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Abstract: Standing wave field distributions in three classic types of graded-index antireflection
coatings are studied. These graded-index antireflection coatings are designed at wavelengths
from 200 nm to 1200 nm, which is the working wavelength range of high energy laser system
for inertial-fusion research. The standing wave field distributions in these coatings are obtained
by the numerical calculation of electromagnetic wave equation. We find that standing wave field
distributions in these three graded-index anti-reflection coatings are quite different. For the coating
with linear index distribution, intensity of standing wave field decreases periodically from surface to
substrate with narrow oscillation range and the period is proportional to the incident wavelength.
For the coating with exponential index distribution, intensity of standing wave field decreases
periodically from surface to substrate with large oscillation range and the period is also proportional
to the incident wavelength. Finally, for the coating with polynomial index, intensity of standing wave
field is quickly falling down from surface to substrate without an obvious oscillation. We find that
the intensity of standing wave field in the interface between coating and substrate for linear index,
exponential index and polynomial index are about 0.7, 0.9 and 0.7, respectively. Our results indicate
that the distributions of standing wave field in linear index coating and polynomial index coating
are better than that in exponential index coating for the application in high energy laser system.
Moreover, we find that the transmittance of linear index coating and polynomial index coating are
also better than exponential index coating at the designed wavelength range. Present simulation
results are useful for the design and application of graded-index antireflection coating in high energy
laser system.

Keywords: graded-index antireflection coating; standing wave field distribution; laser induced
damage of optical coating; high energy laser system

1. Introduction

Laser systems for inertial-fusion research are required to possess the maximum possible power
and energy. However, the output energy of laser system is usually limited by the damage of
optical coatings and elements [1–6]. Antireflection (AR) coating is widely used in laser system,
which can effectively reduce the reflection of optical elements [7–15]. There are two kinds of
AR coatings. One is the multi-layers AR coating [8] and another is Graded-index AR coating [7,9,16].
It was found that, comparing to multi-layers AR coating, graded-index AR has some obvious
advantages: (i) Graded-index AR coating can reduce significantly the reflection over a wide range of
wavelengths [1,17,18] and angles of incidence [9], while the multi-layers AR coating is usually worked
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at a specific wavelength; (ii) The laser damage threshold of Graded-index AR coating is higher than
multi-layers AR coating [1]. Thus, the Graded-index AR coating attracts a lot of attention for high
energy laser applications. When an incident laser beam enters into optical coating, the reflected part of
this laser beam will interfere with the incident laser beam and form the standing wave. It is believed
that standing wave distribution plays an important role for laser induced damage of AR coating [2]
and a good design of standing wave distribution can obviously increase the damage threshold of
it [19–22]. Therefore, the study of Standing wave field distribution in AR coating is important for
the high energy laser systems, which can be used for inertial-fusion research and other studies of
intense laser physics [22,23]. The standing wave field distribution of multi-layers AR coatings are
known well. It was found that, for multi-layers AR coatings, the maximum intensity of Standing
wave field is usually happened in the interfaces between layers. Because the absorption coefficients of
interfaces are several orders of magnitude larger than other parts of film layer [24,25], this standing
wave field distribution is bad for the resistance of laser damage. The index in graded-index AR coating
is changed continuously. Thus, graded-index AR coating can avoid this problem. There are three
classic graded-index AR coatings that were found to be good for reducing the reflection over a wide
range of wavelengths. One is the linear distribution of index [18], the second one is exponential
distribution [26,27] and the third one is polynomial distribution [26]. These graded-index AR coatings
are potentially used in high laser system. So far, however, there is no study about the standing wave
field distribution in these graded-index AR coatings. In this work, these graded-index AR coatings
are designed at working wavelengths from 200 nm to 1200 nm, which are the working wavelengths
for inertial-fusion research. The transmittance of the coatings are calculated by Fresnel coefficients
matrix method. The standing wave field distributions in these three graded-index AR coatings are
obtained by the numerical calculation of electromagnetic wave equation [24].

2. Theory and Model

The graded-index AR coatings for linear index distribution, exponential index distribution, and
polynomial index distribution are designed at the working wavelengths from 200 nm to 1200 nm of
incident laser, which is the wavelength range for inertial-fusion research. For inertial-fusion research,
to possess the maximum possible energy, the incident laser is usually perpendicular to the optical
elements of laser system. Therefore, we only consider the case that the incident laser is perpendicular to
the coatings in this study. Fused silica is taken as the substrate of the graded-index AR coatings, which
is widely used in high power laser system [6]. In our design, the maximum index of graded-index
AR coatings is close to the index of fused silica (n = 1.45) and the minimum index is close to air
(n = 1) [18]. The transmittance of the graded-index AR coatings are calculated by Fresnel coefficients
matrix method [28,29]. To make the graded-index AR coatings working at wavelengths from 200 nm
to 1200 nm, a numerical searching method is used to find the optimum matching thickness of coating.
In this method, the transmittance of AR coating is the quantity to be optimized and the coating
has maximum transmittance of designed wavelengths in optimum matching thickness of coating.
The method is that we divide the index distribution of graded-index AR coating by many thin layers.
The thickness of each thin layer is taken as d. We make the numerical search of d from 0 to d0, here d0
is the maximum searching thickness of the thin layers. If the maximum transmittance of graded-index
AR coating is happened as thickness of thin layers is d1, the optimum matching thickness of AR coating
will be N × d1, where N is the number of the thin layers. Since index distribution of idea graded-index
coating is continuous, to approach this ideal index distribution, the thickness of thin layers should be
small and the number of the thin layers N should be large. This is a rule for thickness d and number of
layers N.

Because the thickness of AR coating is less than the wavelength of incident light (e.g., the thickness
of single layer AR coating is less than a quarter of wavelength), the maximum overall searching
thickness of coating N × d0 can be taken as the wavelength of incident light (it is a enough maximum
searching thickness and the optimize thickness N × d1 of coating is in this searching range).
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It should be noted that thickness d and the number of the thin layers N are modeling parameters,
but not are parameters for real fabrication. The aim of the modeling is to find the optimum matching
thickness of graded-index AR coating. For real fabrication, one can redivide the obtained optimum
matching thickness of AR coating. The more detailed discussion can be found in Section 3 (paragraph 3)
and Section 4 (paragraph 1).

The standing wave field distribution of graded-index AR coatings are obtained by the numerical
calculation of electromagnetic wave equation. The electromagnetic wave equation for a vertical
incident plane wave in coating is in the form [24]

d2
→
E

dz2 +
ω2

c2 ε(z)
→
E = 0, (1)

where, ε(z) is the relative permittivity of coating at position z. Here z = 0 is the surface of coating.
→
E , ω and c are the electric field amplitude, angular frequency of laser and velocity of light in vacuum,
respectively. The boundary conditions of Equation (1) are as follows:

→
E
+

0 (1 + r) =
→
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ik0
→
E
+

0 (1− r) = d
→
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c ; r =

→
E
−
0

→
E
+

0

is reflection coefficient of coating which is obtained by Fresnel coefficients

matrix method. Here,
→
E
+

0 ,
→
E
−
0 are the electric field amplitude of incident wave and reflect wave at the

surface of coating, respectively.

3. Results

In this section, the transmittance of graded-index AR coatings with linear index distribution,
exponential index distribution, and polynomial index distribution are first designed at working
wavelengths from 200 nm to 1200 nm, and then the standing wave field distributions in these designed
coatings are obtained by the numerical calculation of electromagnetic wave equation.

The numerical calculation of Equation (1) is conducted by fourth order Runge–Kutta method
which is an effective algorithm to solve differential equations. In our calculation, for convenience,

the value of electric field amplitude of incident wave at surface
→
E
+

0 is taken as 1 and the ratio
→
E

2

→
E

2

0

is

taken as the intensity of standing wave field.
To make the graded-index AR coatings working at wavelengths from 200 nm to 1200 nm,

a numerical searching method is used to find the optimum matching thickness of coating as mentioned
in Section 2. In our work, the range to optimize thickness d is taken from 0 nm to 3 nm. So, to
keep the maximum searching thickness of entire coating N × d close to maximum wavelength
(1200 nm) of designed wavelength range 200 –1200 nm, we chose the number of layers N = 450
(450 × 3 nm > 1200 nm). For searching method, the number of layers N does not need to be 450
and the specific number is not important. We also can chose N = 700. In this case, the range to
optimize thickness d can be taken as 0–2 nm (700 × 2 = 1400 nm > 1200 nm). The aim of the
searching is to find the optimize thickness N × d1 of graded-index AR coating, in which the coating
has maximum transmittance. For ideal graded-index coating, the index distribution is continuous.
Thus, d should be much smaller than the wavelength of incident laser and it is not a thickness
for real fabrication of graded-index AR coating. For real fabrication of graded-index AR coating,
one can re-divide the obtained optimized thickness. Figures 1d, 2d and 3d are examples for the
re-divisions of obtained optimize thickness of linear index distribution, exponential index distribution,
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and polynomial index distribution, respectively. In all our re-divisions, the minimum thickness is large
than 5 nm and the minimum index contrast among layers is 0.01.

3.1. Linear Distribution of Index

For the graded-index AR coating with linear index distribution [18], the index distribution is in
the form

n(z) = nmin +
nmax − nmin

ztot
z,z ≤ ztot (3)

where, nmin and nmax are minimum index and maximum index of graded-index AR coating,
respectively. z is coordinate of coating and z = 0 is the surface of coating. ztot is thickness of the coating.

Figure 1a shows transmittance of graded-index AR coatings with linear index distribution at
different searching thickness d of divided thin layers (as mentioned in Section 2). We find that the best
searching thickness is d = 0.925 nm as the number of divided thin layers is N = 450. Thus, the optimum
matching thickness of entire coating is N × d = 0.925 × 450 nm.

The transmittance at best searching thickness d are shown in Figure 1b. From Figure 1b,
it can be found that the transmittance are all above 99.8% at working wavelengths from 200 nm
to 1200 nm. In Figure 1c, the intensity of standing wave field at wavelengths of 355 nm, 510 nm
and 1064 nm are presented. From Figure 1c, it can be found that the intensity of standing
wave field decreases periodically from surface to substrate and the distributions are similar for
different wavelengths. The maximum intensities of these standing wave fields are near the interface
between air and the coating and the minimum intensities are near the interface between the coating
and the substrate. Moreover, Figure 1c shows that the period of standing wave field is proportional to
the incident wavelength.

For real fabrication of this graded-index coating, one can redivide the obtained optimized
matching thickness. Figure 1d is an example for re-division. In this re-division, the coating is equally
divided into 45 layers. The thickness of one layer is about 9 nm and the minimum index contrast
among layers is 0.01. In Figure 1d, refractive index distribution for the division with best searching
thickness d is also presented. From Figure 1d, we can find that refractive index distribution for the
division with best thickness d (green line) is nearly continuous and quite close to the description
of Equation (3). The comparison of transmittance between division with best thickness d and the
re-division with 45 layers is shown in Figure 1e. From Figure 1e, it can be seen that the transmittance
curves for both divisions are quite close.
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d = 0.5 nm and the blue line shows d = 0.6 nm; (b) The transmittance at best thickness d (d = 0.925 nm);  
(c) The intensity of standing wave field for optimum matching thickness of coating at wavelengths 
of 355 nm, 510 nm and 1064 nm; (d) Refractive index distributions for the division with best 
thickness d (green line) and the re-division with 45 layers (black bars); (e) Comparison of transmittance 
between division with best thickness d and the re-division with 45 layers. 
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d = 0.5 nm and the blue line shows d = 0.6 nm; (b) The transmittance at best thickness d (d = 0.925 nm);
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d (green line) and the re-division with 45 layers (black bars); (e) Comparison of transmittance between
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3.2. Exponential Distribution of Index

For the graded-index AR coating with exponential index distribution [18], the index distribution
can be written as [26,27]

n(z) = nmax exp(
1
2

ln(
nmax

nmin
)× {sin[π(

x
xtot

) +
π

2
]− sin

π

2
}), (4)

where, x =
∫ z

0 n(z′)dz′, xtot =
∫ d

0 n(z′)dz′ are the optical distances from the substrate and total optical
thickness, respectively.

Figure 2a shows transmittance of exponential index AR coatings at different thickness d of
divided thin layers. We find that the best thickness of thin layer is d = 0.928 nm as the number of
divided layers is 450. The transmittance of wavelengths from 200 nm to 2000 nm at best length d are
shown in Figure 2b. From Figure 2b, it can be found that the values of the transmittance are almost
equal to 1 at wavelengths from 200 nm to 700 nm. However, the transmittance is quickly down as
wavelength is larger than 700 nm. The value of the transmittance at wavelength of 1200 nm is about 99%.
The distributions of standing wave field at wavelengths of 355 nm, 510 nm and 1064 nm are presented
in Figure 2c. From Figure 2c, we can find that the intensity of standing wave field in exponential index
coating decreases periodically from surface to substrate and the period is proportional to wavelength.
The standing wave field is similar to the case of linear distribution of index, but the oscillation range is
much larger than linear distribution.

Figure 2d is an example for real fabrication. In this re-division, exponential index distribution
is divided into 41 layers and the minimum thickness of one layer is about 6 nm. The index contrasts
between adjacent layers is above 0.01. The comparison of transmittance between division with best
thickness d and the re-division with 41 layers is shown in Figure 2e. From Figure 2e, we can find that
the transmittance curves for both divisions are quite close.
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Figure 2. (a) Transmittance of exponential index antireflection (AR) coatings at different searching
thickness d of divided thin layers, the black line presents d = 0.4 nm, the red line presents d = 0.5 nm and
the blue line shows d = 0.6 nm; (b) The transmittance at best thickness d (d = 0.928 nm); (c) The intensity
of standing wave field for optimum matching thickness of coating at wavelengths of 355 nm, 510 nm
and 1064 nm; (d) Refractive index distributions for the division with best thickness d (green line) and
the re-division with 41 layers (black bars); (e) Comparison of transmittance between division with best
thickness d and the re-division with 41 layers.

3.3. Polynomial Distribution of Index

In the polynomial index coating, the distribution of index has the form [26],

n(z) = nmax − (nmax − nmin)[10(
z

ztot
)

3
− 15(

z
ztot

)
4
+ 6(

z
ztot

)
5
], (5)

Figure 3a shows transmittance of polynomial index coating at different thickness of thin layer. It is
found that the best thickness of thin layer is d = 1.858 nm as the number of divided layers is 450. Thus,
the optimum matching thickness of entire coating is N × d = 1.858 × 450 nm. The transmittance of
polynomial index coating at the best thickness are shown in Figure 3b. From Figure 3b, it can be found
that the values of the transmittance are almost equal to 1 at wavelengths from 200 nm to 1200 nm.
The distributions of standing wave field at wavelengths of 355 nm, 510 nm and 1064 nm are presented
in Figure 3c. From Figure 3c, we can find that standing wave fields of different wavelengths are nearly
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the same and the intensity of standing wave field is quickly falling down from surface to substrate.
Different from linear index coating and exponential index coating, the intensity of standing wave field
in polynomial index coating does not have an obvious oscillation.Appl. Sci. 2018, 8, 65 7 of 13 
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Figure 3. (a) Transmittance of polynomial index AR coatings at different searching thickness d of
divided thin layers the black line presents d = 0.5 nm, the red line presents d = 1 nm and the blue line
shows d = 1.2 nm; (b) The transmittance at best thickness d (d = 1.858 nm); (c) The intensity of standing
wave field for optimum matching thickness of coating at wavelengths of 355 nm, 510 nm and 1064 nm;
(d) Refractive index distributions for the division with best thickness d (green line) and the re-division
with 42 layers (black bars); (e) Comparison of transmittance between division with best thickness d and
the re-division with 42 layers.

Figure 3d is an example for real fabrication of polynomial index. In this re-division, exponential
index distribution is divided into 42 layers and the minimum thickness is about 11 nm. The index
contrasts between adjacent layers is above 0.01. The comparison of transmittance between division
with best thickness d and the re-division with 42 layers is shown in Figure 3e. From Figure 3e, we can
find that the transmittance curves for both divisions are quite close.

4. Discussion

Strictly speaking, the index distribution of idea graded-index coating is continuous.
From Figures 1d, 2d and 3d, we find that refractive index distributions for the divisions at best
thicknesses d (green lines) are nearly continuous and quite close to the idea index distribution
which are described by Equations (3)–(5). So the results of the divisions at best thicknesses
d (Figure 1b,c, Figure 2b,c and Figure 3b,c) stand for the results of idea graded-index coatings.
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From Figures 1b, 2b and 3b, it can be found that transmittance are good at the designed wavelengths
200–1200 nm. It means that our simple searching method is working well.

The results from Figures 1e, 2e and 3e show that the transmittance of linear index coating,
exponential index coating and polynomial index coating are not sensitive to the re-divisions. Thus,
these coatings are fabricable.

As shown in Figures 1c, 2c and 3c, the intensities of standing wave field in the interface between
coating and substrate for linear index, exponential index and polynomial index are bout 0.7, 0.9 and 0.7,
respectively. We know that the absorption coefficient of interfaces between coating and substrate are
several orders of magnitude larger than other parts of coating [25], so the lower intensity of standing
wave field will be helpful for the resistance of laser induced damage. It means that linear index
coating and polynomial index coating have large damage thresholds than exponential index coating.
Moreover, as shown in Figures 1b, 2b and 3b, the transmittance of linear index coating and polynomial
index coating are also better than exponential index coating at the designed wavelengths 200–1200 nm.
The transmittance of linear index coating and polynomial index coating at designed wavelengths are
all above 99.8%, but for exponential index coating, the transmittance at wavelengths from 1000 nm to
1200 nm are below 99.5%. So present results indicate that linear index coating and polynomial index
coating are better than exponential index coating for the application in high energy laser system.

5. Conclusions

In conclusion, transmittance and standing wave field distribution are studied for three classic
kinds of graded-index AR coating which are potentially applied in high energy system.

The transmittance of these graded-index coatings are designed by a searching method which
is proposed in this work. We find that the searching method is working well and transmittance of
the designed coatings are good at the designed wavelengths 200–1200 nm, which are the working
wavelengths for laser induced inertial-fusion research. Re-divisions for the obtained optimize
thicknesses of these three kinds coatings show that the designed coatings are fabricable. Our simple
searching method can be widely used to design graded-index coating.

The standing wave field distributions of these graded-index coatings are numerical calculated by
the electromagnetic wave equation, which are significant for the study of intense laser induced damage
of coating. We find that standing wave field distributions of these three graded-index AR coatings are
quite different. For the coating with linear index distribution intensity of standing wave field decreases
periodically from surface to substrate with narrow oscillation range and the period is proportional to
the incident wavelength. For the coating with exponential index distribution, intensity of standing
wave field decreases periodically from surface to substrate with large oscillation range and the period
is also proportional to the incident wavelength. Finally, for the coating with polynomial index, intensity
of standing wave field is quickly falling down from surface to substrate without an obvious oscillation.
We also find that the intensity of standing wave field in the interface between coating and substrate
for linear index and polynomial index are lower than exponential index. It means that linear index
coating and polynomial index coating have large damage thresholds than exponential index coating.
Our findings can be used to design the high damage threshold graded-index AR coating.

The present simulation results are useful for the design and application of graded-index AR
coating in high energy laser system.
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