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Abstract: Framed slotted aloha (FSA) is a multiple access protocol widely used in wireless
communication for its simplicity and effectivity. The theoretical maximum channel utilization
of FSA is approximately equal to 0.37 irrespective of the capture effect. In fact, the capture effect
is a common phenomenon in wireless communication, which can increase the channel utilization.
In this paper, we derive the closed-form expressions of capture probabilities under Rayleigh, Rician
and Nakagami-m fading channels, respectively, and further give the optimal frame length which
maximizes the channel utilization in the FSA-based networks. The numerical results are given for
indicating the capture probabilities under different fading channels and their impacts on the optimal
frame length and the maximum channel utilization.
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1. Introduction

Aloha type protocols, including slotted aloha and unslotted aloha, play an important role in the
multiple access communication [1–5]. Framed slotted aloha (FSA), an improvement to the slotted
aloha protocol, has been widely used in the satellite networks [6,7], radio frequency identification
networks [8–11], wireless sensor networks [12,13], vehicular ad hoc networks [14–16], wireless cellular
networks [17,18], optical networks[19,20] and so on. The reason is that FSA protocol is easy to realize
in real communication systems and improves the transmission efficiency. In the FSA-based networks,
the link-time is comprised of frames and each frame is further divided into slots. The number of
slots within a frame can be fixed or even vary dynamically frame by frame on the basis of network
condition. All the users in the network are frame- and slot-synchronized, and each user randomly
chooses a slot of one frame for transmitting its packet. When a slot is chosen concurrently by two or
more users, we usually consider it a collided slot. For this model of collision channel, the maximum
channel utilization is approximately equal to 1

e ≈ 0.37 [21]. As a matter of fact, the kind of collided
slot is likely to be a successful slot when the power level of one user is greater enough than that of
the others’. The phenomenon is called capture effect, which often occurs in reality and improves the
channel utilization of FSA-based networks.

In recent years, much attention has been paid to the capture effect in the FSA-based networks.
Actually, though some literatures have indicated that the capture effect cannot be ignored, they usually
assume that the probability of capture effect is a constant for simplicity or a variable without regard
to the real channel condition [9–11,22,23]. Obviously, they do not clearly illustrate the relationships
between the capture probabilities of different fading channels and the maximum channel utilization in
the FSA-based networks, such as Rayleigh, Rician, and Nakagami-m fading channel. Motivated by it,
we analyze the capture effect in the FSA-based networks under different fading channels mentioned
above. Since the setting of optimal frame length is the key to achieve the maximum channel utilization
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in the FSA-based networks, we give the optimal frame length with taking the capture effect into
account. By means of setting the optimal frame length, the actual channel utilization is maximized.

The rest of this paper is organized as follows. In Section 2, the closed-form expressions of capture
probability under Rayleigh, Rician and Nakagami-m fading channels are derived, respectively. Section
3 indicates the relationship between the optimal frame length and the maximum channel utilization.
The numerical results are given in Section 4. Finally, Section 5 concludes the paper.

2. Capture Probabilities Under Different Fading Channels

The capture effect is a common phenomenon in wireless networks. There are two models for
analyzing the capture effect [24–26]. In the first model, the capture effect occurs when the received
signal power which comes from one transmitter is greater than each of the other interferer’s power
by a minimum threshold factor z, which is called the capture ratio. In the second model, one signal
is captured by the receiver when its power level exceeds the sum of the power of all the other
interfering signals by capture ratio z. Since the second model resembles more accurately the way a real
receiver operates [27], we will adopt it to evaluate the capture probabilities under Rayleigh, Rician and
Nakagami-m fading channels, respectively.

For the sake of analysis, we disregard the effect of propagation path loss and assume that all
signals transmitted have same average power value γ̄ [25,28]. We consider n (an integer greater than
one) packets transmitted simultaneously, which means that they choose the same slot for transmission.
Among them, one is a test packet t and the other n− 1 packets are interfering packets. The condition

for capture is
γt

∑n−1
k=1 γk

> z, and the capture probability is given by [25,28]

pcap = n
∫ ∞

0
fγt(γt) · Pr

[
γt

∑n−1
k=1 γk

> z

]
dγt

= n
∫ ∞

0
fγt(γt)

[∫ γt
z

0
gγn−1(γn−1)dγn−1

]
dγt,

(1)

where fγt(γt) is the probability density function (PDF) of received power, and gγn−1(γn−1) is the
compound PDF that result from the convolution of n− 1 PDFs of received power.

Next, we will derive the expressions of capture probability under Rayleigh, Rician and
Nakagami-m fading channels, respectively.

2.1. Rayleigh Fading Channel

The Rayleigh fading channel is frequently used to model multi-path fading with no direct
line-of-sight (LOS) path. The instantaneous received power in Rayleigh channel is given by [29]

fγ(γ) =
1
γ̄

e−
γ
γ̄ , γ ≥ 0. (2)

According to the theorem of Laplace transform, we can obtain

fγ(γ)↔ Fγ(s) =
1
γ̄

1
s + 1

γ̄

. (3)

To do the convolution of n− 1 independent and identically distributed (i.i.d.) signals, we apply
the property of Laplace transform. Then, we have

fγ(γ)
⊗

n−1 ↔ Gγn−1(s) =
1

γ̄n−1
1

(s + 1
γ̄ )

n−1
. (4)
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By applying the inverse Laplace transformation, we can obtain

Gγn−1(s)↔ gγn−1(γn−1) =
γn−2

n−1

γ̄n−1(n− 2)!
e−

γn−1
γ̄ . (5)

After substituting (2) and (5) into (1), the capture probability in Rayleigh fading channel can be
written as

pRay
cap = n

∫ ∞

0

1
γ̄

e−
γt
γ̄

[∫ γt
z

0

γn−2
n−1

γ̄n−1(n− 2)!
e−

γn−1
γ̄ dγn−1

]
dγt

=
n

γ̄n(n− 2)!

∫ ∞

0
e−

γt
γ̄

[∫ γt
z

0
γn−2

n−1e−
γn−1

γ̄ dγn−1

]
dγt.

(6)

According to [30] (p. 900), i.e.,

γ(k, x) = (k− 1)!

[
1− e−x

k−1

∑
j=0

xj

j!

]
, k = 1, 2, . . . (7)

where γ(·, ·) is the lower incomplete gamma function defined as γ(α, x) =
∫ ∞

0 yα−1e−ydy, we have

∫ γt
z

0
γn−2

n−1e−
γn−1

γ̄ dγn−1 = γ̄n−1
∫ γt

zγ̄

0

(
γn−1

γ̄

)n−2
e−

γn−1
γ̄ d

(
γn−1

γ̄

)
= γ̄n−1γ

(
n− 1,

γt

zγ̄

)

= γ̄n−1(n− 2)!

1− e−
γt
zγ̄

n−2

∑
k=0

(
γt
zγ̄

)k

k!

 .

(8)

After substituting (8) into (6), we can obtain

pRay
cap = n

 1
γ̄

∫ ∞

0
e−

γt
γ̄ dγt −

1
γ̄

∫ ∞

0
e−

γt
γ̄

z+1
z

n−2

∑
k=0

(
γt
zγ̄

)k

k!
dγt


= n

1− 1
γ̄

∫ ∞

0
e−(z+1) γt

zγ̄

n−2

∑
k=0

(
γt
zγ̄

)k

k!
dγt

 .

(9)

Let γt
zγ̄ = u and then

1
γ̄

∫ ∞

0
e−(z+1) γt

zγ̄

n−2

∑
k=0

(
γt
zγ̄

)k

k!
dγt = z

[∫ ∞

0
e−(z+1)udu +

∫ ∞

0
e−(z+1)uudu + · · ·

+
∫ ∞

0
e−(z+1)u un−2

(n− 2)!
du
]

= z
[

1
z + 1

+
1

(z + 1)2 + · · ·+ 1
(z + 1)n−1

]
= z

n−2

∑
k=0

1
(z + 1)k+1 .

(10)
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Then, substituting (10) into (9), the capture probability can be written as

pRay
cap = n

(
1− z

n−2

∑
k=0

1
(z + 1)k+1

)
. (11)

2.2. Rician Fading Channel

The instantaneous received power in Rician fading channel is given by [31]

fγ(γ) =
1 + K

γ̄
e−K− γ(1+K)

γ̄ I0

(
2

√
K(1 + K)γ

γ̄

)
, γ ≥ 0, (12)

where the factor K corresponds to the ratio of the power of LOS component to the average power of
scattered components and I0(·) is the modified Bessel function of the first kind, whose general form is
given by

Iα(x) =
∞

∑
k=0

1
k!Γ(k + α + 1)

( x
2

)2k+α
, (13)

where Γ(·) is the gamma function defined as Γ(α) =
∫ ∞

0 xα−1e−xdx. According to [32] (p. 1026), i.e.,

(
x
β

) µ−1
2

Iµ−1

(
2
√

βx
)
↔ 1

sµ e
β
s . (14)

Let µ = 0, β =
K(1 + K)

γ̄
in (14) and apply the shifting property, we can obtain

fγ(γ)↔ Fγ(s) =
1 + K

γ̄
e−K 1

s + 1+K
γ̄

exp

 K(1+K)
γ̄

s + 1+K
γ̄

 . (15)

According to the convolution property of Laplace transform, the following expression can be
easily obtained

fγ(γ)
⊗n−1 ↔ Gγn−1(s) =

(
1 + K

γ̄

)n−1
e−(n−1)K

[
1

s + 1+K
γ̄

]n−1

exp

 (n−1)K(1+K)
γ̄

s + 1+K
γ̄

 . (16)

Taking advantage of the inverse Laplace transformation, (14) and [30] (p. 26), i.e., ex = ∑∞
k=0

xk

k! ,
we can obtain

Gγn−1(s)↔ gγn−1(γn−1) =

(
1 + K

γ̄

) n
2
[

γn−1

(n− 1)K

] n
2−1

e−(n−1)K− γn−1(1+K)
γ̄

·In−2

(
2

√
K(1 + K)(n− 1)γn−1

γ̄

)
.

(17)

Then, we substitute (12), (17) into (1) and utilize (13), (7) and [30] (p. 900), i.e.,

Γ(k, x) = (k− 1)!e−x
k−1

∑
j=0

xj

j!
, k = 1, 2, . . . (18)
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Let 1+K
γ̄ = a for simplifying the writing, the capture probability in Rician fading channel can be

written as

pRic
cap = n

∫ ∞

0
ae−K−aγt I0

(
2
√

aKγt

){∫ γt
z

0
a

n
2

[
γn−1

(n− 1)K

] n
2−1

·e−(n−1)K−aγn−1 In−2

(
2
√

a(n− 1)Kγn−1

)
dγn−1

}
dγt

= n
∫ ∞

0
ae−K−aγt

∞

∑
j=0

(aKγt)j

(j!)2

{
1− e−(n−1)K− aγt

z
∞

∑
i=0

[(n− 1)K]i

i!

n−2+i

∑
k=0

( aγt
z
)k

k!

}
dγt

= n

{∫ ∞

0
ae−K−aγt

∞

∑
j=0

(aKγt)j

(j!)2 dγt

−
∫ ∞

0
ae−nK− aγt(z+1)

z
∞

∑
j=0

(aKγt)j

(j!)2

∞

∑
i=0

[(n− 1)K]i

i!

n−2+i

∑
k=0

( aγt
z
)k

k!
dγt

}

(19)

Next, we calculate the two parts in the brace of (19), respectively. Let aγt = x, the first part can be
written as∫ ∞

0
ae−K−aγt

∞

∑
j=0

(aKγt)j

(j!)2 dγt = e−K
[∫ ∞

0
e−xdx + K

∫ ∞

0
xe−xdx +

K2

(2!)2

∫ ∞

0
x2e−xdx + · · ·

]

= e−K
[

Γ(1) + KΓ(2) +
K2

(2!)2 Γ(3) + · · ·
]

= e−K
∞

∑
j=0

K j

j!
= e−KeK = 1

(20)

Let aγt(z+1)
z = y, the second part in the brace can be written as

∫ ∞

0
ae−nK− aγt(z+1)

z
∞

∑
j=0

(aKγt)j

(j!)2

∞

∑
i=0

[(n− 1)K]i

i!

n−2+i

∑
k=0

( aγt
z
)k

k!
dγt

=
z

z + 1
e−nK

∞

∑
i=0

[(n− 1)K]i

i!

[∫ ∞

0
e−y

∞

∑
j=0

K jyj

(j!)2

(
z

z + 1

)j
dy + (z + 1)−1

·
∫ ∞

0
ye−y

∞

∑
j=0

K jyj

(j!)2

(
z

z + 1

)j
dy + · · ·+ (z + 1)−(n−2+i)

(n− 2 + i)!

∫ ∞

0
yn−2+ie−y

∞

∑
j=0

K jyj

(j!)2

(
z

z + 1

)j
dy

]

=
z

z + 1
e−nK

∞

∑
i=0

[(n− 1)K]i

i!

[
∞

∑
j=0

K j j!
(j!)2

(
z

z + 1

)j
+ (z + 1)−1

∞

∑
j=0

K j(j + 1)!
(j!)2

(
z

z + 1

)j
+ · · ·

+
(z + 1)−(n−2+i)

(n− 2 + i)!

∞

∑
j=0

K j(j + n− 2 + i)!
(j!)2

(
z

z + 1

)j
]

= e−nK
∞

∑
i=0

[(n− 1)K]i

i!

n−2+i

∑
k=0

(
1

z+1

)k

k!

∞

∑
j=0

K j(j + k)!
(j!)2

(
z

z + 1

)j+1

(21)

Substituting (20) and (21) into (19), we can obtain the capture probability

pRic
cap = n

1− e−nK
∞

∑
i=0

[(n− 1)K]i

i!

n−2+i

∑
k=0

(
1

z+1

)k

k!

∞

∑
j=0

K j(j + k)!
(j!)2

(
z

z + 1

)j+1

 (22)
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The similar expression also can be found in [25,28]. Although the Rayleigh PDF (Equation (2)) can
be obtained by Rician PDF (Equation (12)) with K = 0, we cannot let K = 0 in Equation (22). The reason
is K cannot be zero in Equation (17). That is to say, we derive the expression of capture probability in
Rician fading channel based on the assumption K > 0.

2.3. Nakagami-m Fading Channel

The instantaneous received power in Nakagami-m fading channel is given by [33]

fγ(γ) =
mmγm−1

γ̄mΓ(m)
e−

mγ
γ̄ , γ ≥ 0 (23)

where m is the shape parameter, which ranges from
1
2

to ∞. By adopting the Laplace transform method
again, we have

fγ(γ)↔ Fγ(s) =
mm

γ̄m
1(

s + m
γ̄

)m (24)

Then, by making use of the convolution property of Laplace transform again, we can easily obtain

fγ(γ)
⊗n−1 ↔ Gγn−1(s) =

mm(n−1)

γ̄m(n−1)
1(

s + m
γ̄

)m(n−1)
(25)

Then, we apply the inverse Laplace transformation again and have

Gγn−1(s)↔ gγn−1(γn−1) =
mm(n−1)

γ̄m(n−1)Γ(mn−m)
γ

m(n−1)−1
n−1 e−

mγn−1
γ̄ (26)

To simplify the writing, we let m
γ̄ = a, and then the capture probability in Nakagami-m fading

channel can be written as

pNak
cap = n

∫ ∞

0

amγm−1
t

Γ(m)
e−aγt

[∫ γt
z

0

am(n−1)

Γ(mn−m)
γ

m(n−1)−1
n−1 e−aγn−1 dγn−1

]
dγt

=
namn

Γ(m)Γ(mn−m)

∫ ∞

0
γm−1

t e−aγt

[∫ γt
z

0
γmn−m−1

n−1 e−aγn−1 dγn−1

]
dγt

(27)

According to [30] (p. 900), i.e.,

γ(α, x) =
∞

∑
k=0

(−1)kxα+k

k!(α + k)
(28)

we can obtain ∫ γt
z

0
γmn−m−1

n−1 e−aγn−1 dγn−1 =
1

amn−m γ
(

mn−m,
aγt

z

)
=

1
amn−m

∞

∑
k=0

(−1)k ( aγt
z
)mn−m+k

k!(mn−m + k)

(29)

Substituting (29) into (27), we can obtain
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pNak
cap =

nam

Γ(m)Γ(mn−m)

∫ ∞

0
γm−1

t e−aγt
∞

∑
k=0

(−1)k ( aγt
z
)mn−m+k

k!(mn−m + k)
dγt

=
nam

Γ(m)Γ(mn−m)

[∫ ∞

0
γm−1

t e−aγt

( aγt
z
)mn−m

mn−m
dγt −

∫ ∞

0
γm−1

t e−aγt

( aγt
z
)mn−m+1

mn−m + 1
dγt

+
∫ ∞

0
γm−1

t e−aγt

( aγt
z
)mn−m+2

mn−m + 2
dγt − · · ·+

∫ ∞

0
γm−1

t e−aγt
(−1)k ( aγt

z
)mn−m+k

k!(mn−m + k)
dγt − · · ·

]

=
nam

Γ(m)Γ(mn−m)

[
Γ(mn)

(mn−m)amzmn−m −
Γ(mn + 1)

(mn−m + 1)amzmn−m+1

+
Γ(mn + 2)

2!(mn−m + 2)amzmn−m+2 − · · ·+
(−1)kΓ(mn + k)

k!(mn−m + k)amzmn−m+k − · · ·
]

=
n

Γ(m)Γ(mn−m)

∞

∑
k=0

(−1)kΓ(mn + k)
k!(mn−m + k)zmn−m+k

(30)

In fact, we can get the expression of capture probability in Rayleigh fading channel by Equation (30)
with m = 1. However, this equation, introducing infinite series, is not as simple as Equation (11).

3. Optimal Frame Length and Maximum Channel Utilization

In the FSA-based networks, we assume that the current frame length is L, which is divided into
slots with equal duration. Also, we consider that N users want to transmit packets and each randomly
choosing one slot for transmission in the current frame. For a given slot, there are three probable
outcomes: no packet transmitted (an idle slot), only one packet transmitted (a successful slot) and
at least two packets transmitted (a collided slot). The procedure that N packets select slots in frame
length L can be seen as N-fold Bernoulli trials with probability 1

L . Therefore, the probability of r packets
transmitted in the same slot is given by

p(r) =

(
N
r

)(
1
L

)r (
1− 1

L

)N−r
(31)

where

(
N
r

)
=

N!
r!(N − r)!

. Then, the probabilities that a slot is an idle slot (r = 0), a successful slot

(r = 1) or a collided slot (r ≥ 2) are pidl , psuc and pcol , respectively, which can be given by

pidl =

(
1− 1

L

)N
(32)

psuc =
N
L

(
1− 1

L

)N−1
(33)

pcol = 1−
(

1− 1
L

)N
− N

L

(
1− 1

L

)N−1
(34)

Therefore, when the capture effect occurs (A collided slot possibly becomes a successful slot),
the expected number of idle, successful and collided slots are respectively given by
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cidl = pidl L (35)

csuc = psucL + L
imax

∑
i=2

pcap(n = i)p(r = i) (36)

ccol = L
imax

∑
i=2

[
1− pcap(n = i)

]
p(r = i) (37)

where pcap(·) is the capture probability, which can be obtained from (1) on the basis of different values
of n. In addition, imax is the maximum number of packets colliding in the same slot. Then, the channel
utilization can be defined by

η =
csuc

L
=

N
L

(
1− 1

L

)N−1
+

imax

∑
i=2

N!
i!(N − i)!

(
1
L

)i (
1− 1

L

)N−i
pcap(n = i) (38)

Here, we take a linear model into account, i.e., L = λN with 0 < λ ≤ 1. Then we can obtain

lim
N→+∞

N − 1
N

= 1 (39)

lim
N→+∞

(
1− 1

λN

)N
= e−

1
λ (40)

Substituting (39) and (40) into (38), the channel utilization is given by

η ≈ 1
λ

e−
1
λ +

imax

∑
i=2

λ−i

i!
e−

1
λ pcap(n = i) (41)

Let (41) be the maximum, we can obtain

λ∗ = arg max
0<λ≤1

[
1
λ

e−
1
λ +

imax

∑
i=2

λ−i

i!
e−

1
λ pcap(n = i)

]
(42)

Then, the optimal frame length can be calculated by

Lopt = dλ∗Ne (43)

where d·e is a ceiling integer function. After substituting (43) into (38) or (41), the maximum channel
utilization can be obtained.

For an intuitive explanation, we give one special case to show the capture effect impacts on
the optimal frame length and the channel utilization. We assume the capture probability pcap keeps
unchanged in every collided slot of frame L like literature [11] (note the reality is not like this). Then,
the channel utilization can be rewritten as

η′ =
c′suc

L
=

psucL + pcap pcol L
L

=
N
L

(
1− 1

L

)N−1
+

[
1−

(
1− 1

L

)N
− N

L

(
1− 1

L

)N−1
]

pcap

(44)

In order to maximize the channel utilization, we take the first derivative of η′ with respect to L
and let the derivative equals to zero, i.e.,

dη′

dL
=

N(pcap + N − Npcap − L)(L− 1)N−2

Ln+1 = 0 (45)
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For L is an integer no less than one in reality, we can obtain the optimal frame length

L′opt = (1− pcap)N + pcap (46)

Substituting (46) into (44), the maximum channel utilization can be written as

η′max =

[
1− 1

(1− pcap)N + pcap
+ pcap

]
(1− pcap) + pcap (47)

According to (46), the optimal frame length is less than N for 0 < pcap < 1 if the capture effect
exists. As described in [21], the optimal frame length is equal to N if the capture effect does’t exist.
In other words, the capture effect reduces the demand of slots for transmitting the same number of
packets by making some of the collided slots to be successful slots and eventually shortens the optimal
frame length. Finally, the channel utilization is improved by setting the optimal frame length.

4. Numerical Results

In this section, we give numerical results to manifest that the capture effect affects the channel
utilization by MATLAB (version 8.3, The MathWorks, Natick, MA, USA) . In the experiments, we
consider a scenario that there are N active users transmitting packets to a base station and each
transmits once in the frame length L. For example, Figure 1 gives the case of N = 8, where each user
randomly chooses a slot in the frame. Slot 1, Slot 3, Slot 6 and Slot L are all successful slots. Slot 4 and
Slot L− 1 are collided slots, and maybe they can turn into successful slots when the capture effect
occurs. The others are all idle slots, which are not chosen by any users.

Base Station

L

...
User 1

User 2

User 4
User 7

User 3

User 5

User 6
User 8

User 3

User 1

User 2

User 4

User 6

User 8

User 7

User 5

Slot  1 2 3 4 5 6 L-1 L

Figure 1. Each user randomly chooses a slot in the frame of length L when the number of active users
(N) = 8 .

4.1. Capture Probabilities

For showing the capture probabilities under Rayleigh, Rician and Nakagami-m fading, we plot
the analysis results in Figure 2a, Figure 2b and Figure 2c according to (11), (22) and (30), respectively.
In addition, we also give the simulation results in Figure 2, which accord with the analysis results.
Besides, we give Table 1 for some special values of capture probabilities.

Figure 2a shows the capture probabilities with different values of capture ratio z when the values
of n (the number of packets transmitted in the same slot) are 2, 3 and 4 in Rayleigh fading channel.
As we can see from the figure and Table 1, the capture probability decreases when the capture ratio z
increases. Furthermore, if n increases, the capture probability decreases as well and decreases faster as
a function of n than z.
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According to (22), the capture probability in Rician fading channel depends on the factor K,
the capture ratio z and n. From Figure 2b and Table 1, the capture probability decreases when z or n
increases like that of Rayleigh fading. In addition, the capture probability decreases as the Rician factor
K increases. Because larger K means that the ratio of the power of LOS component to the average
power of scattered components is higher, which results in a lower possibility that the condition for
capture is satisfied.

Also, we plot the capture probabilities in Nakagami-m fading channel based on (30), which are
decided by the shape parameter m, the capture ratio z and n. As seen in Figure 2c and Table 1,
the capture probability decreases when z or n increases like that in Rayleigh and Rician fading.
Moreover, the capture probability also decreases as the shape parameter m increases. That is to say
larger m makes the condition for capture is more difficult to achieve.

2 4 6 8 10 12 14

Capture Ratio (z)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

C
a
p
tu

re
 P

ro
b
a
b
ili

ty
 (

p
R

a
y

c
a

p
)

Ana. n=2

Ana. n=3

Ana. n=4

Sim. n=2

Sim. n=3

Sim. n=4

(a)

2 4 6 8 10 12 14

Capture Ratio (z)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

C
a
p
tu

re
 P

ro
b
a
b
ili

ty
 (

p
R

ic

c
a

p
)

K=2

K=3

Ana. n=2

Ana. n=3

Ana. n=4

Sim. n=2

Sim. n=3

Sim. n=4

(b)

2 4 6 8 10 12 14

Capture Ratio (z)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

C
a
p
tu

re
 P

ro
b
a
b
ili

ty
 (

p
N

a
k

c
a

p
)

m=1

m=1.5

m=3

Ana. n=2

Ana. n=3

Ana. n=4

Sim. n=2

Sim. n=3

Sim. n=4

(c)

Figure 2. Capture (cap) probabilities when n = 2, 3, 4. (a) Rayleigh (Ray) fading; (b) Rician (Ric) fading
for K = 2, 3; (c) Nakagami-m (Nak) fading for m = 1, 1.5, 3. Ana., analysis; Sim., simulation.

Table 1. Capture probabilities under different fading channels for z = 2, 4, 10. (K = 3, m = 1.5).

Fading
z = 2 z = 4 z = 10

n = 2 n = 3 n = 4 n = 2 n = 3 n = 4 n = 2 n = 3 n = 4

Rayleigh 0.667 0.333 0.148 0.400 0.120 0.032 0.182 0.025 0.003
Rician 0.506 0.123 0.022 0.209 0.020 0.001 0.061 0.002 0.000

Nakagami-m 0.584 0.210 0.063 0.285 0.048 0.007 0.091 0.005 0.000
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4.2. Optimal Frame Length

In order to illustrate the probabilities that different number of packets collide in the same slot,
we plot Figure 3, where the analysis results based on (31) are in line with the simulation results.
In the figure, the collided probabilities of r = 2 are higher than that of r = 3 or 4 if the frame length L is
close to N. As described in [21], if the capture effect is ignored, the optimal frame length is equal to N.
So we analyze the collided probabilities when L = N. For instance, if L = N = 60, the probabilities of
r = 2, 3, 4 are 0.189, 0.060 and 0.013, respectively. In fact, from Figure 3, the collided probabilities of the
same value of r are almost the same if L = N. Thus, we can know that the majority of collided slots
result from two packets transmitted simultaneously when the frame length is optimal. In addition,
according to Figure 2 and Table 1, we can know that the capture probabilities of n = r = 2, 3, 4
decrease in sequence when the other parameters are the same. Particularly, when n = 4, the capture
probabilities of different fading channels are all less than 0.15 when the value of capture ratio z is not
less than 2, and these values gradually drop to zero as z increases. In addition, when n = 3 and z = 4,
the capture probabilities are very small too. Therefore, when z is greater than 2, the probability that
a collided slot caused by three or more packets becomes a successful slot due to the capture effect is
very small.
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Figure 3. Collided probabilities when the number of packets transmitted in the same slot (r)= 2, 3, 4 .

From the above, as long as the frame length is optimal and z is greater than two, that two packets
collide in the same slot is more likely to take place, where the capture effect is more likely to occur than
three or more packets collided. In this case, we can consider that the capture probability is the same in
every collided slot of the frame. That is, all collided slots are caused by two packets.To achieve the
maximum channel utilization, the optimal frame length can be set by (46). Let the Rician factor K = 3,
the Nakagami-m shape parameter m = 1.5, we can draw Figure 4a, which gives the optimal frame
lengths about different values of N based on (46) under Rayleigh, Rician and Nakagami-m fading
channels when z = 2, 4, 10, respectively. In addition, we also give the optimal frame length with no
capture effect (L = N). From Figure 4a, if the capture effect is taken into account, the optimal frame
length is less than that of no capture effect. As z increases, the optimal frame length becomes more
close to that of no capture effect. The reason is that larger z leads to smaller capture probability, which
can be seen in Figure 2 and Table 1. As a matter of fact, the capture probability can be close to zero if
the value of z is large enough. On this occasion, the optimal frame length is approximately equal to N.

However, if z is not large, such as z = 2, the capture probabilities of n = 3 are all greater
than 0.12 in Table 1, which cannot be ignored. Next, we take different capture probabilities of collided
slots caused by different number of packets into account. Let K = 3, m = 1.5 and z = 2, 4, 10, we plot
Figure 4b, where the optimal frame length can be obtained by (42) and (43). From Figure 4b, we can find
the optimal frame length is more close to N as z increases like that in Figure 4a, which is also caused
by the capture effect. That is to say, fewer slots are needed to transmit the same number of packets
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when the capture effect exists. Compare Figure 4a with Figure 4b, we find that the curves of the same
value z in the former are more far from the curve of no capture effect than that in the latter. Because
Figure 4a is based on (46), which factitiously magnifies the real capture probability for assuming all
collided slots are caused by two packets.
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Figure 4. Optimal frame length when the capture ratio (z) = 2, 4, 10. (a) Assume all the collided slots
are only caused by two packets; (b) Collided slots are caused by two or more packets in practice.

4.3. Channel Utilization

In order to show the capture effect impacts on the channel utilization, we plot Figure 5a based
on (47) first, where the simulation results are also showed. Here, we assume that the number of packets
transmitted by the users in the current frame keeps unchanged, i.e., N = 100. The other parameters
are set as Figure 4a in Section 4.2, which implies that the collided slots are only caused by two packets.
As seen in Figure 5a, which is one special case of literature [11], the maximum channel utilization with
considering the capture effect is larger than 0.37 with no capture effect. In fact, if the durations of idle
slot, successful slot and collided slot are not the same, the maximum channel utilization can also be
larger than 0.37 even the capture effect is ignored [34]. Besides, the channel utilization decreases as
capture ratio z increases. The reason is that z affects the capture probability. In addition, according to
(38) and (47), we know that the capture probability affects the channel utilization. As a result, z affects
the channel utilization indirectly.

The above results are based on the contrived assumption that the collided slots are all caused
by two packets. However, if z is not large, such as z = 2, the capture probabilities of n = 3 are
all greater than 0.12 in Table 1, which can not be ignored. In fact, the majority of collided slots are
caused by two packets while the others are caused by three or more packets even the frame length is
optimal. Next, we take different capture probabilities of slots caused by different number of packets
into account. Then, the analysis results of channel utilization can be obtained by (38) or (41). For the
sake of simplicity, we just give the analysis results and simulation results of channel utilization for
z = 2, 4, 10 when N = 100, and the maximum values of channel utilization are specifically given
in Table 2. From Figure 5b, the curves of different fading become more and more close to that of
no capture effect as z increases. The reason is as described in the previous paragraph. In a word,
the capture effect can improve the channel utilization, and if we set the optimal frame length by (42)
and (43), the maximum channel utilization can be obtained.
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Figure 5. Channel Utilization when z = 2, 4, 10. (a) Assume all the collided slots are only caused by
two packets; (b) Collided slots are caused by two or more packets in practice.

Table 2. Theoretical maximum channel utilization.

Fading z = 2 z = 4 z = 10

Rayleigh 0.56 0.46 0.41
Rician 0.49 0.41 0.38

Nakagami-m 0.52 0.43 0.39

Compare Figure 5a with Figure 5b, we find that the maximum channel utilization of the same
value z in the former is greater than that in the latter. Because compared with the capture probability
in the latter, the larger capture probability in the former leads to more collided slots turning into
successful ones, which results in shortening the optimal frame length.

In order to verify the frame lengths of Figure 4b are optimal, we plot the actual channel utilization
versus different values of N in Figure 6. For persuasive experimental results, Monte Carlo simulation
method is adopted. From Figure 6, we can see that the actual channel utilization can be maximized in
different fading channels by setting the optimal frame length. Actually, the values of actual channel
utilization are all greater than 0.37 of no capture effect and approximately equal to the theoretical
values in Table 2, respectively. In addition, the channel utilization decreases as z increases. Because
smaller z leads to larger capture probability, which results in more collided slots turning into successful
slots and eventually improves the channel utilization.
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Figure 6. Actual channel utilization when z = 2, 4, 10.
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5. Conclusions

In this paper, the capture effect under Rayleigh, Rician and Nakagami-m fading channels has
been analyzed and the closed-form expressions of capture probabilities are derived respectively.
Furthermore, we give the optimal frame length which maximizes the channel utilization in the
FSA-based networks. With the existence of capture effect, the maximum channel utilization of the
FSA-based networks increases significantly, especially when capture ratio z is small. In particular,
we give a special case that the capture probability is the same in every collided slot and derive the
optimal frame length. In addition, we also give the optimal frame length when the capture probability
is changed by different number of collided packets in the slot. The numeral results show that the
capture effect impacts on the channel utilization in the FSA-based networks under different fading
channels. As a result, if the capture effect is efficiently utilized, the maximum channel utilization can
be achieved by setting the optimal frame length.
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