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Abstract: The impact between the wave and the bottom of a high-speed vessel is often simplified as
water-entry problems of wedges. Most investigations focus on the water entry of two dimensional
(2D) wedges. The effects of added mass and structural damping are still not fully investigated.
By combining the normal mode method, the hydrodynamic impact model of rigid wedges and
the potential flow theory, a dynamic model for predicting the response of a three dimensional (3D)
wedge impacting on water with a constant velocity is established in this paper. The present model
can selectively consider the effects of the added mass and the structural damping. The present
method has been validated through comparisons with results of published literatures and commercial
software. It is found that the added mass can increase the stress response before the flow separation,
and reduce the vibration frequency after the flow separation. Due to the effect of the added mass,
the stress response of some positions after the flow separation is even higher than that before the flow
separation. The structural damping has a negligible effect on the stress before the flow separation,
but it can reduce vibration stress after the flow separation.

Keywords: water impact; dynamic response; added mass; structural damping

1. Introduction

In rough seas, severe impacts usually occur between waves and the bottom of a high-speed
vessel, causing impulsive loads on the hull of the vessel. These hydrodynamic impact loads are
characterized by pressures with high peaks and short durations, which may dominate in the design of
the hull structure.

The impact problem between the vessel and the waves is often simplified as the impact between
a two dimensional (2D) section and static water. As the V-shaped cross-section is a typical section
form of the bottoms of high-speed vessels [1], the water entry problem of 2D wedge sections has
attracted a great deal of research. Pioneering work can be traced back to von Karman [2] and
Wagner [3]. Based on momentum conservation and the concept of added mass, von Karman [2]
performed a theoretical investigation of the hydrodynamic loads acting on a wedge. By taking into
consideration the local rise of water surface during the water impact, Wagner [3] improved the model
proposed by von Karman [2]. Zhao and Faltinsen [4], presenting a nonlinear boundary element
method (BEM) for simulating the water entry of 2D sections. Tassin et al. [5] assessed the accuracy
of several analytical models for the prediction of hydrodynamic forces and pressure distributions.
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During the water entry of finite width wedges, the jet root may be separated from the surface of the
wedge. Tassin et al. [6] investigated the flow separation with analytical separation models. Yu et al. [7]
proposed a semi-analytical model considering flow separation and negative pressure correction.
This semi-analytical model is verified by comparing with numerical results computed using the
commercial finite element code LS-DYNA. Wang et al. [8] presented a two-fluid BEM for the water
entry of a free-fall wedge, and the role of the air flow on the closure of the 2D cavity was investigated.
Bao et al. [9] developed a BEM model to simulate the free-fall water entry of a wedge with the
flow separation. Both vertical and oblique water entries of the wedge were discussed using this
method. Kamath et al. [10] investigated the water impact problem of a symmetrical wedge using
computational fluid dynamics (CFD) simulations. Their numerical results were in good agreement with
the experimental data reported by Yettou et al. [11]. Jalalisendi et al. [12] experimentally characterized
the 3D hydrodynamic loading on a rigid wedge by measuring the velocity field on several different
planes. Their experimental findings on edge effects were applied to the water entry of 2D elastic
wedges in the follow-up study [13].

Since the Wagner theory is convenient to predict the hydrodynamic impact loads, it has been
widely used in the water entry of 2D elastic wedges, such as the work of Korobkin et al. [14],
Qin and Batra [15], Khabakhpasheva and Korobkin [16] and Datta and Siddiqui [17]. Shams et al. [18]
established a semi-analytical model for the water entry of 2D elastic wedges by combining the
Euler–Bernoulli beam theory with the potential flow theory. Their method was further extended
to water exit problems [19]. With the improvement of numerical methods for the fluid domain,
many CFD methods have been applied to solve fluid-structure interaction problems during the water
entry of 2D elastic wedges, such as the BEM method [20], the finite volume method (FVM) [21,22],
the smoothed particle hydrodynamics (SPH) method [23,24] and the arbitrary Lagrangian-Eulerian
(ALE) method [25,26].

Three-dimensional (3D) stiffened plates with several longitudinal stiffeners and transverse frames
are typical forms of the ship structure. The bottom segment of a high speed ship can be seen as
a 3D wedge composed of stiffened plates. However, studies on the dynamic response of a 3D wedge
under the hydrodynamic impact are scarce. Faltinsen [27] performed a coupled analysis between the
cross-fluid domain and the 3D wedge. The cross-fluid domain was solved using 2D Wagner theory,
and the structure model had to satisfy the orthogonal plate theory. Since the Wagner model was only
suitable for impact loads before the flow separation, the vibration response of the wedge after the flow
separation was not modelled. Luo et al. [28] performed a decoupled study on the impact response
of a 3D wedge which consisted of two stiffened plates. The hydrodynamic impact loads were solved
using the 2D matched asymptotic theory, and the structural response was predicted using the finite
element method. As structural response was based on the decoupled framework, the effect of the
added mass on the vibration response of the wedge was not considered. Luo et al. [29] also performed
a coupled study on the dynamic response of a free-fall 3D wedge with the commercial code LS-DYNA.
The numerical results were in good agreement with their experimental results. Due to the shallow
penetration of the wedge, the vibration response after the flow separation was not presented.

Although the water entry of 2D rigid or elastic wedges has been widely studied, the dynamic
response of 3D wedges subject to the water impact still needs further investigation. The water
surrounding the wedge will move together with the wedge during the water entry. However, to
the authors’ knowledge, the effect of added mass on the dynamic response has not been investigated,
especially in the stage after the flow separation. Moreover, most of the previous investigations on
the dynamic response of elastic wedges were carried out without considering structural damping.
To the authors’ knowledge, there is still no reasonable analysis on the effect of the structural damping.
Therefore, a dynamic model for the 3D elastic wedge impacting on water with a constant velocity
is established in the present study by taking into account the added mass, the structural damping,
and the impact loads after the flow separation. Effects of the added mass and the structural damping
are investigated.
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The 3D effect of the fluid domain is usually neglected in the studies of the ship slamming [27,28],
due to the slender features of the ship structure. This premise is also adopted in the present work
and the hydrodynamic loads of the 3D wedge are calculated using the 2D method. This paper is
organized as follows. In Section 2, the 2D water entry of the wedge is defined. Section 3 presents
the structural dynamic equation based on the normal mode method. In Section 4, the expressions of
general forces of 2D wedge sections are derived, including the generalized excitation force and general
hydrodynamic coefficients. In Section 5, the dynamic model of the 3D elastic wedge impacting on
water with a constant velocity is established. Section 6 presents the results and discussions, including
validations of the present model, and investigations of the added mass and the structural damping
effects. In Section 7, main conclusions of the present study are summarized. Appendix A presents the
derivation of the semi-analytical model reported by Yu et al. [7]. Appendix B shows the modal results
of the stiffened plate. Appendix C presents the modal convergence study.

2. Definition of the 2D Water Entry

Figure 1 shows the definition sketch of an impact model of a 2D wedge. According to the
separation time of the jet root from the wedge surface, the impact process is divided into two stages:
the stage before the flow separation and the stage after the flow separation, as shown in Figure 1a,b,
respectively. As the wedge discussed in this paper is symmetrical, only half of the wedge is analyzed.
As shown in Figure 1a,b, the global coordinate system o− xyz and the local coordinate system o′ − ξηζ

are used. The global coordinate system is stationary and its origin is located at the intersection between
the symmetry line and the initial water surface. The local coordinate system is fixed to the wedge
and its origin is located at the keel of the wedge. The directions of ox, oz, oξ and oς are shown in
Figure 1a,b. The directions of oz, oη are determined by the right-hand rule. V is the constant velocity
of the impacting body. The initial state of the water is static. t is the time during the water entry, and
t = 0 means the time instant when the lowest point of the wedge reaches the water surface. c(t) is
the half width of the wetted surface. s(t) is the wetted length in the local coordinate system. β is the
deadrise angle of the wedge. b is the half width of the wedge; L is the length of the wedge surface.
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Figure 1. Impact model of a 2D wedge. (a) Before the flow separation; (b) after the flow separation.

In order to analyze the dynamic response after the flow separation, the semi-analytical
hydrodynamic model reported by Yu et al. [7] is adopted in the present study. This model is based
on the concept of Fictitious Body Continuation (FBC), which assumes that the water surface rises
along the fictitious section after the flow separation. The location of the fictitious section is defined by
the angle α, as shown in Figure 1b. The detailed explanation of this model is listed in Appendix A.
Based on this hydrodynamic model, the impact pressure distribution on the wetted surface can be
described as:
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Pr(x, t) =
1
2

ρV2[
2

.
c(t)
V

c(t)√
c2(t)− (τx)2

− cos2 β
c2(t)

c2(t)− (τx)2 − sin2 β] (1)

dc
dt

=
cvV

tan β
before the flow separation (2a)

dc
dt

=
cvV

tan β(1− cos θs) + tan α cos θs
after the flow separation (2b)

where τ is a parameter introduced to correct the unreasonable negative pressure; θs is a parameter that
related to the fictitious, and it satisfies the equation c(t) · sin θs = L cos β; cv is the pile-up coefficient of
the fluid surface.

In order to facilitate the calculation of the generalized excitation force, the impact pressure is
expressed in the local coordinate system by the transformation c(t) = s(t) · cos β and x = ξ · cos β,
as shown in the following.

Pr(ξ, t) = ρV cos β

.
s(t)s(t)√

s2(t)− (τξ)2
− 1

2
ρV2[cos2 β

s2(t)

s2(t)− (τξ)2 − sin2 β] (3)

ds
dt

=
cvV
sin β

before the flow separation (4a)

ds
dt

=
cvV

sin β(1− cos θs) + cos β tan α cos θs
after the flow separation (4b)

It should be noted that the pressure truncation in Equation (A14) is adopted in the present study.

3. Structural Dynamic Equation

Based on the finite element theory, the elastic wedge can be decomposed into a system with finite
degrees of freedom, and the structural dynamic equation can be expressed as:

[M]
{ ..

U
}
+ [C]{

.
U}+ [K]{U} = {P} (5)

where [M] is the mass matrix of the structure; [C] is the damping matrix of the structure; [K] is the
stiffness matrix of the structure; {U} is the nodal displacement array of the structure; {P} is the
distribution force equivalent nodal array, and the distribution force refers to the impact pressure on
the wedge in the present study.

Through the Eigen analysis of the structural dynamic system of Equation (5), modal shapes {Dr}
of the structure in air (dry modes) can be obtained as follows:

{Dr} = {Dr1, Dr2, · · ·DrN}T (6)

where N is the number of nodes for the discrete structure model; r is the order of the vibration mode;
Drj is the displacement vector of the j-th node in the r-th order mode.

In the 3D space coordinate system o− xyz, {Dr} can be expressed as

Drj =
{

ur, vr, wr, θxr, θyr, θzr
}T

j (7)

where ur, vr, wr are the linear displacement along the ox, oy and oz axes, respectively; θxr, θyr, θzr are
the angular displacement around the ox, oy and oz axes, respectively.

The modal number of elastic structures is actually infinite, and several lower order modes
usually represent the primary contribution to structural responses. When m modes are selected,
the displacement shapes of the discrete node system can be expressed as:
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[D] = [{D1}, {D2}, · · · , {Dm}] (8)

By using the normal mode method, the node displacement of the system under the impact load
can be expressed as:

{U} = [D]{p} =
m

∑
r=1
{Dr}pr(t) (9)

where {p} is the principal coordinate array; pr(t) represents the contribution of the r-th mode to the
structural response.

Substituting Equation (9) into Equation (5) and multiplying the two sides by [D]T , the principal
coordinate equation of the structural system can be achieved:

[a]
{ ..

p
}
+ [b]

{ .
p
}
+ [c]{p} = {Z} (10)

where [a] is the generalized mass matrix of the structure, [a] = [D]T [M][D]; [b] is the generalized
damping matrix of the structure, [b] = [D]T [C][D]; [c] is the generalized stiffness matrix of the structure
[c] = [D]T [K][D]; [Z] is the generalized distribution force matrix, [Z] = [D]T{P}.

The generalized damping matrix of the structure is usually determined by experiments or
experience. In the normal mode method, it is assumed diagonal such that brr = 2ωrυrarr, where ωr

is the natural frequency and υr is the structural damping factor. The effect of structural damping is
investigated by changing the structural damping factor in the following study.

Thus, the structural dynamic equation, which takes the nodal displacement as an unknown
variable, has been transformed into the structural dynamic equation with the principal coordinate
as the unknown variable. After the computation of the generalized distribution force, the principal
coordinate corresponding to each mode can be solved, and the structural response can be solved using
the normal mode method.

4. Generalized Impact Forces of 2D Sections

With reference to the work of Faltinsen [27], the generalized force acting on the 3D wedge can be
achieved by the integration of generalized forces of 2D wedge sections. The hydrodynamic impact
loads on wedges can be divided into two parts. One is the excitation force corresponding to the overall
impact velocity of the wedge; this part is calculated using the hydrodynamic impact model of rigid
wedges. The other is the hydrodynamic force representing the effect of the added mass on the elastic
vibration of the wedge, which is expressed as hydrodynamic coefficients in the dynamic equation; this
part is calculated using the potential flow theory. The two parts of generalized forces on 2D wedge
sections are derived in Sections 4.1 and 4.2, respectively.

4.1. Generalized Excitation Force

The outer shell deformation of the 3D elastic wedge can be seen as the deformation of a series
of 2D wedge sections which are parallel to each other. Using the normal mode of the 3D wedge,
the modal displacement of 2D sections can be achieved. Considering the impact pressure acting in the
normal direction of the wedge, the displacement mode of the 2D section in the normal direction is
defined as ψk

i (ξ), where i represents the i-th order mode and k represents the k-th 2D section of the 3D
wedge. Combing the displacement mode of the 2D section with the pressure distribution based on the
semi-analytical model, the generalized excitation force of the 2D section can be expressed as:

fexc,i(sk(t)) =

sk(t)∫
0

Pr(ξ, t) · ψk
i (ξ)dξ before the flow separation (11a)
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fexc,i(sk(t)) =
L∫

0

Pr(ξ, t) · ψk
i (ξ)dξ after the flow separation (11b)

where fexc,i(sk(t)) is the generalized excitation force of the k-th section; sk(t) is the wetted length of the
k-th section at the t moment in the local coordinate system.

4.2. General Hydrodynamic Coefficients

Incompressible flow and the potential flow theory are adopted in the present study. According
to Faltinsen [27] and the simplified method in Stenius [26], the velocity potential before the flow
separation caused by the elastic vibration of the wedge is:

ϕ(ξ, t) =
.

w(s(t)) ·
√

s2(t)− ξ2 (12)

where
.

w is the mean deflection velocity in the normal direction of the wedge surface.
Based on the linear Bernoulli equation, the impact pressure over the wetted surface representing

the effect of the added mass can be achieved:

Pe(ξ, t) = −ρ
∂ϕ
∂t

P(ξ, t) = −ρ
..
w(s(t)) ·

√
s2(t)− ξ2 − ρ

.
w(s(t)) · s(t)√

s2(t)−ξ2
· ds

dt
(13)

For the k-th 2D section of the 3D wedge sk(t), the generalized hydrodynamic force fela,i(sk(t))
representing the effect of the added mass can be written as:

fela,i(sk(t)) =

sk(t)∫
0

Pe(ξ, t) · ψk
i (ξ)dξ (14)

Substituting Equation (13) into Equation (14), then

fela,i(sk(t)) =

sk(t)∫
0

[−ρ
..
w ·
√
(sk(t))2 − ξ2 − ρ

.
w · sk(t)√

(sk(t))2 − (τξ)2
· .

sk
(t)] · ψk

i (ξ)dξ (15)

In Equation (15), it can be seen that fela,i(sk(t)) is related to the mean deflection velocity
.

w
and acceleration

..
w in the normal direction of the wedge surface. By defining pj(t) as the j-th order

principal coordinate of the 3D elastic wedge, the mean displacement, velocity and acceleration can be
obtained as:

w(sk(t)) =
m

∑
j=1

ψj(s
k(t)) · pj(t) (16a)

.
w(sk(t)) =

m

∑
j=1

ψj(s
k(t)) · .

pj(t) (16b)

..
w(sk(t)) =

m

∑
j=1

ψj(s
k(t)) · ..

pj(t) (16c)

where m is the number of modes used in the calculation;
.
pj(t) is the first order derivative of pj(t);

..
pj(t) is the second order derivative of pj(t); ψj(s

k(t)) is the mean deflection of the wetted area.

ψj(s
k(t)) =

∫ sk(t)

0

ψj(ξ)

sk(t)
dξ (17)
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By substituting Equations (16b) and (16c) into Equation (15), fela,i(sk(t)) can be expressed
as follows:

fela,i(sk(t)) = −
m

∑
j=1

Ak
ij(s

k(t)) · ..
pj(t)−

m

∑
j=1

Bk
ij(s

k(t)) · .
pj(t) (18a)

Ak
ij(s

k(t)) =

sk(t)∫
0

ρψj(s
k(t)) ·

√
(sk(t))2 − ξ2 · ψk

i (ξ)dξ (18b)

Bk
ij(s

k(t)) =

sk(t)∫
0

[ρψj(s
k(t)) · sk(t)√

(sk(t))2−(τξ)2
· .

sk
(t)

−ρV cos βψj(s
k(t)) · ( (sk(t))

2

(sk(t))2−(τξ)2 − tan2 β)] · ψk
i (ξ)dξ

(18c)

where i, j are order numbers of modes;Ak
ij(s

k(t)), Bk
ij(s

k(t)) are the generalized hydrodynamic
coefficients of the k-th section.

For the stage after the flow separation, the above derivation is assumed to be valid and this
assumption will be verified in Section 6.3. Considering that the upper limit of the integration should
not beyond the actual wedge surface, generalized hydrodynamic coefficients after the flow separation
should be expressed as

Ak
ij(s

k(t)) =
L∫

0

ρψj(s
k(t)) ·

√
(sk(t))2 − ξ2 · ψk

i (ξ)dξ (19a)

Bk
ij(s

k(t)) =
L∫

0

[ρψj(s
k(t)) · sk(t)√

(sk(t))2−(τξ)2
· .

sk
(t)

−ρV cos βψj(s
k(t)) · ( (sk(t))

2

(sk(t))2−(τξ)2 − tan2 β)] · ψk
i (ξ)dξ

(19b)

The generalized hydrodynamic force representing the effect of the added mass has been expressed
with generalized hydrodynamic coefficients and principal coordinates.

5. Dynamic Equation of the 3D Wedge

By combining the generalized excitation force and general hydrodynamic coefficients illustrated
above, the total generalized impact forces of a 2D section fi(sk(t)) is obtained as:

fi(sk(t)) = fexc,i(sk(t)) + fela,i(sk(t)) (20)

Integrating the generalized force of different 2D sections by using the trapezoidal method, the
generalized force of the 3D wedge can be expressed in the following equation:

Fi(t) =
n−1

∑
k=1

0.5× [ fi(sk(t))+ fi(sk+1(t))] · dk (21)

where Fi(t) is the i-th order general force of the 3D wedge; n is the number of 2D sections; sk(t) and
sk+1(t) are two adjacent sections; dk is the distance between sk(t) and sk+1(t).

By defining Aij(t), Bij(t) and Fexc,i(t):

Aij(t) =
n−1

∑
k=1

0.5× [Ak
ij(s

k(t))+Ak
ij(s

k+1(t))] · dk (22a)

Bij(t) =
n−1

∑
k=1

0.5× [Bk
ij(s

k(t))+Bk
ij(s

k+1(t))] · dk (22b)
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Fexc,i(t) =
n−1

∑
k=1

0.5× [ fexc,i(sk(t))+ fexc,i(sk+1(t))] · dk (22c)

the generalized force of the 3D wedge can be expressed as:

Fi(t) = −
m

∑
j=1

Aij(t) ·
..
pj(t)−

m

∑
j=1

Bij(t) ·
.
pj(t) + Fexc,i(t) (23)

By substituting Equation (23) into Equation (10), the dynamic equation of the 3D wedge is
written as:

{[a] + [A]}
{ ..

p
}
+ {[b] + [B]}

{ .
p
}
+ [c]{p} = {Fexc} (24)

Here {q} =
{ .

p
}

is introduced to transform the second order differential equations into the first
order differential equations. [ { .

p
}{ .

q
} ] =

[
{q}

[Fexc ]−{[b]+[B]}{q}−[c]{p}
[a]+[A]

]
(25)

During the water entry of the wedge, Equations (4a) or (4b) also needs to be solved. Thus, it is
necessary to solve (2m + 1) first-order differential equations. Equations (4a) or (4b) and (25) are solved
using a Runge-Kutta 4th-order scheme. The matrices [Fexc], [A], [B], ψj(s

k(t)) are updated in each step.

The initial conditions are {q} = {p} = {0}, sk(t) = 0.

6. Results and Discussions

In this section, the constant-velocity impact of a 3D wedge is investigated by using the present
dynamic model. The wedge model is derived based on the V-shaped bottom of a high speed ship.
Firstly, geometric parameters and the finite element model of the wedge are described. Secondly,
the present model is validated by comparing the present predictions with results of published
literatures and the commercial software. Lastly, the effects of the added mass and the structural
damping on the dynamic response of the 3D wedge are investigated.

6.1. Description of the Wedge

The cross section of the 3D wedge is shown in Figure 2. The wedge is symmetry and contains
two same stiffened plates. As shown in Figure 3, 7 longitudinal bulb stiffeners and 2 T-shape transverse
frames are arranged at equal intervals in the stiffened plate. The bulb stiffener is converted into
an equivalent L-shape stiffener in the finite element analysis. For the L-shape stiffener and the T-shape
transverse frame, “tw” is the thickness of the web plate, “hw” is the height of the web plate, “tf” is the
thickness of the face plate, “bf” is the breadth of the face plate. Structural parameters of the stiffened
plate are listed in Table 1. The locations for the analysis of structural stress responses are presented in
Figure 3. S1–S3 and S7–S9 are located at the face plate of the longitudinal stiffeners. S4–S6 are located
at the face plate of the transverse frames.
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During the water entry of the wedge, Equations (4a) or (4b) also needs to be solved. Thus, it is 
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Table 1. Structural parameters of the stiffened plate.

Particulars Value Unit

Density 7850 kg/m3

Modulus of elasticity 2.07 × 1011 pa
Poisson ratio 0.3 -

Thickness of the plate 12 mm
Distance between longitudinal stiffeners 675 mm

Dimensions of longitudinal stiffeners

tw 9 mm
hw 200 mm
tf 19.7 mm
bf 39.8 mm

Distance between transverse frames 2400 mm

Dimensions of transverse frames

tw 10 mm
hw 400 mm
tf 16 mm
bf 200 mm

The geometric model is meshed by referring to the finite element model in the work of
Luo et al. [28]. The spacing of longitudinal stiffeners is divided into 10 parts. The spacing of transverse
frames is divided into 20 parts. The web plate of the longitudinal stiffener contains 4 elements in
its height. The face plate of the longitudinal stiffener contains 1 element in its width. The web plate
of the transverse frame contains 8 elements in its height. The face plate of the transverse frame
contains 4 elements in its width. The local coordinate system o′ − ξηζ which is fixed to the stiffened
plate is shown in Figure 3. o′ζ can be determined using the right-hand rule. As the stiffened plate is
symmetrical about the plane o′− ξζ, only half of the stiffened plate needs to be analyzed. The symmetry
boundary θξ = Uη = θς = 0 is applied to nodes in the symmetry plane o′ − ξζ and the supported
boundary Uξ = Uη = Uς = 0 is applied to nodes in the other three sides, as shown in Figure 4. As there
are 30 elements in the direction of the o′ − η axis, the number of 2D sections in the Equation (21) is set
as n = 31.
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6.2. Validation of the Present Method

As there are limited studies on the water entry of 3D wedges, verification data for the impact
of a 3D elastic wedge with a constant velocity has not yet been found. Hence, the present method
is first validated by comparing the present numerical predictions with the results of 2D rigid and
elastic wedges reported by published literature. Then, the applicability of the present method to 3D
wedges is validated by comparing the present numerical predictions with results obtained from the
commercial software.

6.2.1. Comparison with Published Literature

Figure 5 shows the comparison of the pressure distribution with different deadrise angles before
the flow separation. The similarity solution was reported by Zhao and Faltinsen [4]. It can be seen that
the results of the present method generally agree well with those of the similarity solution, even though
some deviations appear in the result with the 20◦ deadrise angle. Figure 6 shows the comparison of
the impact forces in the stages before and after the flow separation, where FZ is the vertical impact
force of the half wedge. The methods adopted by Maki et al. [21] and Yu et al. [7] were the FVM in
OpenFOAM (version 1.5) and the ALE in LS-DYNA, respectively. It can be seen that results of the
present method agree well with those of the published data.
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The present method is applied to the water entry of 2D elastic wedges with the consideration of
the added mass. Figure 7 shows the comparison of the time-history deflection result at the center of
the length L between the present numerical predictions and the published results reported by Piro
and Maki [22]. The fluid domain in Piro and Maki [22] was solved by using the CFD open source code
OpenFOAM. It can be seen that results of two methods not only agree well before the flow separation,
but also after. The agreement of the vibration response after the flow separation also proves that the
previous assumption in the calculation of the generalized hydrodynamic coefficients after the flow
separation is physically sound.
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6.2.2. Comparison with the Commercial Software

The present method can selectively consider the effect of the added mass and the structural
damping. When [A] = [B] = [b] = 0, the generalized hydrodynamic coefficients and the generalized
structural damping matrix are ignored in the dynamic equation. Regardless of whether the generalized
hydrodynamic coefficients and the generalized structural damping matrix are considered or not,
the numerical scheme of the present model is the same. With reference to the work of Luo et al. [28],
the commercial finite element software can calculate structural responses under the condition without
considering the added mass and the structural damping. In order to validate the numerical scheme
of the present model, results of the present model and the commercial software LS-DYNA are
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compared. Results of the commercial software refer to the impact pressure that is computed by
using the semi-analytical model of rigid wedges mentioned above; the dynamic response is solved
using LS-DYNA.

Through the modal analysis in Appendix B and the modal convergence study in Appendix C,
it is considered that the first 50 modes are sufficient to calculate the structural response of the present
stiffened plate. Figure 8 shows the comparison between results of the present model and the commercial
software LS-DYNA. The impact velocity of the wedge is assumed to be a constant velocity 6 m/s
in the present study, which is the impact velocity that the designer expects the stiffened plate to
withstand according to the rule for the design of ship structures [30]. It can be seen that the results
of the two methods are in good agreement, which not only includes the impact stage before the flow
separation, but also the vibration stage after the flow separation. Some slight discrepancies between
the two methods may be caused by different algorithms for solving structural dynamics equations.
The present model in this paper is solved using the normal mode method, while the software LS-DYNA
is based on the explicit finite element method. In general, the numerical scheme of the present model
is suitable for the prediction of the impact response of the 3D elastic wedge.
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(b) S3; (c) S5; (d) S7. S1–S7 represent the locations on the stiffened plate for the analysis of structural
stress responses.

6.3. Effect of the Added Mass

In order to discuss the effect of the added mass, a comparative analysis on the dynamic response
of the 3D elastic wedge has been carried out. The impact velocity is constantly set as 6 m/s and the
structural damping is not considered. Through Equation (4a), the starting time of the flow separation
with the impact velocity 6 m/s is about 0.19 s. Figure 9 shows that the overall trends of stress responses
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before the flow separation are the similar. The peak value of the method with the added mass is
higher than that without the added mass. The vibration response of the two methods shows significant
discrepancies after the flow separation. The vibration frequency of the method with the added mass
is lower than that without the added mass. For the position S7, the stress response after the flow
separation is even higher than that before the flow separation, due to the effect of the added mass.
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Figure 10 shows the fast Fourier transform (FFT) results of the stress responses without the added
mass. The FFT is not conducted on the stress responses with the added mass, which is due to that the
oscillating cycles included in the stress responses with the added mass are scarce. It can be seen that
the FFT results of the stress responses without the added mass have a peak value near the first dry
modal frequency, which indicates that the first order mode plays an important role in the vibration
response after the flow separation.

Table 2 shows the comparison of peak values of absolute stresses. For the position S7, the peak
stress of the method with the added mass is about 45.76% higher than that without the added
mass, due to that the peak stress of the method with the added mass appears in the stage after the
flow separation.

6.4. Effect of the Structural Damping

Figure 11 shows the comparative analysis on the effect of the structural damping. The impact
velocity is constantly set as 6 m/s and five different structural damping factors (i.e., Vr = 0, 0.005, 0.02,
0.1 and 0.5) are considered. It can be seen that the structural damping has negligible effect on the stress
before the flow separation, and it reduces vibration stress after the flow separation. Referring to the
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work of Wu and Moan [31], the structural damping factor of the ship steel is around 0.01, which may
be as low as 0.005 and as high as 0.02. It can be seen that the effect of the structural damping is not
obvious in this range, and only a small amount of high frequency oscillation stress is suppressed
after flow separation. Therefore, it is reasonable for the steel structure to neglect the effect of the
structural damping.
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(b) vibration response of S1 after the flow separation; (c) entire simulation of S3; (d) vibration response
of S3 after the flow separation; (e) entire simulation of S5; (f) vibration response of S5 after the flow
separation (g) entire simulation of S7; (h) vibration response of S7 after the flow separation.

7. Conclusions

A dynamic model for calculating the response of a 3D wedge during the constant-velocity water
entry has been presented. The structural dynamic equation is established by using the normal mode
method. The impact load after the flow separation is obtained by applying a semi-analytical impact
model. The added mass is expressed as generalized hydrodynamic coefficients, based on the potential
theory. Effects of the added mass and the structural damping on the dynamic response of the wedge
have been investigated.

Detailed validations of the present method have been conducted. The hydrodynamic impact
load has been verified by making comparisons with the results of 2D rigid wedges in the published
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literatures. The effect of the added mass, including the stages before and after the flow separation,
has been verified by comparing with the structural response of the 2D elastic wedge reported in
the published literature. The applicability of the present method to 3D wedges has been verified by
comparing with the results computed using the commercial software LS-DYNA.

Before flow separation, the added mass does not change the overall trend of the stress response.
However, it can slightly increase the stress response. After the flow separation, the added mass can
reduce the vibration frequency. For some positions, the stress response after the flow separation is
even higher than that before the flow separation, due to the effect of the added mass.

The structural damping has a negligible effect on the stress before the flow separation within
the structural damping factor range of the ship steel, while it can reduce the vibration stress after the
flow separation.

Author Contributions: All three authors contributed equally to form the objectives of this paper and perform
discussion of the numerical simulations and results. P.Y. performed the simulations, analyzed the data and wrote
the paper under the supervision of M.C.O. and H.L. M.C.O. and H.L. commented and revised the paper.

Acknowledgments: The project was supported by the National Natural Science Foundation of China (51709030).

Conflicts of Interest: The authors declare no conflict of interest.

Appendix A. The Semi-Analytical Model Based on the Modified Logvinovich Model

The derivation of the semi-analytical model reported by Yu et al. [7] is shown in the following
description. This model is based on the Modified Logvinovich model. The definition sketch of the
impact model is illustrated in Figure 1. Note that, the meanings of symbols in this section are the same
as that in Section 2.

For the Modified Logvinovich model [32], when the wedge section enters the fluid at a constant
velocity, the distribution of pressure in the contact region is given as follows.

Pr(x, t) =
1
2

ρV2[
2

.
c(t)
V

c(t)√
c2(t)− x2

− cos2 β
c2(t)

c2(t)− x2 − sin2 β] (A1)

c(t) is determined with the help of the Wagner condition, which can be written as:

π/2∫
0

f [c(t) sin θ]dθ =
π

2
Vt (A2)

where f (x) is the function to describe the section shape. π/2 on the right side of the equation is the
fluid surface rise coefficient and it is denoted as cv in the following expressions. By comparing with
results of the CFD method, cv was suggested to be 1.54 in Yu et al. [7].

In the case of the wedge, the Equation (A2) can be expressed in the form:

c(t) =
cvVt
tan β

(A3)

Influenced by − cos2 β c2

c2−x2 in Equation (A1), the pressure of the contact region edge tends to be
negative infinity. By assuming P[a(t), t] = 0, the impact pressure P(x, t) in the region−a(t) < x < a(t)
is positive. In order to solve the equation P[a(t), t] = 0, it is convenient to define the ratio τ = a(t)/c(t)
and τ =

√
1− X2. Then, we obtain

X =
sin(2β)

2cv[1 +
√

1− cv−2 sin4 β]
(A4)

It can be found that the value of τ decreases with the increase of the deadrise angle β, which means
that the region of negation pressure increases. During the water entry of the rigid wedge section with
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a constant velocity, the pressure of the contact region should always be positive [4]. The pressure
distribution of the region −a(t) < x < a(t) is mapped to the region −c(t) < x < c(t) by the ratio τ in
order to correct the unreasonable negative pressure. Thus, the pressure distribution pressure in the
contact region is given as:

Pr(x, t) =
1
2

ρV2[
2

.
c

V
c√

c2 − (τx)2
− cos2 β

c2

c2 − (τx)2 − sin2 β] (A5)

It can be seen that the pressure is equal to zero when x is equal to c, and the unreasonable negative
pressure is avoided.

As shown in Figure 1b, a fictitious section is introduced to deal with the flow separation. On the
assumption that the fluid rises along the fictitious section after flow separation, the section shape
function considering the fictitious section is given as:

f (x) =

{
x tan β 0 ≤ x ≤ L cos β

b tan β + (x− b) tan α x > L cos β
(A6)

where α is the location angle of the fictitious section and it was suggested to be 40◦ for wedges with
10◦ and 20◦ deadrise angles in Yu et al. [7].

By getting the time derivative of both sides of Equation (A2), we obtain

π/2∫
0

fx[c(t) sin θ] · .
c(t) · sin θdθ = cvV (A7)

where fx(x) is given as:

fx(x) =

{
tan β 0 ≤ x ≤ L cos β

tan α x > L cos β
(A8)

By introducing a parameter θs that satisfies the equation c(t) · sin θs = L cos β, Equation (A7) can
be transformed into the following expression:

.
c(t)

tan β

θs∫
0

sin θdθ + tan α

π/2∫
θs

sin θdθ

 = cvV (A9)

.
c(t) =

cvV
tan β(1− cos θs) + tan α cos θs

(A10)

In general, the expression of pressure distribution before and after flow separation is the same,
and the difference is the calculation of

.
c(t). Hence, the pressure distribution of the semi-analytical

model can be expressed in the following equations.

Pr(x, t) =
1
2

ρV2[
2

.
c

V
c√

c2 − (τx)2
− cos2 β

c2

c2 − (τx)2 − sin2 β] (A11)

dc
dt

=
cvV

tan β
before the flow separation (A12)

dc
dt

=
cvV

tan β(1− cos θs) + tan α cos θs
after the flow separation (A13)

By comparing with the pressure distribution of the similarity solution, a pressure truncation is
applied to the semi-analytical model reported by Yu et al. [7].
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Pr(x, t) = min(Pr(x, t),
1
2

CPmaxρV2) (A14)

where CPmax is the peak coefficient for the impact pressure.

CPmax = (1.4763× 10−4β2 − 1.1551× 10−2β + 2.5243)/ tan2 β (A15)

where the unit of β is degree.

Appendix B. Modal Analysis

Modal analysis of the stiffened plate is performed using the commercial software Nastran.
The eigenvalues are calculated using the Lanczos method and the mass normalization method is
adopted. Table A1 lists the natural frequency, general mass and general stiffness of the first 5 modes.
Figure A1 shows the first 5 displacement modes of the stiffened panel. In fact, much more modes are
adopted in the modal convergence study and their modal results are not all presented in this paper.
The modal effective mass ratio of different first modes is shown in Figure A2. The modal mass ratio
gradually increases with the increase of the number of modes.

Table A1. Natural frequency, general mass and general stiffness.

Order Natural Frequency (Hz) General Mass (kg ·m2) General Stiffness (N ·m × 105)

1 52.89 1.00 1.10
2 61.18 1.00 1.48
3 63.89 1.00 1.61
4 65.69 1.00 1.70
5 66.32 1.00 1.74
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Appendix C. Modal Convergence Study

Figure A3 shows the comparison of the impact dynamic response with different number of modes.
The impact velocity is constantly set as 6 m/s. It can be seen that the stress responses of each position
tends to converge with the increase of the number of modes. The stress responses of the first 50, 60 and
70 modes are close to each other. The normal mode method is essentially an approximate method due
to the truncation of the number of modes. More modes will provide more accurate results; however,
it will consume more time. Even if there are still some slight discrepancies, it is considered that the first
50 modes are sufficient to calculate the structural response of the elastic wedge during the water entry.
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