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Abstract: The aim of this paper is to suppress the random spatial vibration of the face sheet of a
lightly damped truss core sandwich panel structure. Because broad-bandwidth vibration energy
is concentrated in resonance peaks for lightly damped structures, an independent modal resonant
shunt control method is utilized to add damping ratios to the chosen modes. In this method, each
piezoelectric transducer is connected to a single resonant shunt which is tuned to control the vibration
of a single mode. An H2 norm sensitivity-based modal criterion is proposed in order to determine
which modes to control under a given bandwidth of excitation and input-output condition. Numerical
simulation is implemented while control strategies with different controlled modes are compared.
The result shows that the independent modal resonant shunt control method can suppress random
vibration response of the face sheet by using only a few piezoelectric transducers, and the proposed
modal criterion can be used to determine which modes to control.
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1. Introduction

Structural vibration under random excitation is a common kind of response in engineering
applications. Random vibration is often harmful since the fatigue life and performance of the structure
can deteriorate, especially in civil engineering, vehicles and aerospace, so a vibration suppression
technique is necessary. There are three main kinds of vibration control: passive, semi-active and
active [1]. Active vibration control using smart materials can achieve better performance but it also has
many disadvantages: required energy input, need for sensing and feedback segments, complexity of
implementation, etc. These shortcomings are more prominent in random vibrations because random
responses are often persistent, uncertain and high-frequency. Also, some kinds of active control
methods are not guaranteed to be stable. Therefore, semi-active and passive vibration controls are still
the main methods for random vibration control of engineering structures. For example, Park [2] utilized
magneto-rheological dampers to control car vibrations due to random road conditions. To suppress
vibrations under narrow-band excitations, Sinha [3] proposed a mixed H2/H∞ optimization method
for a vibration absorber. A hybrid vibration absorber was proposed in [4] for random vibration control
of cantilever beams. However, most kinds of passive and semi-active devices introduce considerable
mass to the structure, which limits their applications.

Shunt circuit damping is a kind of passive or semi-active vibration control technique raised by
Hagood and Von Flotow [5]. In this method the mechanical energy of the vibrating structure is first
converted into electrical energy and then dissipated by the resistance in the shunt circuit. According
to the type of transducer, shunt circuit damping can be divided into piezoelectric shunt circuits and
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electromagnetic shunt circuits [6], and the types of shunt circuit include resistive shunt circuits [7],
resonant shunt circuits [8], negative capacity shunt circuits [9], switch shunt circuits [10], etc. Among
various shunt damping methods, the piezoelectric resonant shunt is the most widely used method.
This method is a passive dissipation method but is sometimes classified as a semi-active method
because energy is usually needed to synthesize inductance to avoid using a large-mass inductance coil.
In this article the following classification criterion is used: a shunt inductance is said to be passive if it
does not input energy into the structure [11].

For broadband random vibration of lightly damped structures, the response energy is concentrated
in resonance peaks, so vibration suppression can be realized by adding damping ratios to the modes
in the bandwidth. There are many papers that aim for multimode vibration control using a resonant
shunt. Wu [12] employed current blocking branches while Hollkamp [13] used parallel RLC shunts.
Alessandroni [14] utilized distributed piezoelectric transducers and distributed electric networks to
suppress broadband vibration. In these kinds of methods, in order to realize frequency selection of
different modes, a large number of capacitances and inductances must be employed, which increases
the complexity of the shunts. Thus, a kind of independent modal resonant shunt was proposed
in [15]. In this method, a single mode is controlled using a single transducer and a single shunt
circuit. The piezoelectric transducers and resonant shunt circuit are more independent from each other
compared with other kinds of multimode shunt methods. Thus this method possesses advantages like
fewer inductances and capacitances; greater reliability; easier to set up; etc.

In this study, an independent modal resonant shunt is employed to suppress random vibration of
a kind of lightly damped structure. In this method, the number of transducers equals the number of
modes to be controlled, so it is uneconomical to control all the modes in the bandwidth of excitation.
On the one hand, under the given input-output condition of the structure, the contributions of different
modes to the root mean square (RMS) response are distinct and the decrement of these contributions
when adding damping is also distinct. On the other hand, the amount of added damping ratio is
related to the location of transducers. For example, for a truss-like structure, the damping effect of a
mode using resonant shunt depends on the fraction of modal strain energy (MSE) of the rod which is
replaced with transducer. For a different mode, the maximum fraction of modal strain energy among
all the rods is different, which means that in the independent modal resonant shunt method, a different
mode has different controllability. So, in this study, a modal criterion is proposed considering the
sensitivity of mode H2 norm with the damping ratio and fraction of MSE.

The aim of this study is to apply the independent modal resonant shunt for the random vibration
suppression of a truss-cored sandwich panel called a Kagome structure using the proposed modal
criterion. This paper is organized as follows: In Section 2, the Kagome structure is introduced and
the finite element model of the piezoelectric shunted structure is presented. The independent modal
resonant shunt method is summarized in Section 3. In Section 4 the modal criterion is detailed.
The validity of the proposed method is demonstrated through the time-domain simulation of the
random excitation responses of face sheet. Finally, conclusions are drawn in Section 5.

2. Finite Element Model of Kagome Structure with Piezoelectric Shunt

2.1. Truss Core Kagome Sandwich Panel Structure

The truss core Kagome sandwich panel [16] which is a kind of high-authority morphing structure,
consists of a solid face sheet, a tetrahedral core and a planar Kagome truss as the back-plane (see
Figure 1). The character of this structure is that there is strong coupling between the out-of-plane
deformation of the face sheet and the in-plane deformation of the truss back-plane. The benefit
of this character is that morphing of the solid face sheet can be realized by replacing some rods
in the back-plane planar truss with in-plane tension-compression actuators. While for panel-like
structures, constrained layer damping [17] is usually used for passive damping and a piezoelectric
patch [18] is often utilized for active damping, the character of a Kagome structure can be exploited
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for passive/active controls by replacing a small portion of the rods in the planar Kagome truss with
in-plane dampers [19] or actuators [20], which will not destroy the planeness of the face sheet. In this
study, the rods in the planar truss are replaced by piezoelectric transducers to convert the mechanical
energy to electric energy, which is dissipated by the resistance.
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Figure 1. Schematic representation of the Kagome structure. The solid face sheet (upper) is shown
in dark grey, the truss core (middle) in grey and the planar Kagome truss (bottom) as one face plane
in black.

The materials and parameters of the Kagome structure are listed in Table 1. There are a total of
546 truss rods in the planer Kagome truss. The boundary condition is clamped–clamped. The total
weight of this structure is 5.8 kg.

Table 1. Material parameters, size of face sheet and truss rods.

Face Sheet Truss Rods

Material Al alloy Material Steel

Young’s modulus 73.1 GPa Young’s modulus 193 GPa
Density 2700 kg/m3 Density 8030 kg/m3

Length 0.97 m Rod Length 51 mm
Width 0.87 m Section Circle

Thickness 1.53 mm Radius 1.275 mm

The finite element model of the Kagome structure is shown in Figure 2. The face sheet is discretized
using 414 bending plate elements, while the 1110 core-trusses and planar Kagome trusses are modeled
with Euler–Bernoulli beam elements. The first six modal shapes are sketched in Figure 3.
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836 Hz, respectively.

2.2. Structure with Resonant Shunt Circuits

A kind of piezoelectric stack transducer is employed (see Figure 4a) to replace a small number of
rods in the planar Kagome truss. The transducer is mainly composed of a piezoelectric stack, outer
casing, preloading spring and two link rods. A sphere joint is used to prevent the piezoelectric stack
from bending and torsion. Each transducer is connected to an RL shunt (see Figure 4b). The weight of
the transducer is about 8 g, which is four times that of the truss rod (2 g). When only a small number
of transducers are used, the increment of the total weight can be neglected.
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Figure 4. (a) Piezoelectric stack transducer; (b) Structure with one transducer and one resonant
shunt circuit.

The Lagrange–Maxwell equation is employed to build a finite element model of the mechano-electric
structure with n transducers and n shunt circuits.

The kinetic energy of the structure is:

T =
1
2
{ .

xs
}T

[Ms]
{ .

xs
}

(1)

where [Ms] is the mass matrix of Kagome structure with piezoelectric transducers and {xs} is the
displacement vector of the element nodes.
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The potential energy of the structure is:

V =
1
2
{xs}T [Ks]{xs} (2)

where [Ks] represents the stiffness matrix of Kagome structure with piezoelectric transducers.
The magnetic energy of the inductances is:

Wm =
1
2
{ .

q
}T

[L]
{ .

q
}

(3)

in which [L] is a diagonal matrix whose elements are value of inductances in the shunt circuits:

[L] =


L1

L2
. . .

Ln

 (4)

and vector {q} contains electric charge of different shunt circuits.
Supposing all the transducers have the same characters, the electrical energy of the transducers is:

We =
1
2

C{q}T{q}+ nd33Ka

C(1− k2)
{q}T [Bt]{xs} (5)

where C is unloaded capacitance of the piezoelectric stack which includes n piezoelectric disks, Ka is
the short-circuited electrode stiffness of piezoelectric transducer, k is the electromechanical coupling
factor, d33 is the piezoelectric constant and [Bt] is the position matrix of the transducers. The parameters
of the stack transducers can be found in [21].

Define the dissipation function P which represents the energy dissipation of the damping and
resistances as:

P =
1
2

({ .
xs
}T

[Ds]
{ .

xs
}
+
{ .

q
}T

[R]
{ .

q
})

(6)

where [Ds] is damping matrix of the mechanical structure and [R] is a diagonal matrix whose elements
are value of resistances in the shunt circuits:

[R] =


R1

R2
. . .

Rn

 (7)

Combining the mechanical and electrical coordinates as:

{u} =
{
{xs} {q}

}T
(8)

the Lagrange–Maxwell equation of the unloaded structure takes the form as:

d
dt

(
∂L
∂

.
ui

)
− ∂L

∂ui
+

∂P
∂

.
ui

= 0 (9)

where
L = T −V + Wm −We (10)
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Using the Lagrange–Maxwell equation, the dynamical equation of the mechano-electric structure
can be obtained as:

[M]
{ ..

u
}
+ [D]

{ .
u
}
+ [K]{u} = {0} (11)

where

[M] =

[
[Ms]

[L]

]
[D] =

[
[Ds]

[R]

]

[K] =


[Ks]

nd33Ka
C(1−k2)

{b}1 · · · nd33Ka
C(1−k2)

{b}n
nd33Ka

C(1−k2)
{b}T

1
1

C(1−k2)
· · · 0

...
...

. . .
...

nd33Ka
C(1−k2)

{b}T
n 0 · · · 1

C(1−k2)

 (12)

and {b}i is the ith row of [B]t.

3. Independent Modal Resonant Shunt Circuit

There is a two-step frequency-selecting mechanism of energy in independent modal resonant
shunt circuit method. For each mode, first, a piezoelectric transducer is allocated to convert the
mechanical energy of this mode into electric energy. Then a resonant shunt is connected to this
transducer to dissipate the electric energy of this mode. Due to the fine frequency-selecting property
of the RLC resonant circuit, the second step plays a major role. Because of this frequency-selecting
process, when the frequencies of different modes are well separated, each shunt is almost independent.
Moreover, because only a small part of the rods is replaced by transducers, the dynamical characteristics
of the structure are almost invariant. Thus, adding, changing or removing a shunt does not affect the
effects of other shunts. The mechanism of this method is illustrated in Figure 5.
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In order to enhance the performance of the shunt circuit, first, the location of the modal transducer
must be optimized to convert the energy of this mode into electric energy as more as possible. Truncate
Equation (11) using only the ith mechanical mode (mode of Kagome structure without shunt circuits),
the following system can be obtained:

..
xsi + ωoixsi − nd33Ka

C(1−k2)
λiq = 0

L
..
q + R

.
q + 1

C(1−k2)
q + nd33Ka

C(1−k2)
λixsi = 0

(13)

where xsi is the coordinate of the ith mode, ωoi is open-electrode frequency of the ith mode with
open-electrode transducer stiffness Kao:

Kao =
Ka

1− k2 (14)

and λi is defined as:
λi = {b}i{ϕ}T

i (15)

where {ϕ}i represents modal shape of the ith mode of the mechanical structure. Obviously, λi reflects
the coupling strength of piezoelectric transducer with the ith mode. Thus, for mode i, the transducer
must be located to replace the rod with maximal λi.

Because the mathematical model of a resonant shunt is similar to a tuned mass damper,
the key problem is tuning the values of inductance and resistance in every shunt to achieve optimal
performance. There have been several methods to optimize the RL value of the resonant shunt.
Preumont [21] provided the optimal RL value based on root locus plot while Thomas [22] used
pole placement and transfer function criterion. But these tuning methods were based on one
degree-of-freedom (DOF) systems. In [15] it is shown that when the number of mechanical DOF
is far greater than the electrical DOF, the optimal RL value based on single-mode truncation can lose
effectiveness, so a full-order model must be used in the optimization process. In the independent modal
resonant shunt circuit method, supposing there are n modes to control, owing to the independence
between the shunts, the 2n-dimensional optimization problem can be reduced to 2n one-dimensional
problems while each can be resolved by a simple heuristic search method summarized below:

(1) Choose initial values of RL for the shunt circuit of the first mode to control. The optimal RL
values obtained using one DOF system in [21] or [22] can be set as initial values. Add electrical
DOF to the finite element model of the structure using Equation (12) to generate [M], [D] and [K].

(2) Calculate the eigenvalues of the structure coupled with the first shunt by solving complex
eigenvalue problem of the full-order model. Through changing L value heuristically, make the
frequency of the electrical mode close to its corresponding mechanical mode.

(3) Make the damping ratio of the first mode as high as possible through changing R heuristically.
(4) Move to the shunt of the next mode.

4. Modal Criterion for Random Vibration Suppression

In theory the response of all the modes in the bandwidth of the excitation must be considered and
controlled. In themindependent modal resonant shunt method, the number of transducers equals the
number of modes to be controlled, so a modal criterion is needed to indicate which modes are worthy
to control with the given input-output condition of the structure in order to optimize the number of
transducers. The state-space representation of the uncontrolled mechanical structure is:{ .

x
}
= [A]{x}+ [B]{w}

{y} = [C]{x}
(16)
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The state vector {x} is as follows:

{x} =
{
{xs}{ .

xs
}} (17)

while system matrix [A] is:

[A] =

[
0 I

−[Ms]
−1[Ks] −[Ms]

−1[Ds]

]
(18)

The input matrix [B] consisting of 0 and 1 represents locations of the disturbances, {w} is the
disturbance vector, and the output matrix [C] consisting of 0 and 1. The frequency-response function
[G] is defined as the complex gain between {w} and {y}:

[G(ω)] = [C](jω[I]− [A])−1[B] (19)

The relation between the power spectral density (PSD) of {w} and {y} is:[
Sy(ω)

]
= [G(ω)][Sw(ω)][G(ω)]∗ (20)

where the asterisk represents conjugate transpose.
When the disturbances are uncorrelated white noise, e.g., [Sw(ω)] = [I], the RMS response of the

output of system (16) is:
σ2

y = 1
2π

∫ ∞
0 trace

([
Sy(ω)

])
dω

= 1
2π

∫ ∞
0 trace

(
[G(ω)]∗[G(ω)]

)
dω

= ‖G‖2
2

(21)

This is indicated that the RMS power response equals the H2 norm ‖G‖2 of the system. For a
lightly damped structure, the H2 norm can be approximated as [23]:

‖G‖2
∼=

√√√√ N

∑
i=1
‖Gi‖2

2 (22)

where N is the total number of modes in the bandwidth, and

‖Gi‖2
∼=
‖Bmi‖2‖Cmi‖2

2
√

ξiωi
(23)

is H2 norm of the ith mode.
Quantity of H2 norm of a mode represents the contribution of this mode to the response. A natural

idea of modal criterion is using H2 norm of the modes, say, controlling the modes with highest H2

norm. However, in an independent modal resonant shunt, the added damping ratios cannot be an
arbitrary set, as it is decided by the quantity λi in (15). In fact, λi is linked to the MSE of the replaced
rod. In [21] it is indicated that the amount of the added damping ratio is directly proportional to square
root of the fraction of MSE δi of the replaced rod, which can be calculated as:

δi =
1
2 Kaλ2

i
1
2 ω2

si
(24)

where ωsi is the short-electrode frequency of the ith mode with short-electrode transducer stiffness Ka.
Note that because the transducers are free of bending and torsion, only axial MSE is considered.
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Thus, a modal criterion is proposed here using decrement of H2 norm of a mode when controlled
by independent modal resonant shunt. Suppose there is an increment of modal damping ratio of mode
i, ∆ξi, and the decrement of H2 norm of this mode is:

∂‖Gi‖2
∂ξi

∆ξi
∼= −
‖Bmi‖2‖Cmi‖2

4ξi
√

ξiωi
∆ξi = −

‖Gi‖2
2ξi

∆ξi

Finally, because ∆ξi is directly proportional to the square root of the fraction of MSE δi, the modal
criterion is defined as:

ηi ≡
‖Gi‖2

2ξi

√
δi (25)

From Equation (25), it can be seen that this modal criterion depends on the modal H2 norm, modal
damping ratio and fraction of MSE of the replaced rod.

Therefore, for a random excitation with uniform spectrum in the bandwidth, the modal criterion
(25) of all the modes in the bandwidth of the excitation will be calculated, and the modes with highest
ηi are chosen to be controlled with priority.

5. Simulation and Discussion

In this section, the time-domain response of the Kagome structure is simulated to validate the
efficiency of the proposed method. The Rayleigh damping model is applied to the structure so the
structure damping matrix can be written as:

[D]s = α[M]s + β[K]s (26)

where α = 2.35 and β = 3.96 × 10−7 to set the modal damping ratios of mode 1 and 2 at 1‰. The modal
damping ratio of mode i can be calculated using:

ξi =
1
2

(
α

ωi
+ βωi

)
(27)

To validate the efficiency of the proposed method on the random response suppression, the
response of the Kagome structure under the excitation of a vertically distributed band-limited white
noise load on finite element nodes of the whole face sheet is simulated. The noise is with uniform
PSD 0.2 N2/Hz in 0–800 Hz. The random forces on different nodes are uncorrelated. The purpose is
to control the RMS response of vertical vibration of the whole face sheet, so the output DOF is also
vertically DOF of the nodes of the whole solid face sheet. Because the upper bound of the excitation is
800 Hz, in Equation (22) only the first five modes are considered. The locations of the five transducers
are decided as in Figure 6a through calculating λi, and their fraction of MSE are shown in Figure 6b.

The modal criteria ηi of mode 1–5 are drawn in Figure 7, which shows that the modal criterion
decreases with increasing mode number. Two transducers are used to control modes 1 and 2 because
they possess higher values of modal criterion. For comparison, another strategy with mode 3 and
4 under control are also computed. The tuned RL values and added damping ratios calculated by
complex modal analysis of the full mechano-electric finite element model (the size of the matrices [M],
[D], [K] in (12) is 3770× 3770) are listed in Tables 2 and 3. The added damping ratios of different modes
are distinct, because fraction of MSE of the rods in Figure 6a are distinct, as is shown in Figure 6b.
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Table 2. Tuned RL values and added damping ratios for mode 1–2 when controlling mode 1–2.

Mode Resistance Inductance Added Damping Ratios

1 515 Ω 2.34 H 0.029
2 266 Ω 0.80 H 0.024

Table 3. Tuned RL values and added damping ratios for mode 3–4 when controlling mode 3–4.

Mode Resistance Inductance Added Damping Ratios

3 204 Ω 0.64 H 0.021
4 145 Ω 0.37 H 0.019

After generating the random excitation using inverse FFT technique, the Newmark-β method
based on MATLAB code with time step ∆t = 1/213 is employed to simulate the time-domain response.
In order to observe the decrease of the resonance peaks, an observation point is set which is shown
in Figure 2. The PSD of vertical response of this point in three conditions are illustrated in Figure 8.
Obviously, when modes 1 and 2 are under control, the resonance peaks of modes 1 and 2 are declined
considerably while other peaks remain unchanged. When modes 3 and 4 are under control, the only
decreased peaks are 3 and 4.
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Finally, in order to validate the modal criterion proposed in this paper to suppress the overall
transverse vibration of the face sheet, RMS vertical displacements of all the nodes in the face sheet,
say, the H2 norm of vector {y} in expression (16), in different sampling time points are calculated in
three conditions. The same realization of random excitation is used for convenience of comparison.
The result is illustrated in Figure 9. It can be seen that the response of the structure without control
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(blue line) possesses highest value on the whole. The value of response with mode 3 and 4 controlled
(black line) is slightly lower than the condition without control while the value of response with mode
1 and 2 controlled (red line) is lower than the other two conditions obviously. The time averages of
RMS in three conditions are also computed: 0.2414 m/s (no control); 0.1727 m/s (control mode 1 and 2)
and 0.2284 m/s (control mode 3 and 4).
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6. Conclusions

In this article, an independent modal resonant shunt control method is used to suppress random
spatial vibration of the face sheet of a Kagome truss core sandwich panel structure. First, the Kagome
truss core sandwich panel is introduced, and the mechano-electric model of the structure with shunt
circuits is established using the Lagrange–Maxwell equation. Next, an H2 norm sensitivity-based
modal criterion is derived based on a state-space model, which depends on the modal H2 norm, modal
damping ratio and fraction of MSE of the replaced rod. Finally, numerical simulation is employed and
the effects of control strategies with different controlled modes are compared.

The result shows that the independent modal resonant shunt control method can suppress random
vibration response of the face sheet by suppressing the resonance peaks with only a few piezoelectric
transducers, and the proposed modal criterion can be used to determine which modes to control.
This modal criterion is also expected to be used in other passive or active damping methods, such as
viscous damping, viscoelastic damping, integral force feedback control, etc.
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