find the optimal solution easily, such as RRT [9]
and PRM [10]. RRT* [11] is a variant of RRT, and it employs many local rewiring operations to optimize
the path. RRT* could asymptotically obtain the optimal solution as the number of iterations increases,
but the efficiency is not quite ideal. Sampling-based planners have good performance in robotic
manipulation [12] and mobile robots [13].

There are many other kinds of path planning algorithms as well. Artificial Potential Field
(APF) [14] is a kind of real-time planner, which divides the planning environment into different fields
of forces. The goal position is considered as an attractive field, which guides the agent to move ahead.
Meanwhile, the obstacles are described as repulsive fields, which forbid the agent from getting close.
The motivation of APF is very easy to understand, and it has many variants. The most important
problem of APF is how to avoid being trapped in local minima.

Reinforcement Learning (RL) [15] is also a kind of popular technique for path planning. RL-based
planning uses the Markov Decision Process (MDP) [16,17] to construct the model and introduces a
reward mechanism. When the agent reaches a good place, it will return a reward. Otherwise, it will
get a punishment. The goal of RL is to get the biggest rewards. Value iteration and policy iteration
are two main methods to solve MDP [18]. Q-learning [19] is a simple method for agents to learn to
act optimally, and it can converge to the optimum action values with probability one because every state
in the domain could be visited. Reinforcement learning often uses deep neural networks for feature
extraction, which is often called Deep Reinforcement Learning (DRL). Deep Q-Network (DQN) [20] is a
representative of the DRL model, which only uses pixels and game scores to play the Atari 2600 games.
The Value Iteration Network (VIN) [21] uses a convolutional neural network to approximate the value
iteration, and it is shown to generalize better to the new planning domain. The Value Prediction
Network (VPN) [22] combines model-free and model-based RL methods, outperforming DQN on
several Atari games. These DRL-based methods have been successfully applied in path planning, but
a common problem is that they cannot deal with the large scale of maps quickly.

How to generate a safe and high-quality path for the robots or animated characters is a popular
issue in the path planning problems. A classical scene is moving a 3D model of a piano from
one corner to another corner in a room, which is shown in Figure 1. The sampling-based RRT
algorithm has been successfully used in the robotic planning and character animation [23]. Meanwhile,
the bidirectional version of RRT, which is called RRT-Connect [24], was also applied to generate
collision-free motions for the robots. Similarly, the A* algorithm was used to generate realistic
motions for moving robots or animated characters, and these motions are abstracted as high-level
behaviors [25]. Precomputed Search Trees (PST) [26] is an efficient approach to synthesize motions for
animated characters navigating in given environments, and it is faster than A*. Moreover, the crowd
animation planning is a complex problem with many parameters to be tuned, and there are several
good methods in this domain [27,28].
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Figure 1. Moving a piano from one corner to another corner using the LLA* algorithm (top view).
The left figure shows the start place and the goal place of the piano (from the left corner to the right
corner). The right figure shows the composite moving trajectory of the piano without touching the
tables and chairs.

1.1. Any-Angle Path Planning

It is popular to use the A* [7] algorithm for pathfinding on grids or navigation meshes. A* can
usually find the optimal solution along with grid edges, but it is not the real shortest path because the
paths are constrained to grid edges [2]. To relax this kind of constraint and obtain a more ideal and
shorter path, many types of research attempts have been made. Related methods are called any-angle
path planning, meaning that the path will not be constrained to grid edges. Line-of-Sight Check
(LoS-Check) is an efficient method to relax the constraint of grid edges via checking whether there is a
straight line between two non-adjacent vertices. If the straight path does not traverse the obstacles,
the updated path will be shorter according to the triangle inequality. LoS-Check can be efficiently
implemented by the line-drawing algorithm [29].

Any-angle path planning can be divided into three main categories: post-processing,
online-processing, and preprocessing.

Post-processing is a method that obtains the grid-optimal path firstly and then uses the
shortcut to replace the old path between those points, which satisfies the line-of-sight condition [30].
Although this kind of LoS-Check can smooth the planned path, actually it can hardly result in the real
shortest solution.

More and more any-angle path planning algorithms are concentrating on online-processing.
Field D* [31] uses linear interpolation on grid edges to relax the edge constraint, but it is not optimal.
Theta* [2] performs LoS-Check between the parent of the current vertex and every successor of the
current vertex, showing that the planned path is close to the shortest. Lazy Theta* [32] is a variant
of Theta*, which adopts the lazy evaluation strategy to reduce the amount of LoS-Check, and it
shows good performance in a 3D environment. Lazy Theta* has been used in the path planning of
a multirotor UAV [33]. There is also an optimal any-angle pathfinding algorithm called Anya [34],
which can always return an optimal path without any preprocessing or memory overheads. Anya is
an optimal and online any-angle path planning algorithm, but it will cost more time on the “interval”
search. Meanwhile, Uras and Koenig [35] showed that Anya is slower than A* and Theta* on average.

Preprocessing is often used to accelerate the planning speed, which usually needs some
computation before the main planning, aiming to collect more informed information about the given
environment. Block A* [36] employs a preprocessed database, which contains the distances between
local points. Subgoal graphs [37] are preprocessed from grids by placing subgoals at the corners of
obstacles and adding edges between the necessary ones. PolyAnya [4] is a variant of Anya based on
the navigation mesh, but it may cost more time on constructing the navigation meshes. These methods
can speed up any-angle path planning.

Sometimes, there is no need to get the strictly shortest path for Real-Time strategy (RTS) games,
and the most important goal is to get a relatively short path as quickly as possible. Considering that
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the environment of a game may change frequently, the online-processing any-angle path planning
algorithm is a better choice. Therefore, we design our algorithms on the basis of A* and use less
LoS-Check to optimize the path, aiming to get a shorter path with less time simultaneously.

1.2. Related Work and Motivation

The purpose of this paper is to design an algorithm that can generate better paths within less time,
and the relevant techniques include Line-of-Sight Check (LoS-Check), the lazy evaluation strategy,
discriminatory updating, and prioritized trees.

LoS-Check is a kind of path shortcutting method, which is usually performed to validate whether
there is a straight connection between two non-adjacent states. LoS-Check is commonly employed
in graph-based path planning algorithms, such as Theta* [2] and Lazy Theta* [32], which have been
mentioned in the prior subsection. Of course, this kind of online path optimization method is also
used widely in sampling-based path planning. The RRT*-Smart [38] algorithm employs LoS-Check
and intelligent sampling to accelerate the converging rate and reach a better solution at a faster speed.
RRT*-gp [39] uses the LoS-Check to connect new states with their grandparents, which makes the final
solution cost converge faster to the optimum. LoS-Check helps the planners generate better solutions
at a faster speed, but it could still be improved. There are also many other path optimization methods
similar to LoS-Check [40–42].

The lazy evaluation strategy has been successfully used to reduce the computation on the collision
detection. Collision detection is the bottleneck of the path planning problems, and it will make the
solving process become slow, especially in high-dimensional spaces. In fact, some collision detection
is not necessary in the planning process, which could be delayed or omitted. Lazy PRM [43] is a
variant of PRM [10], which delays the collision detection until it is necessary, and it shows faster
speed than PRM. Lazy Theta* [32] is the variant of Theta* [2], which shares a similar strategy as Lazy
PRM, and it shows faster speed, especially in 3D grid maps. The Fast Marching Trees (FMT*) [44]
algorithm performs the lazy strategy through dynamic programming recursion, which only detects
the collision of the state connection that could improve the current solution. Lower Bound Tree-RRT
(LBT-RRT) [45] employs the lower bound value to delay the collision detection, which runs faster and
generates shorter paths when compared with RRT*. Batch Informed Trees (BIT*) [46] uses a candidate
edge queue as a buffer to delay the collision detection of the edges.

Motivation: LoS-Check is a kind of long-distance collision detection, which enlarges the range
of path optimization. However, it will cost much time in high-dimensional spaces. Meanwhile, the
lazy evaluation strategy is often used to reduce the collision detection, which could save time. In this
paper, we combine LoS-Check with the lazy evaluation strategy on the basis of the A* algorithm and
construct a prioritized tree to choose which state should be performed with LoS-Check.

Moreover, the A* algorithm has many variants, which could use LoS-Check as well. The D* [47]
algorithm is the Dynamic version of the A* algorithm and plans the path from the goal state to the
start state. D* is applicable in unknown, partially-known, and dynamic environments. The focused
D* [48] algorithm is an extension to the D* algorithm, which focuses the re-planning process to
decrease the total execution time when the environment changes. Lifelong Planning A* (LPA*) [49] is
an incremental search algorithm, and it does not need to be restarted when the environment changes.
Thus, LPA* is suitable for a dynamic environment as well. The D* Lite [50] algorithm combines
the dynamic feature of the D* algorithm with the incremental search feature of the LPA* algorithm,
showing better performance in practice. LoS-Check with discriminatory updating could be employed
in the planning process of these variants of A* as well. We hope this kind of discriminatory principle
could give some reference and inspiration to peers in the field of robotic planning.

1.3. Contributions and Organization

Any-angle pathfinding methods usually result in shorter paths. Inspired by the delayed strategy
of Lazy Theta*, we present Late LoS-Check A* (LLA*) to further delay the LoS-Check while updating



Appl. Sci. 2019, 9, 3448 5 of 24

the gvalues of different successors with discriminatory principles. LLA* presented in this paper is
based on the tree structure, which is especially useful for path planning under differential constraints.
The contributions of this paper include:

• Combine LoS-Check, the late evaluation strategy, and discriminatory updating together.
• Use the prioritized trees to implement the discriminatory updating.
• Present an any-angle post-smoothing method for path planning.
• Evaluate our algorithms on some benchmark maps and integrate them into the Open Motion

Planning Library (OMPL) [51].

This paper is a modified and extended version of a publication of IETElectronics Letters [52].
The original version only described a simple and short outline of the LLA* algorithm, which is based
on the graph structure. In this paper, we present additional experiments and implement LLA* on the
basis of OMPL with a tree structure. We also present a post-smoothing method based on LoS-Check
to validate the performance of the LLA* algorithm. The final results show that LLA* runs faster and
generates shorter paths than Lazy Theta*.

LLA* and Lazy Theta* both use the lazy evaluation strategy, and the biggest difference between
them is that LLA* also employs the discriminatory principles. In Lazy Theta*, every state has the
equivalent chance to be performed with LoS-Check, while in LLA*, LoS-Check is only performed on
those states that own a lower estimate cost. It is essentially a “winner takes all” strategy. Namely, the
state that has a low estimate cost will get even lower cost after LoS-Check. The discriminatory updating
is a kind of greedy strategy, which could speed up LLA*. The worst case for LLA* is degrading into
the A* algorithm, so it always generates shorter than or equivalent paths to A*.

Paper organization: The remainder of this paper is organized as follows. Section 2 defines some
important notations, which will be used in context. Section 3 describes the mechanisms of A*, Theta*,
and Lazy Theta*. The key part of this paper is given in Section 4, which explains the details of the LLA*
algorithm, including the late LoS-Check operation and the discriminatory updating strategy. A kind of
post-smoothing method based on the LoS-Check is introduced in Section 5. To verify the performance
of LLA*, Section 6 presents the results of the sufficient experiments comparing LLA* with the other
three algorithms on some benchmark maps. Lastly, we give a conclusion about our work in Section 7.

2. Definition

The n-dimensional planning environment is often continuous, and we define it as Env ⊆ Rn.
The first step is to discretize Env into discrete grids with blocked or unblocked cells, which
can be represented as Cells = {cell1, cell2...cell∞}. The vertices on these grids are denoted as
V = {v1, v2...v∞} ⊆ Rn. Then, vstart ∈ Env is the start vertex in the planning, and vgoal ∈ Env
is the goal vertex. If the planning domain is the 2D space (Env ⊆ R2), we assume it extends in
eight neighbor directions. If it is a 3D environment (Env ⊆ R3), the 26-neighbor extension could
be considered. An agent will take actions to reach a new vertex, and the action list is notated
as Actions. We define the successor vertices of the current vertex as Succ(v), and a vertex may
have many successors. The successor vertex extension process is based on the location of the current
vertex vk, the neighbor cell ∈ Cells, and the action ∈ Actions. Then, this process is defined as
Succ(vk) = Extend(vk, cell, action). Our algorithm is based on the tree structure, and every vertex
has only one parent. The parent of vertex v is notated as Parent(v). The cost between two vertices is
calculated upon the Euclidean distance, which is denoted as Cost(vm, vn).

We used LoS-Check in our algorithms, which is defined as Lineo f Sight(vm, vn), and it will
return True if the straight segment between vm and vn does not cross the blocked cells. If vn is
the successor of vm, we can perform Parent(vn) ← vm if Lineo f Sight(vm, vn) is True. Therefore,
Succ(v) and Parent(v) may not be the neighbors of v after LoS-Check. The final planned path is
represented as Path = {vstart, . . . , vk, vk+1, . . . , Parent(vgoal), vgoal | vk = Parent(vk+1)}, and every
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vertex in Path is the only parent of the latter one. Lastly, we define the goal of the path planning as the
following representation:

min
vstart

∑
v=vgoal

Cost(Parent(v), v), v ∈ Path ⊆ Rn (1)

From Formula (1), it is not difficult to discover: in the path planning, which is based on the tree
structure, a very important task is to find the best parent for every state. We also call the “vertex” as
the “node” or “state” in this paper.

3. Forward Estimation and Online Optimizing

A* is the basis of many any-angle path planning algorithms, including the Theta* family. The basic
A* defines the cost of node n with a synthetic value f (n) = g(n) + h(n). The value g(n) is the real cost
from the start node to node n. The value h(n) represents the estimation cost from node n to the goal
node, which is often called the heuristic function. Weighted A* [53] is a variant of A* introducing the
technique of multiplying the heuristic function by a weight w, which is a real value greater than or
equal to one. The final cost of node n is defined as f (n) = g(n) + w ∗ h(n). We change the f value of
Weighted A* (WA*) into the following form:

f (n) = (1− λ) ∗ g(n) + λ ∗ h(n), λ ∈ [0, 1] (2)

According to Formula (2), when λ = 0, WA* will become Dijkstra [6], and when λ = 1, WA*
will become the greedy best-first search [54]. When λ = 0.5, it will become A*. We control the
greedy degree of WA* by changing the equilibrium factor λ. In this paper, we use the Euclidean
distance as the heuristic, which satisfies both admissibility and consistency [7], and the two properties
can guarantee optimality. A heuristic is admissible if h(n) < Cost(n, goal), and it is consistent if
h(n) < Cost(n, n′) + h(n′), where node n′ represents every successor of node n.

The A* algorithm contains two states sets, i.e., open and closed. The states in the open set represent
that they are visited, but have not been validated to be optimal, and the states in the closed set represent
that they have been verified to be optimal. The open set is a prioritized queue, and the state that has
the least f value will be chosen to expand new states in each iteration. After the state expansion,
this chosen state will be moved from the open set to the closed set. The A* algorithm is both resolution
complete and resolution optimal because it satisfies the monotone condition that the solution cost
estimate (i.e., the f value) from a parent to its child state must be monotonically increasing [34].

The contribution of A* is advising the heuristic function h(n) to speed up the search, which is a
kind of forward estimation about the future cost. Meanwhile, the contribution of Theta* is introducing
the online LoS-Check to optimize the value g(n), which reduces the real cost.

3.1. Theta*

Theta* adds the online LoS-Check into A* when the successors of the current vertex are generated.
Assume the current vertex is v and its parent vertex is p. If there is the Lineo f Sight between vertex
p and any successor of v, set vertex p as the parent of the successor. If the Lineo f Sight condition is
not satisfied, maintain v as the parent of the successor. Figure 2 (left) shows the extension process of
Theta*, and when the vertices {A2, A3, B3, C3, A4, B4} are generated, there will be LoS-Check between
their grandparent vertices and them.

Algorithms 1 and 2 review the specific implementation of Theta* and Lazy Theta*. The sentences
in the square brackets mean that they are used in other algorithms, and the annotation gives some
instruction and explanation. If the code in Line 12 of Algorithm 2 is activated, Algorithms 1 and 2 will
become Theta*. Line 4 in Algorithm 1 means popping out the state with the least f value from the open
list to act as the current state.
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Algorithm 1: Theta* and Lazy Theta*

1 g(vstart)← 0; closed← ∅; open← ∅;

2 open.Add(vstart, g(vstart) + h(vstart));

3 while open 6= ∅ do

4 current← open.Pop_least();

5 [current← UpdateParent(current);] //Lazy Theta*

6 if current == goal then

7 return path;

8 closed.Add(current);

9 for each v ∈ Succ(current) do

10 if v /∈ closed then

11 if v /∈ open then

12 g(v)← ∞;

13 Parent(v)← NULL;

14 UpdateNode(v, current);

Algorithm 2: Relative procedures

1 UpdateNode(v, current)

2 g_old← g(v);

3 CompareCost(v, current);

4 if g(v) < g_old then

5 if v ∈ open then

6 open.Delete_old(v);

7 open.Add(v, g(v) + h(v));

8 CompareCost(v, current)

9 if g(current) + Cost(current, v) < g(v) then // path1

10 g(v)← g(current) + Cost(current, v);

11 Parent(v)← current;

12 [UpdateParent(v);] // Theta*

13 UpdateParent(v)

14 grandpa← Parent(Parent(v));

15 if Lineo f Sight(v, grandpa) then

16 if g(grandpa) + Cost(grandpa, v) < g(v) then //path2

17 g(v)← g(grandpa) + Cost(grandpa, v);

18 Parent(v)← grandpa;

19 return v
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Figure 2. The extension processes of Theta* (left) and Lazy Theta* (right): the dashed lines are
line-of-sight paths. Lazy Theta* performs less LoS-Check than Theta*.

3.2. Lazy Theta*

Different from Theta*, Lazy Theta* only performs LoS-Check on the current vertex that is waiting
to be extended, but not every newly-generated vertex. Because many generated vertices will have
no chance of being extended, there is no use to perform LoS-Check on them. Lazy Theta* delays
the LoS-Check until the vertex is to be extended, which will reduce the check amount, speeding up
the planning process, while continuing to find the close-to-shortest path. As Figure 2 (right) shows,
there are only two times of LoS-Checks in the extension process of Lazy Theta*, and they are performed
on the vertices B3 and A4 with their grandparent vertices. Activate the code in Line 5 of Algorithm 1,
and the algorithm will become Lazy Theta*.

4. LLA* with Prioritized Trees

The lazy evaluation strategy in Lazy Theta* reduces LoS-Check greatly, saving much computation.
Actually, the delayed strategy was firstly used in Lazy PRM very early [43], which delays the collision
detection until it is truly necessary. Lazy Weighted A* [55] also takes the lazy evaluation, which focuses
on reducing the number of times checking the expensive-to-evaluate edges. We are inspired by Lazy
Theta* and present Late LoS-Check A* (LLA*) to further delay the LoS-Check operation. However,
if we only reduce the amount of LoS-Check, the generated path will be longer. Therefore, we introduce
the prioritized trees to update discriminatively the g values of different successors after LoS-Check.

The main idea of LLA* (Algorithm 3) has two parts: reducing LoS-Check more and updating the g
value with discrimination. Assume the current vertex is v and the parent vertex of v is u. Furthermore,
we define the grandparent vertex of u as gp . To reduce LoS-Check more, we delay the LoS-Check
between u and its grandparent vertex gp until v is chosen to be extended. When v is to be extended,
we firstly perform LoS-Check between u and gp, and if the line-of-sight exists, set gp as the parent of u.
Updating the g value with discrimination means that we only update the g value of the current vertex
v with the new g(u), but not the g value of every successor of u. As a result, among all the successors
of u, vertex v will own even smaller cost, meaning that the successors of v will also have the priority to
be extended.

As shown in Figure 3, when vertex v5 is to be extended, LLA* firstly updates the parent of v3.
There exists the line-of-sight between v3 and its grandparent vertex vstart, so vstart becomes the parent
of v3, and the g value of v3 is updated. Then, LLA* will just update the g value of v5 (the only successor
of v3 chosen to be extended) and ignore other successors (without updating their g values). That is to
say, the real cost from vstart to v5, which is also denoted as g(v5), will be even smaller than g(v4) and
g(v6), being as g values of other successors of v3. As a result, the successors of v5 may be chosen with
priority to be extended, which can speed up the planning toward the goal.
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Algorithm 3: LLA*

1 g(vstart)← 0; closed← ∅; open← ∅;

2 open.Add(vstart, g(vstart) + h(vstart));

3 while open 6= ∅ do

4 current← open.Pop_least(); // pop the vertex with the least f value

5 pa← Parent(current)

6 pa← UpdateParent(pa); // late LoS-Check

7 g(current)← g(pa) + Cost(pa, current) // discriminatory updating

8 if current == goal then

9 return path;

10 closed.Add(current);

11 for each v ∈ Succ(current) do

12 if v /∈ closed then

13 if v /∈ open then

14 g(v)← ∞;

15 Parent(v)← NULL;

16 UpdateNode(v, current);

v1

v2

v3

v4

v6

vstart

v5

  
vgoal

Figure 3. The planning process of LLA* (v5 is to be extended). Firstly, perform LoS-Check between
v3 (parent of v5) and vstart (grandparent of v3). Then, use the updated g(v3) to only update g(v5),
making g(v5) even less than g(v4) and g(v6).

In facts, Theta* and Lazy Theta* treat different successors of the same vertex equally.
For example, in Theta* or Lazy Theta*, the set of {v4, v5, v6} is all the successors of v3,
and they get the same g value from v3. However, in LLA*, we want to propagate a smaller
g value from v3 to v5 because v5 has a smaller h value, which can reduce the total cost more
f (v5) = g(v5) + h(v5) = g(v3) + Cost(v3, v5) + h(v5). It can be foreseen that the successors of v5 may
be extended with priority compared to the successors of v4 and v6, which will speed up the planning.
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In Section 3, we mentioned that A* algorithm is both resolution complete and resolution optimal,
which means that it could find the optimal path on the grids. However, A* cannot find the real
shortest path because the path is constrained to the grid edges. Meanwhile, LoS-Check connects two
non-adjacent vertices, which could relax the constraints to grid edges and finally generate shorter
paths. Theta* employs LoS-Check, and it could find shorter paths than A*, but it is not optimal.

If we want to find the optimal solution in a graph, it is necessary to guarantee that the solution
cost estimate (i.e., the f value) from a parent to its child state must be monotonically increasing [34].
Thus, the expansion of the new state should be based on the monotone condition, which ensures that
the final path is optimal upon the given graph. The g value of states in the Theta* algorithm may be
decreased, which does not satisfy the monotone condition. Thus, Theta* is not optimal. The Lazy Theta*
and LLA* algorithms are both variants of Theta*, which are not optimal either. However, “non-optimal”
does not mean that the algorithm cannot generate shorter paths.

The key idea of LLA* is further delaying the LoS-Check operation of a vertex until its successor
expands and discriminatively updates the g values. LLA* is complete and could always find better
paths than A*. For example, in each iteration, with the help of LoS-Check, LLA* will result in a smaller
cost for the current state (the state that is chosen to expand new states) when compared with A*. Then,
the original state with the least f value in the open list of A* will now get an even smaller cost in LLA*.
LLA* does not change the framework of A*, and the worst case for LLA* is degrading into A*.

In fact, LoS-Check is a greedy strategy; it connects two states if the path cost could become smaller.
However, in some extreme conditions, such as the corner of the blocked cells, LoS-Check will not work
because the line-of-sight is blocked by the obstacles [2]. LLA* reduces the amount of LoS-Check, which
gains a trade-off between the execution time and path length. LoS-Check is a kind of long-distance
collision detection, which will cost a longer time than the simple check. LLA* employs less LoS-Check
than Theta* and Lazy Theta*, so it runs faster. Because of less LoS-Check, LLA* employs a weaker
greedy strategy to some degree, which will not be trapped in the extreme conditions at the obstacle
corner. Thus, LLA* could find better paths than Lazy Theta* on average and even find better paths
than Theta* sometimes (we will show an example in Figure 6).

Moreover, the discriminatory updating used in the LLA* algorithm is also a kind of greedy
strategy, and it truly works. After LoS-Check, LLA* only updates the g value of the successor state,
which has the potential to generate better solutions. This operation could accelerate the planning
procedure, and the worst case is degrading into searching paths as A* does. In other words, if the
greedy search methods fail, LLA* will still search the paths like A*. Therefore, the LLA* algorithm will
run faster than A* on average.

5. LoS-Slider Smoothing

The path of A* is often constrained to the grid edges, which looks unrealistic. LoS-Check has
been used for post-processing (smoothing) in path planning [56], and it can make the path of A* much
shorter. In this paper, we design a smoothing algorithm called Line-of-Sight Slider (LoSS), and this
kind of post-processing method will not cost much time.

According to the moving direction of the current node, the LoSS algorithm is divided into two
types: backward-LoSS and forward-LoSS. In a given path, every node has only one parent node and
only one successor node. When the current node moves from the goal node to the start node, it is
called the backward-LoSS algorithm, and when the current node moves from the start node to the goal
node, it is called the forward-LoSS algorithm. When the current node moving direction is determined,
its successor node, which is called child, and the child’s successor, which is called grandchild, will be
both determined as well. At this time, the slider node recurrently slides from node grandchild to node
child by a small stepsize, and LoS-Check is performed between the slider node and the current node
each time. When it is successful, stop the slider from sliding, and set the slider node as the successor
node of the current node. Subsequently, set the successor of the current node as the new current node
for the next round of checking.
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Figure 4 (top) shows the backward-LoSS diagram; the node C is selected as the current node,
which moves from the goal node to the start node, with the node B as the child of C and the node A as
the grandchild of C. According to the rule of LoSS, the slider node slides from A to B, and after one
iteration, the LoS condition between C and slider is satisfied, meaning that this round of smoothing
is complete. As a result, the node slider becomes the successor node of C. It can be found that the
length of the newly-generated route {A, slider, C} is shorter than that of the original path {A, B, C}.
For the forward-LoSS of Figure 4 (bottom), the principle is the same as backward-LoSS, with only the
opposite direction. The specific implementation of the LoSS algorithm can be seen in Algorithm 4,
which can be used several times to get even shorter paths. In Line 10 of Algorithm 4, the function
Slide_From_To(slider, child, stepsize) is based on the linear interpolation of the segment between
the slider and child. The parameter stepsize decides the interpolation resolution. The interpolation
generates many intermediate points, and the slider will move to these points one by one. The moving
direction is set from the grandchild to the child, and the slider will be updated each time. If we set the
parameter stepsize as a smaller value, the final smoothed path will have a shorter length.

Algorithm 4: LoSS

Input: path= {s1, s2, s3, . . . , sn}
1 current← s1; new_path← {current};
2 child← Succ(current); // the successor in path
3 grandchild← Succ(child);
4 while grandchild 6= NULL do
5 slider← grandchild;
6 while slider 6= child do
7 if LineofSight (slider, current) then
8 Succ(slider)← grandchild;
9 Succ(current)← slider;

10 break;
11 slider← Slide_From_To(slider, child, stepsize);
12 current← Succ(current);
13 new_path← new_path ∪ {current};
14 child← Succ(current);
15 grandchild← Succ(child);
16 return new_path;

A
C

B
Goal

Start

A
C

B
Goal

Start

Figure 4. Backward-LoSS (top) and forward-LoSS (bottom). The slider node recurrently slides from the
grandchild of the current node to the child of the current node by a small stepsize. In backward-LoSS,
the current node moves from the goal node to the start node. In forward-LoSS, the current node moves
from the start node to the goal node.
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6. Experiment

We compared A*, Theta*, Lazy Theta*, and LLA* on some pathfinding benchmark maps [2,57],
which contain game maps, maze maps, random maps, and street maps (Figure 5). Each type of map has
different scenarios, and each scenario has different pairs of start and goal points. We also implemented
LLA* and the other three planners on the basis of the Open Motion Planning Library (OMPL) [51] and
compared these planners in some virtual scenes.

(a) game map (b) maze map

(c) random map (d) street map

Figure 5. Extension processes of LLA* on four different kinds of benchmark maps: game map (a),
maze map (b), random map (c), and street map (d). Orange lines represent the final paths, and the blue
lines are new edges after LoS-Check.

6.1. Benchmark Test

The pathfinding benchmark maps have different sizes, and the units of the grid maps are pixels.
The size of game maps varies from 22 × 28–1260 × 1104. Maze maps (with a size of 512 × 512)
contain different corridor widths of mazes, and random maps (with a size of 512 × 512) are covered by
randomly-blocked cells with varying percentages. Street maps are the thumbnails of the real streets in
different cities, and their sizes range from 256 × 256–1024 × 1024. We implemented these algorithms
on the basis of Weighted A* with f (n) = (1− λ) ∗ g(n) + λ ∗ h(n), λ ∈ [0, 1]. In the experiment,
there were over ten thousand tests done on each kind of map, and we set three different values for λ.
Figure 6 shows the extension processes of A*, Theta*, Lazy Theta*, and LLA* on a street map. In this
example, LLA* was the fastest among the four algorithms, and it also generated the shortest path.
Of course, this is just a particular case, and a general evaluation is given in the benchmark tests.
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(a) A*: t = 0.351 s (b) Theta*: t = 0.427 s

(c) Lazy Theta*: t = 0.259 s (d) LLA*: t = 0.191 s

Figure 6. Extension processes of A* (a), Theta* (b), Lazy Theta* (c), and LLA* (d) on a street map.
Orange lines are initial paths, and red lines are smoothed paths after the LoSS smoothing (one time
of backward-LoSS and one time of forward-LoSS). (a) A*: initial length is 336.68, smoothed length
is 320.35; (b) Theta*: initial length is 322.51, smoothed length is 317.79; (c) Lazy Theta*: initial length is
320.95, smoothed length is 316.31; (d) LLA*: initial length is 319.92, smoothed length is 316.31. In this
example, LLA* has the least execution time and path length, which is a particular case, and the general
evaluation is shown in the benchmark tests.

Figure 7 shows the planning results against different values of λ in the benchmark tests.
The average path length and execution time of the four algorithms on every map is shown in Table 1.
When the factor λ equaled 0.5, these algorithms were all based on the original A*, and we can see
that the path length of LLA* was shorter than that of Lazy Theta* or A*. Moreover, the execution
time of LLA* was the least among the four algorithms. Meanwhile, we can also find that the paths of
LoS-Check-based planners (Theta*, Lazy Theta*, and LLA*) were not shortened very much after LoSS
smoothing, but the path of A* was shortened obviously. Therefore, post-smoothing with LoS-Check
was also effective in generating shorter paths for the planners that did not use LoS-Check. However,
the effects of post-processing were not as good as those of online LoS-Check.
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Figure 7. The average path length and execution time plotted against the heuristic weight. LLA* is the
fastest, and it generates a shorter path than Lazy Theta*.

From both Figure 7 and Table 1, we can see that when the factor λ > 0.5, the path length of Lazy
Theta* and LLA* was similar, which was slightly longer than that of Theta*, but LLA* was still the
fastest. Meanwhile, the gap of the execution time between LLA* and the other algorithms was not as
big as the gap when λ = 0.5. Moreover, when the factor λ < 0.5, the path length of LLA* kept being
shorter than that of Lazy Theta* or A*, and LLA* kept being the fastest among the four algorithms.
At the same time, the gap of the execution time between LLA* and Theta* was bigger than the gap
when λ = 0.5. We can see that LLA* always kept being the fastest and usually resulted in a shorter
path than Lazy Theta* (just slightly longer than Theta*) no matter what the factor λ would be.

Table 1. Average path length and execution time (s) with/without LoSS smoothing.

λ Algorithms LoSS

Maps

Game Maze Random Street

Length Time Length Time Length Time Length Time

0.3

A*
No 45.63 1.853 45.98 0.803 42.21 1.588 49.59 2.009
Yes 43.33 1.869 44.14 0.823 40.99 1.609 47.14 2.027

Theta*
No 43.31 2.804 44.08 1.207 40.35 2.022 47.11 3.051
Yes 43.31 2.815 44.06 1.221 40.32 2.038 47.11 3.063

Lazy Theta*
No 43.35 1.993 44.20 0.884 40.73 1.671 47.19 2.171
Yes 43.34 2.004 44.16 0.897 40.66 1.687 47.16 2.182

LLA*
No 43.33 1.561 44.15 0.686 40.62 1.357 47.14 1.699
Yes 43.32 1.572 44.12 0.699 40.56 1.372 47.13 1.712
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Table 1. Cont.

λ Algorithms LoSS

Maps

Game Maze Random Street

Length Time Length Time Length Time Length Time

0.5

A*
No 45.64 0.437 45.98 0.409 42.21 0.321 49.59 0.416
Yes 43.35 0.455 44.14 0.432 41.03 0.344 47.15 0.434

Theta*
No 43.32 0.191 44.09 0.431 40.42 0.232 47.11 0.215
Yes 43.32 0.202 44.06 0.446 40.36 0.248 47.11 0.226

Lazy Theta*
No 43.35 0.201 44.18 0.366 40.65 0.227 47.18 0.216
Yes 43.34 0.211 44.12 0.381 40.55 0.243 47.15 0.227

LLA*
No 43.33 0.168 44.15 0.291 40.58 0.181 47.14 0.176
Yes 43.32 0.178 44.09 0.306 40.49 0.197 47.12 0.187

0.7

A*
No 45.76 0.074 46.73 0.161 42.92 0.069 49.93 0.084
Yes 43.36 0.085 44.23 0.176 41.22 0.086 47.18 0.097

Theta*
No 43.38 0.101 44.31 0.214 41.60 0.078 47.25 0.112
Yes 43.36 0.106 44.18 0.224 41.37 0.091 47.19 0.121

Lazy Theta*
No 43.39 0.078 44.34 0.169 41.68 0.071 47.27 0.087
Yes 43.36 0.084 44.21 0.179 41.42 0.082 47.21 0.095

LLA*
No 43.39 0.071 44.33 0.141 41.68 0.064 47.27 0.078
Yes 43.36 0.076 44.20 0.151 41.43 0.076 47.21 0.086

6.2. Complex Street Test

In the previous subsection, we did some benchmark tests on various maps. Each type of map
had different scenarios, and each scenario had different pairs of start and goal points. The average
planning results, including path length and execution time, showed that the LLA* algorithm ran the
fastest among the four given planners, and it generated shorter paths than Lazy Theta* and A*.

It seemed that LLA* had a good performance in both the planning speed and quality. However,
the average results could not display the performance of LLA* in some special situations. Thus,
we selected six complex street maps from the benchmark maps mentioned in Section 6.1, which
are shown in Figure 8. These maps included thumbnails of the streets in Berlin, Boston, London,
Milan, Moscow, and Paris, which were all of a large size, 1024 × 1024. These complex street tests
contained difficult tasks, where the start position and goal position were both set at some narrow
corners. We performed this kind of test to explore the extreme cases and limits of these planners.

Table 2 shows the planning results of the four planners on the six complex street maps, including
path length, execution time, and LoS-Check number. In the original design, we aimed to speed up
the planning algorithm by reducing the LoS-Check number. Therefore, we provided the LoS-Check
number to reflect the relationship between execution time and the line-of-sight check operation.
From the planning results on the six complex city street maps, we can find that LLA* still ran the
fastest among the four planners, and it always generated shorter paths than Lazy Theta* and A*.
Moreover, it is interesting that LLA* sometimes generated shorter paths than Theta*, such as the
planning results of the street tests in Milan and Paris (this is similar to the results in Figure 6). LLA*
performed the least LoS-Check, so it ran faster than the other planners. Meanwhile, because of using
the discriminatory updating strategy in the planning process, it also generated shorter paths than Lazy
Theta* and sometimes generated shorter paths than Theta*. The discriminatory updating strategy
helped the planner focus on exploring the states that have the potential to improve the final paths.
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(a) Berlin (b) Boston (c) London

(d) Milan (e) Moscow (f) Paris

Figure 8. The path planning results using the LLA* algorithm on six complex street maps. These street
maps were chosen from the benchmark maps in Section 6.1, and they are thumbnails of the real streets
in six different cities. The size of these maps is 1024 × 1024. The start position and goal position are
both set at some narrow corners, making the planning task more difficult to solve. The final paths are
shown as orange solid lines.

Table 2. Path planning results on six complex street maps.

Complex Street Test
City

Berlin Boston London Milan Moscow Paris

planner

A*

Length 1456.95 1465.51 1640.66 1395.68 1110.97 1462.37

Time (s) 0.116 0.137 0.142 0.075 0.106 0.062

LoS-Check 0 0 0 0 0 0

Theta*

Length 1377.12 1416.24 1563.75 1308.36 1056.04 1402.11

Time (s) 0.269 0.276 0.301 0.138 0.183 0.097

LoS-Check 20240 21766 27027 12561 17841 8714

Lazy Theta*

Length 1389.07 1428.86 1593.02 1312.56 1063.10 1407.96

Time (s) 0.134 0.153 0.179 0.076 0.102 0.061

LoS-Check 3044 3156 3752 1679 2476 1369

LLA*

Length 1381.41 1418.19 1573.08 1306.33 1057.57 1401.32

Time (s) 0.112 0.106 0.131 0.062 0.076 0.045

LoS-Check 2347 2136 2628 1314 1737 958
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The six complex street tests showed that the LLA* algorithm still outperformed Lazy Theta* and
A*, even in some extreme cases. Until now, both the general benchmark test and the complex street
test showed that LLA* had a good and robust performance in various environments. We will continue
to verify LLA* in some virtual scenes in the next subsection.

6.3. Virtual Scenes

We implemented the four planners on the basis of the famous motion planning library, OMPL [51].
It provides low-level data structures and modules, such as the state generation and collision detection,
which are essential for high-level motion planning algorithms. Moreover, it also collects a known set of
benchmark problems for the comparison of different planners. In practice, OMPL could cooperate with
ROS (Robot Operating System) [58], which plays an important role in robotic research and industry.
Figure 1 shows a classic scene of the piano mover problem. Figure 9 and Figure 11 show the planning
trajectories of the four algorithms on the maze map #1 and #2, respectively, and the size of the two
maps is 90 × 90.

(a) A* (b) Theta*

(c) Lazy Theta* (d) LLA*

Figure 9. The planning results for an animated character using A* (a), Theta* (b), Lazy Theta* (c),
and LLA* (d) on Maze #1. The extension details and final composite moving trajectories are shown in
red color.

Table 3 shows several parameters of the planning results of the maze test #1 in Figure 9, including
the number of generated states, LoS-Check amount, simple-check amount, path length, and execution
time. We did 500-times testing on the maze scenario, and the execution time for each test is shown
in Figure 10. The simple-check represents the collision check between two neighbor vertices that are
close to each other. Considering that LoS-Check may be performed between two vertices that are far
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away from each other, the time spent on the simple-check was shorter than that on LoS-Check on
average. Therefore, more LoS-Check will cost more execution time, which is what we want to reduce.
It is easy to find that LLA* cost the least time to complete the path planning, which was followed by
Lazy Theta*, A*, and Theta*. Meanwhile, the path cost of LLA* was shorter than that of A* and Lazy
Theta*, but slightly longer than that of Theta*.
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Figure 10. The execution time of 500 times of the maze test #1 using the four planners. LLA* is the
fastest among these planners on average.

Table 3 shows that Theta* performed LoS-Check 6027 times, while LLA* performed it 2451 times.
It is easy to understand that the path cost of LLA* was longer than that of Theta*, but the execution time
was the opposite because Theta* performed more LoS-Check operations. Meanwhile, when comparing
with Lazy Theta*, LLA* generated fewer states and performed less LoS-Check and simple-check.
Therefore, LLA* was faster than Lazy Theta*. However, it is interesting that the path cost of LLA* was
also less than that of Lazy Theta*. Moreover, because LLA* performed less simple collision detections
than A*, LLA* was slightly faster than A* as well. In brief, LLA* behaved well in both the path length
and the planning speed.

Table 3. Planning results of the maze test #1.

A* Theta* Lazy Theta* LLA*

states 2831 2681 2681 2676
LoS-Check 0 6027 2609 2451

simple-check 8186 3133 7699 7290
path cost 127.38 125.26 125.89 125.52
time (ms) 2.335 4.191 2.240 1.779

Table 4 shows the results of the maze test #2 in Figure 11. We also did 500-times testing on this
maze scenario, and the execution time for each test is shown in Figure 12. The planning results in
the maze test #2 were in accord with those in the maze test #1. LLA* was still the fastest among the
four planners.
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(a) A* (b) Theta*

(c) Lazy Theta* (d) LLA*

Figure 11. The planning results for an animated character using A* (a), Theta* (b), Lazy Theta* (c),
and LLA* (d) on Maze #2. The extension details and final composite moving trajectories are shown in
red color.
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Figure 12. The execution time of 500 times of the maze test #2 using the four planners. LLA* is the
fastest among these planners on average.
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Table 4. Planning results of the maze test #2.

A* Theta* Lazy Theta* LLA*

states 3654 3616 3615 3592
LoS-Check 0 8114 3545 3478

simple-check 10232 4080 10161 9747
path cost 281.75 274.31 274.63 274.58
time (ms) 2.639 4.218 2.432 2.091

6.4. Results and Analysis

From the experiments in the previous three subsections, including the benchmark test, the complex
street test, and the test in virtual scenes, we can find that LLA* ran the fastest among the four given
planners, and it generated shorter paths than the Lazy Theta* and A* algorithms. LLA* employed
the discriminatory updating strategy to explore the states that had the potential to improve the final
solutions with priority, and this strategy was helpful in accelerating the planning algorithms.

The planning results in the three tests showed that LLA* performed the least LoS-Check, and
this could explain why LLA* ran the fastest, especially on the large size of the maps with a complex
environment. Both the lazy evaluation strategy and the discriminatory updating strategy led to less
LoS-Check, which sped up the planning procedure. Actually, LLA* was resolution complete like A*,
which was bound to find a solution if it really existed.

LoS-Check connected a state with its grandparent, but it did not work at a corner of the blocked cell
because the line-of-sight was blocked by the obstacles. Meanwhile, LLA* further delayed LoS-Check,
which reduced the risk that the line-of-sight was blocked. Thus, LLA* generated shorter paths than
Lazy Theta* and sometimes generated shorter paths than Theta*. Of course, with the help of LoS-Check,
LLA* always found a better solution than A*. LLA* did not change the framework of A*, and the worst
case for LLA* was degrading into A*.

Overall, the LLA* algorithm showed a good and robust performance in path planning,
which outperformed Theta*, Lazy Theta*, and A* in the aspect of planning speed. LLA* also generated
shorter paths than Lazy Theta* and A*. However, the planning algorithms that used LoS-Check, such
as LLA*, Theta*, and Lazy Theta*, were not suitable in nonholonomic planning. In nonholonomic
planning, if LoS-Check were used, some states in the configuration space would not be explored
because of constraints (e.g., angle constraint), making the planning algorithm not complete. Thus, it is
an interesting research topic how to employ path shortcutting methods in nonholonomic planning.

7. Conclusions

Line-of-Sight Check (LoS-Check) is efficient for any-angle path planning, which has been
successfully used in Theta*. In the high-dimensional environment, there will be too many LoS-Checks
in Theta*, which may cost much computation. Lazy Theta* introduces delayed evaluation into Theta*,
reducing the LoS-Check amount obviously. Inspired by Lazy Theta*, we presented Late LoS-Check
A* (LLA*) to further delay the LoS-Check and update the g value of different successor vertices with
discrimination, which is different from Lazy Theta* or Theta*. If we just delayed LoS-Check, the path
planned by LLA* would never be shorter than that of Lazy Theta*. Therefore, the key of LLA* was
introducing the discriminatory strategy in LoS-Check operations. It could further reduce the real cost
(g value) of the node that is chosen to be extended.

We implemented LLA* on the basis of a tree structure, and it was especially useful for planning
under differential constraints. LoS-Check is performed between two non-adjacent vertices in grid-based
path planning, which will cost much time with the map size increasing. LLA* updates the cost of
the vertex, which has a better estimation of the total path cost, and this is based on the structure
of prioritized trees. LLA* is not strictly optimal, but truly results in a shorter path than A* and
Lazy Theta*. The experiment showed that LLA* ran faster and planned a shorter path than Lazy
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Theta*; furthermore, the path planned by LLA* was just slightly longer than that of Theta*, while
costing less time. The algorithms in this paper was integrated in the Open Motion Planning Library
(OMPL), which could be used in practice.

Our future work will be focused on optimal planning algorithms and multi-agent path planning.
In addition, we will improve the LLA* algorithm and apply it to nonholonomic path planning as well.
This paper gives an attempt to employ LoS-Check with discriminatory updating in the grid-based A*
algorithm, and it could be applied in other variants of A* as well. We hope this kind of discriminatory
principle could give some reference and inspiration to peers in the field of robotic planning.
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Abbreviations

The following abbreviations are used in this manuscript:

LoS-Check Line-of-Sight Check

LLA* Late LoS-Check A*

RRT Rapidly-exploring Random Tree

PRM Probabilistic Road Map

APF Artificial Potential Field

RL Reinforcement Learning

MDP Markov Decision Process

DRL Deep Reinforcement Learning

DQN Deep Q-Network

VIN Value Iteration Network

VPN Value Prediction Network

PST Precomputed Search Trees

RTS Real-Time Strategy

FMT* Fast Marching Trees

LBT-RRT Lower Bound Tree-RRT

BIT* Batch Informed Trees

LPA* Lifelong Planning A*

OMPL Open Motion Planning Library

WA* Weighted A*

LoSS Line-of-Sight Slider

ROS Robot Operating System
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