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Abstract

:

A model of unsteady stagnation-point flow and heat transfer over a permeable exponential stretching/shrinking sheet with the presence of velocity slip is considered in this paper. The nanofluid model proposed by Tiwari and Das is applied where water with Prandtl number 6.2 has been chosen as the base fluid, while three different nanoparticles are taken into consideration, namely Copper, Alumina, and Titania. The ordinary differential equations are solved using boundary value problem with fourth order accuracy (bvp4c) program in Matlab to find the numerical solutions of the skin friction and heat transfer coefficients for different parameters such as stretching/shrinking, velocity slip, nanoparticle volume fraction, suction/injection, and also different nanoparticles, for which the obtained results (dual solutions) are presented graphically. The velocity and temperature profiles are presented to show that the far field boundary conditions are asymptotically fulfilled, and validate the findings of dual solutions as displayed in the variations of the skin friction and heat transfer coefficients. The last part is to perform the stability analysis to determine a stable and physically-realizable solution.
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1. Introduction


The stagnation-point flow is a flow that explains the behavior of the fluid motion near the stagnation region. This type of flow happens when the flow hits the solid surface and the fluid velocity at the stagnation-point equals zero. Some applications has been reported where the stagnation-point flow is applied, for instance in dentistry by Yang et al. [1], and air purification as presented by Montecchio et al. [2]. Recently, the study on the flow over an exponential stretching/shrinking sheet has received more attention than for ordinary stretching/shrinking sheets due to its wider applications, as mentioned by Pavithra et al. [3]. Further, Zaib et al. [4] studied the unsteady boundary layer flow and heat transfer passes through an exponential shrinking sheet in a Copper water nanofluid with the presence of a suction effect. The effects of joule heating and thermal radiation on the Magnetohydrodynamics (MHD) boundary layer flow over an exponential stretching sheet in a porous medium immersed in nanofluid was investigated by Rao et al. [5]. Furthermore, Aleng et al. [6] applied the Buongiorno model to study the flow and heat transfer over an exponential sheet in nanofluid. However, there are only a few works that studied the stagnation-point flow over the exponential sheet, e.g., Bachok et al. [7], who applied the Tiwari and Das model to study the flow and heat transfer over an exponential stretching/shrinking sheet. Bhattacharyya et al. [8] considered the stagnation-point flow as well as the heat transfer passing through an exponential shrinking sheet. Instead of an exponentially shrinking sheet, Rehman et al. [9] in their work studied the MHD stagnation-point flow of a nano-material over an exponentially stretching sheet in a three-dimensional system using the Tiwari and Das model. They considered three types of nanoparticles, namely Copper oxide, Magnetite, and Alumina, whilst water was chosen as the base fluid. Practical applications can be found in industrial processes such as the cooling of extruded materials by inward-directed fan or conical liquid jets, as mentioned by Wong et al. [10].



A new class of heat transfer fluid, namely nanofluid, is introduced by Choi and Eastman [11], due to the low thermal conductivity property demonstrated by the base fluids. This kind of fluid can be obtained by diffusing nanoparticles into base fluids such as water, ethanol glycol, and oil, which increases the surface area for transferring heat. Meanwhile, there are two types of nanofluid models that can be considered in investigations of the behavior of the nanofluid: the Boungiorno [12] and the Tiwari and Das models [13]. The Tiwari and Das model, also known as the “single phase” model, studies the effects of nanoparticle volume fractions for different nanoparticles, whilst the Boungiorno model or “two phase” model focuses on Brownian motion and the thermophoresis effects of the nanoparticles. In addition, a comparison between the single phase and two phase nanofluid models has been undertaken numerically by Akbari et al. [14] for turbulent forced convection; it was found that the results from the single phase model approach the results from experimental findings compared to those obtained from a two phase model for almost conditions. A part from that, the thermal performance of the nanofluid can be affected by considering different types, nanoparticle volume fractions, sizes, as well as diameters of the nanoparticles, as studied by Ebrahimi et al. [15] and Pang et al. [16], who found that nanofluids can be considered an excellent choice for any application which seeks to optimize heat transfer processes. Hence, the emergence of nanofluids was a milestone in heat transfer enhancement, which is required in many fields, for example, energy saving, refrigeration systems, solar collector, and the automotive industry. These examples of nanofluid applications are discussed in in numerous papers [17,18,19,20,21]. Many researches have considered nanofluids in their work covering various scopes, surfaces, objects, and also effects, e.g., [22,23,24,25,26,27,28]. Pour and Nassab [29] investigated the single-phase laminar convection of nanofluids over a two-dimensional (2D) horizontal backward facing step (BFS) depending numerically on the bleeding condition (suction/injection). In this work, it was found that the skin friction coefficient increased as the suction and volume fraction of the effect of Copper nanoparticles increased.



The stability analysis is introduced by Merkin [30] to investigate the stability of dual solutions which obtained when the mixed convection in a porous medium problem is solved. Merkin considered a time-dependent problem and found that the upper branch (first solution) was a stable solution, while the lower branch (second solution) was not. This pioneering work offered a proper way to determine the stability of every solution that may exist. Many authors have applied stability analyses in their papers when more than one solution was obtained; some examples can be found in these papers, [31,32,33,34,35,36,37,38,39,40,41], which invariably arrived at the same conclusions on the first and second solutions as Merkin [27].



This study is an extension of work done by [4,5], Bachok et al. [7] and Adnan et al. [41]. The purpose of this study is to propose a new model that investigates the behavior of the flow and heat transfer for an unsteady stagnation-point flow over an exponential stretching/shrinking sheet in the presence of suction/injection and the velocity slip parameter immersed in nanofluid. The nanofluid model proposed by Tiwari and Das was chosen to study the effect of nanoparticle volume fraction towards the skin friction coefficient and heat transfer coefficient. Other parameter effects that have been considered in this study are the unsteadiness parameter, velocity slip, suction/injection, and types of nanoparticles, i.e., Copper, Alumina, and Titania, in water as the base fluid. The system is transformed to ordinary differential equations and has been solved numerically using the boundary value problem with fourth order accuracy (bvp4c) function in Matlab. The numerical results are presented graphically for the tested parameters. Finally, the stability analysis has to be done to find a stable and realizable solution for numerical results which have dual solutions.




2. Mathematical Formulation


The system of two-dimensional laminar incompressible unsteady stagnation-point flow (density is constant), permeable surface, stretching/shrinking sheet in the water as the base fluid with different types of nanoparticles, i.e., Copper, Alumina, and Titania, is studied, as the Tiwari and Das model is considered. Let the unsteady free stream velocity be    U ∞  =  (  a /  (  1 − c t  )   )   e  x / l    ,  a  is the stagnation length, and  c  is the flow unsteadiness parameter. Assume that the plate velocity is    u w  = ε  (  a /  (  1 − c t  )   )   e  x / l     where   ε > 0   for stretching velocity rate,   ε < 0   for shrinking velocity rate,  l  is the characteristic length, and    v w  =  v 0   e  x / 2 l   /  (  1 − c t  )    represents mass flux velocity with    v 0    as a constant. Let the slip occur between the fluid and the surface, which is represented as    u s  = L ∂ u / ∂ y  , where  L  is the slip length (see Bhattacharyya et al. [8]). The reference temperature, ambient temperature, and temperature distribution near the surface are      T 0   ,    T ∞    and    T w  =  T ∞  +  (   T 0  /  (  1 − c t  )   )   e  x / 2 l    , where both    T 0    and    T ∞    are constants. Apart from that, the x-axis is parallel to stream direction while the y-axis is perpendicular to it. A schematic diagram of the problem is shown in Figure 1.



Based on the above assumptions, the governing equations can be written as follows (see Zaib et al. [4] and Bachok et al. [7]):


    ∂ u   ∂ x   +   ∂ v   ∂ y   = 0 ,    



(1)






    ∂ u   ∂ t   + u   ∂ u   ∂ x   + v   ∂ v   ∂ y   =   ∂  U ∞    ∂ t   +  U ∞    ∂  U ∞    ∂ x   +    μ  n f      ρ  n f        ∂ 2  u   ∂  y 2    ,    



(2)






    ∂ T   ∂ t   + u   ∂ T   ∂ x   + v   ∂ T   ∂ y   =  α  n f      ∂ 2  T   ∂  y 2    ,    



(3)




subject to boundary conditions


   v = −  v w  , u = ε + L   ∂ u   ∂ y   ,   T =  T w       at   y = 0 ,    u →  U ∞  ,   T →  T ∞       as   y → ∞ .     



(4)




where  u  and  v  are velocity component in  x  and  y  axes respectively,  t  denotes time    v w  =  v 0   e  x / 2 l   /    (  1 − c t  )    1 / 2     is the variable suction velocity with    v 0  > 0   being a constant,  T  is the nanofluid temperature,    μ  n f    ,    α  n f    ,    k  n f     and      (  ρ  c p   )    n f     represent the viscosity, thermal diffusivity, thermal conductivity and heat capacity of the nanofluid, respectively. Equation (5) is given by Oztop et al. [42]:


   μ  n f   =    μ f       (  1 − φ  )    2.5     ,    



(5)






   α  n f   =    k  n f        (  ρ  c p   )    n f     ,    



(6)






     k  n f      k f    =    k s  + 2  k f  − 2 φ (  k f  −  k s  )    k s  + 2  k f  + φ (  k f  −  k s  )   ,    



(7)






     (  ρ  c p   )    n f   =    (  ρ  c p   )   f   [  1 − φ + φ  (       (  ρ  c p   )   s       (  ρ  c p   )   f     )   ]  ,  ρ  n f   =  ρ f   [  1 − φ + φ  (     ρ s     ρ f     )   ]  ,    



(8)




where  φ  denotes the volume of the nanoparticle,    μ f    is the viscosity of the fluid,      (  ρ  C p   )    n f    ,      (  ρ  C p   )   s    and      (  ρ  C p   )   f    is the heat capacity of the nanofluid, nanoparticle and fluid    k s    and    k f    are the thermal conductivities of the nanoparticle and fluid, respectively. The densities of the fluid and nanoparticle are denoted as    ρ f    and    ρ s   , respectively.



The system of ordinary differential Equations (1)–(3) bounded by (4) is transformed to the simpler form by using the similarity transformation variables, which are given by:


  η =    (   a  2 l  v f  ( 1 − c t )    )    1 / 2    e  x / 2 l   y ,   ψ =    (    2 l  v f  a   1 − c t    )    1 / 2    e  x / 2 l   f ( η ) ,   θ ( η ) =   T −  T ∞     T w  −  T ∞    .    



(9)







The stream function  ψ  is defined as   u =   ∂ ψ  /  ∂ y     and   v = −   ∂ ψ  /  ∂ x    , where


     ∂ ψ  /  ∂ y   =  (   a  1 − c t    )   e  x / l    f ′  ( η )     and −   ∂ ψ  /  ∂ x   = −    (     v f  a   2 l ( 1 − c t )    )    1 / 2    e  x / 2 l    (  f ( η ) + η  f ′  ( η )  )      



(10)




satisfies the continuity Equation (1). Further, Equations (2) and (3), subjected to the boundary conditions (4), are transformed into the following Equations (11)–(13):


   1     (  1 − φ  )    2.5    (  1 − φ + φ  (     ρ s     ρ f     )   )     f ‴  + f  f ″  − 2    f ′   2  + 2 − A  (  2  f ′  + η  f ″  − 2  )  = 0 ,    



(11)






   1  Pr      k  n f      k f   (  1 − φ + φ  (       (  ρ  c p   )   s       (  ρ  c p   )   f     )   )     θ ″  + f  θ ′  −  f ′  θ − A  (  2 θ + η  θ ′   )  = 0 ,    



(12)




subject to boundary conditions:


    f ( 0 ) = s ,    f ′  ( 0 ) = ε + σ  f ″  ( 0 ) ,   θ  ( 0 )  = 1   at   η = 0 ,      f ′  ( η ) → 1 ,   θ  ( η )  → 0   as   η → ∞ .    



(13)







Primes denote the differentiation with respect to  η ,   σ = L    (  a / 2 l  v f  ( 1 − c t )  )    1 / 2    e  x / 2 l     is the slip velocity parameter,   Pr =  v f  /  α f    is the Prandtl number, and   A = c l / a  e  x / l     is the dependent unsteadiness parameter,   s =  v 0     (  2 l / a  v f   )    1 / 2   > 0   representing the suction parameter;   s =  v 0     (  2 l / a  v f   )    1 / 2   < 0   is an injection parameter.



The physical quantities of interest are the local skin friction coefficient    C f    and local Nusselt number   N  u x   , which are given by Equation (14) (see Rao et al. [5]):


   C f  =    τ w     ρ f   U ∞    2    ,   N  u x  =   l  q w     k f  (  T w  −  T ∞  )   ,    



(14)




where    τ w    is the shear stress and    q w    is the heat flux at the surface which is represented by Equation (15).


   τ w  =  μ  n f      (    ∂ u   ∂ y    )    y = 0   ,    q w  = −  k  n f      (    ∂ T   ∂ y    )    y = 0   ,    



(15)







Using (9), (14), and (15), both    C f    Re  x     1 / 2     and   N  u x    Re  x     − 1 / 2     are given by Equations (16) and (17), respectively.


   C f     (  2   Re  x   )    1 / 2   =  1     (  1 − φ  )    2.5      f ″  ( 0 ) ,    



(16)






  N  u x     (   2    Re  x     )    1 / 2   = −    k  n f      k f     θ ′  ( 0 ) ,    



(17)




where     Re  x  =  U ∞  l /  v f    denotes the local Reynolds number.




3. Stability Analysis


The results display the presence of dual solutions for the tested parameter. Due to the importance of identifying the physically-realizable solution, a stability analysis is performed. Following Merkin [30], a new dimensionless variable,  τ , is introduced, which is related to an initial value problem. The new dimensionless variables can be represented in Equation (18):


    η =   (   a  2 l  v f  ( 1 − c t )    )   1 / 2    e  x / 2 l   y ,   ψ =   (    2 l  v f  a   1 − c t    )   1 / 2    e  x / 2 l   f ( η , τ ) ,   θ ( η , τ ) =   T −  T ∞     T w  −  T ∞    ,       τ =   a t   2 l ( 1 − c t )    e  x / l   .    



(18)







Equation (18) is then substituted into (2) and (3) to obtain


     1     (  1 − φ  )    2.5    (  1 − φ + φ  (     ρ s     ρ f     )   )       ∂ 3  f   ∂  η 3    + f    ∂ 2  f   ∂  η 2    − 2   (    ∂ f   ∂ η    )  2  + 2 − A  (  2   ∂ f   ∂ η   + η    ∂ 2  f   ∂  η 2    − 2  )      −  (  2 τ   ∂ f   ∂ η   + 2 A τ + 1  )     ∂ 2  f   ∂ η ∂ τ   = 0 ,    



(19)






   1  Pr      k  n f      k f   (  1 − φ + φ  (       (  ρ  c p   )   s       (  ρ  c p   )   f     )   )       ∂ 2  θ   ∂  η 2    + f   ∂ θ   ∂ η   − θ   ∂ f   ∂ η   − A  (  2 θ + η   ∂ θ   ∂ η    )  −  (  1 + 2 A τ + 2 τ  )    ∂ θ   ∂ τ   = 0 ,    



(20)




along with the boundary conditions:


    f ( 0 , τ ) = s ,     ∂ f   ∂ η   ( 0 , τ ) = ε + σ    ∂ 2  f   ∂  η 2    ( 0 , τ ) ,   θ ( 0 , τ ) = 1 ,       ∂ f   ∂ n   ( η , τ ) → 1 ,   θ ( η , τ ) → 0 ,   as   η → ∞ .    



(21)







The stability of solutions   f  ( η )  =  f 0   ( η )    and   θ  ( η )  =  θ 0   ( η )    that satisfy the boundary value problem Equations (11)–(13) is tested by introducing (see Merkin [30] and Weidman et al. [31]):


   f ( η , τ ) =  f 0  ( η ) +  e  −   γ   τ   F ( η , τ )     and   θ ( η , τ ) =  θ 0  ( η ) +  e  −   γ   τ   G ( η , τ ) ,     



(22)




where  γ  is an unknown eigenvalue parameter,   F ( η , τ )   and   G ( η , τ )   are small corresponding to    f 0  ( η )   and    θ 0  ( η )  , respectively.



The linearized problem can be obtained by substituting Equation (22) into (19) and (20), as below:


     1     (  1 − φ  )    2.5    (  1 − φ + φ  (     ρ s     ρ f     )   )       ∂ 3  F   ∂  η 3    +  f 0     ∂ 2  F   ∂  η 2    + F  f 0     ″   − 4  f 0    ′    ∂ F   ∂ η   − A η    ∂ 2  F   ∂  η 2        − 2 A   ∂ F   ∂ η   − 2 A    ∂ 2  F   ∂ η ∂ τ   + 2 A γ   ∂ F   ∂ η      ∂ 2  F   ∂ η ∂ τ   + γ   ∂ F   ∂ η   − 2 τ    ∂ 2  F   ∂ η ∂ τ   + 2 τ γ   ∂ F   ∂ η   = 0 ,    



(23)






     1  Pr      k  n f      k f   (  1 − φ + φ  (       (  ρ  c p   )   s       (  ρ  c p   )   f     )   )       ∂ 2  G   ∂  η 2    − A η   ∂ G   ∂ η   − 2 A τ   ∂ G   ∂ τ   − 2 A τ γ G −   ∂ G   ∂ τ   + γ G     − 2 A G − 2 τ  f 0    ′    ∂ G   ∂ τ   + γ 2 τ  f 0    ′  G −  θ 0    ∂ F   ∂ η   −  f 0    ′  G +  θ 0    ′  F +  f 0    ∂ G   ∂ η   = 0 ,    



(24)




subject to boundary conditions


    F ( 0 , τ ) = 0 ,     ∂ F ( 0 , τ )   ∂ η   + σ    ∂ 2  F ( 0 , τ )   ∂  η 2    = 0 ,   G ( 0 , τ ) = 0 ,       ∂ F ( η , τ )   ∂ η   → 0 ,   G ( η , τ ) → 0      as   η → ∞ .    



(25)







The stability of the steady flow    f 0   ( η )    and    θ 0   ( η )    can be tested by setting   τ = 0  , for which   F  ( η )  =  F 0   ( η )    and   G  ( η )  =  G 0   ( η )    are obtained, indicating the initial growth or decay as in Equation (22). Hence, the linearized problem (23) and (25) can be written as:


   1     (  1 − φ  )    2.5    (  1 − φ + φ  (     ρ s     ρ f     )   )     F 0     ‴   +  f 0   F 0     ″   +  F 0   f 0     ″   − 4  f 0    ′   F 0    ′  − A η  F 0    ″  +  (  γ − 2 A  )   F 0    ′  = 0 ,    



(26)






   1  Pr      k  n f      k f   (  1 − φ + φ  (       (  ρ  c p   )   s       (  ρ  c p   )   f     )   )     G 0    ″  − A η  G 0    ′  − 2 A  G 0  −  θ 0   F 0    ′  −  f 0    ′   G 0  +  θ 0    ′   F 0  +  f 0   G 0    ′  + γ  G 0  = 0 ,    



(27)




along with boundary conditions


       F 0  ( 0 ) = 0 ,    F 0    ′  ( 0 ) − σ    F 0    ″  ( 0 ) = 0 ,    G 0  ( 0 ) = 0 ,        F 0    ′  ( η ) → 0 ,    G 0  ( η )   → 0     as   η → ∞ .    



(28)







The possible range of the smallest eigenvalues can be found by relaxing a boundary condition of    F 0   ( η )    or    G 0   ( η )    from condition   η → ∞   as proposed by Harris et al. [32]. In this paper, it was decided that    F 0    ′  ( η ) → 0   should be relaxed, and the new boundary condition will be replaced by    F 0    ″   ( 0 )  = 1  .




4. Numerical Methodology


The dual solutions of the ordinary Equations (11) and (12), along with the boundary conditions (13), are found using the bvp4c program in the Matlab software (Software, MathWorks, MA, USA). The program is a finite-different code which applies the three-stage Labatto IIIa formula and its algorithm, depending on an iteration structure, in solving the system of equations. The collocation of formulas and polynomials gives a C1-continuous solution with fourth-order accuracy. In this program, the missing values of the skin friction coefficient   f   ″  ( 0 )   and heat transfer coefficient   − θ   ′  ( 0 )   are found by setting some values of initial guesses for the different tested parameters, and asymptotically fulfilled the far-field boundary conditions. The finding process is repeated until no more solutions can be found either beyond a point, namely, the critical point    ε c   , or for a certain domain if the critical point is hard to find, or the point does not actually exist. Some points near the critical values for the first and second solutions are then tested using the stability analysis to find the smallest eigenvalues,  γ , to determine the stability of the solutions. The smallest eigenvalues can be found by solving the linearized problem (26)–(28) using the same program for both the upper and lower solutions. Positive eigenvalue indicate that the solution is stable, while negative values shows an unstable solution.




5. Results and Discussion


The effects of the nanoparticle volume fraction   φ  , velocity slip parameter  σ , unsteadiness parameter   A  , stretching/shrinking parameter  ε , suction/injection parameter  s , and different types of nanoparticles (Copper, Alumina, and Titania) are studied, and have been displayed in Figure 1, Figure 2, Figure 3, Figure 4, Figure 5, Figure 6, Figure 7, Figure 8, Figure 9 and Figure 10. As suggested in the Tiwari and Das model, water with a Prandtl number of 6.2 (  Pr = 6.2  ) was chosen as the base fluid, and the value of the nanoparticle volume fraction was between 0 and 0.2    (  0 ≤ φ ≤ 0.2  )   , where the absence of nanoparticles in the base fluid can be known when   φ = 0  . The thermo physical properties of water, Copper, Alumina, And Titania are tabulated in Table 1, for which the value of each substance is taken from Oztop and Abu-Nadda [42]. Validation has been made from previous work by Bachok et al. [7], whereby the steady problem (  A = 0  ) over a permeable surface (  s = 0  ) with no-slip condition (  σ = 0  ) was considered, as shown in Table 2; we observed excellent agreement.



The effects of the nanoparticle volume fraction  φ  on the skin friction coefficient    f ″  ( 0 )   and heat transfer coefficient   −  θ ′  ( 0 )   with stretching/shrinking parameter  ε  in Copper-water nanofluid are depicted in Figure 2. Both figures show that dual solutions can be obtained when    ε c  ≤ ε  , while no solution can be found when   ε <  ε c   , i.e., where the critical point    ε c    represents the end point of the existed solution. The range of solutions was shown to widen when the amount of Copper nanoparticles in the water increases. Apart from that, the skin friction coefficient    f ″  ( 0 )   for both solutions in the shrinking surface was found to be higher than in the stretching surface, while the heat transfer coefficient shows the opposite trend. Moreover, increasing the volume fraction of Copper nanoparticles in water increases the skin friction coefficient for the first solution, but decreases the second solution. Meanwhile, for the heat transfer coefficient, increasing  φ  shows a decreasing trend for both solutions.



Figure 3 display the effect of different slip parameters on the skin friction coefficient    f ″  ( 0 )   and heat transfer coefficient   −  θ ′  ( 0 )   with stretching/shrinking parameter  ε  in a Copper water nanofluid. Based on the figures, dual solutions exist when    ε c  ≤ ε  , while no solution could be reported for   ε <  ε c   . It can also be observed that as the slip effect becomes higher, the range of solutions is consequently expanded, also decreasing the skin friction coefficient    f ″  ( 0 )   for the first solution, but increasing it for the second solution within the range   ε < 1  . The heat transfer coefficient   −  θ ′  ( 0 )   showed an uptrend for the first solution and downward one for the second, as the velocity slip  σ  increases. In addition, the skin friction coefficient for the shrinking surface was found higher than    f ″  ( 0 )   for the stretching surface. It can be observed that the heat transfer coefficient   −  θ ′  ( 0 )   for the shrinking surface is slightly decreased compared to that of the stretching surface. Hence, the friction between the nanofluid and the surface is larger when the surface is shrunk compared to the stretched surface. Meanwhile, based on Figure 3b, the heat transfer rate at the surface was found to be faster for a stretching surface than a shrinking surface; thus, the cooling process becomes better when the surface is in stretched state.



Variations of the skin friction coefficient    f ″  ( 0 )   and heat transfer coefficient   −  θ ′  ( 0 )   due to the effect of unsteadiness of parameter  A  with stretching/shrinking surfaces, are shown in Figure 4. In the range of    ε c  ≤ ε  , dual solutions can be found, while no solution may be obtained when    ε c  ≤ ε  . According to these figures, the unsteadiness parameter  A  only expanded the range of solutions slightly compared to the effects of the nanoparticle volume fraction  φ  and the velocity slip parameter  σ . Increasing the unsteadiness parameter  A  increases the skin friction coefficient for the first solution, and decreases if for the second. In addition, as  A  increases, the heat transfer rate at the surface for the first solution is also increased, but the second solution shows the opposite behavior. The skin friction coefficient    f ″  ( 0 )   was shown to decrease when the value of  ε  increases, which indicates that the skin friction over a shrinking surface is higher than that over a stretching surface. In the meantime, the heat transfer coefficient   −  θ ′  ( 0 )   increases slightly when  ε  increases, which shows that the heat transfer rate for the shrinking surface is higher than that of the stretching surface.



Figure 5 is presented in order to show the effect of the  ε  parameter with the suction/injection parameter on the skin friction coefficient as    f ″  ( 0 )  , and the heat transfer coefficient   −  θ ′  ( 0 )   where the dual solutions are obtained for a permeable surface   ( s > 0   and   s < 0 )   and an impermeable surface   ( s = 0 )  . Figure 5a shows the decreasing skin friction coefficient for the first and second solutions when the value of  ε  is increased. This indicates that the resulting skin friction coefficient for the shrinking case is higher than that of the skin friction coefficient, which is caused in the stretching case by either a permeable or an impermeable surface. Figure 5b displays the opposite trend, where the heat transfer coefficient increases as  ε  increases for both solutions. This indicates that the heat transfer rate over shrinking surface is higher than that over a stretching surface for each  s  parameter. In addition, it is clearly seen in Figure 5 that the solution for the second solution was easier to find with a higher value of     s  . Furthermore, as the effect of the suction parameter   ( s > 0 )   becomes stronger, or the effect of injection parameter   ( s < 0 )   becomes weaker, the skin friction coefficient increases for the first and second solutions   ( s < 1.5 )  , and the heat transfer coefficient increases for both solutions.



Figures of local skin friction coefficient    C f    ( 2   Re  x  )   1 / 2     and local Nusselt number   N u    (  2 /   Re  x   )    1 / 2     from Equations (16) and (17) are illustrated in Figure 6 with different nanoparticle types, namely, Copper, Alumina, and Titania, for various nanoparticle volume fractions in the base fluid    (  0 ≤ φ ≤ 0.2  )    over both stretching    (  ε > 0.5  )    and shrinking    (  ε < 0.5  )    surfaces. The local skin friction for the shrinking surface is much higher than that over the stretching surface, which indicates that the shear stress between the surface and fluid is larger for the flow over a shrinking sheet than a stretching sheet. Meanwhile, the local Nusselt number for the stretching surface is obviously higher than that for the shrinking surface. This denotes that the heat transfer rate at the surface is greater when the sheet is stretched. The increasing of nanoparticle volume fraction from 0 to 0.2 in water affects both the local skin friction coefficient as well as the local Nusselt number, where it increases the local skin friction for each nanoparticle over both stretching and shrinking surfaces. However, only the Copper-water nanofluid showed an increase in transferring the heat at the surface; the two other types of studied nanoparticles, Alumina and Titania, caused a decrease in the value for the local Nusselt number. These figures also show that different types of nanoparticles have a significant affect on shear stress and the heat transfer rate at the surface. The Copper-water nanofluid was found to have the highest local skin friction coefficient and local Nusselt number for each value of the nanoparticle volume fraction over both surfaces. This means that the Copper-water nanofluid causes larger shear stress at the surface, and also has the ability to transfer heat at the surface more effectively than Titania and Alumina, since Copper has the highest thermal conductivity, as can be seen in Table 1.



The profiles of velocity and temperature of the fluid for different values of   σ ,   ε ,   and   s   are displayed in Figure 7, Figure 8, Figure 9 and Figure 10 in order to support the results from Figure 2, Figure 3, Figure 4, Figure 5 and Figure 6, where dual solutions are obtained. These profiles also are depicted to show that the far field boundary conditions from Equation (13) are asymptotically fulfilled. Each profile illustrates that the velocity and thermal boundary layer thicknesses for the first solution are smaller than for the second solution for every tested parameter, implying that the second solution is unstable, as mentioned by Bachok et al. [7]. Figure 7a shows that by increasing  σ , the fluid velocity increases for the first solution but decreases for the second. Meanwhile, Figure 7b presents the opposite behaviour, i.e., where the thermal boundary layer thickness is decreasing for the first solution and increasing for the second as the slip parameter becomes more significant. Therefore, the presence of velocity slip between the fluid and the surface accelerates the flow of the fluid, which decreases the deficiency between the velocity in the ambient flow and in the boundary layer. In addition, the consideration of velocity slip in real life applications is one means of reducing the skin friction coefficient at the surface, and can extend the lifetime of the material because it delays the corrosion process. The velocity and temperature profiles for a stretching surface    (  ε = 0.5  )   , shrinking surface    (  ε = − 0.5  )    and static surface    (  ε = 0  )    are shown in Figure 8a,b. The velocity for the stretching case is seen to be higher than other cases for both solutions. In contrast, the temperature for the stretching surface is lower than that for shrinking and static surfaces for the first and second solutions. Physically, the stretching surface increases the velocity of the fluid, decreases the energy capability, and postpones the heat from spread up. The effects of different values of  s  on the velocity and temperature profiles are also displayed in Figure 9 and Figure 10 for both stretching and shrinking sheets. According to Figure 9a and Figure 10a, the velocity profile for the suction case   s = 1   is higher than that for the injection case   s = − 1  , as well as over the impermeable surface   s = 0   for the first solution, showing the opposite behaviour for the second solution. Figure 9b and Figure 10b display the decreasing temperature profile as the value of  s  rises for both solutions, which indicates that the heat transfer rate at the surface becomes higher, and leads to a reduction in the temperature for the mass injection case compared to the mass suction case.



Since dual solutions are obtained, a stability analysis is implemented to identify the stability of the two solutions. According to the aforementioned authors, the upper solution is considered stable, and the solution from the first solution is physically realizable. However, the second solution is considered unstable, and is not physically realizable in real life applications. The stability of each solution is determined by the value of the smallest eigenvalue  γ  regardless of whether the value is positive or negative. A positive value of  γ  indicates that there is initial decay of the disturbance in the solution, meaning that the solution with a positive value is stable. On the other hand, a negative eigenvalue represents an initial growth of disturbance, causing the solution to become unstable. Table 3 shows the smallest eigenvalues for the upper and lower solutions for different nanoparticle volume fractions,  φ , and for some values of shrinking parameter   ε < 0   where these values are close to the critical values    ε c    for each case. Based on the table, the smallest eigenvalues for the upper (first) solution are positive, while negative values are obtained for the smallest eigenvalues from the lower (second) solution. Therefore, the first solution is stable, and the results obtained are physically realizable, while those of the second solution are not.




6. Conclusions


This paper was presented to study the characteristics and behaviour of unsteady stagnation-point flow and heat transfer over a permeable exponential stretching/shrinking sheet in nanofluids with slip effect, and also to find a solution which is stable and physically realizable for some parameters, namely, velocity slip, stretching/shrinking, suction, injection, and with different types of nanoparticles. The system of partial differential equations was transformed to ordinary differential equations using the similarity variables. The values of the skin friction coefficient and heat transfer coefficient were obtained by a set of initial guesses in the bvp4c program in Matlab, and were presented graphically. The Tiwari and Das model was applied in this study and the value of the Prandtl number of water was 6.2. In order to test the stability of the first and second solutions, a stability analysis was implemented. Hence, some conclusion based on the above findings were:




	
Dual solutions were obtained when    ε c  ≤ ε  ; no solution exists when the value of  ε  is less than    ε c   . Besides that, dual solutions were found at any value of  s , but a significant difference between the first and second solutions was apparent when   s > 1  , which implies that the dual solutions for the suction case were much easier to find compared to the injection case.



	
The skin friction coefficient was found to be higher for the shrinking surface than the stretching surface, and also with the presence of suction parameter compared to injection parameter. In addition, an increase in the nanoparticle volume fraction in the base fluid reduced the velocity slip between the fluid, Copper nanoparticles, and the surface, and increased the unsteadiness parameter, resulting in an increase in the skin friction coefficient.



	
The heat transfer coefficient was increased more for the stretching surface than for the shrinking surface; the same trend was observed with the existence of a suction parameter. Meanwhile, a decreasing amount of nanoparticles, an increasing value of velocity slip, the use of Copper nanoparticle, and an increase of the unsteadiness parameter also increased the heat transfer rate at the surface.



	
The velocity and the temperature of the fluid were increased when, with the stronger slip parameter, the sheet was stretched, and with the mass injection parameter.



	
The first solution was found to be stable and physically realizable, whereas the second was not stable based on the performed stability analysis.
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Nomenclature




	
Roman letters




	
  a  

	
Stagnation length




	
  A  

	
dependent unsteadiness parameter




	
  c  

	
flow unsteadiness parameter




	
    C f    

	
local skin friction




	
  f  

	
similarity function




	
    f 0    

	
function




	
   F , G   

	
functions




	
  l  

	
characteristic length




	
  L  

	
slip length




	
   N  u x    

	
local Nusselt number




	
   Pr   

	
Prandtl number




	
    q w    

	
heat flux at the surface




	
     Re  x    

	
local Reynold number




	
  s  

	
suction/injection parameter




	
  t  

	
time




	
  T  

	
Temperature




	
    T 0    

	
reference temperature




	
    T w    

	
temperature at the surface




	
    T ∞    

	
ambient temperature




	
  u  

	
velocity component in  x -axis




	
    u w    

	
plate velocity




	
    u s    

	
velocity slip




	
    U ∞    

	
free stream velocity




	
  v  

	
velocity component in  y -axis




	
    v 0    

	
constant




	
    v w    

	
mass flux velocity




	
Greek symbols




	
  α  

	
thermal diffusivity




	
  μ  

	
viscosity




	
  k  

	
thermal conductivity




	
  ρ  

	
density




	
   ρ  C p    

	
heat capacity




	
  ψ  

	
stream function




	
  ε  

	
stretching/shrinking parameter




	
  σ  

	
slip parameter




	
  γ  

	
smallest eigenvalue




	
  φ  

	
nanoparticle volume fraction




	
  θ  

	
dimensionless temperature function




	
    θ 0    

	
function




	
  τ  

	
dimensionless variable




	
    τ w    

	
shear stress at the surface




	
Subscripts




	
c

	
critical value




	
f

	
base fluid




	
nf

	
nanofluid




	
s

	
solid nanofluid




	
w

	
condition at the surface




	
  ∞  

	
condition on free stream




	
Superscript




	
′

	
differentiate with respect to  η 
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Figure 1. Schematic diagram of the problem. 
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Figure 2. (a) Skin friction coefficient and (b) Local Nusselt number for different φ in Copper-water nanofluid with  ε  when   s = 2 ,     σ = 0.1   and   A = 0.1  . 
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Figure 3. (a) Skin friction coefficient and (b) Local Nusselt number for different  σ  with  ε  in Copper-water nanofluid when   s = 2  ,   σ = 0.1   and   A = 0.1  . 
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Figure 4. (a) Skin friction coefficient and (b) Local Nusselt number for different  A  with  ε  in Copper-water nanofluid when   s = 2 ,     σ = 0.1   and   φ = 0.1  . 
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Figure 5. (a) Skin friction coefficient and (b) Local Nusselt number for different  ε  with s in Copper-water nanofluid when   A = 0.1 ,     σ = 0.1   and   φ = 0.1  . 
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Figure 6. (a) Skin friction coefficient and (b) Local Nusselt number for different  ε  with s in Copper-water nanofluid when   A = 0.1  ,   σ = 0.1   and   φ = 0.1  . 
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Figure 7. (a) Velocity profile and (b) Temperature profile for different  σ  in Copper-water nanofluid when   ε = 0.5 ,     φ = 0.1  ,   s = 2   and   A = 0.1  . 
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Figure 8. (a) Velocity profile and (b) Temperature profile for different     ε     in Copper-water nanofluid when   σ = 0.1 ,     φ = 0.1  ,   s = 2   and   A = 0.1  . 
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Figure 9. (a) Velocity profile and (b) Temperature profile for different  s  in Copper-water nanofluid when   σ = 0.1 ,     φ = 0.1  ,   A = 0.1   and   ε = − 0.5   ( shrinking ) .   
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Figure 10. (a) Velocity profile and (b) Temperature profile for different  s  in Copper-water nanofluid when   σ = 0.1 ,     φ = 0.1  ,   A = 0.1   and   ε = 0.5   ( stretching ) .   
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Table 1. Thermo physical properties of water, Copper, Alumina, and Titania (see Oztop and Abu-Nadda [42]).
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	Substance
	Density,  ρ  (kg/m3)
	Specific Heat,    C p    (J/kg·K)
	Conductivity,  K  (W/m·K)





	Water
	997.1
	4179
	0.613



	Copper
	8933
	385
	400



	Alumina
	3970
	765
	40



	Titania
	4250
	686.2
	8.9538
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Table 2. Values of    f ″  ( 0 )   and   −  θ ′  ( 0 )   for different values of  ε  and  φ  for Cu-water.
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  ε  

	
  φ  

	
Bachok et al. [7]

	
Present Results




	
     f ″  ( 0 )    

	
    −  θ ′  ( 0 )    

	
     f ″  ( 0 )      

	
    −  θ ′  ( 0 )      






	
−0.5

	
0

	
2.1182

	
0.687

	
2.1182

	
0.6870




	
0.1

	
3.2381

	
1.1432

	
3.2330

	
1.1400




	
0.2

	
4.5071

	
1.5184

	
4.5009

	
1.5151




	
0

	
0

	
1.6872

	
1.7148

	
1.6872

	
1.7148




	
0.1

	
2.5794

	
2.1358

	
2.5793

	
2.1358




	
0.2

	
3.5901

	
2.5400

	
3.5901

	
2.5400




	
0.5

	
0

	
0.9600

	
2.4874

	
0.9604

	
2.4874




	
0.1

	
1.4682

	
2.915

	
1.4682

	
2.9150




	
0.2

	
2.0436

	
3.3565

	
2.0436

	
3.3565
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Table 3. The smallest eigenvalues  γ  for different nanoparticle volume fraction φ with various values of ε.
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  φ  

	
ε

	
 γ  Upper

	
 γ  Lower






	
0.0

	
−3.36287

	
0.014484

	
−0.014485




	
−3.36286

	
0.021581

	
−0.021578




	
−3.36285

	
0.026868

	
−0.026858




	
0.1

	
−3.91902

	
0.04267

	
−0.042654




	
−3.91901

	
0.045607

	
−0.04558




	
−3.919

	
0.04836

	
−0.04834




	
0.2

	
−4.07216

	
0.00934

	
−0.00934




	
−4.07215

	
0.01862

	
−0.01862




	
−4.0721

	
0.04056

	
−0.04054
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