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Featured Application: The paper provides a new method to consider the synchronization between
two neurons, which can be used to analyze other coupled oscillators.

Abstract: In this paper, the energy method is employed to analytically investigate the influence of
time delay in signal transmission on synchronization between two coupled FitzHugh-Nagumo (FHN)
neurons. Unlike pre-existing methods that deal with synchronization problems, our major idea is to
consider the change rate of the energy of the synchronization error system, since the original system’s
synchronization is equivalent to the disappearance of the energy of the error system. In rewriting
the original coupled system in the corresponding energy coordinates based on the energy method,
we find that the change rate of energy of the error system can be divided into two parts (periodic
and non-periodic). The synchronization criterion for the original system can then be obtained by
letting the non-periodic part of the change rate of the energy be less than zero. The correctness of
the analysis is illustrated with numerical simulations. Our analytical results show that time delay in
signal transmission has very significant effects on the synchronization between two FHN neurons.
If the time delay in signal transmission is not taken into account in the two coupled FHN neurons,
synchronous spikes cannot be achieved in the system for any given coupling strength. By adjusting
the value of the time delay in signal transmission, the neural system can freely switch between neural
rest and synchronous spikes. This means that time delay in signal transmission is crucial for the
occurrence of synchronous spikes in the FHN neural system, which contributes to our understanding
of the interaction between neurons. We analytically show the influence of the time delay on the
synchronization between two FHN neurons, which was seldom considered by other researchers.

Keywords: FHN neuron; synchronization; time delay; energy method

1. Introduction

Neural systems have received much interest over the last few years due to the great significance
of technological and scientific fields. The neural system is composed of a large number of neurons,
which are considered as basic units. However, a realistic neuron is too complex to be modeled using
precise dynamical equations. For simplicity, the four variable Hodgkin-Huxley (HH) equation and its
modified versions [1,2] are usually used to construct neural networks. The FitzHugh-Nagumo (FHN)
model [3], with cubic nonlinearity is a simplified model of the HH equation as it extracts excitability
of the behavior dynamics, which can exhibit hard oscillations, separatrix loops, as well as cause
bifurcation of equilibria and limit cycles [4]. The FHN-like systems are of fundamental importance in
the description of the qualitative nature of nerve impulse propagation and neural activity. In recent
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years, the FHN model was commonly used to investigate neural behavior by applying nonlinear
dynamical theory [5-7].

On the other hand, considerable time delays are ubiquitous in all biological processes.
For connected neurons, time delay occurs in the propagation of action potentials along the axon and in
the transmission of signals across the synapse. The speed of signal transmission through unmyelinated
axonal fibers is in the order of 1 m/s, which results in the existence of time delays of up to 80 m/s
for propagation through the cortical network [8,9]. The interaction delay between the oscillators can
even be as large as the oscillation period [10]. Thus, time delay is inevitable in signal transmission for
real neurons. Furthermore, it has been found that time delays play an important role in the system
dynamics and cannot be ignored in the modeling [11-15]. Coupled FHN neurons with time-delays
were investigated for bifurcation [16-19]. The coupled FHN neurons had Gaussian noise and a time
delay added to study the stochastic resonance phenomenon [20].

Synchronization is a common and crucial phenomenon in neural systems, which can help to
understand the mutual interactions of coupled neurons and to obtain a consensus and phase locking
among the corresponding states [21-25]. In many regions of the brain, synchronization activity has been
observed and is considered as a correlate of behavior and cognition [26]. To understand information
processing in the brain, complex dynamics and synchronization of oscillatory phenomena have been
studied [27,28]. The synchronization conditions of coupling strength, the influence of noise and the
effects of parameter mismatch have also been studied [29-31].

Many methods have been proposed to investigate the dynamical system synchronization and
to obtain some synchronization conditions. The Lyapunov function technology is very commonly
adopted to tackle synchronization problems with or without time delays. However, it is very difficult
to find an appropriate Lyapunov function for nonlinear systems, especially for highly nonlinear
systems with multiple delays. There is still no general approach for constructing a proper Lyapunov
function. Furthermore, the synchronization conditions derived by using the Lyapunov approach are
usually sufficient and highly conserved. In addition, the approach seems to be infeasible for systems
with multiple components of different types [32]. For delay differential systems, the synchronization
conditions based on the Lyapunov function approach are typically delay-independent, where the
synchronization system often reduces to the situation system so that every solution converges
asymptotically to a unique synchronous equilibrium point [33]. Pecora and Carroll [34] proposed the
famous master stability function (MSF) method to discuss the local stability of the synchronization
manifold. However, the stability analysis in the MSF method still requires the numerical calculation
of the conditional Lyapunov exponents. This problem is also met in the matrix measure approach
proposed by Chen [35]. Lu and Chen [36] analytically obtained the synchronization conditions by
calculating the distance between trajectories and the synchronization manifold. Their synchronization
conditions require knowledge of the synchronization trajectory, which is usually unknown before
solving the system. As mentioned above, a shortcoming in the methods presented is the difficulty
to analytically derive synchronization conditions for dynamical systems, especially for the delay
differential systems. The influence of delay on synchronization conditions has seldom been analytically
treated in previous research.

In this paper, we analytically investigate the effects of time delay in signal transmission on
synchronization between two coupled FHN neurons. It is easy to understand that synchronization
between two neurons will be achieved when the energy of the synchronization error system derived
from the original neural system disappears. To study the change of the energy of the error system,
we first rewrite the original neural system in its corresponding energy coordinates according to the
energy method proposed [37]. Then, we calculate the rate of change of the energy of the error system
to judge whether the energy disappears. The disappearance of energy of the error system requires for
the rate of the change of the energy to be less than zero. In this way, we derive the synchronization
conditions for two coupled FHN neurons without and with delay, respectively. Therefore, we can
analytically estimate the influence of time delay on the synchronization conditions and study how the



Appl. Sci. 2019, 9, 2159 30f15

time delay affects the synchronous dynamics of the FHN neural system. We show that whether or not
synchronization occurs between two FHN neurons, it is entirely dependent on the value of the time
delay in signal transmission between two neurons. If the time delay is ignored, synchronization does
not appear for any given coupling strength.

The rest of the paper is organized as follows. In Section 2, the synchronization between two
coupled FHN neurons without time delay is investigated by using the energy method. In this case,
a stability analysis is completed in order to prove that synchronous spikes do not occur, the correctness
of which is demonstrated by numerical simulations. In Section 3, the influence of the time delay on
synchronization conditions and synchronous dynamics are discussed analytically and numerically.
Conclusions are drawn in Section 4.

2. Synchronization of Two Coupled FHN Neurons without Time Delay

A single FHN neuron [38] is modeled in this paper by the following equation:

uy = —uy(ug —1)(ug —a) —uy,

1y = b(uqg —yup). M)

The FHN system describes the generation of the nerve impulse in a squid as well as its propagation
along the giant axon. Here 17 represents the potential difference at time ¢ across the membrane of
the axon and u; is a recovery current caused by all ion flows. According to experiments [1], for the
space clamp segment of the axon it is required that 0 < a < 0.5, b, y > 0 in Equation (1). Furthermore,
from biophysical considerations, it is rational to let 1/y — (1 —a +4?)/3 > 0, (1 —a +4a?)/3 - by > 0.

We consider the coupled FHN neural system as:

Lﬁ —up(up —1)(uq —a) —up + c(uy —u3),

= b(uy —yua), o)
M3 = —uz(uz —1)(us —a) —ug +c(uz —u1),

= b(us — yuy),

where c is the coupling strength. It is said that the two FHN neurons are synchronized if:

tlim(ul —u3) =0, }LI?Q(“Z —uy) =0,
For the first and third equations in Equation (2), taking derivative with respect to time ¢ on both
sides yields:
7./.11 = [_37/1% + 2(@ + 1)141 —a+ C]l;ll - ilz - Cil3,
i3 = [~3u? +2(a + 1)uz —a + cluz — ity — ciiy.

Substituting the second and forth equations in Equation (2) into the above two equations,
respectively, we are able to eliminate the variables u; and 14 in Equation (2), which become:

U + (Bu% + oqug +ap)ug + a3u§’ + a4u% + asuy + aguz +cuz =0,
uz + (3u§ +aqug + ap)uz + agug + 0(414% + asuz + aguy + cug =0,

®)

where vy = -2(a+1),ap =by+a—-c,az3 =by,ay = —(a+1)by, as =b[(a—c)y + 1], ag = bey.
Therefore, we only need to consider the condition tlim (11 —u3) = 0in system (3). By letting:

U1 —us U1 + uz
2 , 62 = 2 s

e =
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Equation (3) can be written as:

e+ [3(6% + E%) +arep +ap — C}él + (662 +aq)eren + a3e? + (30{36; + 200 + a5 — a6)61 =0
&+ [3(eF +¢3) + arer + ap + clea + (662 + ar)erér + aze; + (3azed + as + ag)ex + ag(ed +€3) = 0.

(4)

Clearly, e; represents the difference between u; and u3. When e; — 0, that is when e; approaches
0, Equation (2) will achieve the synchronization state. Furthermore, we use the energy method [37] to
investigate the evolution tendency of e;. We firstly denote four functions:

gi1(e1) = 0636?,
o(e) = ozgeg + (as + ag)ea,
fl(e e [3(% + e%) + aqex + ap —cler + (6ep + aq)erén
(3a362 + 20480 + a5 — ey
fa(e,e) = [3(e2 4 €2) + arez + az + clér + (662 + a1 Jegey
3a3e e2+a4(e +e ) .

By considering the physical meanings of parameters a3 5 ¢, it is easy to check that:

e181(e1)e 20 = 61{36 >0,
282(€2) 20 = 0(36 + (a5 +a6)e > 0.

On the other hand, the two variables u; and u3 in system (3) represent membrane voltage
difference, which are obviously bound in the real world. Correspondingly, e; and e, are bound.
Therefore, the energy method [37] can be applied to Equation (4).

According to the energy method, we can observe that Equation (4) describes the movements of
two oscillators. e; and e, represent the positions of two oscillators, respectively. e; — 0 means that
the mechanical energy of the corresponding oscillator finally disappears. This implies that we can
judge whether e; — 0 by analyzing the variation of mechanical energy of the oscillator. We denote
the potential and mechanical energy of two oscillators in Equation (4) by V;(e;) and E;(e;, ¢;),1 = 1,2,
respectively, which can be written as:

Vifer) = ' (ase})der = jasel,

(%
Va(ea) = [y [ase3 + (as + ag)er)der = jazes + 5 (as + ag)ed,
Ei(eje;) = Vie:) + %e;,i = 1,2.

Since V(e;),i = 1,2, are even functions, the energy coordinate system corresponding to Equation (4)
is obtained by the following transformation:

ej = a;cos(0 ) (1 =1,2),
é1 = —2(Vi(a1) - Vi(a1 cos(61))) = £+ /5 — cos(46; ) — 4cos(267),
& = —\/2( — Va(az cos(6>)))
=2 \/5a3a2 + 8(ar5 + ag) — ar3a3 cos(40) — 4[azas + 2(as + ag)] cos(260;).

3

©)

Neglecting the terms higher than second-order, the last two equations in Equation (5) can be
written approximately as:

=-A1(1- g5 L cos(46;) - £ 2 cos(261))

= —Ag(l A3 COS(492) A4 COS(262);, (6)
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where
v5aza? /5303 +8(as+ag)a
A1 = Tl >0, A2 = 1 >0,
2 2
asa; 1 2(azaz+2(as+ag)) 1
< =—— =2 <1l 0< =2 T < 5.
0<4s 2(5a3a§+8(a5+a6)) 27 0<Ay 5a3a§+8(a5+a6) 2

From Equations (4) and (5), we have:
dd% = —fi(e,e)e; = By + By cos(61) + B3 cos(201) + By cos(62)

7
+Bs cos(202) + Bg cos(61 — 62) + By cos(201 —26,) + H(61, 62), @

where R s
651a 423a
_(_ 2 _ 1 217c _ 217a3\ 42
By —(2 400 400 200 200 >A1/
Bz =5 (3(13&% - 2A2a1 - 2“6 + 2&5)(11A1,
2 2
N 19¢ 19a, 159511 57112 2
B3 = (_2§ ;’ 5 T 00 1251502 );‘1’
B4 = ;mAlalaz, B5 = _mA1”z' 57 12
Bg = 5(2a4 —6Ay +3A2A4)apm A1, By = mAlaz,

and H(61,0,) represents the rest of the periodic functions of 0,,. Obviously, e; — 0 holds when
E; — 0. Tomake E; — 0, a non-periodic term in dE; /dt, it should be less than zero, which means
B1 < 0 holds. Since a? >0,i=1,2,c—ap <0,itleads to the synchronization condition:

1 1
c<§(a—|—by)<g(1—|—a)2. 8)
Next, we prove that synchronous spikes do not occur in Equation (2) under Equation (8) by
analyzing the stability of the origin of Equation (2). Linearizing Equation (2) around its origin yields:

au

in which U = [uq,uz,u3,u4]" and:

D, D,
D:
[Dz Dy ]

c—a -1 —- 0
el 7 el 8]

The matrix D can be diagonalized as:

where

D; O

O D; |
where O is a 2 X 2 zero matrix and D3 = D; — Dle_lDz. The eigenvalues of matrix D consist of
eigenvalues of matrixes D; and Ds. All eigenvalues of matrix D have negative real parts if and only if:

2
c<a+by< (H;) i c<a+%< OJ;”) ,
(ay+1) (by+a)—c(by?+2ay+1)
(a—c)y+1 >0, (1)
b(ay+1)[(a—2c)y+1] > 0.

(a—c)y+1

Recalling the parameter ranges defined in Equation (1), it is easy to check that all inequations
in (11) hold if Equation (8) is satisfied. Therefore, the origin of Equation (2) is asymptotically stable,
corresponding to the neural rest, if Equation (8) holds. This means that for any given coupling,
strength ¢ synchronous spikes in Equation (1) do not occur. To demonstrate the validity of the
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synchronization Equation (8), we carry out some numerical simulations for Equation (2) witha = 0.1,
b = 0.08, y = 3. The initial conditions are given by 11 (0) = 0.01, u2(0) = 0, u3(0) = 0.02, u4(0) = 0.01.
From Equation (8), the synchronization condition by the energy method can be written as ¢ < 0.17.
We separately take ¢ = 0.16 and ¢ = 0.18 to carry out the numerical simulations for Equation (2),
the results of which are illustrated in Figures 1 and 3, respectively. Numerical simulations demonstrate
the correctness of the theoretical analysis in this section. Moreover, our criterion obtained by calculating
the rate of change of the energy of the error system is necessary and sufficient.
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Figure 1. Dynamics of Equation (2) witha = 0.1, b = 0.08, y = 3, ¢ = 0.16. The initial conditions are
taken as u7(0) = 0.01, u(0) = 0, u3(0) = 0.02, us(0) = 0.01; (a) u1 (¢) vs. t; (b) up(t) vs. t; (c) uz(t) vs. t;

(d) ug(t) vs. t.
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Figure 3. Dynamics of Equation (2) witha = 0.1, b = 0.08, y = 3, ¢ = 0.18. The initial conditions are
taken as u1(0) = 0.01, up(0) = 0, u3(0) = 0.02, ug(0) = 0.01. (a) uy (t) vs. t; (b) up () vs. £; (c) uz(t) vs.
t;(d) ug(t) vs. t.

Remark 1. In this section, we employ the energy method to analyze the synchronization between two coupled
FHN neurons without time delay in signal transmission (Equation (2)). By considering the change rate of energy
difference between the two neurons, we analytically derive the synchronization condition in the case of no time
delay. The stability analysis for Equation (2) shows that if the time delay of signal transmission is ignored,
the two neurons can only maintain neural rest when synchronization is achieved between them.

3. Two Coupled FHN Neural Systems with Time Delay

In this section, in order to consider the effects of time delay in signal transmission between two
neurons, we modify Equation (2) into:

= —ug(ug — 1) (g —a) —up + c(uy —uz(t—11)),
uy = b(uy —yup),
uz = —uz(uz —1)(uz —a) —ug + c(uz —u1 (t — 72)),
il4 = b(ng, —)/u4),

(12)

where 71 (77) represents the time delay in signal transmission from u3 (11 ) to u1 (u3) and other parameters
remain the same as that in Equation (2). In this paper, we place emphasis on presenting the influence
of time delay in signal transmission between two neurons on synchronization conditions. We take
71 = T2 = 7 in Equation (12) to simplify the synchronization analysis. Similar to that of Equation (2),
synchronization in Equation (12) is said to be achieved if:

li - =0, lim(up—uy) =0

Lim (1 — u3) Lim ( )
Substituting:

Ui — U3 ui +ug Up — Uy Uy + Uy

€1 = 2 62 = 2 €3 = 2 64 = 2 ’
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into Equation (12) leads to:

1 = —e +[-3e5 +2(a+ 1)ex + c—aley +cey (- 1) —e3,
ez = b(eg —ye3),

. 1
ey = —eg +(1+ a)(e% + e%) - (36% +a—cley—cer(t—1) —ey, (13
eg = b(ey —yey).
By eliminating e3 and e4, Equation (13) becomes:
e1 + [3(6% + e%) + a1e0 + anleg + (6e2 + aq)erer + 036:1)’
+ (3&36% + 24y + as)e; —ager(t—t) —cer (t—1) =0, (14)

e + [S(e% +e2) 4 arex + az)éy + (662 4 aq)erér + ozgeg
+ (Baze? 4 as)ex + as(ed +e2) + ager(t— 1) + cér(t—7) =0,

/////

calculate periodic solutions of a delay differential equation [39], which involved the computations of the
mechanical energy of oscillators. This illustrated that although the solution space of a delay differential
system has infinite dimensions, approximate calculations of mechanical energy of oscillators are still
feasible based on the energy method. Thus, we can use the energy method to analyze the mechanical
energy variation of e; in Equation (14). To this end, we redefine the following functions:

81 (e1) = 0136‘;’, gz(ez) = a36’;,
fl(e, ee(t—m1),e(t— T)) = [3(6% + e%) +ajep + az]él + (6ep + aq)eren

+(3a3e§ + 2a4en + a5)el —age1(t—1) —cer(t—1),
faleee(t—1)e(t=1)) = [3(e2 +€2) + arer + azfér + (662 + a1 )eréy

+(3a3e% + a5)el + a4(e% + e%) + ager(t— 1) + cex(t—1).

The potential and mechanical energy of Equation (14) can be expressed by:

dep = }10(33‘11,
4

3
o
zdez = 70365,

We define the transformation between Equation (14) and its energy coordinate (E,0) as:

e; =a;cos(6;),i=1,2,
e1 = —C1(1— 35 cos(46;) — & cos(264)), (15)
¢y = —Co(1 - 35 cos(46,) — 2 cos(205)),

where 5 )
Vbasza Vbasza
Cl=—F— CG=—F—, (16)

Employing the energy method, we have:
dE; : . .
-+ = —filererei(t—1),e1(t—1))ey
= [(3(6% + ei) + aren + an)er + (6en + aq)eren (17)
+(30¢3€§ + 2046 + 0(5)6’1 - a6€1(f - T) - Cél(t - ’E)]él.

Consider 01 and 0 have the following forms:

01 = wt+(p1,

18
62 = wt+ P2, ( )
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where w > 0, which will be determined later. Substituting Equations (15) and (18) into Equation (17),

we have: ) 5
dE; __ 423a7+65la 2 cos(2wt) cos(4wr) 217
T = Tl =%+ ]~ (by Ha—c) (19)
+Cosine terms.

Similar to that in the previous section, E; — 0 means that the non-periodic terms in Equation (19)
should be less than zero. From Equation (19), the synchronization condition is given by:
217

+by). 20
s 2[cos(2wt) + 4]* + 384 @+ by) 20

w Equation (20) can be approximately obtained from the following. The characteristic equation of
Equation (12) at the origin is given by:

A+ d1 A3 4+ dpA? 4+ d3A +dy + (dsA? + dgA + dy)e T =0, (21)

where
2

dy =2(by +a—c), dy =blby?* +4y(a—c) +2]+ (a—c)*,
d3 = 2b[(a—c)y +1)(by +a—c), dy = B*[(a—c)y +1]%,
ds = —c2, dg = —2byc?, dy = —(bcy)>.

Substituting A = iw into Equation (21) and separating real and imaginary parts yields:

w* — dyw? + dy — (dsw? — d7) cos(2wt) + dew sin(2wt) = 0,

d3w — dy@® + dgw cos(2wt) + (dsw? — d7) sin(2wt) = 0. @2)
Eliminating 7 from Equation (22), we have:
p(y) = v+ + P +ry+ra =0, (23)
where
y=a?,
r = d% - 2d2,

ry = =2dyd3 + d5 — d2 + 2d,,
r3 = —2d2d4 + d% + 2d5d7 - d%,
Y4 = di - d%
w in Equation (20) exists and means that Equation (23) has one positive root. Assume that w = wy
is one simple positive root of Equation (23). From Equation (22), we have:

w8d5 + (d]d6 —dpds — d7)a)é + (d2d7 —dszde + d4d5)a)g — dydy

wédg + (dé - 2d5d7)a)% + d%

cos(2wgT) = ,s (24)

In addition, by regarding A in Equation (21) as a function of T and taking the derivative of both
sides of Equation (21) with respect to 7 yields:

dr (2d5A2 + 2dgA + 2d7) Ae™ 2T 25)
dt  (2A21ds + 2ATdg — 2Ads + 27dy — dg )e2AT — 413 — 3d1 A2 — 2dpA — d3

Under Equation (11), Equation (12) with 7 = 0 has a stable origin. At the same time if:

Re{d—/\} >0, (26)
dt
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for w = wp and some critical value of delay determined by Equation (24), the origin of Equation (12) will
lose its stability. In such a case, the coupled neural system cannot remain at neural rest. Synchronous
spikes in the coupled system will occur due to an appropriate value of time delay.

The distribution of positive real roots of an algebraic equation similar to Equation (23) has been
treated in other studies [40,41]. In the following, we will employ a complete discrimination system for
polynomials [42,43] and the Descartes sign method to analyze the condition that Equation (23) has one
or more positive real roots. We denote the Sylvester matrix of p(y) and p’(y) by Discr(p), where p’ (y)
is the derivative of p(y) with respect to y and denote the determinant of the submatrix of Discr(p)
formed by the first 2k rows and the first 2k columns by Dy (p), k =1, 2, 3, 4. If the number of the sign
changes in the discriminant sequence:

{D1(p), D2(p), D3(p), Ds(p)} (27)

is v, then the number of pairs of distinct conjugate imaginary roots of p(y) is equal to v. Furthermore,
if the number of nonvanishing members of the list is /, then the number of the distinct real roots of p(y)
equals to [ —2v.

According to the procedure [42], we have:

D, =1,
D, = 3r2 - 81y,
D3 = —41*; + r%r% + 2(7r3ry + 8r4)ro — 61%1*4 - 181’% - 37?1*3,
Dy = —27r‘117'ﬁ + 18r?r2r3r4 - 47’?7% - 47%7374 + r%r%r%
+ 1441’%1'21& - 6r%r§r4 — 8071731374 + 18717273 + 161574
— 41’%1’% — 192r1r3ri — 1281*%1’2 + 144r2r§r4 — 27r§ + 2561’2.

(28)

We can further determine the number of positive real roots of Equation (23) based on the Descartes
sign method by considering the number of the sign changes in the discriminant sequence:

{1/ r1,72,13, 7’4}' (29)
Then we have the following;:

- If 4 < 0, Equation (23) has at least one positive real root.

- If the number of sign changes in Equation (27) is zero, Equation (23) only has real roots. The number
of the positive real roots equals to the number of the sign changes in Equation (29).

- If the number of the sign changes in Equation (27) is one and the number of nonvanishing
members in the sequence is 4, Equation (23) has two different real roots, the sign of which can be
determined by the Descartes sign method.

- If the number of sign changes in Equation (27) is one and the number of nonvanishing members in
the sequence is 3, Equation (23) has two identical real roots, the sign of which can be determined
by the Descartes sign method.

Next, we numerically show that the existence of time delay in signal transmission can make the
synchronous spikes occur in Equation (12). For comparison, we keepa = 0.1,b = 0.08 and y = 3 in
Equation (12). If c = 0.16 or c = 0.18, we have the following two sequences:

{D1>0,Dy <0,D3 <0,D4 <0},

30
{1,71<0,7rp>0,r3 <0,r4 > 0}. (30)

If the number of sign changes in Equation (27) is one, then Equation (23) has two different real
roots. Under such conditions, by substituting y = —z into Equation (23), we have:

p(z) = A -nB 4 —rz+r=0. (31)
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Then the number of sign changes in the sequence {1,—1,r2,—¥3,74} is zero. Equation (31) has no
positive real root, which means that Equation (23) has no negative real root. Therefore, Equation (23)
witha =0.1,b = 0.08, y = 3 and ¢ = 0.16 or ¢ = 0.18 has just two positive real roots. In fact, if c = 0.16,
Equation (23) has two positive real roots:

w1 = 0.173, Wy = 0.307,

the two corresponding critical values of 7 are:

2nm
71 = 0.529 + @,n =0,12...,
and:

2nn
T2 —3712+ m,n—O,l,Z...,

respectively. The transversality condition (Equation (26)) is satisfied only for w, = 0.307 and 7, = 3.712.
If ¢ = 0.18, Equation (23) has two positive real roots:

wy = 0.128, wp = 0.335,
the two corresponding critical values of 7 separately, are:

7 = 0516+ (f';—172,12:4.149+ %,n:m,z..., (32)

The transversality condition (Equation (26)) holds only when w, = 0.335 and 7, = 4.149. Then we

can choose an appropriate value of time delay to satisfy the synchronization condition (20), for instance,

T = 7. In addition, the initial conditions are taken by u1(t — ) = 0.01, up(t —7) = 0, uz(t — v) = 0.02,

ug(t— 1) = 0.01 for t € (—7,0] in the numerical simulations. We present the synchronization errors

and phase diagrams of Equation (12) for ¢ = 0.16 and ¢ = 0.18 in Figures 4 and 5, respectively, which
demonstrate the validity of the synchronization condition (Equation (20)) for Equation (12).
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Figure 4. Cont.
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Figure 4. Synchronization errors (a,b) and phase diagrams (c,d) for Equation (12) witha = 0.1, b = 0.08,
= 3,c = 0.16 and T = 7. The initial conditions are chosen as u;(t — 1) = 0.01, up(t—7) = 0,
uz(t—1) = 0.02, ug(t —7) = 0.01 for t € (-7,0].
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Figure 5. Synchronization errors (a,b) and phase diagrams (c,d) for Equation (12) witha = 0.1, b = 0.08,
y = 3,¢ = 0.18 and 7 = 7. The initial conditions are chosen as u1(t —7) = 0.01, up(t—1) = 0,
ug(t—t) = 0.01, uy(t —7) = 0.01 for t € (—1,0].
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Remark 2. In this section, we apply the energy method to obtain the synchronization condition for Equation (12),
in which the time delay of signal transmission between two neurons is taken into account. The time delay in the
signal transmission is involved in the synchronization conditions, the change of which can dramatically affect the
synchronous dynamics of two coupled FHN neurons. Comparing the analysis results in this section with the
results from Section 2 (see Figures 1 and 3-5), it is clear that time delay in signal transmission can be used to
control the appearance of synchronous spikes in Equation (12).

4. Conclusions

In this paper, we investigate synchronization between two FHN neurons by using the energy
method to estimate the influence of time delay in signal transmission on synchronization conditions
and synchronous dynamics. According to the concept of the energy method, we can calculate the
change rate of energy of the synchronization error system from the original system. If the rate of change
of the energy varies periodically, the energy will remain unchanged in one period. Since the energy
change rate of the error system can be divided into two parts (periodic and non-periodic), we only
need to consider the non-periodic part to determine the evolution tendency of the error system’s
energy. The error system’s energy will eventually disappear if the non-periodic part is less than zero.
According to this line of thinking, we first derive the synchronization criterion for two coupled FHN
neurons without time delay in signal transmission. Analytical and numerical results indicate that it is
a feasible approach, to derive synchronization conditions by calculating the rate of change of energy of
synchronization error system. Our analysis shows that if time delay in signal transmission is ignored
in two coupled FHN neurons, synchronous spikes do not occur for any given coupling strength.

Further investigation shows that the energy method is also valid for the delay differential system.
A synchronization condition depending on time delay can be derived if the neural system has an
unstable trivial equilibrium. Our research suggests that the existence of the time delay in signal
transmission can not only slightly change the synchronization range of coupling strength, but also affect
the synchronous dynamics. The two FHN neurons can easily control the occurrence of synchronous
spikes or neural rest by only adjusting the time delay in signal transmission. The research result helps
us to understand the regulatory mechanisms of synchronization and the synchronous dynamics of
neural networks.

In addition, it is worth pointing out that the method of analysis used in this paper can be easily
developed to judge synchronization of N coupled FHN neurons. For N coupled FHN neurons, we need
to calculate the rate of change of the energy of the error system, consisting of N-1 second-order
differential equations with or without time delay. This is feasible for small calculation quantities.
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