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Abstract: A large number of sample data is needed to ascertain the characteristic parameters of
traditional membership function, so that the calculated fuzzy fatigue reliability based on this method
has certain errors for engineering structures without enough samples. A fuzzy fatigue reliability
analysis method based on self-configuring membership function is proposed, while considering
its multi-source uncertainties in the design, manufacture, and use stage in order to accurately
evaluate fatigue reliability of welded A-type frame. In this paper, a novel membership function was
presented on account of a small amount of sample data, which some experimental results verified.
The mathematical expression for failure probability was deduced from the suggested model, as
well as fatigue reliability. Subsequently, the thickness of steel plate defined in design stage, the
material properties of weld metal that is produced in manufacture stage, and the loads at different
connection sites determined in use stage were all considered as the random variables, which were
obtained from Latin hypercube sampling, and the fatigue limit of weld metal was deemed as the fuzzy
variable. Based on the response surface method, the fuzzy fatigue reliability performance function
was constructed to assess failure probability of welded A-type frame under the condition of downhill
and turning braking with full load, while its fatigue reliability was found to be far less than 90%. The
fuzzy fatigue reliability optimization that was based on genetic algorithm was implemented, which
showed that its reliability varied from 69.47% to 95.12%.

Keywords: electric wheel dump truck; fuzzy membership function; multi-source uncertainties;
reliability performance function; genetic algorithm

1. Introduction

The electric wheel dump truck is used for several hundred tons of transportation in large open
pit sites. There are a large number of curves on the mine surface, so that the steering is frequently
needed [1,2]. The welded A-type frame is considered as one of the bearing components in the steering
system, and thus its fatigue reliability is of pivotal performance to guarantee the safe operation of the
vehicle [3]. When the structural fatigue reliability is calculated as the traditional linear cumulative
damage theory, the accumulated fatigue damage that is caused by high stress level over fatigue limit
is only taken into account, while the one that is produced by low stress level below fatigue limit is
often ignored. However, there is fuzziness in whether the stress near fatigue limit results in damage,
and some research suggests that the low stress level slightly below fatigue limit also yields fatigue
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damage [4,5]. Therefore, exploring structural fatigue reliability based on fuzzy theory is more effective
than the traditional linear cumulative damage theory.

With the increasingly harsh service environment of mechanical equipment, more and more
scholars focus on the fatigue reliability of bearing components. Li et al. [4] proposed a failure-based
reliability estimation method while using the multi-source information compound to predict the
reliability of turbine blades of aero engines. Case studies of reliability assessment under fuzzy stress
with and without strength were implemented based on dynamic stress-strength interference model by
taking types of cycles into account. Zhu et al. [5] presented a novel linear damage accumulation rule
by use of fuzzy sets theory, which was in consideration of both the damage and strengthening of low
amplitude loads, as well as the sequence effects of different loads. Zhang et al. [6] suggested a kind of
Bayesian approach to ascertain a fatigue lifetime reliability model of ship structure taking advantage
of small sample experimental data. The empirical distribution was obtained from the fuzzy synthesis
judgment, and by likelihood function characterized the sample information. Combining empirical
information with sample information, the Bayesian approach was utilized to determine the posterior
probability distribution. However, even though the fuzzy theory was widely employed to estimate the
engineering structure reliability by determining the distribution of random stress and strength, the
effects on fatigue reliability evolution that are caused by the uncertainties of design variables were still
not included. Liu et al. [7] evaluated the fatigue strength of welded structures with welding defects
using fuzzy sets theory, when considering the interrelations among the category, dimension, location,
and the interaction of defects. Based on the fuzzy theory and reliability design rules, Zhu et al. [8]
constructed the fuzzy reliability mathematical model for the fatigue strength of the V-belt. The fuzzy
reliability design method with coexisting random variables and fuzzy variables was discussed. These
researches that are mentioned above mainly depended on the traditional fuzzy membership function
to characterize fuzzy extent, such as normal distribution, parabolic distribution, et al. However, the
characteristic parameters that were needed in these models could be only ascertained by a large number
of sample data, which was not suitable to describe the distribution of random variable having limited
sample data. Wang et al. [9] proposed a fatigue reliability analysis and optimization method based on
the three degrees of freedom flexible micro-positioning stage to determine the fatigue strength of the
hinges by considering various influencing factors. Subsequently, the genetic algorithm was utilized to
conduct on fatigue reliability optimization. Jiang et al. [10] analyzed the structural reliability under
both static and fatigue load, and then the optimal design with different variables was carried out by
making use of an improved genetic algorithm. However, this work characterized the randomness of
variables utilizing the traditional distribution function, and the fatigue reliability performance function
could be directly obtained. As for engineering structures, in fact, the fatigue reliability performance
function was difficult to ascertain on the basis of limited samples.

Plate high-strength steel with different thicknesses welded this A-type frame [11]. In the
manufacturing stage, the material properties of the weld metal are scattered, which is caused by
man-made factors. In addition, the dimension of A-type frame is usually obtained from the traditional
experience, which could be different from the “ideal” structure. The steering loads at its connection
sites should be random during the in-service stage, because the excitation source is stochastic.
These parameters are all relative with the structural fatigue reliability. According to the traditional
stress-strength interface model [12–14], only stress and strength are directly considered as random
variables to evaluate fuzzy fatigue reliability, which is unreasonable to ignore the uncertainties of
dimension, material properties, and loads. More importantly, the common fuzzy fatigue reliability
analysis is based on the traditional membership function, such as normal distribution, parabolic
distribution, et al. However, a large number of sample data is needed to ascertain the characteristic
parameters of traditional membership function, so that the calculated fuzzy fatigue reliability that
is based on this method has certain errors for engineering structures without enough samples. The
performance function used for calculating fatigue reliability is also not easy to determine on account of
a small amount of sample data. Therefore, the multi-source uncertainties were taken into account to
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analyze the fuzzy fatigue reliability of welded A-type frame to accurately establish the membership
function and performance function.

In this paper, a new membership function was constructed based on the limited sample data, whose
accuracy was testified by experimental data. According to the fuzzy theory, the failure probability
formula was deduced. Subsequently, the response surface method was employed to establish fuzzy
fatigue reliability performance function, while considering the uncertainties of dimension, material
properties, and loads. The fuzzy fatigue reliability of the welded A-type frame was evaluated by the
self-configuring membership function, and the optimal design for improving fatigue reliability was
conducted through the genetic algorithm.

2. Fatigue Cracking of Welded A-Type Frame

The electric wheel dump truck with heavy loads has to run on mine road surface for more than
ten hours every day and frequently change direction, as shown in Figure 1. After around 15 months of
driving, some cracks appearing along weld toes in welded A-type frames were found, as shown in
Figure 2, and they were considered as fatigue failure. Its service time was far less than the engineering
requirements. Thus, the fatigue reliability evaluation of the welded A-type frame was indispensable.
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3. Construction of New Membership Function

3.1. Modeling of Membership Function

The fatigue damage calculation that is based on the traditional stress/strain approach only took
the stress level over the fatigue limit into account and it ignored the one below the fatigue limit, which
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will result in the inaccuracy of this evaluation. The fuzzy linear fatigue damage accumulation could be
evaluated by [15–20] in order to give consideration to the stress level over and below the fatigue limit:

k∑
i=1

ni
Ni

+
m∑

i=k+1

U(Si)
ni
N0

= 1 (1)

where m is the number of total stress level, Si is every stress level, ni is the number of each stress level,
k is the number of stress level over the fatigue limit, Ni is the number of cycles at each stress level over
the fatigue limit, the number of stress level below the fatigue limit is varying from k + 1 to m, N0 is the
number of cycles at each stress level below the fatigue limit, and U(Si) is the membership function.

The fuzziness of variables is usually described by the membership function of fuzzy sets. According
to the fuzzy theory, there are four kinds of distribution forms: the linear distribution, the normal
distribution, the parabolic distribution, and the square root distribution, which are successively
expressed by:

U(S) =


1 S ≥ Sr
S− Sr

Sr − a
a ≤ S < Sr

0 S < a

(2)

U(S) =


1 S ≥ Sr

exp
[
−

(S− Sr

σc

)2]
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(3)

U(S) =


1 S ≥ Sr(S− Sr

Sr − a

)2
a ≤ S < Sr

0 S < a

(4)

U(S) =


1 S ≥ Sr(S− Sr

Sr − a

)1
2 a ≤ S < Sr

0 S < a

(5)

where S is the stress value, Sr is the fatigue limit, a is the fuzzy damage boundary, and σc is the
standard deviation of the fatigue limit. In our previous research [21], the fatigue expectancy of the
welded A-type frame was predicted on the basis of the membership function that is mentioned above.
According to the estimated results that are listed in the Table 1, the minimum relative error was from
the square root distribution, and was around 16.5%. The others were around 20%. Even though they
were close to the real lifetime, its prediction accuracy still needed to be improved. If there was enough
sample data to determine the characteristic parameters in distribution functions, then the estimated
results could be more precise. However, the samples of this engineering structure were limited; how to
precisely characterize the distribution features of fuzzy variables is the key point to explore engineering
fatigue reliability. Therefore, the authors attempted to create a new membership function to describe
the distribution feature of fuzzy variables.
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Table 1. Predicted fatigue life from four traditional membership functions.

No. Membership Function Predicted Fatigue Life Real Lifetime Relative Error

1 Linear 9.17 × 104 7.78 × 104 17.9%
2 Normal 9.38 × 104 7.78 × 104 20.6%
3 Parabolic 9.39 × 104 7.78 × 104 20.7%
4 Square root 9.06 × 104 7.78 × 104 16.5%

According to the statistical data of different stress levels and the proposed membership function
given in reference [21,22], a new membership function was expressed by:

U(S) =


1 S ≥ Sr(S− a

KSr

)3
a ≤ S < Sr

0 S < a

(6)

where K is the constant for correcting membership degree of fuzzy variable. In this paper, it was taken
as 0.164. Subsequently, this membership function was utilized to predict the fatigue lifespan of the
welded A-type frame. The calculated result was 8.25 × 104 and its relative error was only 5.99%, which
was more accurate than the ones based on the traditional membership functions. The fatigue lives that
were obtained from different membership functions for the round bar with transverse holes in order to
further verify the accuracy of this model were predicted and are listed in Table 2 [23]. The suggested
model had the minimum relative error in this case, which was 35.9% and far less than the others.
Thus, this membership function could be used for the following fuzzy fatigue reliability evaluation
and optimization.

Table 2. Predicted fatigue life from five traditional membership functions.

No. Membership Function Predicted Fatigue Life Real Lifetime Relative Error

1 Linear 3.39 × 107 2.20 × 107 54.1%
2 Normal 3.50 × 107 2.20 × 107 59.1%
3 Parabolic 3.26 × 107 2.20 × 107 48.2%
4 Square root 3.55 × 107 2.20 × 107 61.4%
5 Suggested model 2.99 × 107 2.20 × 107 35.9%

3.2. Analytical Expression of Failure Probability Based on Suggested Model

In this paper, based on the fuzzy theory, the fatigue strength was considered as a fuzzy variable r,
and the working stress was considered as constant S0. Subsequently, according to the stress-strength
interface model, its failure probability could be expressed by [24]:

Fλ = P(S0 > r̃λ) =
∫ S0

−∞

f r̃λ(r)dr (7)

where P(S0 > r̃λ) stood for probability of the invariable working stress S0 over the fatigue strength r
which was uniform distribution during interval [aλ, bλ]. aλ and bλ were relative with the membership
function of fuzzy fatigue strength and they could be evaluated by the function of threshold λ. f r̃λ(r)
was probability density function of fuzzy fatigue strength.

If the working stress was turned into random variable Si and less than or equal to the average
value m, the failure probability could be evaluated by:

Fi = P(Si > r̃) =
∫ L(Si)

0

Si − aλ
bλ − aλ

dλ (8)
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When the random working stress was more than the average value m, the failure probability
could be evaluated by:

Fi = P(Si > r̃) =
∫ R(Si)

0

Si − aλ
bλ − aλ

dλ+ 1−R(Si) (9)

where L(·) and R(·) were the left and right reference function.
Subsequently, after the definite integrals were conducted, Equations (8) and (9) could be

expressed by:

Fi = 3h(
Si −m
c− a

)

−ln(1−
3

√
L(Si)

h
) −

3

√
L(Si)

h

− 3h(Si − a)
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(
L(Si)

h
)

2
3

+
(m− a)
(c− a)

L(Si) (10)
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)
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3

√
R(Si)

h
) −

3

√
R(Si)

h

− 3k(Si − a)
2(c− a)

(
R(Si)

h
)

2
3

+
(m− c)
(c− a)

R(Si)+1 (11)

where h was the constant and equal to (1/5K)3, and a and c were deterministic value during interval
[aλ, bλ]. Once the failure probability Fi was determined, the fatigue reliability Ri could be obtained by:

Ri = 1− Fi (12)

4. Fuzzy Fatigue Reliability Assessment of Welded A-Type Frame

4.1. Analysis Flow

The Monte Carlo method stated that the occurrence frequency of event A was infinitely close to
the occurrence probability. According to Bernoulli’s law of large numbers, if the parameter ε was more
than zero, the relation between them could be evaluated by [25]:

lim
n→∞

P(
∣∣∣n/N − P(A)

∣∣∣ < ε) = 1 (13)

where n/N was the occurrence frequency of event A and P(A) was the occurrence probability of event
A. In this paper, the Monte Carlo method was utilized to acquire the fuzzy fatigue reliability of welded
A-type frame, which needed several steps. Firstly, combining the response surface method with the
stress/strength interface model, the fuzzy fatigue reliability performance function was constructed.
In this part, the random variable and fuzzy variable were defined, respectively. The sample data
was obtained from the Latin Hyper sampling method. The elastic and plastic finite element analysis
was utilized to calculate the results corresponding to random variables. Afterwards, if the accuracy
of performance function was guaranteed, then the response values calculated from the constructed
function were considered as the output variable and compared with the design variable based on the
suggested membership function. Finally, based on the Monte Carlo method and fuzzy theory, the
comparison results in the second step were counted and analyzed to calculate the failure probability
and fatigue reliability. The optimal design of fuzzy fatigue reliability based on genetic algorithm was
conducted once the fatigue reliability of welded A-type frame was found to be less than 90%. Figure 3
shows the analysis flow.



Appl. Sci. 2019, 9, 2227 7 of 21
Appl. Sci. 2019, 9, x FOR PEER REVIEW 7 of 21 

 

Figure 3. Flow chart for fatigue reliability analysis and optimization of welded A-type frame. 

4.2. Experimental Results for Material Properties 

The finite element analysis was needed to calculate response values for constructing fuzzy 
fatigue reliability performance function. Therefore, the material properties had to be determined 
first. The welded joints were designed to be flat dog-bone shaped specimens, as shown in Figure 4. 

 

Figure 4. Dimension of specimen (the purple region was weld metal, length in mm, roughness in 
micro meters). 

The monotonic tensile test was conducted on this specimen under velocity control at the rate of 
0.025 mm/s. The gauge length of the extensometer used for measuring the strain was 12.5 mm. 
Figure 5 shows both the engineering and true stress/strain curve. Afterwards, the Young modulus 
E , tensile strength bσ , and yield strength yσ  could be obtained from this figure, and Table 3 lists 

their values. 

Figure 3. Flow chart for fatigue reliability analysis and optimization of welded A-type frame.

4.2. Experimental Results for Material Properties

The finite element analysis was needed to calculate response values for constructing fuzzy fatigue
reliability performance function. Therefore, the material properties had to be determined first. The
welded joints were designed to be flat dog-bone shaped specimens, as shown in Figure 4.
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Figure 4. Dimension of specimen (the purple region was weld metal, length in mm, roughness in
micro meters).

The monotonic tensile test was conducted on this specimen under velocity control at the rate of
0.025 mm/s. The gauge length of the extensometer used for measuring the strain was 12.5 mm. Figure 5
shows both the engineering and true stress/strain curve. Afterwards, the Young modulus E, tensile
strength σb, and yield strength σy could be obtained from this figure, and Table 3 lists their values.
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In addition, the cyclic material properties were needed to calculate equivalent stress. Therefore,
the fatigue tests were conducted on welded specimens under strain control. The cyclic elastic and
plastic strains and the corresponding stresses were obtained from the cyclic tests by measuring strains.
Subsequently, the Ramerg-Osgood equation was employed to gain the cyclic stress and stain curve by
fitting the experimental data, as shown in Figure 6. The cyclic strength coefficient K′ and cyclic strain
hardening exponent n′ were both ascertained, as listed in Table 3.

Appl. Sci. 2019, 9, x FOR PEER REVIEW 8 of 21 

0.00 0.05 0.10 0.15 0.20 0.25
0

100

200

300

400

500

600

700

St
re

ss
 σ

 [M
Pa

]

Strain ε /mm/mm

 Engineering
 True

 
Figure 5. Stress and strain mechanical response under monotonic tensile test. 

In addition, the cyclic material properties were needed to calculate equivalent stress. Therefore, 
the fatigue tests were conducted on welded specimens under strain control. The cyclic elastic and 
plastic strains and the corresponding stresses were obtained from the cyclic tests by measuring 
strains. Subsequently, the Ramerg-Osgood equation was employed to gain the cyclic stress and stain 
curve by fitting the experimental data, as shown in Figure 6. The cyclic strength coefficient 'K  and 
cyclic strain hardening exponent 'n  were both ascertained, as listed in Table 3. 

0.000 0.005 0.010 0.015 0.020 0.025 0.030
0

150

300

450

St
re

ss
 σ

 [M
Pa

]

Strain ε /mm/mm

 Ramberg-Osgood
 test data

 
Figure 6. Cyclic stress and strain response under fatigue test. 

Table 3. Material properties for mechanical and cyclic behavior. 

Parameters Value 
Young modulus E  (MPa) 2.10 × 105 

Yield strength (MPa) 456 
Tensile strength (MPa) 615.9 

Cyclic strength coefficient 'K (MPa) 860.99 
Cyclic strain hardening exponent 'n  0.1792 

4.3. Coupled Rigid and Flexible Multi-Bodies Dynamic Analysis 

Figure 6. Cyclic stress and strain response under fatigue test.

Table 3. Material properties for mechanical and cyclic behavior.

Parameters Value

Young modulus E (MPa) 2.10 × 105

Yield strength (MPa) 456
Tensile strength (MPa) 615.9

Cyclic strength coefficient K′ (MPa) 860.99
Cyclic strain hardening exponent n′ 0.1792

4.3. Coupled Rigid and Flexible Multi-Bodies Dynamic Analysis

In order to determine the loads at connection sites of the welded A-type frame, the coupled rigid
and flexible multi-bodies dynamic model for the whole electric wheel dump truck was constructed
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utilizing ADAMS software, as shown in Figure 7. The accuracy of this model was verified by the
experimental data that was illustrated in previous work [25]. Subsequently, the load information at
different connection sites could be obtained from the simulation under conditions of downhill and
turning braking with full load at the speed of 20 km/h, as shown in Figure 8. The load time history
at the very beginning of simulation from 0 s to 2 s was ignored, because the simulated results in this
stage were not stable enough. This load was transformed to be loading and unloading and reloading
condition to simulate the mechanical behavior under cyclic loading, as shown in Figure 9.
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4.4. Finite Element Model of Welded A-Type Frame

The finite element model of the welded A-type frame was built by software HYPERMESH, as
shown in Figure 10. There were 84,948 elements and 134,564 nodes, which included 82,046 C3D8
elements and 2902 C3D6 elements. Gradual meshing simulated the weld metal was simulated. The
connection sites in the welded A-type frame were marked in Figure 10 by A1 (front traction joint), A2
(right steering joint), A3 (left steering joint), and A4 (front lateral stabilizer joint), and the corresponding
loads at fours joints were F1, F2, F3, and F4. There were four kinds of plates marked by lateral plate,
based plate, roof plate, and tail plate, whose thickness was different from each other. Subsequently,
in order to testify the accuracy of this model, the quasi-static analysis for simulating the mechanical
behavior under the condition of random horizontal road running with full load was conducted to
compare the calculated equivalent stresses with the tested ones. Figure 11 shows the simulated stress
contour. The maximum stress located at the corner between the bottom roof plate and right lateral
plate was 83.69 MPa, which was caused by the stress concentration at geometric transition position.
The measuring points of welded A-type frame are displayed in Figure 12, and the layout of strain
gauge at point A1-2 are also shown in Figure 13. Table 4 lists the experimental data for the same
condition obtained from the mine road tests. The relative errors between the simulated results and the
tested ones were around 10%, except the measuring point A2-1 and A2-2. Ignoring the steering loads
at location A2 and A3 under the condition of random horizontal road running with full load in the
simulation caused it. However, there were some loads at these two joints in the real truck due to goods
partiality and residual pressure in steering power cylinder.
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Table 4. Comparison of stress results between simulation and test.

A1-1 A1-2 A2-1 A2-2 A3-1 A3-2 A4-1 A4-2 A5

Simulated result 49 52 11 9 84 79 21 18 25
Tested result 46 50 15 12 80 75 19 16 23
Relative error 6.5% 4.0% 26.7% 25% 5.0% 5.3% 15.7% 12.5% 8.0%
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4.5. Fuzzy Fatigue Performance Function Considering Multi-Source Uncertainties

4.5.1. Determination of Random Variables and Fuzzy Variable

The fuzzy fatigue reliability of welded A-type frame was relative with many factors. In this paper,
the random excitation produced the loads, and thus the vertical force at front traction joint F1, the
lateral force at right and left steering joint F2 and F3, and the lateral force at front lateral stabilizer joint
F4 were considered as the random variables. The A-type frame was welded by different thickness of
plates, while this dimension could be changeable as long as the maximum equivalent stress trended to
be smaller. Therefore, the thickness of tail plate t1, the thickness of roof plate t2, the thickness of lateral
plate t3, and the thickness of base plate t4 were also considered as the random variables. In addition,
the material properties of the welded A-type frame were related to the working stress in the elastic and
plastic period. Therefore, the elastic parameters, including Young modulus E and Poisson ratio υ, and
the plastic parameters, including cyclic strength coefficient K′ and cyclic strain hardening exponent n′,
were taken as the random variables in virtue of the manual manufacturing process. The quality of
weld seam could not be evaluated by a specific value, because it depended on the welding process.
Thus, the fatigue strength was considered as the fuzzy variable. The maximum equivalent stress S was
the pivotal parameter to determine the fatigue reliability, and it was considered as the output variable.
Subsequently, twelve random variables and one fuzzy variable were defined and are listed in Table 5.

Table 5. Random variables and their mean values.

Symbols Random Variables Mean Values

x1 Young Modulus E (MPa) 201,000
x2 Poisson ratio υ 0.3
x3 Cyclic strength coefficient K′ (MPa) 860.99
x4 Cyclic strain hardening exponent n′ 0.1792
x5 Thickness of tail plate t1 (mm) 36
x6 Thickness of roof plate t2 (mm) 32
x7 Thickness of lateral plate t3 (mm) 20
x8 Thickness of base plate t4 (mm) 20
x9 Vertical force at front traction joint F1 (N) 77,500

x10 Lateral force at right steering joint F2 (N) 22,500
x11 Lateral force at left steering joint F3 (N) 22,500
x12 Lateral force at front lateral stabilizer joint F4 (N) 62,500
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4.5.2. Constructing Fuzzy Fatigue Reliability Performance Function

In this paper, the Latin hypercube sampling method was used to obtain the sample data of random
variables for constructing the fuzzy fatigue reliability performance function [26]. Once the random
variables were determined, the maximum equivalent stress, as the output variable, could be calculated
by the finite element analysis. All 103 samples are listed in Table 6. Due to the limited space, only six
sample data is given here.

Table 6. Samples for random variables and out variable.

Samples 1 2 3 101 102 103

x1 (MPa) 200,029.4 203,823.5 206,823.5 203,558.8 205,852.9 204,000.0
x2 0.314 0.311 0.296 0.302 0.304 0.294

x3 (MPa) 899.23 838.44 852.17 858.05 893.34 901.19
x4 0.1767 0.1748 0.1757 0.1770 0.1752 0.1807

x5 (mm) 34 27 44 36 38 32
x6 (mm) 34 32 32 40 29 34
x7 (mm) 23 22 22 25 25 23
x8 (mm) 17 17 20 18 23 23
x9 (N) 67,775 80,235 79,324 91,480 71,725 89,657

x10 (N) 18,353 24,000 26,912 21,794 18,971 24,441
x11 (N) 21,618 23,029 22,500 25,412 20,118 26,382
x12 (N) 59,559 52,696 72,059 69,118 66,667 72,304
S (MPa) 108.10 138.40 124.60 139.30 117.10 146.40

Afterwards, based the second order response surface model [25], the sample data was fitted to
gain the fuzzy fatigue reliability performance function, which was evaluated by:

S = 5765.9829746838− 0.0460035259152328 ∗ E− 7620.51862342684 ∗ v + 1.07724247031585 ∗K + 911.320649940866 ∗ n−
5.97753486639276 ∗ t1− 19.7394731046835 ∗ t2− 0.814943597776015 ∗ t3− 1.19870182115256 ∗ t4− 0.00712008001101523 ∗ f 1+
0.0259170840744808 ∗ f 2− 0.00409075710641759 ∗ f 3 + 0.000577166707218423 ∗ f 4 + 1.61454865565098e− 007 ∗ E2 + 8030.00709577048 ∗ v2

−

0.000684064009640305 ∗K2 + 159617.228684235 ∗ n2 + 0.0225157405754976 ∗ t12 + 0.0449814680209659 ∗ t22 + 0.0502318708809279 ∗ t32+

0.074267733732931 ∗ t42 + 5.53257484829528e− 009 ∗ f 12 + 7.35122174903948e− 008 ∗ f 22 + 1.59583299149086e− 007 ∗ f 32+

4.84974001219944e− 009 ∗ f 42 + 0.046210267209069 ∗ E ∗ v− 3.42665013659986e− 006 ∗ E ∗K − 0.171518897861947 ∗ E ∗ n+
3.07189195417162e− 005 ∗ E ∗ t1 + 3.31215979572123e− 005 ∗ E ∗ t2 + 3.95521881199356e− 005 ∗ E ∗ t3− 3.86229956969182e− 006 ∗ E ∗ t4+
7.86673149051e− 009 ∗ E ∗ f 1− 3.64200126057571e− 008 ∗ E ∗ f + 22.89152546993944e− 008 ∗ E ∗ f 3− 4.42581547793031e− 008 ∗ E ∗ f 4+
3.65063602815403 ∗ v ∗K − 66297.6742049595 ∗ v ∗ n + 24.0714240387142 ∗ v ∗ t1 + 20.8836142484045 ∗ v ∗ t2− 4.48471601160745 ∗ v ∗ t3−
12.1448953242765 ∗ v ∗ t4 + 0.00810397829906711 ∗ v ∗ f 1 + 0.017215667130033 ∗ v ∗ f 2− 0.0225400535689581 ∗ v ∗ f 3 + 0.00898817527552669 ∗ v ∗ f 4−
2.58349056521365 ∗K ∗ n− 0.0063143442435513 ∗K ∗ t1− 0.0029046360661758 ∗K ∗ t2 + 0.0130974612853156 ∗K ∗ t3−
0.0025605214776137 ∗K ∗ t4 + 1.58814968391647e− 007 ∗K ∗ f 1 + 1.74513193140186e− 006 ∗K ∗ f 2 + 1.70751109897702e− 005 ∗K ∗ f 3−
3.11460762077329e− 006 ∗K ∗ f 4− 22.0115969176731 ∗ n ∗ t1 + 42.1485927082863 ∗ n ∗ t2− 98.04921274075 ∗ n ∗ t3 + 41.8293644618744 ∗ n ∗ t4+
0.0151495833073685 ∗ n ∗ f 1− 0.162174656730452 ∗ n ∗ f 2− 0.0509185830357247 ∗ n ∗ f 3 + 0.0483759234331708 ∗ n ∗ f 4+
0.0126737789329283 ∗ t1 ∗ t2 + 0.0262238384358678 ∗ t1 ∗ t3− 0.0176715688466823 ∗ t1 ∗ t4− 9.13125439007234e− 006 ∗ t1 ∗ f 1+
5.52946077383539e− 005 ∗ t1 ∗ f 2 + 1.43631831826687e− 006 ∗ t1 ∗ f 3− 2.85491438660174e− 005 ∗ t1 ∗ f 4 + 0.0144261496000096 ∗ t2 ∗ t3+
0.0580927632075354 ∗ t2 ∗ t4 + 4.30337332682128e− 006 ∗ t2 ∗ f 1− 2.96316848800836e− 005 ∗ t2 ∗ f 2− 0.000141507748410339 ∗ t2 ∗ f 3−
6.46990379961442e− 006 ∗ t2 ∗ f 4− 0.0586476987863651 ∗ t3 ∗ t4 + 3.21824365515933e− 005 ∗ t3 ∗ f 1 + 1.01946082563543e− 005 ∗ t3 ∗ f 2−
7.6523375379795e− 005 ∗ t3 ∗ f 3− 3.32695944109857e− 005 ∗ t3 ∗ f 4− 7.05018928209526e− 006 ∗ t4 ∗ f 1− 4.09152892430389e− 005 ∗ t4 ∗ f 2−
4.97965223793331e− 005 ∗ t4 ∗ f 3 + 1.32427004714654e− 006 ∗ t4 ∗ f 4− 4.83390785447686e− 009 ∗ f 1 ∗ f 2 + 6.39966127897477e− 009 ∗ f 1 ∗ f 3+
5.57558716356483e− 009 ∗ f 1 ∗ f 4− 2.710659846008e− 008 ∗ f 2 ∗ f 3 + 2.65200119029812e− 008 ∗ f 2 ∗ f 4− 3.38193446482977e− 009 ∗ f 3 ∗ f 4

(14)

According to the approximate model that is mentioned above, the sensitivity of items in response
surface model was analyzed. The influence level of items on the maximum equivalent stress S was
different and only 10 of them are listed in Figure 14. It could be seen in the Pareto chart that the item x9
was the most sensitive to the subject, and its impact was positively correlated and was close to 12%.
The items x7, x3− x11, and x4∧2 also had positive influence and all were close to 2%. The remaining
items had negative correlation, while the value of the items x6 and x5 were both close to minus 4%.
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Subsequently, the main effect chart between all random variables and the out variable is shown in
Figure 15. The item x9 had the maximum slope, which meant that the vertical force at front traction
joint F1 had the most influence on the maximum equivalent stress S. This conclusion is the same as
the result from the Pareto chart. The item x5 had the negative slope, which meant that the increase of
thickness of tail plate t1 could lessen the maximum equivalent stress S. In addition, the interaction
effect between items x1 and x10, and the items x1 and x12, are also shown in Figure 16. It could be
seen that there is no intersection between Young Modulus E and lateral force at right steering joint F2,
which meant that they had no relevance. In contrast, there is relevance between Young Modulus E and
lateral force at the front lateral stabilizer joint F4.
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(b) x1 and x12).

Another 10 samples of random variables were picked out, and their corresponding stress values
were separately calculated through the approximation model and the finite element analysis, in order
to verify the accuracy of the response surface model Equation (14). Afterwards, the simulated results
from finite element analysis and the predicted results from the Equation (14) were compared, as shown
in Figure 17. It could be seen that they are close to each other, which meant that the accuracy of
the response surface model Equation (14) was pretty good. To observe the relationship between the
maximum equivalent stress S and the random variables, the three-dimensional graph of response
surface model is displayed in Figure 18. Figure 18a shows that there is an obvious nonlinear relationship
between the maximum equivalent stress S and Young Modulus E and cyclic strength coefficient K′,
while it could be seen in Figure 18b that there is linear relationship between maximum equivalent
stress S and vertical force at front traction joint F1 and lateral force at front lateral stabilizer joint
F4. Figure 18c shows that there is local linear relationship and nonlinear relationship between the
maximum equivalent stress S and thickness of roof plate t2 and thickness of tail plate t1.
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4.6. Assessment of Fuzzy Fatigue Reliability

Before the estimation of fuzzy fatigue reliability of welded A-type frame started, randomness of
Young Modulus E, thickness of roof plate t2, and vertical force at front traction joint F1 are shown in
Figure 19 by one million times sampling. The random sampling results showed that they all appeared
with normal distribution. Finally, according to Equations (10)–(14), the fuzzy fatigue reliability of
welded A-type frame under conditions of downhill and turning braking with full load was acquired
by programming in MATLAB software. Afterwards, it was found that the fuzzy fatigue reliability was
only 69.47% under this severe case, which was far less than the engineering requirement. Therefore,
the optimal design for improving the fuzzy fatigue reliability was needed.
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5. Optimization of Fuzzy Fatigue Reliability

5.1. Optimization Objective Function and Constraints

Reducing the maximum equivalent stress S was taken as the objective function, while the total
twelve random variables are considered as optimal design variables, in order to improve the fuzzy
fatigue reliability of welded A-type frame under condition of downhill and turning braking with full
load. Subsequently, the optimization function could be evaluated by:

minS(x1, x2, x3 · · · x11, x12) (15)

Afterwards, referred to the previous work [25,27–31], the constraints of random variables were
defined. All of the boundary values for these parameters are listed in Table 7.

Table 7. Boundary values of random variables.

Random Variables Lower Limit Upper Limit

x1 (MPa) 193,198 214,500
x2 0.275 0.325

x3 (MPa) 660.99 1060.9
x4 0.1742 0.1842

x5 (mm) 20 50
x6 (mm) 20 50
x7 (mm) 10 40
x8 (mm) 10 40
x9 (N) 54,250 100,750

x10 (N) 15,750 29,250
x11 (N) 15,750 29,250
x12 (N) 43,750 81,250

5.2. Fuzzy Reliability Optimization Design Based on Genetic Algorithm

Based on the genetic algorithm, the number of population was set to 20, and the number of
iteration was given to 100. After running around 32 min. and 3201 iterations, the optimal values were
listed, as in Table 8.

Table 8. Optimized results.

Variables Initial Results Optimal Value

x1 (MPa) 201,000 199,190
x2 0.3 0.282

x3 (MPa) 860.99 782.1
x4 0.1792 0.180

x5 (mm) 36 39
x6 (mm) 32 39
x7 (mm) 20 18
x8 (mm) 20 18
x9 (N) 77,500 74,772

x10 (N) 22,500 23,582
x11 (N) 22,500 24,839
x12 (N) 62,500 51,619
S (MPa) 126.45 110.01

According to the results that are shown in the Table 8, the optimized Young modulus E reduced to
199,190 MPa, while the Poisson ratio υ and cyclic strain hardening exponent n′ remained unchanged.
The increase of thickness of tail plate and roof plate was helpful in lessening the maximum equivalent
stress S. The vertical force at front traction joint F1 and lateral force at front lateral stabilizer joint
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F4 both reduced, and the latter almost decreased 10,000 N. The remaining load was retained. Thus,
reducing the driving speed under this serve condition could lead to a decrease for this load.

Subsequently, based on the optimized results that are mentioned above, the fuzzy fatigue reliability
of welded A-type frame was again evaluated by MATLAB software. It rose up to 95.12%, and thus met
the engineering requirement. The stress contour of optimized A-type frame under the same condition
is shown in Figure 20. The maximum equivalent stress was located at the same place, but the value
dropped to 107.81 MPa and the optimized A-type frame presents more uniform stress distribution.
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6. Conclusions

In this paper, based on the fuzzy theory, a novel membership function was constructed and
verified through the experimental data. Subsequently, the material properties, dimensions, and loads
of welded A-type frame were considered as random variables, and the fatigue limit of the welded
A-type frame was taken as a fuzzy variable. By taking advantage of Latin hypercube method, the
samples were obtained and fitted to build the fuzzy fatigue reliability performance function. Based on
the suggested membership function, the fuzzy fatigue reliability of the welded A-type frame under
conditions of downhill and turning braking with full load. When the fuzzy fatigue reliability was
found to be less than the engineering requirement, the optimal design for improving the reliability
based on genetic algorithm was conducted. Here are some specific conclusions:

1. Based on the fuzzy theory, a novel membership function was presented to characterize the
distribution feature of fuzziness for this welded A-type frame. It was more accurate to obtain the
ambiguity that was caused by the fatigue damage.

2. The multi-source uncertainties from the material properties, dimensions, and loads of welded
A-type frame were fully taken into account. A fuzzy fatigue reliability calculation method was
proposed based on the self-configuring membership function.

3. The fuzzy fatigue reliability of welded A-type frame under conditions of downhill and turning
braking with full load was found to be 69.47%. It was far less than the engineering requirement.
Based on the genetic algorithm, it was improved to 95.12%.
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4. According to the optimized results, the quality of weld seam had to be ascertained in order to
ensure the enough fuzzy fatigue reliability of welded A-type frame. In addition, the driving
speed under this severe condition had to be reduced.
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