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Abstract: Graphene has been recently proposed as a promising alternative to support surface
plasmons with its superior performances in terahertz and mid-infrared range. Here, we propose a
graphene-coated elliptical nanowire (GCENW) structure for subwavelength terahertz waveguiding.
The mode properties and their dependence on frequency, nanowire size, permittivity and chemical
potential of graphene are studied in detail by using a finite element method, they are also compared
with the graphene-coated circular nanowires (GCCNWs). Results showed that the ratio of the long
and short axes (b/a) of the elliptical nanowire had significant influence on mode properties, they
also showed that a propagation length over 200 µm and a normalized mode area of approximately
10−4~10−3 could be obtained. Increasing b/a could simultaneously achieve both long propagation
length and very small full width at half maximum (FWHM) of the focal spots. When b/a = 10, a pair
of focal spots about 40 nm could be obtained. Results also showed that the GCENW had a better
waveguiding performance when compared with the corresponding GCCNWs. The manipulation
of Terahertz (THz) waves at a subwavelength scale using graphene plasmon (GP) may lead to
applications in tunable THz components, imaging, and nanophotonics.
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1. Introduction

Terahertz (THz) waves, located between millimeter radio waves and far infrared waves, have been
widely investigated in the fields of spectroscopy, imaging, and communications [1–4]. In particular, the
THz waveguide has become a hot research topic, and semiconductor based plasmonic waveguides [5],
pure dielectric waveguides [6–8], and noble metal plasmon waveguides [9–20] have been proposed to
guide THz waves. However, in the THz range, surface plasmon effects are very weak, which leads to
relatively poor confinement, thus hindering the applications in the subwavelength scale. Although the
strong mode confinement could be achieved, it usually results in a limited propagation length [21,22].

Recent reports show that graphene [23] can also support plasmons [24,25], which provides an
alternative approach to transmitting THz waves [26]. Compared with the metal plasmon waveguides,
GP waveguides show very strong modal field confinement, and the chemical potential of graphene
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could be tuned to improve the waveguiding performance [25]. So far, graphene sheet [27], graphene gap
waveguide [28], V-shaped graphene waveguide [29], graphene-based parallel-plate waveguide [30],
dielectric loaded graphene waveguide [31], graphene hybrid waveguides [32–36], and graphene-coated
dielectric nanowires [37–44] have been proposed and investigated. Among them, graphene hybrid
waveguides have shown very good waveguiding performances in the THz band. Zhou et al. [32]
proposed a graphene hybrid plasmonic waveguide with a propagation distance of approximately
127 µm, and a normalized mode area of approximately 10−2 at 3 THz. Later, a symmetric hybrid
plasmonic waveguide [33] was proposed to achieve a propagation length of 26.7 mm at 10 THz, while the
normalized mode area is still around 10−2. To further downscale the mode area, He et al. [34,35] proposed
two graphene-based hybrid plasmonic waveguides, which could simultaneously achieve a very small
normalized modal area of approximately 10−4~10−3 and a propagation length of approximately several
hundreds of micrometers at 3 THz. Recently, graphene-coated nanowires have attracted lots of
research interest and been investigated mainly in the mid-infrared band [37–44]. In the THz band,
a graphene-coated nanowire with a drop-shaped cross section was suggested for low loss waveguiding
with ultra-strong mode confinement [44]. Although the propagation distance has been enhanced to
millimeter range, these structures are relatively complicated for practical implementations.

Here, we present that a simple graphene-coated elliptical nanowire (GCENW) could
simultaneously achieve a very small normalized modal area of approximately 10−4~10−3 and a
propagation length of several hundreds of micrometers. Meanwhile, in addition to the simple structure,
the GCENW could provide two focal spots with the same size. Results show that the ratio of b/a
has significant influence on mode properties, increasing b/a could simultaneously achieve both a
long propagation length and a very small full width at half maximum (FWHM) of the focal spots.
By adjusting the chemical potential of graphene, the waveguiding properties could also be tuned to
achieve better performance.

2. Theoretical Model and Methods

The permittivity of graphene can be obtained by using εg = 1 + iσg/(ε0ω∆) [25,45], where
∆ = 0.33 nm is the thickness of the graphene layer, ω is the frequency, ε0 is the permittivity in free
space, and σg is the surface conductivity of graphene. Under the random-phase approximation, the
dynamic optical response of graphene can be obtained from Kubo’s formula [45–47]. In the terahertz
range, the intraband transition of electrons dominates [48,49], and then σg could be approximated as

σg =
2ie2kBT

π}2(ω+ i/τ)
ln[2 cosh(

uc

2kBT
)] (1)

where τ = 0.5 ps, T = 300 K, uc is the chemical potential, h̄ is the reduced Plank’s constant, kB is the
Boltzmann constant, and e = 1.6 × 10−19 C, and ε2 = 1.

For the proposed scheme shown in Figure 1a, we assume that the lowest order graphene plasmon
(GP) mode transmits along z-direction with a time dependence of e−jωt. Then the transversal mode
fields (E and H) satisfy a two-dimensional wave equation [20],[

∇
2
t + k2

0(εµ− n2
e f f )

]{ E(x, y)
H(x, y)

}
= 0 (2)

where ε and µ are the permittivity and permeability. Since the eigenvalue equation here is very
complicated, we adopt the finite element method software COMSOL Multiphysics to calculate the
complex effective mode index, neff. β = k0neff is the complex propagation constant with k0 = 2π/λ0,
where λ0 is the wavelength in the free space. The propagation length is defined as LP = 1/Im(β).
The normalized mode area is defined as Aeff/A0, where A0 = λ2

0/4 is the diffraction-limited mode area,
and the effective mode area Aeff is obtained by [50–52],
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Aeff =

s
W(r)d2r

max
{
W(r)

} , (3)

where W(r) is the electromagnetic energy density and is as follows:

W(r) =
1
2

{
d[ε(r)ω]

dω
|E(r)|2 + µ0|H(r)|2

}
. (4)

We also adopted a figure of merit (FoM) [39,53] to assess the propagation length and effective mode
area, which is defined as FoM = Re(β)/Im(β).
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Figure 1. (a) The cross section of the graphene-coated elliptical nanowire (GCENW) waveguide. (b) 

Normalized electromagnetic energy distribution of the graphene plasmon (GP) mode at 3 THz. Red 

arrows indicate the polarization directions. The short axis and long axis are a = 0.5 μm and b = 1 μm, 

respectively. The other parameters are uc = 0.5 eV, ε1 = 2.25, and ε2 = 1. 

3. Results 

We considered the GCENW waveguide to be surrounded by a dielectric medium (ε2). The 

elliptical dielectric nanowire (ε1) was covered by monolayer graphene. As shown in Figure 1a, the 

short axis and long axis were a and b. Here we placed emphasis on the lowest order mode for its long 

propagation distance. Figure 1b shows the energy distribution of the lowest order GP mode for a = 

0.5 μm and b = 1 μm at 3 THz, the majority of the optical energy was restricted in the tips, which is 

more evident for a larger b/a. The Poynting vector in z direction (Sz) had the largest value at the 

surface and decayed rapidly away from the interface, seen in Figure 2. Since the elliptical nanowire 

has two tips, two focal spots with same size could be obtained. Figure 2a, and 2b present the FWHM 

[51] of Sz at the tips for a = 0.5 μm, b = 1 μm and a = 0.5 μm, b = 5 μm, which were about 140 nm and 

40 nm, respectively. Surprisingly, when increasing b/a from 2 to 10, the FWHM of the focal spots 

reduced from 140 nm to 40 nm, and the propagation length increased from 83 μm to 136 μm. Hence, 

the ratio of b/a had significant influence on the spot size and propagation length. As shown in Table 

1, increasing b/a, the FWHM could be further reduced. However, when b/a increased to a certain 

value, the elliptical nanowire gradually becomes an approximate parallel plate. Therefore, the ratio 

of b/a should not be much larger. 

Table 1. The mode properties versus b/a, and a = 0.5 μm, uc = 0.5 eV, ε1 = 2.25, and ε2 = 1. 

b/a neff LP (μm) FWHM (nm) 

2 3.0709 + 0.19168i 83 140 

3 2.7599 + 0.17064i 93 100 

5 2.4004 + 0.14512i 110 75 

Figure 1. (a) The cross section of the graphene-coated elliptical nanowire (GCENW) waveguide.
(b) Normalized electromagnetic energy distribution of the graphene plasmon (GP) mode at 3 THz. Red
arrows indicate the polarization directions. The short axis and long axis are a = 0.5 µm and b = 1 µm,
respectively. The other parameters are uc = 0.5 eV, ε1 = 2.25, and ε2 = 1.

3. Results

We considered the GCENW waveguide to be surrounded by a dielectric medium (ε2). The elliptical
dielectric nanowire (ε1) was covered by monolayer graphene. As shown in Figure 1a, the short axis and
long axis were a and b. Here we placed emphasis on the lowest order mode for its long propagation
distance. Figure 1b shows the energy distribution of the lowest order GP mode for a = 0.5 µm and
b = 1 µm at 3 THz, the majority of the optical energy was restricted in the tips, which is more evident
for a larger b/a. The Poynting vector in z direction (Sz) had the largest value at the surface and decayed
rapidly away from the interface, seen in Figure 2. Since the elliptical nanowire has two tips, two focal
spots with same size could be obtained. Figure 2a, and 2b present the FWHM [51] of Sz at the tips
for a = 0.5 µm, b = 1 µm and a = 0.5 µm, b = 5 µm, which were about 140 nm and 40 nm, respectively.
Surprisingly, when increasing b/a from 2 to 10, the FWHM of the focal spots reduced from 140 nm
to 40 nm, and the propagation length increased from 83 µm to 136 µm. Hence, the ratio of b/a had
significant influence on the spot size and propagation length. As shown in Table 1, increasing b/a,
the FWHM could be further reduced. However, when b/a increased to a certain value, the elliptical
nanowire gradually becomes an approximate parallel plate. Therefore, the ratio of b/a should not be
much larger.
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mode area, larger b/a values are preferred. The results are in consistent with that of Figure 2. 

Figure 2. The time-averaged Poynting vector Sz along y axis for (a) b/a = 2, uc = 0.5 eV, and (b) b/a = 10,
uc = 0.5 eV, 1 eV at 3 THz. The center coordinates of the ellipses are (0, 2 µm) and (0, 10 µm). Here,
a = 0.5 µm, ε1 = 2.25, and ε2 = 1. The insets show the enlarged detail of Sz.

Table 1. The mode properties versus b/a, and a = 0.5 µm, uc = 0.5 eV, ε1 = 2.25, and ε2 = 1.

b/a neff LP (µm) FWHM (nm)

2 3.0709 + 0.19168i 83 140
3 2.7599 + 0.17064i 93 100
5 2.4004 + 0.14512i 110 75

10 2.0191 + 0.11677i 136 40
15 1.8561 + 0.10439i 152 36
20 1.7646 + 0.09751i 163 32

Figure 3a demonstrates the dependencies of the effective mode index and propagation length on
frequency for the GP mode. As the frequency ranges from 1 THz to 5 THz, Re(neff) = Re(β)/k0 gradually
increased, while the propagation length LP decreased with frequency increasing. At higher frequencies,
the much larger absorption of graphene led to the enhancement of the propagation loss. Figure 3b
shows the normalized mode area (Aeff/A0), and FoM of the GP mode as a function frequency. When
f 0 = 1 THz and b/a = 2, LP is approximately 125 µm, and Aeff/A0 is only 2.44 × 10−4. When b/a = 3, LP

is approximately 146 µm, i.e., increased by 16.8%, while the normalized mode area became slightly
smaller, seen in Figure 3b. As a result, the GCENW with a larger b/a showed better performance both
in propagation length and mode area.

We further discuss the impact of the ratio of b/a on the modal behavior in GCENW. Here, it is
necessary to clarify that one can keep a or b constant while changing another. Thus, we set a = 1 µm
and swept b from 0.5 µm to 3 µm (i. e., b/a ranging from 0.5 to 3) at 3 THz. Figure 4a depicts Re(neff)
and LP with respect to b, and one can see that Re(neff) decreased with the increase of b. For the lowest
order mode, propagation length increased with b increasing, and LP is about 83 µm and 107.7 µm for
b/a = 0.5 and b/a = 3, respectively. As for the normalized mode area shown in Figure 4b, there was a
maximum value at b/a = 1, which is depicted by the vertical black dotted line. This result implies that
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the graphene-coated circular nanowire (GCCNW) is not the optimal choice. The GP mode in GCENW
had superior performances (b/a ranging from 1 to 3) both in propagation length and mode area when
compared with the GCCNW (b/a = 1). We will discuss this in Section 4. In addition, the FoM had a
minimum value of b/a = 1.5. Therefore, in order to achieve a longer propagation length and smaller
mode area, larger b/a values are preferred. The results are in consistent with that of Figure 2.Appl. Sci. 2019, 9, x FOR PEER REVIEW 5 of 10 
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Figure 3. (a) Real part of neff and LP, and (b) Aeff/A0, and figure of merit (FoM) of the GP mode as a
function of frequency. Here uc = 0.5 eV, and a = 0.5 µm. The thick and thin lines stand for b/a = 2 and
b/a = 3, respectively.
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Figure 4. (a) Real part of neff and LP, and (b) Aeff/A0 and FoM as a function of b at f 0 = 3 THz. Here
uc = 0.5 eV, ε1 = 2.25, ε2 = 1, and a = 1 µm.
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The permittivity of nanowire provided another degree of freedom to be adjusted, which also had
a great influence on GP mode in GCENW. Figure 5a shows the relationship between Re(neff), LP and
the permittivity at 3 THz. With increasing ε1, Re(neff) almost linearly increased as well as the loss (i.e.,
decrease of LP). Figure 5b presents Aeff/A0 and FoM with respect to nanowire permittivity. The change
of Aeff/A0 with increasing permittivity was very small. For ε1 = 10 and ε1 = 2, the relative error of the
normalized mode area was less than 10%. Thus, the permittivity seemed to have a very slight impact
on Aeff/A0. Therefore, smaller dielectric permittivity results in better performance of the GP mode.
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Figure 5. (a) Real part of neff and LP, and (b) Aeff/A0 and FoM as a function of nanowire permittivity at
f 0 = 3 THz. Here uc = 0.5 eV, a = 0.5 µm, b = 1 µm, and ε2 = 1.

The surface conductivity σg of graphene could be adjusted by changing chemical potential uc.
Figure 6 shows the dependences of the GP mode on the chemical potential at f 0 = 3 THz. When the
chemical potential increased from 0.2 eV to 1 eV, the effective mode index gradually decreased, while
LP linearly increased, as depicted in Figure 6a. The normalized mode area was enlarged by less than
2-fold when uc ranging from 0.2 eV to 1 eV, shown in Figure 6b. For b/a = 2 and uc = 1 eV, LP and
Aeff/A0 are 147 µm and 1.6 × 10−3A0, respectively. When further increasing b/a to 10, the effective mode
index of the GP mode was neff = 1.4792 + 0.055868i. The corresponding LP and Aeff/A0 were about
285 µm and 1.4 × 10−3.

As shown in Figure 2b, it appeared that when increasing uc from 0.5 eV to 1 eV, the normalized Sz

was overlapped with that of uc = 0.5 eV. Thus, the FWHM of the focal spots was still 40 nm. Finally, the
increase of uc resulted in the enlargement of FoM. These outcomes imply the possibility of achieving a
superior performance of the GCENW by enhancing uc and b/a.
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4. Discussion

In Figure 4, we studied the dependences of mode properties on the ratio of b/a. Here, we compared
the GCENW with two GCCNW waveguides with radii equal to a and b. Figure 7a–c shows the
normalized energy distributions of the GP modes for graphene-coated nanowire with R = a = 1 µm,
GCENW with a = 1 µm and b = 3 µm, and graphene-coated nanowire with R = b = 3 µm, respectively.
In Figure 7d we compared the propagation length of these three GP modes. The red line shows the
propagation length of the GP mode in GCENW, with a = 1 µm and b/a ranging from 1 to 3. The gold
and blue lines show the propagation length for the plasmon modes of Figure 7a, and 7c, which are
LP = 86.6 µm and LP = 95.7 µm, respectively. Therefore, the GP mode in GCENW had a longer
propagation length for b/a >1.8 when comparing with GCCNW plasmon modes (with R = 1 µm and
R = 3 µm).

Meanwhile, we already knew that the effective mode area of the GP mode was smaller than that
of the GCCNW plasmon mode with R = a = 1 µm, seen in Figure 4b. As for the GCCNW plasmon
mode with R = b = 3 µm, the effective mode area was about 2.66 × 10−2 A0, which is enlarged by one
order of magnitude when compared with the case of R = a = 1 µm.

Furthermore, we obtained that the FWHM of Sz at the tip was 250 nm for b = 2 µm and a = 1 µm
(140 nm for b = 1 µm and a = 0.5 µm, seen in Figure 2a). For GCCNW plasmon mode with R = 1 µm and
R = 3 µm, the FWHMs of Sz were approximately 400 nm and 1000 nm, respectively. As the field outside
the circular wire was radially polarized, the circular wire shows relatively weak mode confinement.
Additionally, the whole graphene layer led to large loss. As for GCENW, the nanofocusing effect of the
elliptical nanowire tip resulted in strong modal field confinement, just as the conical metal nanowires.
At the same time, only a small fraction of graphene contributed to loss, thus the propagation loss
was reduced when compared with circular wire. These results indicated that the plasmon modes
in GCCNW were less confined when compared to that of the GCENW, and provided a reasonable
explanation for the smaller effective mode area of the GP mode in GCENW.
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5. Conclusions

In conclusion, we investigated the subwavelength waveguiding properties of the graphene-coated
elliptical nanowires for THz waves. A propagation distance of 285 µm and an effective mode area
of 10−3 A0 or smaller were obtained. Results showed that larger b/a, smaller nanowire permittivity,
and larger uc could improve the performance of the GCENW. The GP mode in GCENW had superior
subwavelength waveguiding performances, both in propagation length and mode area when compared
with the corresponding GCCNWs. The introduction of graphene plasmon to guide THz waves far
beyond the diffraction limit may have applications in integrated THz photonic devices and THz imaging.
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